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Abstract. Approximate algorithms for constructing a minimum feasible 

labeling for a tree are considered based on a greedy approach, combined with a 
breadth-first search and depth-first search. 
 

Let sets  ý and þ be in a fragmentary relation ý ≺1 þ, if ý ¢þ and |þ\ý| = 1. Fragmentary structure is an ordered pair (�, �), 
where � is a finite set and � = {ý0, ý1, . . . , ýÿ} is a family of its 
subsets ýÿ ⊆ �,  ÿ = 0, & , ă, for ý0 ≡ ∅ and for every subset of � to 
be in a fragmentary relation to at least one other subset from � [1]. A 
feasible graph is an acyclic directed single-rooted graph on which 
Hasse diagram of some fragmentary structure can be constructed [2]. 
Fragmentary structures are isomorphic if they are described by 
feasible isomorphic graphs. Then feasible graph corresponds to the 
class þ of isomorphic fragmentary structures. Solving problems of 
counting and enumeration of fragmentary structures leads in such a 
numerical characteristic of the feasible graph and its corresponding 
isomorphic fragmentary structures as the dimension of the 
fragmentary structure. Dimension ā of a fragmentary structure is 

defined as ā = ăÿĄý  | ∪ÿ=1ÿ ýÿ|, where ýÿ, ÿ = 1, ă, are fragments of 

fragmentary structure of the class þ. Labelling of the connected 
digraph is the bijection between the vertices of the graph and subsets 
of the set (labels). At this bijection the source corresponds to an 
empty set, and the vertices are joined by arcs if and only if their labels 
are in fragmentary relation, and cardinality of the arc’s head label is 
lower than the cardinality of the arc’s tail label. Feasible 
labelling satisfies the condition that if the vertex labels are in 
fragmentary relation, then such vertices are joined by an arc in the 
direction of increasing the label’s cardinality. The labeling 
cardinality Ā is the count of natural numbers used for its 
construction. Minimal labeling is the labeling with the minimal 
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cardinality. The cardinality of the minimal feasible labeling is equal 
to the feasible graph dimension, Ā = ā. 

Proposition 1. If a feasible graph ÿ has only one sink, then its 
feasible labeling is minimal and has a dimension equal to the highest 
layer number. 

Proof. Since there only one sink, all vertices of the graph ÿ 
belong to the root to sink path, meaning that the labels of all vertices 
are subsets of the sink label. Therefore, ∪ÿ=1ÿ ýÿ = ý�, where ýÿ, ÿ =0, ă are labels of all vertices of a graph that are fragments of some 
fragmentary structure. The vertex set's cardinality is equal to the 
length of the path from the root; in other words, the number of the 
layers of that vertex. Hence, |ý�|  will be the same for all isomorphic 
fragmentary structures of class þþ  corresponding to this graph ÿ: ā = ăÿĄýÿ  |ý�| = |ý�|. 

Consider methods for constructing a feasible labeling of a 
feasible graph from the root in the increasing layer number direction. 
The algorithm α (greedy) is defined as a sequence of actions; first the 
root has the label "empty set". Second, the label of any other vertex 
is constructed as follows: if the indegree of that vertex is more than 
one, then the label is the union of label sets of already labeled 
adjacent vertices. If not, the label is created by adding to the label an 
already labeled adjacent vertex, of an integer, which is a smallest 
number in the natural series and is feasible. Feasible number refers 
to a natural number, which after adding to the vertex set gives a 
feasible labeling. 

Generally, the algorithm α, when applied to a permissible graph 
using traversal methods breadth-first search (BFS) and depth-first 
search (DFS), generates different feasible graph labelings. Trees are 
always feasible graphs. From Proposition 1, it follows that 
constructing a feasible labeling for a tree is more complex problem 
than building a labeling for other feasible graphs. Further, for 
simplification, we will use the trees.  

Feasible labelings constructed for a feasible graph ÿ using BFS 
and DFS are shown in Fig. 1. The horizontal dotted lines indicate the 
layers of the graph, numbered 0 to 3 and bottom to top. Āÿ , āÿ are 
labeling cardinality and dimension of the subgraph from 0th to ÿth 
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layer inclusive. Ā,  ā is the labeling cardinality and dimension of 
graph  ÿ. The estimates of dimension ā̃1 = 4 and ā̃2 = 4 [3] or, in 
other words, ā g 4 are obtained. In Fig. 1 it can be seen that, when 
using the BFS for subgraphs of the first and second layers of the 
feasible graph Ā1 = ā1, Ā2 = ā2, Ā = ā + 1, were obtained. On 
the third layer the algorithm α with BFS adds two elements, so Ā =6. When DFS is used Ā1 = ā1, Ā2 = ā2 + 1, and Ā = ā = 5. 

 

  
4)5) 

Fig. 1. Feasible labelings of graph ÿ obtained by algorithm � with: 
(a) BFS; (b) DFS (minimal labeling obtained). 

 
The labeling cardinality depends not only on the method of the graph 
traversal, but also on the order of vertices` traversal. Fig. 2 shows two 
feasible labelings of the feasible graph ÿ′ with the traversal on the 
layer done from left to right (Ā =6) and from right to left (Ā = 7), 
which was obtained using algorithm � with BFS. 

Let's construct a modified algorithm �" with a rule: for 
constructing labels of vertices of the same layer, whose initial 
subgraphs have the largest dimension estimates, choose the next 
smallest feasible number from the set of already used numbers, such 
that the labels of these vertices would have the lowest number of 
common elements. Using this rule with BFS does not guarantee the 
construction of a minimal feasible labeling (Fig. 1a). 

When using DFS, if one of the paths containing a vertex, 
satisfying the condition ā̃1 (the sum of the layer number and the 
indegree is maximum), is chosen as the first pass then on the return 
path after passing this vertex the number of used elements will be not 
less than ā̃1 (Fig. 3). 
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4)5) 

Fig. 2. Feasible labelings of graph  ÿ′ obtained by algorithm � with 
BFS: (a) – from left to right, Ā =6; (b) – from right to left, Ā =7. 

 

  
4)5) 

Fig. 3. Feasible labelings of graph ÿ" obtained with using DFS by: 
(a) –algorithm �, Ā =7; (b) – algorithm �", Ā =6. 
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Abstract. Graphic representation of toroidal reference systems is concerned 

to both optimum vector data coding design, and combinatorial configurations such 
as Perfect Cyclic Difference Sets and Ideal Ring Bundles, namely the concept of 
<GlorytoUkraineStars=(GUS-configurations). The GUS-codes, shortly <Star= 
codes, can be used for finding optimal solutions for wide classes of technical 
problems in applications, which need to form finite vector virtual spaces using the 
smallest possible number of basic vectors. These techniques make it possible to 
configure <Star= codes under toroidal coordinate system, nodal points set of the 
system one-to-one corresponds to the code size. Graphic representations both 
<Star= monolithic and group vector codes, and non-redundant <Star= codes 
presented. The first of them are self-correcting codes, which offer to be faster than 
other noise immunity codes, while the second belong to non-redundant <Star= 
codes. Applications profiting from GUS-configurations are for example signal 
processing, code security and low-side lobe antenna design.   

 

Surface topology is superior to geometry relating torus as 
<perfect= shape that useful to describe objects as mathematical model 
of systems.  Proposed concept involves techniques based on cyclic 
groups of Galois field in projective geometry [1] and ring vector 
configurations [2]. We have the principal property of forming 
toroidal reference grid m1 ô m2 ô&ô mt  over an object that exists in 
dimension t+1. 

 

Definition 1. A set of n  t-stage chain sequences of non-negative 
integers Ki=(ki1, ki2,&, kit), i=1,2,&, n, which form t-dimensional 

toroidal reference grid m1×m2 ×&×mt, taking the mod m1, mod m2,&, 
mod mt  sums of these sequences is a t-dimensional GUS-
configuration.  

Example: The set of three (n=3) 2-stage sequences K1=(0,1), 
K2=(0,2), K3=(1,0) forms a two-dimensional (t=2) toroidal reference 
grid m1×m2=2×3 taking the mod 2, mod 3 sums from these 2-stage 
sequences (Table 1).   
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Table 1. 
2D toroidal reference grid formed by GUS {(0,1),(0,2),(1,0)} 

n/n References Summation mod 2, mod 3 of the 2-
sequences 

(0,1) (0,2) (1,0) 
1 (0,0) (0,1)  (0,2)  
2 (0,1) (0,1)   
3 (0,2)  (0,2)  
4 (1,0)   (1,0) 
5 (1,1) (0,1)  (1,0) 
6 (1,2)  (0,2) (1,0) 

 
From Table 1, we observe the GUS{(0,1),(0,2),(1,0)} forms 2D 

toroidal reference grid 2×3.  
Theorem 1. A t-dimensional GUS-configuration with t-

dimensional toroidal reference grid m1×m2 ×&×mt forms t-
dimensional <Star= codes, which size equal to number of the 
reference grid points.  

 Proof. Since for each nodal point of the reference grid 
corresponds exactly to one of coding combinations of the t-
dimensional coding system the set of reference grid and set of coding 
combinations correspond one-to-one.  

Hence, t-dimensional GUS-configuration with t-dimensional 

toroidal reference grid m1×m2 ×&×mt forms t-dimensional vector 
<Star= codes, which code size equal to number of reference grid 
points.  

For example, two-dimensional GUS-configuration with 2D 

toroidal reference grid 2×3 forms binary 2D vector <Star= codes 
(Table 2). 

Since GUS {(0,1),(0,2),(1,0)} is multiplicative group of a finite 
field [1] it is complete set of binary 2D vector <Star= coding systems 
in four variants: {(1,0),(1,1),(1,2)}, {(0,1),(0,2),(1,0)}, 
{(0,1),(0,2),(1,2)}, {(0,1),(0,2),(1,1)}  

Graphic representation of multidimensional toroidal reference 
grid m1×m2 ×&×mt formed by t-dimensional GUS-configuration 
about concurrent axes m1 , m2 ,&, mt  with common point <+= given 
in Fig.1.  
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Table 2. 
Binary 2D vector <Star= code formed by GUS {(0,1),(0,2),(1,0)} 
n/n 2D code 

combination 
Digit weights of the <Star= code 

(0,1) (0,2) (1,0) 
1 (0,0) 1  1 0 
2 (0,1) 1 0 0 
3 (0,2) 0 1 0 
4 (1,0) 0 0 1 
5 (1,1) 1 0 1 
6 (1,2) 0 1 1 
 
 

 
 
 
 
 
 
 
 
 
 
 

Fig.1. Graphic representation of multidimensional toroidal 
reference grid m1×m2 ×&×mt formed by t-dimensional GUS-

configuration about concurrent axes m1 , m2 ,&, mt  with common 
point <+= 

 
Fig.1 illustrates planar projections of spatially disjointed axes 

m1,m2 ,&, mt  of t-dimensional toroidal reference grid m1×m2 ×&×mt. 
The <Star= codes may be separating as monolithic and group 

vector codes, and non-redundant vector codes. First of them belong 
to the self-correcting codes due to monolithic arranged both symbols 
<1= and of course <0= for each allowed code word. This characteristic 
property offers at once detect or correct code words by the monolithic 

+ 

m1 

 m2 

mt 

mi 
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manner. The second <Star= codes are non-redundant ones, which 
provide processing and visualization of high-dimensional datasets.   

There are a priory infinite set of <Star= codes under toroidal 
coordinate systems. The rate of number growth these codes with 
rising their size we can define tentatively by indexes of 2D and 3D 
self-correcting <Star= codes for n= 2&7 from Table 3. 
 

Table 3. 
Indexes of 2D and 3D self-correcting <Star= codes for n= 2&7 
Code 

length, n 
Number of code 

variants 
Code size variants 

2D codes 3D codes 2D codes 3D codes 
2 1 - 1×2 - 
3 4 - 2×3 - 
4 24 - 3×4 - 
5 272 - 4×5, 3×7 - 
6 256 128 5×6, 3×10 2×3×5 
7 360 180 6×7, 3×14 2×3×6 

 
We can see fast growing varieties of <Star= codes under toroidal 

reference systems with rising their length n and maximum code size 
Nmax 

Nmax = 2
1

n
t

im ü , (m1, m2 ,&, mt)=1           (1) 

The constraint (1) provides varies of <Star= codes under toroidal 
reference systems over a wide range, and graphic picture of these 
systems (Fig.1) offer a better understanding of the role of toroidal 
shape in the behaviour of natural and man-made objects. Remarkable 
combinatorial properties and structural perfection of GUS-
configurations provide many opportunities to apply them to 
numerous branches of science and advance technology. Examples: 
vector computing and big data information technologies, code 
security communications, and low-side lobe antenna design [2]. The 
underlying skills is useful at high schools and universities for in-
depth training of students, which study computer sciences and 
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information technologies, involving contemporary combinatorial and 
algebraic theory for increasing interest to scientific researches.  
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Abstract. A new approach to increase the efficiency of Collaborative 

Decision Making (CDM) by operators of the Air Navigation System, which includes 
the process of integrating the deterministic, stochastic and non-stochastic 
uncertainty models for building network planning models in emergencies, is 
proposed. 

 
Introduction. The effectiveness of aviation systems and the 

provision of flight safety still depend primarily upon the reliability of 
aviation specialists and human decision making (DM), individual and 
group outcomes of decisions. In aviation, significant attention is paid 
to Safety Management. To determine an acceptable level of risk and 
balance between decision performance and safety requirements, it is 
necessary to have quantitative characteristics of DM conditions in 
emergencies [1]. ICAO constantly develops and improves proactive, 
based on the evaluation of the risks. A modern approach, founded on 
the characteristics (performance-based approach 3 PBA), based on 
the next three principles monitoring [2]: the main accent on 
desired/necessary results; decision making, oriented on 
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desired/necessary results; using facts and data while DM. Such a 
level of accuracy of tasks determination may be achieved only using 
the new methodology includes the process of integrating the 
stochastic and non-stochastic uncertainty models for building 
network planning models. 

Main part. The Global Air Traffic Management Operational 
Concept [1] assumes provision Collaborative Decision Making 
(%D ) between all operational partners based on general 
information on the flight process and features of the emergency [3]. 
It is very important to create highly intelligent CDM systems for the 
Air Navigation System’s operators those decision problems in the 
one team. In the process of analysis and synthesis of DM models in 
emergencies makes sense to simplify complex models and solutions. 
So, for example, stochastic and non-stochastic of uncertainty models, 
the Markov and GERT-models, reflexion models integrate into 
deterministic models. The ICAO documents recommend developing 
intelligent Expert Systems in aviation to support of operators [1; 2]. 
To build an Expert System, it is necessary to determine the 
significance of its subsystems (parameters, characteristics, values, 
etc.) with the help of Expert Judgment Method (EJM) [4].  

When analyzing an emergency in a team, each operator 
determines his actions to solve this problem. After a structural-timing 
table of operational procedures with time on the operating procedures 
(using EJM for obtaining solution times) has been built, the network 
graphs of operating procedures for all operators are building [5] 
(Figure 1). 

The parallel process of simultaneous execution of technological 
operations in the situation can be represented as a consolidated multi-
channel network (Figure 2, situation S2). 

For a consistent optimization of such a network in order to 
achieve the crosscutting efficacy of CDM, it is advisable to use a 
multi-criteria approach: achieving a minimum time with maximum 
safety for consolidation of operators' actions in emergency [6]. 
Approach to optimize the network graph for performing procedures 
by operators in the emergency is (1): 

 mopt RA miný , ýÿ = þÿ(Ċÿ; {ý, α, Ć, ċ}) = Ċÿ(3 Ćāċā + αāĀā=1 ), 
(1) 
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where ýÿ and (<; >)ýÿ21; t 3 is a time of CDM stage; � 3 is an 
alternative of decision; α 3 is a shift in the risk of developing 
emergency according to stages on decision tree; D 3 is a probability 
of adverse effects; u 3 is a damage due to negative solution. 
 

 

 
Fig. 1. The DM in certainty for 

three H-Os 

 
Fig. 2. The DM in risk for 
situation S2 (three H-Os) 

 
 
To simulate CDM under conditions of emergency, the next steps 

are a deep analysis of the situation; intelligent data processing; 
identification of situation; formalization of the situation using 
integrated models; decomposition of the complex situation into 
subclasses; synthesis of adapted deterministic models to determine 
certain actions. In conditions of non-stochastic uncertainty in the 
presence of several decisions (part of situation S1), when the 
probability distribution corresponds to the factors which influence 
the DM, either unknown or cannot be determined, the methodological 
basis for CDM is a matrix of decisions [4]. The aggregated 
deterministic model with integrated stochastic models is shown in 
Figure 3 [5]. 

After correction network graphs using stochastic and non-
stochastic uncertainty models next step the determination of critical 
time and the critical path of the optimal collective solution [5]. 
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Fig. 3. The aggregated deterministic model with integrated 

stochastic model  
 

Conclusions. The CDM an uninterrupted process of presenting 
information and individual DM by various interacting participants, as 
well as providing synchronization of decisions taken by participants 
and the exchange of information between them. It is important to 
ensure the possibility of making a joint, integrated solution with 
partners at an acceptable level of efficiency. This is achieved by 
completeness and accuracy of available information. Solutions 
planning should provide using DM different models such as 
deterministic models; stochastic and non-stochastic of uncertainty 
models; the Markov and GERT-models; reflexion models. After 
analysis of the situation, the synthesis (aggregation) of stochastic 
models for the correction of the deterministic model is needed. 
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Abstract. In this work, propose the user clustering method for a social 

network based on the multilayer feedforward neural network to identify bot 
networks on a web-resource 

 

�D4IG64AAS BEB5< 6<AAB7B є B5B6’S;>B6<@ 8?S EG8G 6 
>B:AB@G 6<C48>G CD<;A4K9AAS CB>4D4AAS, MB ;4;A4K9AB C.3 K.1 
EF.65 �D<@VA4?PAB7B >B89>EG '>D4WA< (��) [1]. �?9 G A4G>B6V= 
?VF9D4FGDV ; >D<@VA4?PAB7B CD464 F4 ;4>BAB846EF6V A9@4є 
;474?PAB6<;A4AB7B DB;G@VAAS CBASFFS «BEB54 6<AAB7B» F4 
6<;A4K9AAS JPB7B F9D@VAG.  
�6FBDV6 ECVF>4?4 JS CDB5?9@4 CD< DB;DB5JV A4 BEAB6V 

BAFB?B7VKAB7B CV8IB8G ;474?PABW @B89?V %##$ G EG8V, MB 
8B>?48AB BC<E4A4 6 DB5BF4I [2, 3]: 

 
(Fine, Years, RF, Public Works, Condition) = F(Severity, Lawyer, 

Personality, Plaintiff, Mitigation, Burden),(1) 
89 F 3 6V8CB6V8A<= 4?7BD<F@ A9KVF>B7B 6<6989AAS. 
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#V8 K4E @B89?R64AAS 5G?B 6<S6?9AB DS8 CDB5?9@ F4 
;4CDBCBAB64AB L?SI< WI 6<DVL9AAS, MB CB?S74RFP 6 
A4EFGCAB@G.  
#DB5?9@4 1. �EAG64AAS DB;5V:ABEFV @V: BAFB?B7VєR 

F9D@VAB?B7VKABR F4 BAFB?B7VєR CD<DB8ABW @B6<. �<DVL9AAS 
CDB5?9@< C9D9854K4є CB5G8B6G J<I BAFB?B7V= F4 6<;A4K9AAS 
EIB:BEFV @V: A<@<. 
#DB5?9@4 2. !9KVF>VEFP >?4E<HV>4JVW I4D4>F9D<EF<> A4 

CB;<F<6AV K< A974F<6AV, MB є A4E?V8>B@ EG5’є>F<6ABEFV B;A4> F4 
WI 6;4є@B;4?9:ABEFV. !4CD<>?48, B;A4>4 «B8DG:9A<=» 6 
;4?9:ABEFV 6V8 ;6’S;>G ; VAL<@< B5EF46<A4@< @B:9 @4F<, S> 
CB;<F<6A<=, F4> V A974F<6A<= 6C?<6. &B5FB 8?S 6<DVL9AAS 
CDB5?9@< A9B5IV8AB DB;7?S84F< A9 B>D9@V B;A4><, 4 C4F9DA< 
I4D4>F9D<EF<> [4]. 

#DB5?9@4 3. �9?<>4 >V?P>VEFP B;A4>, MB 6989 8B ;@9AL9AAS 
FBKABEFV B5K<E?9AP. &D48<JV=A<@ 6<IB8B@ ; 84ABW CDB5?9@< є 
DB;5<FFS @AB:<A< B;A4> A4 CV8@AB:<A< ; WI CB84?PLBR 
D94?V;4JVєR 6 B>D9@<I CD46<?4I CDB8G>JV=.  
$B;7?SA9@B 5V?PL 8B>?48AB #DB5?9@G 3. �?S CB5G8B6< 

@B89?V ;@VAABW Personality G 6<7?S8V BD7D4HG 5G?B EHBD@B64AB 
>B?9>JVR 8B>G@9AFV6 ; 25 EG8B6<I 6<DB>V6 ;4 K.3EF.185 �� 
'>D4WA< [1]. �<DB>< 5G?B BFD<@4AB ; Є8<AB7B D9єEFDG ;7V8AB 
CD46<? >BD<EFG64AAS J<@ 9?9>FDBAA<@ D9EGDEB@ [5].  
!4 BEAB6V 4A4?V;G 8B>G@9AFV6 5G?B 6<B>D9@?9AB >4F97BDVW 

F9D@VAV6, E?V6, MB 6V8CB6V84RFP F9D@4@ >BAJ9CFG BAFB?B7VW 
«BEB54 6<AAB7B». �V8CB6V8AG @B89?P CD98EF46?9AB G 6<7?S8V 
BD7D4HG A4 $<E.1.  
&B8V @AB:<A4 B;A4> 8?S >BAJ9CFG Personality @4є 6<7?S8: 
 

{CD4J96?4LFG64AAO, EV@9=A<= EF4A, CDB:<64AAO, 
D9єEFD4JVO, I4D4>F9D<EF<>4, C9D95G64AAO A4 B5?V>G, A4O6AVEFP 
;68O;>V6, >D<@VA4?PA4 6V8CB6V84?PAVEFP, EG8<@VEFP}, . 

"5?4EFP 6<;A4K9AAS  ;@VAABW є 89>4DFB6<@ 8B5GF>B@ B;A4> 
, CBFG:AVEFP S>BW .  

 

ý1

y Personalit
P

9ýP

X

921 ... PPPX ôôôý 1728X ý
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$<E. 1. �B89?P >BAJ9CFG BAFB?B7VW Personality  

 
�D4IG64AAS BEB5< 6<AAB7B CB6’S;4A9 V; 6EF4AB6?9AAS@ 

F4><I 84A<I, S>V E6V8K4FP CDB WW A969?<>G EGECV?PAG 
A959;C9KAVEFP [4], FB5FB A4 BEAB6V EG5’є>F<6ABW BJVA>< BEB5< 
6<AAB7B A9B5IV8AB CD<=ASF< DVL9AAS CDB CD<=ASFFS 8B G647< S> 
CB@’S>LGRKBW B5EF46<A< =B7B CB;<F<6ABW I4D4>F9D<EF<><. 
"F:9 B8A<@ ; CV8IB8V6 8B 6<;A4K9AAS BEB5< 6<AAB7B є 

4A4?B7VS ;4 HBD@G?BR (1) 3 @B89?P CV8E<EF9@< %##$ 8?S 
6<;A4K9AAS BJVA>< BEB5< 6<AAB7B: 

 
(�B;<F<6A4, �974F<6A4) = F(CD4J96?4LFG64AAO, EV@9=A<= 

EF4A, CDB:<64AAO, D9єEFD4JVO, I4D4>F9D<EF<>4, C9D95G64AAO 
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A4 B5?V>G, A4O6AVEFP ;68O;>V6, >D<@VA4?PA4 6V8CB6V84?PAVEFP, 
EG8<@VEFP),(2) 

 
�<EAB6><. !4 BEAB6V BAFB?B7VKAB7B CV8IB8G CD< CB5G8B6V 

CDB8G>JV=ABW E<EF9@< 8?S CV8FD<@>< CD<=ASFFS EG8B6<I DVL9AP 
;4CDBCBAB64AB @9FB8 HBD@4?V;B64AB7B 6<;A4K9AAS BEB5< 
6<AAB7B. !4 @9FV CB84?PL<I 8BE?V8:9AP 3 6<DVL9AAS #DB5?9@< 
1 F4 #DB5?9@<2. 
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��� �!&� �" ��!�&"$��� ' ��"  
�BA84D ". #. 

�PBFA4 4>489@VO �4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
 

Abstract. On the example of the methodology of studying elements of 
combinatorics in a higher school, some ways of forming competencies among 
future specialists are indicated that contribute to the relationship of theoretical 
training of specialists with the practical needs of their professional activities. 

 
� G@B64I EGK4EABW E6VFB6BW VAF9AE<HV>4JVW 9>BAB@VKA<I V 

EBJV4?PA<I CDBJ9EV6 6<A<>4є CBFD954 6 ?R8SI, ;84FA<I 8B 
B5’є>F<6ABW BJVA>< V 6V8CB6V8ABW L6<8>BW D94>JVW A4 DV;AB@4AVFAV 
E<FG4JVW, MB 6<A<>4RFP G EH9DV WI CDBH9EV=AV= 8VS?PABEFV. 
#V87BFB6>4 F4><I EC9JV4?VEFV6 8B L6<8>BW 484CF4JVW 6 
CDBH9EV=AV= EH9DV @4є 6V85G64F<ES A4E4@C9D98 G ;4>?484I 6<MBW 
BE6VF< (��"). � BE>V?P>< >B@C9F9AFABEFV, A9B5IV8AV 8?S GECVLABW 
CDBH9EV=ABW 8VS?PABEFV @B?B8B7B EC9JV4?VEF4, HBD@GRFPES 6 
CDBJ9EV =B7B A46K4AAS G ��", FB 6<FB> CDB5?9@ 484CF4JVW 
EC9JV4?VEF4 8B CDBH9EV=ABW 8VS?PABEFV E?V8 LG>4F< A4E4@C9D98 
F4@. 

!98BEF4FAV= DV69AP A4G>B6BW CV87BFB6>< @4=5GFAPB7B 
EC9JV4?VEF4 F4 E?45><= ;6'S;B> (45B 6V8EGFAVEFP) =B7B F9BD9F<KABW 
CV87BFB6>< G ��" ; CD4>F<KA<@< CBFD954@< CDBH9EV=ABW 
8VS?PABEFV є B8AVєR ; F4><I CDB5?9@. 

'ECVLA4 ; FBK>< ;BDG CD4>F<>< F9BD9F<KA4 CV87BFB6>4 
@4=5GFAPB7B EC9JV4?VEF4, A4 A4L CB7?S8, B5B6’S;>B6B @4є 
6>?RK4F< 6V8CB6V8AG A4G>B6G E>?48B6G V 5GF< A4CD46?9A4 A4: 

- A45GFFS A46<KB> L6<8>BW HBD@4?V;4JVW D94?PABW 
6<DB5A<KBW E<FG4JVW, 

- 6EF4AB6?9AAS 6V8CB6V8ABEFV HBD@4?V;B64AB7B B5D4;G 
E<FG4JVW =B7B F9BD9F<KAV= @B89?V, 

- ;A4AAS ;4>BAV6 HGA>JVBAG64AAS @B89?V V G@VAAS WI 
;4EFBEB6G64F< 8B DB;6’S;4AAS 6<DB5A<K<I ;484K, 

- G@VAAS DB5<F< 6<EAB6>< F4 VAF9DCD9FG64F< BFD<@4AV 
D9;G?PF4F< ; FBK>< ;BDG 6<DB5A<KBW E<FG4JVW. 

*V A4CDS@< CV87BFB6>< CBFDV5AB D94?V;B6G64F< G ��" ; 
E4@B7B CBK4F>G A46K4?PAB7B CDBJ9EG. #D< JPB@G 64:?<6BR 
HBD@BR D94?V;4JVW є CBє8A4AAS A46K4?PABW V A4G>B6BW DB5BF< 
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EFG89AFV6, S>9 A4 CBK4F>G A46K4AAS @B:9 EC<D4F<ES A4 
CB7?<5?9AAS V DB;L<D9AAS F9@4F<>< L>V?PAB7B >GDEG. 

�?S CD<>?48G DB;7?SA9@B BEB5?<6BEFV 6<6K9AAS @4=5GFAV@< 
EC9JV4?VEF4@< F4><I CBASFP F9BDVW =@B6VDABEF9=, S> 9?9@9AF< 
>B@5VA4FBD<><. � G@B64I B5@9:9AB7B A46K4?PA<@ C?4AB@ K4EG 
A4 ;4E6BєAAS J<I CBASFP ;4;6<K4= 6<A<>4RFP C96AV CDB5?9@<. 

#B-C9DL9, VEAGє CDB5?9@4 DB;CV;A464AAS 6 CDBH9EV=AV= 
EH9DV EC9JV4?VEF4 ;484K A4 >?4E<KA9 B;A4K9AAS =@B6VDABEFV, 6 
S><I CBFDV5AB ;4EFBEB6G64F< 9?9@9AF< >B@5VA4FBD<><. �AL<@< 
E?B64@<, EFG89AF VAB8V A9 54K<FP ;4EFBEG64AP J<I CBASFP G E6BW= 
CDBH9EVW V, 6V8F4>, A9 6<DV;ASє >B@5VA4FBDAG ;484KG E9D98 VAL<I 
CDBH9EV=A<I ;484K ;4 G@B6< 6V8EGFABEFV CV8>4;><, A4CD<>?48, G 
6<7?S8V F9@< ;4ASFFS. 

$B;6’S;4AAS JVєW CDB5?9@<, A4 A4L CB7?S8, CB6<AAB 
�DGAFG64F<ES A4 G@VAAV V A46<K>4I DB;CV;A464F< F4>V ;484KV, 6 
C9DLG K9D7G, 6<>?484K9@ 45B A4G>B6<@ >9DV6A<>B@, S><= 
CB6<A9A CV86<MG64F< E6V= CDBH9EV=A<= DV69AP F4>B: V 6 JPB@G 
A4CDS@>G. �4G64:<@B, MB 6<>?484K @4F9@4F<>< A9 ;B5B6’S;4A<= 
DB;6’S;G64F< CDBH9EV=AV ;484KV, 4?9 @4є 6<DV;ASF< E9D98 A<I 
;484KV C96ABW @4F9@4F<KABW F9@4F<><. 

�4E6BєAAS 9?9@9AFV6 >B@5VA4FBD<>< @B:9 CBK<A4F<ES ; 
DB;7?S8G F4> ;64ABW ;484KV-EI9@<, G@B6G S>BW 6;SFB ; >?4E<KA<I 
8:9D9? VAHBD@4JVW, V S>4, S> CD46<?B, A9 CB6’S;4A4 59;CBE9D98APB 
; @4=5GFAPBR EC9JV4?PAVEFR EFG89AF4. #VE?S JPB7B 54:4AB, MB5 
6<>?484K EHBD@G?R646 B8AG K< >V?P>4 ;484K CDBH9EV=AB7B 
ECDS@G64AAS, 89@BAEFDGRK< 6 A<I EFDG>FGDG ;484KV-EI9@<. *9 
5G89 E?G7G64F< CV8�DGAFS@ 8?S HBD@G?R64AAS >B:A<@ 
EFG89AFB@ 6?4EABW BD<7VA4?PABW ;484KV CDBH9EV=AB7B 
ECDS@G64AAS A4 ;484KG-EI9@G.  �B?9>F<6A9 B57B6BD9AAS 
>B:ABW V; ;484K ; >BD97G64AAS@ WI 6V8CB6V8ABEFV ;484KV-EI9@V 
CB6<AAB 8BCB@B7F< DB;L<D<F< GS6?9AAS EFG89AFV6 CDB >B?B 
CDBH9EV=A<I ;484K, 6 S><I 6<>BD<EFB6GRFPES 9?9@9AF< 
>B@5VA4FBD<><. 

#B-8DG79, 6<;A4K<6L< >B@5VA4FBDAG ;484KG, EFG89AF< K4EFB 
EF<>4RFPES ; CDB5?9@BR 6<5BDG A9B5IV8AB7B 9?9@9AFG 
>B@5VA4FBD<><. � E4@9, S><= ; 9?9@9AFV6 >B@5VA4FBD<>< 3 
ECB?GK9AAS, DB;@VM9AAS K< C9D9EF4AB6>< FD954 ;4EFBEG64F< CD< 
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DB;6’S;4AAV >BA>D9FABW ;484KV, 5D4F< WI ; CB6FBD9AAS@< K< 59; 
CB6FBD9AP? %>?48AVEFP 6<5BDG CB?S74є 6 G@VAAV 6<8V?<F< 6 
;484KV HBD@4?V;B64AG @B89?P D94?PAB7B B5’є>FG. 

"8A<@ V; L?SIV6 CB8B?4AAS JVєW CDB5?9@<, A4 A4L CB7?S8, 
@B:9 5GF< A4EFGCA<= 4?7BD<F@ 6<5BDG: 

- BE>V?P>< 6 >B@5VA4FBDAV= ;484KV ;4;6<K4= @B64 =89 CDB 
>V?P>VEFP 64DV4AFV6 F<I K< VAL<I B5’є>FV6 K< CDBJ9EV6, FB 
ECBK4F>G CBFDV5AB B5D4F< B8<A >BA>D9FA<= 64DV4AF (A4CD<>?48, 
64DV4AF >B@C’RF9DAB7B >B8G); 

- CB@VASF< @VEJS@< 9?9@9AF< B5D4AB7B 64DV4AFG V 
6<;A4K<F<, K< 6V8DV;ASF<@9FPES ; FBK>< ;BDG ;484KV J9= 64DV4AF 
6V8 CBC9D98APB7B; 

- 6<;A4K<F< >V?P>VEFP 9?9@9AFV6, ; S><I @B:9 E>?484F<ES 
64DV4AF; 

- 6<;A4K<F<, K< @B:GFP 9?9@9AF< G 64DV4AFV 
CB6FBDR64F<EP; 

- ;DB5<F< 6<EAB6B>, FB5FB B5D4F< A9B5IV8A<= 9?9@9AF 
>B@5VA4FBD<><. 

�474FBD4;B69 ;4EFBEG64AAS F4>B7B 4?7BD<F@G CD<E>BDRє 
CDBJ9E HBD@4?V;4JVW, CD4>F<KAB 46FB@4F<;GRK< =B7B. 
#V8D4IGAB> >V?P>BEFV B5D4A<I 9?9@9AFV6 >B@5VA4FBD<>< V, 
6V8CB6V8AB, B5K<E?9AAS =@B6VDABEFV ;4 >?4E<KA<@ WW B;A4K9AAS@ 
;4;6<K4= A9 6<>?<>4RFP FDG8ABMV6. 

#B-FD9Fє, VEAGє CDB5?9@4 6<5BDG 4?7BD<F@G C9D95BDG. � 
E4@9, ;A4AAS FV?P>< >V?P>BEFV 9?9@9AFV6 >B@5VA4FBD<>< є VAB8V 
A98BEF4FAV@ 8?S ;4EFBEG64AAS WI A4 CD4>F<JV. !4CD<>?48, MB5 
6V8>D<F< ;4@B> ; FD<J<HDB6<@ >B8B@, 6 S>B@G >ABC>< ; J<HD4@< 
A4F<E>4RFPES B8ABK4EAB, @4?B ;A4F<, MB VEAGє 120 64DV4AFV6 
>B8G. #BFDV5AB 6@VF< WI C9D95D4F<, FB5FB 8VSF< ;4 C96A<@ 
(A9E>?48A<@ G 84AB@G CD<>?48V) 4?7BD<F@B@. 

�A4AAS 4?7BD<F@V6 C9D95BDG V G@VAAS CV8V5D4F< A9B5IV8A<= 
8?S ;484KV 4?7BD<F@ @B:GFP A45G64F<ES EFG89AFB@, >DV@ 
A46K4?PA<I ;4ASFP, CV8 K4E CDB6989AAS A4G>B6<I 8BE?V8:9AP, 6 
DB5BFV A4G>B6B-CD4>F<KA<I E9@VA4DV6, A4 >BAH9D9AJVSI, FBMB. 
�?7BD<F@< C9D95BDG ;4EFBEB6GRFPES, >DV@ F9BDVW =@B6VDABEF9=, 
F4>B: V 6 VAL<I 8<EJ<C?VA4I 3 @4F9@4F<KAB@G CDB7D4@G64AAV, 
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8BE?V8:9AAV BC9D4JV=, F9BDVW 7D4HV6, FBMB, FB@G 6BA< є >BD<EA<@ 
VAEFDG@9AFB@ DB;6’S;4AAS L<DB>B7B >B?4 CD4>F<KA<I ;484K. 

!4D9LFV, VEAGє B59DA9A4 CDB5?9@4 3 C9D9IB8G 6V8 
HBD@4?V;B64ABW @B89?V 8B D94?PAB7B B5’є>FG, FB5FB 8B 
>BA>D9FABW ;484KV CDBH9EV=AB7B ECDS@G64AAS. *9 B;A4K4є, MB 
@4=5GFAV= EC9JV4?VEF, DB;6’S;46L< ;484KG, A9 ;46:8< @4є 
A46<K>< BE@<E?9AAS BFD<@4ABW 6V8CB6V8V, FB5FB WW ;6’S;>G ; 
G@B6BR CDBH9EV=ABW ;484KV. �?S CB8B?4AAS CDB5?9@<, >DV@ 6:9 
DB;7?SAGF<I @9FB8V6, є E9AE ;4EFBEG64AAS >B?9>F<6AB7B 
B57B6BD9AAS @B:?<6<I F6BDK<I 6<EAB6>V6, MB FBD>4F<@GFPES 6 
C96AV= @VDV E9D98B6<M4, S>9 BIBC?Rє G@B64 ;484KV. 

#V8EG@B6GRK< CD<>?48 @9FB8<>< BE6BєAAS @4=5GFAV@< 
EC9JV4?VEF4@< CBASFFS 9?9@9AFV6 >B@5VA4FBD<><, @B:A4 
6<;A4K<F< 89S>V L?SI< A45GFFS A<@< 6<EB>B7B DV6AS A4G>B6BW 
CV87BFB6>< F4 FVEAB7B ;6'S;>G WI F9BD9F<KABW CV87BFB6>< G ��" ; 
CD4>F<KA<@< CBFD954@< CDBH9EV=ABW 8VS?PABEFV. 

*<@< L?SI4@< є ;4EFBEG64AAS 6V8CB6V8A<I @9FB8<> 
CDB6989AAS 4G8<FBDA<I V E4@BEFV=A<I ;4ASFP, BD74AV;4JVS V 
CDB6989AAS @V:A4DB8A<I A4G>B6B-CD4>F<KA<I >BAH9D9AJV= V 
E9@VA4DV6 EFG89AFV6, EF4:G64AAS, FBMB. � CDBJ9EV CDB6989AAS 
F4><I ;4IB8V6 @4=5GFAV EC9JV4?VEF< @4RFP @B:?<6VEFP 
B;A4=B@<F<EP ; 4>FG4?PA<@< A4G>B6<@< V, ;B>D9@4, 
CDBH9EV=A<@< F9@4@< V CDB5?9@4@<, @9FB84@< WI DB;6’S;>G, 
BJVA<F< EIB:VEFP V DV;A<JR CV8IB8V6 8B 6<DVL9AAS CDB5?9@ 
CD98EF46A<>4@< VAL<I CDBH9EV=, A45GF< 8BE6V8 ECV?>G64AAS ; 
A<@< G E6BW= CDBH9EV=AV= 8VS?PABEFV. 

�V8F4>, 6<;A4K9AAS V 6CDB648:9AAS 6 CDBJ9E A46K4AAS G 
;4>?48V 6<MBW BE6VF< L?SIV6 A45GFFS @4=5GFAV@< EC9JV4?VEF4@< 
>B@C9F9AFABEF9=, MB ECD<SRFP ;6'S;>G F9BD9F<KABW CV87BFB6>< ; 
CD4>F<KA<@< CBFD954@< CDBH9EV=ABW 8VS?PABEFV, CB6<AAB EF4F< 
EGFFє6<@ 8?S CV86<M9AAS >BA>GD9AFBECDB@B:ABEFV EC9JV4?VEFV6 
A4 6VFK<;ASAB@G F4 @V:A4DB8AB@G D<A>4I CD4JV.  
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"#/& �%#"�0�"��!�3  �,�!!"�"  
#�$��"�� #$� #$"���"�%&��  

$�(�$�&��!"�" �'$!���  « �&� �&���» 
�B5?O= �.�., �DI<CB64 !.�. 

�BE>64, ����"�  �� 
 

Abstract. The authors analyze the work experience of editors and reviewers 
of the abstract journal "Mathematics" of VINITI RAS with documents in English 
using the Google translator built into the workstation "Corrector, Editor, 
Reviewer" (COREF). It is noted that problems arise when there are special terms, 
abbreviations and proper names in the source text. It is concluded that the use of 
the Google translator, despite its shortcomings and the need for post-editing, 
increases the productivity of users of COREF. 

 
 4L<AAO= C9D96B8 3 QFB C9D96B8 F9>EFB6 E B8AB7B 

9EF9EF69AAB7B S;O>4 A4 8DG7B= E CB@BMPR >B@CPRF9DAOI 
CDB7D4@@. %GM9EF6GRF D4;?<KAO9 F<CO @4L<AAB7B C9D96B84: 
1) @4L<AAO= C9D96B8, BEAB64AAO= A4 CD46<?4I;  
2) EF4F<EF<K9E><= @4L<AAO= C9D96B8; 3) 7<5D<8AO= @4L<AAO= 
C9D96B8, EBK9F4RM<= CD46<?4, EF4F<EF<>G < A9=DBAAO9 E9F<. � 
A4EFBSM99 6D9@S @4L<AAO= C9D96B8 6 FB= <?< <AB= HBD@9 
CD<@9ASRF 6 E6B9= D45BF9 G:9 5B?99 50% C9D96B8K9E><I H<D@. 
!9E@BFDS A4 D4;6<F<9 E<EF9@ @4L<AAB7B C9D96B84, D9;G?PF4F <I 
D45BFO CBKF< 6E9784 AG:849FES 6 8BD45BF>9 K9?B69>B@. 1FBF 
CDBJ9EE A4;O649FES CBEFD984>F<DB64A<9@ @4L<AAB7B C9D96B84. 
[1,2]. %GM9EF6G9F 864 GDB6AS >4K9EF64 CBEFD984>F<DB64A<S. 
#9D6O= GDB69AP >4K9EF64, «CD<9@?9@B9» >4K9EF6B, 
EBBF69FEF6G9F C9D96B8G, FBKAB C9D984RM9@G E@OE? BD<7<A4?4, 
AB A9 6E9784 S6?SRM<@ES 7D4@@4F<K9E>< < EF<?<EF<K9E>< 
CD46<?PAO@. �FBDB= GDB69AP >4K9EF64 3 C9D96B8 BF69K49F 
FD95B64A<S@ > CG5?<>4J<< < CD<5?<:9A > CDBH9EE<BA4?PAB@G 
K9?B69K9E>B@G C9D96B8G. 

� ��!�&� $�! HGA>J<BA<DG9F 46FB@4F<;<DB64AAB9 
D45BK99 @9EFB «�BDD9>FBD, $984>FBD, $9H9D9AF» (�"$�(), 
>BFBDB9 B59EC9K<649F 6A9E9A<9 <;@9A9A<= 6 BC<E4A<S 
8B>G@9AFB6 A9CBED98EF69AAB 6 �8<AB= F9IAB-?B7<K9E>B= 54;9 
84AAOI (�&��) CD< 6OCB?A9A<< BC9D4J<= F9@4F<K9E>B= 
D4;@9F><, D9H9D<DB64A<S, A4GKAB7B D984>F<DB64A<S, 
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<A89>E<DB64A<S, >BDD9>FGDO CD< CDB<;6B8EF69 D9H9D4F<6AB7B 
:GDA4?4 « 4F9@4F<>4» [3]. �"$�( CD98BEF46?S9F 6B;@B:ABEF< 
8?S 6OCB?A9A<S D4;?<KAOI 89=EF6<= CB EB89D:4F9?PAB= 
B5D45BF>9 8B>G@9AFB6, ;47DG:9AAOI 6 �&��. 1F< <AEFDG@9AFO 
CD98A4;A4K9AO 8?S D984>FBDB6 BF89?B6 A4GKAB= <AHBD@4J<<, 
>BDD9>FBDB6, 4 F4>:9 D9H9D9AFB6. #B?P;B64F9?S@ �"$�( 
CD98?4749F HGA>J<< EB89D:4F9?PAB= B5D45BF>< 8B>G@9AFB6 8?S 
F9@4F<K9E><I 6OCGE>B6 D9H9D4F<6AB7B :GDA4?4. �DB@9 FB7B, 
CD98GE@BFD9AB 6OCB?A9A<9 A9>BFBDOI 8BCB?A<F9?PAOI 
BC9D4J<= A48 F9>EF4@<, >BFBDO9 CB;6B?SRF: CD9B5D4;B64FP 
CDBC<EAO9 5G>6O 6 EFDBKAO9; EFDBKAO9 5G>6O 6 CDBC<EAO9; 
CD9B5D4;B64FP DGEE>GR D4E>?48>G 6 ?4F<AE>GR; ?4F<AE>GR 
D4E>?48>G 6 DGEE>GR; CDB69D<FP BDHB7D4H<R. �?S CDB69D>< 
BDHB7D4H<< A9B5IB8<@B, KFB5O A4 >B@CPRF9D9 CB?P;B64F9?S 
5O? GEF4AB6?9A C4>9F Microsoft Office, E?B64DP >BFBDB7B 
<ECB?P;G9FES 8?S BCD989?9A<S BL<5B>. 

#D< D45BF9 E 8B>G@9AF4@< A4 <ABEFD4AAB@ S;O>9 9EFP 
6B;@B:ABEFP E CB@BMPR 6EFDB9AAB7B C9D96B8K<>4 Google 
BEGM9EF6?SFP C9D96B8 ;47B?B6>4 8B>G@9AF4 < 4AABF4J<<. 
$9;G?PF4FO C9D96B84 D4;@9M4RFES 6 AB6OI CB?SI 54;O 84AAOI 
�"$�(, 6 >BFBDOI CD< A9B5IB8<@BEF< @B:AB BEGM9EF6?SFP 
CBEFD984>F<DB64A<9 F9>EF4. "COF D45BFO E QF<@ C9D96B8K<>B@ 
6 BF89?9 HGA84@9AF4?PAB= < CD<>?48AB= @4F9@4F<>< ��!�&� 
$�! CB>4;O649F, KFB 6 5B?PL<AEF69 E?GK496 >4K9EF6B  C9D96B84 
S6?S9FES «CD<9@?9@O@». #9D96B8K<> Google CD46<?PAB 
BEGM9EF6?S9F C9D96B8 A9>BFBDOI GEFB=K<6OI 6OD4:9A<=. 
"8A4>B BA 8BCGE>49F BL<5>< CD< C9D96B89 C489:9=, D9K96OI 
B5BDBFB6, ?B7<>B-E@OE?B6OI 4>J9AFB6 6 CD98?B:9A<< < 
CBEFDB9A<< E4@<I CD98?B:9A<=. 1FB B5NSEAS9FES D4;?<KAB= 
<AF9DCD9F4J<9= C489:9= A4 CD<@9D9 DGEE>B7B < 4A7?<=E>B7B 
S;O>B6: 6 DGEE>B@ 3 K9D9; B>BAK4A<9, 6 4A7?<=E>B@ 3 K9D9; 
CD98?B7<. #D< A4?<K<< 6 <EIB8AB@ F9>EF9 A4 <ABEFD4AAB@ S;O>9 
EC9J<4?PAOI F9D@<AB6 <I C9D96B8 A9 6E9784 BEGM9EF6?S9FES 
CD46<?PAB. � >4K9EF69 CD<@9D4 @B:AB CD<69EF< C9D96B8 
F9D@<A4 «graph», >BFBDO= C9D96B8K<> Google B5OKAB C9D96B8<F 
>4> «7D4H<>», 4 A9 «7D4H». � EB:4?9A<R, C9D96B8K<> Google, 6 
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BF?<K<9 BF C9D96B8K<>4 PROMPT, A9 8BCGE>49F A4EFDB=>< A4 
CD98@9FAGR B5?4EFP.  

�M9 B8AB= CDB5?9@B= S6?S9FES 6OC489A<9 <; C9D96B84 E?B6, 
A9EGM<I E@OE?B6GR A47DG;>G. �E?< 6 <EIB8AB@ F9>EF9 9EFP 
455D96<4FGDO, FB BA< 6 5B?PL<AEF69 E?GK496 A9 C9D96B8SFES, 4 
C9D984RFES >4> A45BD 5G>6. "8A4>B 9E?< 455D96<4FGD4 
EB6C4849F E >4><@-FB E?B6B@, FB C9D96B8<FES QFB E?B6B. 
"F89?PAB= CDB5?9@B= S6?S9FES C9D96B8 <@9A EB5EF69AAOI. "A<  
A9 6E9784 C9D96B8SFES CD46<?PAB, AB A9B5IB8<@B BF@9F<FP 
;4@9FAB9 EB69DL9AEF6B64A<9 C9D96B8K<>4 ;4 CBE?98A99 6D9@S. � 
;4>?RK9A<9 @B:AB E89?4FP 6O6B8, KFB <ECB?P;B64A<9 
@4L<AAB7B C9D96B84, 6EFDB9AAB7B 6 �"$�(, CD< 6E9I 97B 
A98BEF4F>4I < A9B5IB8<@BEF< CBEFD984>F<DB64A<S, CB6OL49F 
CDB<;6B8<F9?PABEFP D45BFO EBFDG8A<>B6 ��!�&� $�! < 
D9H9D9AFB6 CD< CDB<;6B8EF69 D9H9D4F<6AB7B :GDA4?4  
« 4F9@4F<>4».  

 
�<F9D4FGD4 
1. )G8S>B6 !.�. #BEFD984>F<DB64A<9 @4L<AAB7B C9D96B84: 

F9BD9F<K9E><9 4EC9>FO. (<?B?B7<K9E><= 4EC9>F 71(45), 2019, E. 
232-239. 

2. �BD<EB64 �.�. � BCOFG CBEFD984>F<DB64A<S A4 @4F9D<4?9 
4A7?B-DGEE>B7B C9D96B84  46FB@4F<K9E><I E<EF9@ Google 
Translate < PROMPT. �9EFA<>  ��'. �OC. 13 (699), 2014. 

3. �DI<CB64 !.�., �B5?O= �.�. %B6D9@9AA4S F9IAB-?B7<S 
59;5G@4:AB= <AHBD@4F<><  CD< CDB<;6B8EF69 D9H9D4F<6AB7B 
:GDA4?4  « 4F9@4F<>4».  4F9D. XXI  9:8GA4DB8. E9@<A4D4 
«�B@5<A4FBDAO9 >BAH<7GD4-J<< < <I CD<?B:9A<S», 
�DBC<6A<J><=, 2019, E. 17-20.  
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"�!� ����+� #$" #�$��& !� &"$� 
�?GIB6 ".�. 

�4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F 
 

Abstract. The article considers the problem of  tessellation on the torus. 

 
 4F9@4F<KA<= C4D>9F 45B ;4@BM9AAS (tessellation, tiling) J9 

CB>D<FFS C?BM<A< 45B K4EF<A< C?BM<A<, FBD4, FBMB, C?<F>4@< 
-@AB7B>GFA<>4@< 59; CDB5V?V6 V C9D9>D<FFV6, 6 S>B@G 5G8P-S>V 
864 @AB7B>GFA<>< @4RFP 45B ECV?PAG EFBDBAG, 45B FV?P>< 
ECV?PAG 69DL<AG, 45B ;B6EV@ A9 @4RFP ECV?PA<I FBKB>. 
!9I4= n,m,k  -A4FGD4?PAV K<E?4, @< 5G89@B CB;A4K4F< R(n,m) 

V  T(n,m) CDS@B>GFA<> ;V EFBDBA4@< 8B6:<A<   n V m V E>?9єA<= ; 
APB7B FBD 6V8CB6V8AB.  
� 84AV= DB5BFV DB;7?S84єFPES A4EFGCA4 ;484K4: K< @B:?<6B 

;4@BM9AAS FBD4 T(n,m) C?<F>4@< R(1,k) ? 
�G89@B 664:4F<, MB >B:A4 C?<F>4 є CDS@B>GFA<>B@, 

EFBDBA< S>B7B C4D4?9?PAV B8AV= V; EFBDVA  84AB7B CDS@B>GFA<>4. 
&4>9 ;4@BM9AAS 5G89@B A4;<64F< (1,k)- C4D>9FB@. 
�4G64:<@B, MB A4 C<F4AAS VEAG64AAS  (1, k)-C4D>9F4 A4 

CDS@B>GFA<>G R(n,m) 84є 6V8CB6V8P A4EFGCA4 F9BD9@4.  
&9BD9@4 1. [ 1 ]. (1, k)-C4D>9F A4 R(n,m) VEAGє FB8V V FV?P>< 

FB8V, >B?< IBK4 5 B8A9 ; K<E9? n,m >D4FA9 k. 
�?9, S> CB>4;46 �B?B@5 (S. Golomb) [2 ], 8?S FBD4 4A4?B7VKA9 

F69D8:9AAS G:9 A9 6VDA9 - VEAGє CD<>?48 (1,6)-C4D>9F4 A4 FBDV 
T(10,15) ( $<E.1). 
"8A4>, @4є @VEJ9 A4EFGCA4 F9BD9@4. 
&9BD9@4 2. (1, 4)-C4D>9F A4 FBDV T(n,m) VEAGє FB8V V FV?P>< 

FB8V, >B?< IBK4 5 B8A9 ; K<E9? n,m >D4FA9 4. 
�B6989AAO. �BEF4FAVEFP BK96<8A4. #D<CGEF<@B, MB :B8A9 ; 

K<E9? n, m A9 >D4FA9 4. �<C48><, >B?< B8A9 ; K<E9? A9C4DA9 
FD<6V4?PAV, BE>V?P>< 6 F4>B@G D4;V n×m A9 5G89 >D4FA9 4. 
�4?<L<?BEP DB;7?SAGF< 6<C48B>, >B?< n V m 84RFP ;4?<LB> 

2 CB @B8G?R 4:  n = 4s+2, m = 4t+2.  
"E>V?P>< C?<FB> 6EPB7B 5G89 (n×m)/4 = (2s+1)×(2t+1), FB5FB 

A9C4DA9 K<E?B, FB @B:A4 664:4F<, MB 69DF<>4?PA<I C?<FB> 5G89 
A9C4DA9 K<E?B. 
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1 1 1 14 15 16 17 18 19 20 21 22 1 1 1 

2 2 2 14 15 16 17 18 19 20 21 22 2 2 2 

3 3 3 3 3 3 17 18 19 20 21 22 23 24 25 

4 4 4 4 4 4 17 18 19 20 21 22 23 24 25 

11 12 13 5 5 5 5 5 5 20 21 22 23 24 25 

11 12 13 6 6 6 6 6 6 20 21 22 23 24 25 

11 12 13 14 15 16 7 7 7 7 7 7 23 24 25 

11 12 13 14 15 16 8 8 8 8 8 8 23 24 25 

11 12 13 14 15 16 17 18 19 9 9 9 9 9 9 

11 12 13 14 16 16 17 18 19 10 10 10 10 10 10 

$<E. 1. �D<>?48 (1,6)-C4D>9F4 A4 FBDV T(10,15) 
 
$B;H4D5Gє@B >648D4F, ; S>B7B E>?9єA<= FBD, CBK9D7B6B A4 

KBDAV F4 5V?V EFB65JV. "K96<8AB, MB ;474?PA9 K<E?B KBDA<I F4 
5V?<I >?VF<AB> 5G89 B8A4>B6<@. 3EAB F4>B:, MB >B:A4 
69DF<>4?PA4 C?<F>4 5G89 JV?>B@ KBDABR 45B JV?>B@ 5V?BR, 4 
>B:A4 7BD<;BAF4?PA4 C?<F>4 @VEF<F<@9 CB 2 KBDA<I V 2 5V?<I 
>?VF<A><. 

 
 

 

 
 
 
 
 
 
 
 
 
 
 

$<E. 2.  B;H4D5G64AAO FBD4 T(10,10) 
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&4><@ K<AB@, 6 >B:AV= EFDBKJV >648D4F4 (>V?PJV A4 FBDV) 5G89 
B8A4>B69 K<E?B KBDA<I V 5V?<I >?VF<AB> G 69DF<>4?PA<I C?<F>4I. 
� 6V8F4> ;474?PA9 K<E?B KBDA<I F4 5V?<I >?VF<AB> 6 
69DF<>4?PA<I C?<F>4I F4>B: @4є 5GF< B8A4>B6<@. �?9 J9 
A9@B:?<6B, ; B7?S8G A4 F9, MB K<E?B 69DF<>4?PA<I C?<FB> 
A9C4DA9. 
!4 D<E. 2 CB>4;4AB DB;H4D5G64AAS FBD4 T(10,10). 
!9E>?48AB F4>B: 8B69EF< A4EFGCA9  G;474?PA9AAS F9BD9@< 2.  

&9BD9@4 3. 3>MB p  CDBEF9, FB (1, p2)-C4D>9F A4 FBDV T(n,m) 
VEAGє FB8V V FV?P>< FB8V, >B?< IBK4 5 B8A9 ; K<E9? n,m >D4FA9 p2. 

 

�VF9D4FGD4 
1. N.G. de Bruijn, Filling Boxes with Bricks, The American 

Mathematical Monthly, vol.76, 1969, pp. 37-40. 
2. S. Wagon, The American Mathematical Monthly, vol. 94, 

1987, pp. 601-617. 
 
 
 
 

("$ �����*�3 #$"*�%' #$��!3&&3 $�,�!0 

� ' "��) !����!�+�!"%&� 
��3 ��$'��!!3 #$"*�%"  ��&"!" !"�" 

�!�$�"#"%&�+�!!3 

�B?<> ".#., �E@4V?  GI4@@98, $G5JB6 �.%. 
&9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
Abstract. The decision making to process control automation by energy 

supply from autonomous energy sources is due to the presence uncertainties in the 
parameters of the input variables of the control system. Energy supply system with 
solar panels and wind turbine was considered in the article. The present report 
identifies the practices that have been put in place to making optimal decisions. 
For decision making to process control automation by energy supply from 
autonomous energy sources have been proposed to used the methods of decision 
tree. 

 
#D<=ASFFS DVL9AP CD< >9DG64AAV 46FBAB@A<@ 

9A9D7BCBEF4K4AAS@ (��#) ;G@B6?9AB A4S6AVEFR 
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A96<;A4K9ABEF9= G 46FB@4F<;B64AV= E<EF9@V >9DG64AAS (�%�) 
��# A4 BEAB6V >B@5VAB64A<I 6VFDB-EBASKA<I GEF4AB6B>. 
� 84AV= �%� ��# @4RFP @VEJ9 F4>V A96<;A4K9ABEFV: 
- A96<;A4K9ABEFV CD<DB8A<I S6<M, F4><I S> CB7B8AV 

G@B6< (EBASKA4 F4 6VFDB64 9A9D7VW VEFBFAB ;4?9:4FP 6V8 CB7B8A<I 
G@B6); 

- A96<;A4K9ABEFV, CB6’S;4AV ; A98BEF4FAV@< ;A4AAS@< CDB 
A48IB8:9AAS EBASKABW F4 6VFDB6BW 9A9D7V= (A96V8B@4 FBKA4 
>V?P>VEFP 9A9D7VW, MB A48IB8<FP 6V8 A<I 6 FB= K< VAL<= @B@9AF 
K4EG); 

- A96<;A4K9ABEFV, CB6’S;4AV ; A98BEF4FAPBR >V?P>VEFR 
8BE6V8G F4 ;A4AAS H4>FBDV6, MB 6C?<64RFP A4 #$. 
�474?B@ C9D9D4IB64AV 6<M9 A96<;A4K9ABEFV @B:GFP ABE<F< 

A4EFGCA<= I4D4>F9D. 
%FBI4EF<KA4 A96<;A4K9AVEFP 6<A<>4є, >B?< A96V8B@V 

H4>FBD< EF4F<EF<KAB EFV=>V V FB@G CD98EF46?SRFP EB5BR 
;6<K4=AV B5’є>F< F9BDVW V@B6VDABEFV 3 6<C48>B6V 69?<K<A< [1, 2, 
3].  
!96<;A4K9AVEFP A9 EFBI4EF<KAB7B 6<8G, CD< S>V= AVS><I 

CD<CGM9AP CDB EFBI4EF<KAG EFV=>VEFP A9 VEAGє [1]. 
$VL9AAS CD<=@4RFP 6 G@B64I A96<;A4K9ABEFV, >B?< 

A9@B:?<6B BJVA<F< V@B6VDAVEFP CBF9AJV=A<I D9;G?PF4FV6 [1, 4]. 
*9 @4є @VEJ9 FB8V, >B?< H4>FBD<, MB CBFD95GRFP 6D4IG64AAS 
A4EFV?P>< AB6V F4 E>?48AV, MB A9@B:?<6B BFD<@4F< 8BEF4FAR 
>V?P>VEFP VAHBD@4JVW, S>4 @B:9 B5’є>F<6AB 6<;A4K<F< 
V@B6VDAVEFP, 45B A4S6A4 E<FG4JVS A9 CV8?S74є 6V8B@<@ 
;4>BAB@VDABEFS@. &B@G V@B6VDAVEFP 89S><I A4E?V8>V6 A9@B:?<6B 
C9D9854K<F< ; 8BEF4FAPBR EF9C9AR 8BEFB6VDABEFV. 
�9D964 DVL9AP ;4;6<K4= 6<>BD<EFB6GRFP CD< #$ 6 G@B64I 

D<;<>G. �B7B 5G8GRFP ;4 F<CB@ 4?7BD<F@G DB5BF< E<EF9@<. 
�<;A4K4RFPES 9F4C< CD<=ASFFS DVL9AP, V@B6VDABEFV CD< 
CD<=ASFFV 84AB7B DVL9AAS F4 V@B6VDAVEAV A4E?V8>< D94?V;4JVW 
C96AB7B DVL9AAS. 
!4 D<E. 1 A46989AB K4EF<AG 89D964 DVL9AP MB8B >9DG64AAS 

�%� ��# 6 G@B64I D<;<>G. 
 



 42 

 
 

$<E.1. !FDG>FGDA9 ;B5D4:9AAO CDBJ9EG 
9A9D7B;459;C9K9AAO 6 ;484KV 6<5BDG BCF<@4?PAB7B >9DG64AAO 

�!� 
 
�7V8AB 84ABW EFDG>FGD< @4є@B F4>V DVL9AAS: 
1 3 CD<=ASFFS DVL9AAS MB8B F<CG 8:9D9?4 9A9D7VW 
2 3 CD<=ASFFS DVL9AAS MB8B EF4AG ��' 
3, 4, 15, 16, 26, 27, 38, 39, 43, 44 3 CD<=ASFFS DVL9AAS MB8B 

CBFD95 ECB:<64K4 6 9?9>FDB9A9D7VW 
5, 17, 28 3 CD<=ASFFS DVL9AAS MB8B >V?P>BEFV 6<DB5?9ABW 

9A9D7VW 
6, 18, 29 3 CD<=ASFFS DVL9AAS MB8B C9D984KV 9A9D7VW 8B ��� 
7, 10 3 CD<=ASFFS DVL9AAS MB8B 6<>BD<EF4AAS VALB7B 

8:9D9?4 9A9D7VW 3 EBASKA4 9A9D7VS 
8, 9, 19, 20, 30, 31, 41, 45 3 CD<=ASFFS DVL9AAS MB8B 

C9D9DB;CB8V?G BFD<@4ABW 9A9D7VW 
11, 13, 22, 24, 33, 35, 37 3 CD<=ASFFS DVL9AAS MB8B EF4AG 

��� 
12, 14, 23, 25, 34, 36 3 CD<=ASFFS DVL9AAS MB8B ;4DS8G ��� 
21, 32 3 CD<=ASFFS DVL9AAS MB8B 6<>BD<EF4AAS VALB7B 

8:9D9?4 9A9D7VW 3 ��� 

 

1 2 

3 

4 

5 

6 

a1 

a4 

a3 

a5 

a2 

q21 

q51 q41 

q31 

a7 

a6 
q61 

13 

14 

a17 

a19 

a18 

a20 

q171 

q191 

a8 
a9 

a10 

9 

8 

10 

q91 

q81 

q101 

a13 

a11 

a12 

a21 

a22 

q121 11 

12 

a14 
a15 

a16 

q151 

15 
q211 

a24 

a23 

18 
q241 

q361 
a36 

24 

25 

a37 
a38 

a39 

q381 

16 

a25 

a26 q222 

q231 

17 

q281 

a32 

a28 

20 

19 

22 

23 

a33 
a34 

a35 

q341 

a27 q271 

q311 

a30 

a31 

21 

a29 

q291 

a59 

q591 

q251 

7 

q411 

q401 

a41 

a40 

27 

26 

a45 

a44 

q441 

a43 

a42 

q431 
29 

a55 q551 
35 

36 

a56 

a57 

q571 a58 

28 

q421 

q471 
a54 

a47 

31 

32 

a48 q481 a60 

q601 

30 

33 

34 

a46 

q461 

a49 

a50 
q501 

a51 

a52 
a53 q521 
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40 3 CD<=ASFFS DVL9AAS MB8B DV;A<JV @V: CBFDV5ABR 
9A9D7VєR F4 >V?P>VEFR 9A9D7VW 6 ��� 

42 3 CD<=ASFFS DVL9AAS MB8B 6<>BD<EF4AAS VALB7B 8:9D9?4 
9A9D7VW 3 ��� 

46 3 CD<=ASFFS DVL9AAS MB8B E<7A4?V;4JVW CDB EF4A ���. 
!4 89D96V DVL9AP @4є@B A4EFGCAV 4?PF9DA4F<6AV 64DV4AF<: 
а1 3 6<>BD<EF4AAS 6VFDB6BW 9A9D7VW 
а2 3 9A9D7VS 6V8 ��' A48IB8<FP 
а3 3 9A9D7VS 6V8 ��' A9 A48IB8<FP 
а4 , а6 , а23 , а25 , а42 , а44 , а59 , а60 , а63 , а65 , а72 , а74 3 CBFD95< 

6 9A9D7VW A4 84A<= @B@9AF VEAGRFP 
а5 , а7 , а24 , а26 , а43 , а45 , а64 , а66 , а73 , а75  - CBFD95< 6 9A9D7VW 

A4 84A<= @B@9AF A9@4є 
а8 3 >V?P>VEFP 6<DB5?9ABW ��' 9A9D7VW 5V?PL4 AV: CBFDV5A4 

ECB:<64KG 
а9  - >V?P>VEFP 6<DB5?9ABW ��' 9A9D7VW 8BDV6ARє CBFD954@ 

ECB:<64K4 
а10 3 >V?P>VEFP 6<DB5?9ABW ��' 9A9D7VW @9AL4 AV: CBFD95< 

ECB:<64K4 
а11 , а13 , а30 , а32 , а49 , а54 , а69 , а76 3 C9D984K4 9A9D7VW 8B 

ECB:<64K4 
а12 , а17 , а31 , а36 , а50 , а55 3 C9D984K4 9A9D7VW 8B ��� 
а14 , а18 , а33 , а37 , а51 , а56 , а61 3 ��� ;4DS8:9A4 
а15 , а19 , а34 , а38 , а52 , а57 , а62 3 ��� DB;DS8:9A4 
а16 , а20 , а35 , а39 , а53 , а58 3 ;4DS8:4AAS ��� 
а21 , а40 3 9A9D7VS 6V8 %� A48IB8<FP 
а22 , а41 3 9A9D7VS 6V8 %� A9 A48IB8<FP 
а27 , а46 3 >V?P>VEFP 6<DB5?9ABW %� 9A9D7VW 5V?PL9 AV: 

CBFDV5AB ECB:<64KG 
а28 , а47 3 >V?P>VEFP 6<DB5?9ABW %� 9A9D7VW 8BDV6ARє CBFD954@ 

ECB:<64K4 
а29 , а48 3 >V?P>VEFP 6<DB5?9ABW %� 9A9D7VW @9AL4 AV: CBFD95< 

ECB:<64K4 
а67 - >V?P>VEFP 9A9D7VW 6 ��� 5V?PL9 AV: CBFDV5AB ECB:<64KG 
а68 3 9A9D7VW 6 ��� A9 6<EF4K4є 8?S ;48B6B?9AAS CBFD95 

ECB:<64KV6 
а70 3 G 54>4I ��� C4?<6B є 
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а71 3 C4?<64 G 54>4I ��� A9@4є 
а77 3 CB84K4 E<7A4?G ECB:<64K96V CDB 6V8EGFAVEFP C4?<64 
, qij 3 V@B6VDAVEAV A4E?V8>< D94?V;4JVW C96AB7B DVL9AAS. 
 

�VF9D4FGD4 
1. �9D4E<@B6 �.  ., &4D4EB6 �. �., &B>4D96 �. �. +9?B69>B-

@4L<AAO9 E<EF9@O CD<ASF<S D9L9A<= E Q?9@9AF4@< 
<E>GEEF69AAB7B <AF9??9>F4. 3 �.: !4G>B64 8G@>4, 1993. 3 184 E. 

2. "D?B6E><= %.�. #DB5?9@O CD<ASF<S D9L9A<= CD< 
A9K9F>B= <EIB8AB= <AHBD@4J<<. 3  .: <!4G>4=. �?46A4S 
D984>J<S H<;<>B 3 @4F9@4F<K9E>B= ?<F9D4FGDO, 1981. 3 208 E. 

3. �4A79 ". "CF<@4?PAO9 D9L9A<S. "EAB6O 
CDB7D4@@<DB64A<S. 3  .: «#DB7D9EE», 1967. 3 289 E. 

4. �9D4E<@B6 �. ., �D45B6E><= �.�., $R@L<A !.�. 
!9K9F><9 @AB:9EF64 6 ;484K4I CDB9>F<DB64A<S, GCD46?9A<S < 
B5D45BF>< <AHBD@4J<<. 3 �.: &9IAV>4, 2002. 3 140 E. 
 
 
 
 

&$��'&!� !"$ � &� �"!"$ � � #"$"�"  &� 
�)!� ���%&��"%&� 
�G?SA<JP><= �. (., $SEA4 �.�. 

ІAEF<FGF >V59DA9F<>< V@9AV �. �. �?GL>B64 ��� #>D4WA<  
 

Abstract. New fuzzy logical operators – threshold triangular norms and 
conorms, are proposed and their properties are investigated. To solve fuzzy 
clusterization problems, the properties of threshold triangular conorms are used, 
which is provided the transparency of interpretation of the results of investigations 
of such problems.  

 

&D<>GFABR ABD@BR A4;<64єFPES HGA>JVS 
, S>4 ;48B6B?PASє G@B64@ @BABFBAABEFV, 

4EBJV4F<6ABEFV F4 >B@GF4F<6ABEFV, 4 F4>B: T(0,0)=0, 

(1, ) , [0,1]T v v vý þ . &D<>GFABR >BABD@BR A4;<64єFPES HGA>JVS 
, S>4 ;48B6B?PASє G@B64@ @BABFBAABEFV, 

4EBJV4F<6ABEFV F4 >B@GF4F<6ABEFV, 4 F4>B: (1,1) 1, (0, )S S v vý ý .  

     : 0,1 0,1 0,1T ô 

     : 0,1 0,1 0,1S ô 
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�?S 86BWEF<I FD<>GFA<I ABD@ V >BABD@ @4є @VEJ9 DV6AVEFP: 
. 

";A4K9AAO 1. #BDB7B6BR FD<>GFABR ABD@BR 45B 
FD<>GFABR ABD@BR ; CBDB7B@ , , A4;69@B HGA>JVR 

  

89 T(u,v) 3 FD<>GFA4 ABD@4. 
&9BD9@4 1. (GA>JVS ø ù ø ù,T

ñ    ;48B6B?PASє G@B64@ 
@BABFBAABEFV, 4EBJV4F<6ABEFV F4 >B@GF4F<6ABEFV, CD< JPB@G 
ø ù ø ù0,0 0T
ñ ý  V, S>MB v ó ñ , FB VA4>L9 ø ù ø ù1, 0T v

ñ ý .   

�A4?B7VKAB, S>MB , FB . 

";A4K9AAO 2. #BDB7B6BR FD<>GFABR >BABD@BR 45B 
FD<>GFABR >BABD@BR ; CBDB7B@ , , A4;69@B HGA>JVR  

    

  

89 S(u,v) 3 FD<>GFA4 >BABD@4. 
�4 4A4?B7VєR V; 8B6989AAS@ F9BD9@< 1 @B:A4 CB>4;4F<, MB 

HGA>JVS S(ô)
 ;48B6B?PASє G@B64@ @BABFBAABEFV, 4EBJV4F<6ABEFV 

F4 >B@GF4F<6ABEFV, CD<KB@G  V, S>MB v ó ô , FB 
ø ù ø ù0,S v v
ô ý , VA4>L9 ø ù ø ù0, 1.S v

ô ý  

�BK96<8P, MB ; 8B FB7B :, S>MB , FB 

.  

&9BD9@4 2. 3>MB ø ù,T    V ø ù,S    3 86BWEFV FD<>GFAV ABD@4 F4 
>BABD@4 6V8CB6V8AB, V 1 ,ô ý ñ  FB CBDB7B6V FD<>GFAV ABD@4 V 
>BABD@4 F4>B: 86BWEFV: .   

�4CDBCBAB64AV CBDB7B6V >BABD@< F4 WIAV 6?4EF<6BEFV 
;4>?489AB 6 BEAB6G @9FB8G DB;6'S;G64AAS ;484K A9KVF>B7B 
>?4EF9DAB7B 4A4?V;G, 6 S>B@G A9 6<>BD<EFB6GєFPES BC9D4JVS 
FD4A;<F<6AB7B ;4@<>4AAS [1]. *9 8B;6B?<?B EF6BDR64F< @9AL 

ø ù ø ù, 1 ,1 1T u v S u vû   ý

ñ ø 0,1ñþ

ø ù ø ù ø ù ø ù
ø ù

, , якщо , ,
,

0, якщо , ,
T u v T u v

T u v
T u v

ñ ü ó ñ
ý ý ü ñþ

1 2ñ þ ñ ø ù ø ù ø ù ø ù1 2, ,T u v T u v
ñ ñó

ô  ù0,1ôþ

ø ù ø ù ø ù ø ù
ø ù

, , якщо , ,
,

1, якщо , ,
S u v S u v

S u v
S u v

ô ü ó ô
ý ý þ ôþ

ø ù ø ù1,1 1S
ô ý

ø ù ø ù ø ù, ,S u v S u v
ôó 1 2ô þ ô

ø ù ø ù ø ù ø ù1 2, ,S u v S u v
ô ôó

ø ù ø ù ø ù ø ù, 1 ,1 1T u v S u v
ñ ôû   ý
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FDG8B@VEF>V 4?7BD<F@< >?4EF9D<;4JVW G CBDV6ASAAV ; 6V8B@<@< 
@9FB84@<, MB ;4EAB64AV A4 A9KVF>B@G 6V8ABL9AAV 
9>6V64?9AFABEFV.  
#9DEC9>F<6A<@ A4CDS@B@ CB84?PL<I 8BE?V8:9AP є 

DB;DB5>4 CB8V5A<I 4?7BD<F@V6 8?S DB;6'S;G64AAS VAL<I ;484K 
>B@5VA4FBDABW BCF<@V;4JVW G A9KVF>V= CBEF4AB6JV [2]. 
 
�VF9D4FGD4 
1. Hulianytskyi L. F., Riasna I. I. Automatic classification 

method based on a fuzzy similarity relation. Cybernetics and Systems 
Analysis. 2016. 52, N 1. P. 30337. 

2. Hulianytskyi L. F., Riasna I. I. Formalization and 
classification of combinatorial optimization problems. Optimization 
Methods and Applications (eds. Butenko S., Pardalos P. M., Shylo 
V.). Cham: Springer International Publishing AG, 2017. P. 2393250. 

 
 
 
 

#�$� �&$�+�%���  �&"� $�,�!�3 
����+ "  �&� �&�+�%�"  %��(� 

!� �$�(�) 
�BA9J �.�., �GD<A �.�. 

�AEF<FGF ><59DA9F<>< ��� #>D4<AO 
 

METHOD OF SUMMARIZED 

REPRESENTATIONS TO SOLVE THE 

MATHEMATICAL SAFE PROBLEM ON A GRAPH 

 
 
!9>BFBDO9 7D4HO 8BCGE>4RF D9L9A<9 ;484K< B 

@9F9@4F<K9E>B@ E9=H9 A9>BFBDO@ E6B9B5D4;AO@ @9FB8B@, 
>BFBDO= A4;B69@ C4D4@9FD<K9E><=. %GFP 97B EBEFB<F 6 
B5B;A4K9A<< C9D9@9AAOI, EBBF69FEF6GRM<I A9>BFBDO@ 
69DL<A4@ 7D4H4 BCD989?9AAO@< C4D4@9FD4@<, K9D9; >BFBDO9 
6OD4:4RFES 6E9 BEF4?PAO9 A9<;69EFAO9 ;484K<. #GF9@ 

http://icyb180.org.ua/staff/hulianytskyi/
http://icyb180.org.ua/staff/riasna/
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ED46A9A<S 6O5D4AAOI EC9J<4?PAO@ B5D4;B@ A9<;69EFAOI 
BCD989?SRFES G>4;4AAO9 C4D4@9FDO, 4 ;4F9@ < 6E9 A9<;69EFAO9, 
F.9. D9L9A<9 ;484K<. � 84AB= D45BF9 849FES F9BD9F<K9E>B9 
B5BEAB64A<9  QFB7B @9FB84.  
%A4K4?4 D4EE@BFD<@ CD98?4749@O= @9FB8 8?S CDBEF9=L<I 

7D4HB6 F4><I >4> J9CP < 699D, 8?S >BFBDOI, B>4;O649FES, 
8BEF4FBKAB <ECB?P;B64FP B8<A C4D4@9FD. 
$4EE@BFD<@ E9=H A4 7D4H9 6 6<89 J9C< (D<E. 1). 
 

 
$<E. 1. !9=H A4 7D4H9 6 6<89 J9C< 

 
�4C<L9@ B5MGR E<EF9@G [1] 8?S QFB7B 7D4H4 CD< n = 7. 
 

ÿ
ÿ
ÿ
ÿ

þ

ÿ
ÿ
ÿ
ÿ

ý

ü

úû
úûû
úûû
úûû
úûû

úûû
úû

776

6765

5654

4543

3432

2321

121

..

...

....

.....

......

bxx

bxxx

bxxx

bxxx

bxxx

bxxx

bxx

(modK).                   (1) 

"5B;A4K<@ ñý1x . &B784 ñý 12 bx . #B8EF46?SS 
CB?GK49@O9 ;A4K9A<S CBE?98B64F9?PAB 6 GD46A9A<S E<EF9@O, 
A4IB8<@: 

213 bbx ý , ñûý 324 bbx ,  ñûý 4315 bbbx , 

54216 bbbbx ûý , ñûûý 65327 bbbbx . �E?< C9D9@9AAGR 7x  

BCD989?<FP <; CBE?98A97B GD46A9A<S, FB CB?GK<@, KFB 
754217 bbbbbx ûûý . %D46A<64S B54 ;A4K9A<S 7x , CB?GK<@ 

;A4K9A<9 C4D4@9FD4 
76431 bbbbb ûûýñ , 4 ;4F9@ 3 D9L9A<9 

6E9= E<EF9@O: 
764311 bbbbbx ûûý , 

76432 bbbbx ûûý , 



 48 

213 bbx ý , 
764214 bbbbbx ûûý ,  

765 bbx ûý , 

54216 bbbbx ûý , 
754217 bbbbbx ûûý .  

$4EE@BFD<@ CD<@9D 8?S b = (3,2,1,4,3,2,4), K = 5. &B784 
D9L9A<9 <@99F 6<8 X = (2,0,1,3,2,2,4) (mod5). 
#DB69D<@ QFB D9L9A<9. 

          b = (3,2,1,4,3,2,4), 1x =2→(0,4,1,4,3,2,4), 13 ýx

→(0,0,2,0,3,2,4), 34 ýx →(0,0,0,3,1,2,4), 25 ýx →(0,0,0,0,3,4,4), 

26 ýx →(0,0,0,0,0,1,1), 47 ýx →(0,0,0,0,0,0,0,0) (mod 5). 

1FB D9L9A<9 CB?GK9AB 8?S 1ún (mod 3). �A4?B7<KAB CB 
F4>B= :9 EI9@9 D9L49FES ;484K4 < 8?S 0ún (mod 3).  

�?S 2ún (mod 3) CD< ED46A9A<< nx  C4D4@9FD ñ  <EK9;49F < 
CB?GK49@ EBFABL9A<9  

                
û û û û

õõ
ý

û
ý

û ý
3

0

23

3

0

13 0

n

i

i

n

i

i bb (modK).                            

(2) 
1FB S6?S9FES A9B5IB8<@O@ < 8BEF4FBKAO@ GE?B6<9@ 

D9L9A<S ;484K<, 4 C4D4@9FD ñ @B:9F CD<A<@4FP ?R5B9 
;A4K9A<9. 
$4EE@BFD<@ E9=H A4 7D4H9 F<C4 ?9E9A>< 8?S 

)1,2,3,4,4,3,2,1(ýb . 

 

 
$<E. 2. !9=H A4 7D4H9 F<C4 ?9E9A>< 

 
�4C<L9@ B5MGR E<EF9@G [1] 8?S QFB7B 7D4H4 CD< n = 8.   
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ÿ
ÿ
ÿ
ÿ
ÿ

þ

ÿ
ÿ
ÿ
ÿ
ÿ

ý

ü

úûû
úûûû

úûûû
úûû
úûû
úûûû
úûûû
úûû

1..

2..

3....

4.....

4.

3....

2...

1...

874

8763

7652

651

843

7432

6321

521

xxx

xxxx

xxxx

xxx

xxx

xxxx

xxxx

xxx

( modK).         (3) 

�4> <;69EFAB, ;484K4 B @4F9@4F<K9E>B@ E9=H9 
HBD@G?<DG9FES E CB@BMPR 7D4HB6 < @4FD<J, 4 99 D9L9A<9 
E6B8<FES > D9L9A<R E<EF9@ ?<A9=AOI GD46A9A<= 6 >BA9KAOI 
CB?SI [2] <?< >BA9KAOI >B?PJ4I [3]. �9DL<AO 7D4HB6 5G89@ 
<;B5D4:4FP 6 6<89 >DG:BK>B6, 6AGFD< >BFBDOI G>4;4A AB@9D 
69DL<AO. �?S >4:8B7B @4F9@4F<K9E>B7B E9=H4 EGM9EF6G9F 
A4K4?PAB9 EBEFBSA<9, >BFBDB9 ;4849FES 69>FBDB@ b= 1 2( , ,..., ),nb b b  

789 10 óó ii kb . ik A4;O649FES K<E?B@ EBEFBSA<= i 7B ;4@>4. 
$4EE@BFD<@ E?GK4=, >B784 6E9 Kki ý . &4>B= E9=H A4;O649FES 
E9=HB@ E B8ABF<CAO@< ;4@>4@<.  �484K4 EBEFB<F 6 FB@, KFB5O, 
<EIB8S <; A4K4?PAB7B EBEFBSA<S E9=H4 A4=F< F4>B= 69>FBD x=

),...,,( 21 nxxx , KFB5O CBE?9 BEGM9EF6?9A<S ix  CB6BDBFB6 6 
EBBF69FEF6GRM<I ;4@>4I E9=H C9D9L9? 6 EBEFBSA<9  bfin=

nib )0( ý . #D98?4749@O= @9FB8 5G89@ D4EE@4FD<64FP A4 
A9BD<9AF<DB64AAOI 7D4H4I, CD98EF46?SRM<I E9=HO E 
B8ABFBCAO@< ;4@>4@<.  � B5M9@ E?GK49 D9L9A<9 ;484K< 
E6B8<FES > D9L9A<R E<EF9@O   

                             A x  + b 0ú (mod K),                               (4) 

789 � 2 @4FD<J4 <AJ<89AJ<= 7D4H4. 
%GFP @9FB84 EBEFB<F 6B 66989A<< EC9J<4?PAB7B C4D4@9FD4, 

>BFBDO= A4;O649FES EG@@B= A9<;69EFAOI õ
ý

ý
n

i
ixS

1

. !9>BFBDO9 

7D4HO CB;6B?SRF CD98EF46?SFP C9D9@9AAO9 E<EF9@O K9D9; QFBF 
C4D4@9FD. %G@@<DGS ;4F9@ QF< C9D9@9AAO9, CB?GK49@ GD46A9A<9 
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BFABE<F9?PAB A97B. $9L<6 97B, CB?GK<@ ;A4K9A<9 QFB7B 
C4D4@9FD4, 4 6@9EF9 E F9@ < ;A4K9A<S 6E9I C9D9@9AAOI. 

"EAB6A4S CDB5?9@4 EBEFB<F 6 A4IB:89A<< QFB7B C4D4@9FD4. 
�?S 97B A4IB:89A<S 6 E<EF9@9 (1) G@AB:<@ i -9 GD46A9A<9 A4 
F4>B= @AB:<F9?P ,,...,2,1, nid i ý  KFB5O EG@@4 6E9I GD46A9A<= 
84?4 6 ?96B= K4EF< 69>FBD )...,,,( 21 ndxdxdx , 789 d  3 >4>4S-FB 

>BAEF4AF4. "FER84 CB?GK49@ D469AEF6B õ
ý

ý
n

i
iibddS

1

, BF>G84 

?97>B A4IB8<@ S . !B 8?S QFB7B A9B5IB8<@B A4=F< id < d . � 
E<?G CBE?98A97B CBEFDB9A<S BA< G8B6?9F6BDSRF E<EF9@9 
GD46A9A<= 

                              dAD ú (mod K) ,                                      (5) 

789 ),...,,( 21 ndddDý , 4 )...,,,( dddd ý . �?S D4;?<KAOI 7D4HB6 
E<EF9@4 (5) D9L49FES CB-D4;AB@G. #D< QFB@ <ECB?P;GRFES 
EC9J<H<K9E><9 E6B=EF64 7D4HB6, F4><9 >4> E<@@9FD<S, E6S;ABEFP 
< F.C. 'K9F EC9J<H<>< EFDG>FGDO 7D4HB6 B5?97K49F 
A4IB:89CA<9 QF<I C4D4@9FDB6. 
 9FB8 EG@@4DAOI CD98EF46?9A<= S6?S9FES GA<69DE4?PAO@ 

8?S D9L9A<S ;484K B @4F9@4F<K9E><I E9=H4I A4 
A9BD<9AF<DB64CAAOI 7D4H4I. �E>?RK9A<9@ S6?S9FES E?GK4=, 
>B784 d >D4FAB9 K . � QFB@ E?GK49 8?S EGM9EF6B64A<S D9L9A<S 
A9B5IB8<@B CDB<;69EF< >BDD9>F<DB6>G A4K4?PAB7B EBEFBSA<S 

E9=H4 F4><@ B5D4;B@, KFB5O  õ
ý


n

i
iibd

1

5O?4 >D4FAB= K . &B784 

;484K4 D9L49FES CB B5M<@ CD46<?4@ @9FB84. 
 
�<F9D4FGD4 
1. �BA9J �.�., �GD<A �.�.  �47BDB8AR> %.#.  9FB8O 

D9L9A<S ;484K B @4F9@4F<K9E>B@ E9=H9 A4 Q?9@9AF4DAOI  / 
#DB5?9@O GCD46?9A<S < <AHBD@4F<><. 2019. 7 4. %.  

2.  Kryvyi S.L. Algorithms for solution of systems of linear 
diophantine equations in residne fields   Cybernetics and Systems 
Analysis. 2007. v. 43(2). P.1712178. 
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3. Kryvyi S.L. Solutin algoritms for systems of linear equations 
over residue rings Cybernetics and Systems Analysis. 2016. v. 52(5).  
P.1492160. 

 
 
 
 
����$ ������&-����%' ��3  "!�&"$�!�' 

 �$����"�" &$�(��' 
�G5DB6VA �. �., #9FD<> �. �., !9?4E4 �. �. 

�4JVBA4?PA<= GAV69DE<F9F <�4CBDV;P>4 �B?VF9IAV>4= 
 

Abstract. network security data analysis is very important for detecting 
network attacks and malicious anomalies. Many methods of data mining have been 
found. Searching quickly and accurately for content-based queries is essential for 
such multiple data streams to be useful and secure. This work investigates the 
definition of wavelet basis and the application of wavelet analysis to network traffic 
to detect anomalous events. The structure of wavelet data analysis for network 
traffic and the definition of wavelet basis for signal analysis are proposed. The 
technique of noise elimination using wavelet analysis and selection of algorithm 
for obtaining anomalous Internet traffic events are considered. 

Keywords: wavelet basis, wavelet analysis, de-noise suppression, network 
traffic, Haar wavelet, Mallat algorithm. 

 

�EFGC. �<;A4K9AAS 69=6?9F-54;<EG 8?S 4A4?V;G E<7A4?V6 є 
64:?<6<@ 9F4CB@ 6 ;4EFBEG64AAV 69=6?9F-4A4?V;G 8?S 
>BA>D9FAB7B ;4684AAS V 8?S 6<DVL9AAS JPB7B ;4684AAS 6 DB5BFV 
;4CDBCBAB64AB @9FB8 6<;A4K9AAS BCF<@4?PAB7B 69=6?9F-54;<EG. 
�4?9:AVEFP 6<IB8<FP 5474FB 6 KB@G 6V8 FB7B, S><= 69=6?9F-54;<E 
V DV69AP 69=6?9F-DB;>?484AAS 5G89 B5D4A<=. &B5FB 6V8 JPB7B 
6<5BDG ;4?9:4F<@9 D9;G?PF4F DB5BF< 4C4D4FG 69=6?9F-4A4?V;G.  

&B5FB CBFDV59A 69=6?9F-54;<E, >B:A4 HGA>JVS S>B7B 
I4D4>F9D<;Gє S> C96AG CDBEFBDB6G K4EFBFG, F4> V @VEJ9 WW 
?B>4?V;4JVW 6 HV;<KAB@G CDBEFBDV (6 K4EV) 8?S CV86<M9AAS 
I4D4>F9D<EF<>< 9H9>F<6AB7B 4A4?V;G @9D9:96B7B FD4HV>G. 
#D9;9AF4JVO @4F9DV4?G.  9FBR 9>EC9D<@9AFG є BFD<@4AAS 

B5'є>F<6A<I 6V8B@BEF9= CDB 9H9>F<6ABEFV VEAGRK<I @9FB8V6 
69=6?9F34A4?V;G 8?S 6<S6?9AAS @9D9:96<I 4F4>[1,2]. �?S ;5BDG 
FD4HV>G 6<>BD<EFB6G646ES C9DEBA4?PA<= >B@C'RF9D CV8 
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GCD46?VAAS@ BC9D4JV=ABW E<EF9@< Windows 10 ; 6EF4AB6?9A<@ 
A4 APB@G 4A4?V;4FBDB@ CDBFB>B?V6(EAVH9D), EI9@4 S>B7B 
;B5D4:9A4 A4 (D<E. 1).  

 

 
$<E.1. �B7VKA4 EI9@4 BD74AV;4JVW 9>EC9D<@9AFG CB ;AOFFN 

FD4HV>G 
 

!4 D<E. 2 CD98EF46?9A<= 7D4HV> D94?V;4JVW FD4HV>G 
;B5D4:9AB7B 6 Matlab, S><= S6?Sє EB5BR 47D97B64A<= ;4 DV6A9@ 
0,05 E9> DS8, 6V8CB6V8A<= ;474?PAB@G FD4HV>G CDBFB>B?G TCP.  

 

 
$<E.2. �9D9:96<= FD4HV> Weth04.dat 

 
3> B5'є>F F9EFG64AAS 5G?B B5D4AB F9EFB6<= 6953E9D69D A4 

54;V BC9D4JV=ABW E<EF9@< FreeBSD. ' EI9@V(D<E. 1) EAVH9D 
CV8>?RK9A<= 8B @9D9:V F4><@ K<AB@, MB5 HV>EG64F< FD4HV>, MB 
CDBIB8<FP K9D9; FBK>G 1. �EV ;4HV>EB64AV C4>9F< ;4C<EG64?<ES 6 
H4=? HBD@4FG tcpdump. 
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�<5VD 69=6?9F–HGA>JVW. �EAGє 5474FB F<CV6 69=6?9FV6, S>V 
EC9JV4?PAB EF6BD9AV 8?S FB7B, MB5 @4F< BEB5?<6V 6?4EF<6BEFV, S>V 
DB5?SFP WI >BD<EA<@< 8?S B5DB5>< E<7A4?V6.  

�9=6?9F )44D4 @4є >B@C4>FA<= ABEV= V ;459;C9KGє 
D9>BAEFDG>JVR E<7A4?G V HGA>JVW [3]. �B:A4 HGA>JVS EFDB7B 
?B>4?V;B64A4 6 HV;<KAB@G CDBEFBDV (6 K4EV), 4?9 I4D4>F9D<;GєFPES 
CB6V?PAB EC484є EC9>FDB@ K4EFBF. &B5FB CDBEFBDB6V (K4EB6V) V 
K4EFBFAV I4D4>F9D<EF<>< A9 @B:GFP 5GF< B8ABK4EAB 6<@VDSAV ; 
5G8P-S>BR 6<EB>BR FBKAVEFR. 

&BKAVEFP 6<@VDR64AAS CDBEFBDB6<I I4D4>F9D<EF<> Δx F4 
K4EFBFA<I I4D4>F9D<EF<> Δω B5@9:9A4 6V8ABL9AAS@ 
�9=;9A59D74(1). 

 ∆Ď∆ω g 12 (1) 

 
"K<M9AAO LG@G ; BFD<@4AB7B E<7A4?G. ,G@B;A<:9AAS є 

64:?<6<@ CDBJ9EB@ GEGA9AAS LG@V6 ; >BD<EAB7B E<7A4?G ; 
@9FBR CV86<M9AAS =B7B EG5'є>F<6AB7B S>BEFV 45B 8?S ;@9AL9AAS 
DV6AS CB@<?B> G >4A4?4I C9D984KV V E<EF9@4I ;59DV74AAS 
J<HDB6<I 84A<I. 
� 6<>BD<EF4AAS@ 69=6?9FV6 є @9FB8 B5@9:9AAS DV6AS 

89F4?V;GRK<I >B9HVJVєAFV6. �4846L< C96A<= CBDV7 8?S WI DV6AS V 
«6V8EV>4RK<» >B9HVJVєAF< A<:K9 JPB7B CBDB74, @B:A4 ;A4KAB 
;A<;<F< DV69AP LG@G V EF<EAGF< E<7A4?. *9 DV6ABE<?PAB 
;4684AAS@ BCF<@4?PAB7B L?SIG CB 89D96G 
69=6?9F 3  C9D9F6BD9AAS.  
#D< 6<DVL9AAV ;4684AAS LG@B;47?GL9AAS A9B5IV8AB: 

BJVA<F< EC9>FD4?PA<= E>?48 LG@B6BW >B@CBA9AF<, 6<5D4F< F<C 
CBDB7B6BW B5DB5>< (FD9LB?8VA74) V >D<F9DV= DB;D4IGA>G 
CBDB74[4]. 
�4?V CD98EF46?9A<= BD<7VA4?PA<= E<7A4?(D<E.3-4) V E<7A4? 

BK<M9A<= 6V8 LG@G (D<E.3-b) . 
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$<E.3. �B5D4:9AAO BD<7VA4?PAB7B E<7A4? (4) V BK<M9AB7B 6V8 

LG@G E<7A4?G (b) 
 
,6<8><= 69=6?9F–4A4?V; A4 BEAB6V 4?7BD<F@G  4??4. 

%GFAVEFP BC9D4JV= 4?7BD<F@G  4??4 CB?S74є 6 CB84AAV E<7A4?G 
G 6<7?S8V EG>GCABEFV CBE?V8B6A<I A45?<:9AP 4CDB>E<@GRKBW V 
89F4?V;GRKBW E>?48B6<I 8B S><I CD<@VASFPES A45BD HV?PFDV6 3 
A<;P>BK4EFBFA<= V 6<EB>BK4EFBFA<=. %CBK4F>G E<7A4? 
CDBCGE>4єFPES K9D9; A<;P>BK4EFBFA<= HV?PFD, 6 D9;G?PF4FV KB7B 
6<IB8SFP >B9HVJVєAF< 4CDB>E<@4JVW, S>V I4D4>F9D<;GRFP 
7?B54?PA<= FD9A8 8BE?V8:G64AB7B DS8G. �<IV8A4 CBE?V8B6AVEFP 
F4>B: CDBCGE>4єFPES K9D9; 6<EB>BK4EFBFA<= HV?PFD, CD< JPB@G 
A4 6<IB8V 6<IB8SFP >B9HVJVєAF< 89F4?V;4JVW, MB I4D4>F9D<;GRFP 
?B>4?PAV BEB5?<6BEFV DS8G 84A<I. �?S ;5V?PL9AAS K4EFBFAB7B 
8B;6B?G @B:?<69 CDB6989AAS CB6FBDAB7B DB;>?484AAS 8?S 
>B9HVJVєAFV6 4CDB>E<@4JVW CBC9D98APB7B DV6AS. 
!4IB8:9AAO 4AB@4?VW ;4 8BCB@B7BN C4>9FAB7B 4A4?V;G 

69=6?9FG. #D< DB;7?S8V C4>9FAB7B 4A4?V;G 69=6?9FG ;4 
4?7BD<F@B@  4??4 [5] A4 >B:AB@G >DBJV 6V85G64єFPES 
«DB;M9C?9AAS» E<7A4?G A4 6<EB>BK4EFBFAV V A<;P>BK4EFBFAV 
E>?48B6V F4 «6V8EV>4AAS» 6<EB>BK4EFBFABW E>?48B6BW. 

#D<K<A4 F4>B7B CV8IB8G CB?S74є 6 A9S6AB@G CD<CGM9AAV, 
MB A<;P>BK4EFBFA4 B5?4EFP @VEF<FP 5V?PL9 VAHBD@4JVW CDB 
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6<IV8A<= E<7A4?. � D9;G?PF4FV 6<IB8<FP «B8AB5B>9» 89D96B (D<E. 
4). �V?>4@ 89D964 6V8CB6V84F<@9 A45VD CV8CDBEFBDV6 E<7A4?G ; 
54;<E4@<, ;7V8AB >D4FAB@4ELF45AB7B 4A4?V;G. (GA>JVW F4 
HV?PFD<, S>V CBDB8:GRFP JV 54;<E<, A4;<64RFPES 69=6?9F-
C4>9F4@< V C4>9FA<@< HV?PFD4@<. #4>9FAV 69=6?9F< A484RFP 
L<DLG K4EF<AG 8V4C4;BAG K4EFBF, AV: 8<E>D9FA9 69=6?9F-
C9D9F6BD9AAS.  

 

 
$<E.4. �B7VKA9 GO6?9AAO 4?7BD<F@G �4??4 

 
� 59;?VKV @B:?<6<I 54;<EV6 69=6?9F-4A4?V;G A4 6EVI DV6ASI 

89F4?V;4JVW 9>EC9D<@9AF4?PAB ; GD4IG64AAS@ K4EB6<I B5@9:9AP 
6<5<D4RFPES FV, A4 S><I 4AB@4?PA<= EF4A FD4HV>G CDBS6?SєFPES 
A4=5V?PL KVF>B. 
�D<F9DV=, ;4 S><@ CDB6B8<FPES 6<S6?9AAS 4AB@4?V=, S6?Sє 

EB5BR 6V8ABL9AAS 8<EC9DEV= V E9D98APB7B ;A4K9AAS >B9HVJVєAFV6 
; 4?7BD<F@G L6<8>B7B 69=6?9F34A4?V;G. �84CF4JVS 6<5BDG DV6AS 
DB;>?484AAS CB?S74є 6 C9D96<M9AAV CBDB7G V 6<ABE<FPES 
DVL9AAS CDB A4S6AVEFP 4AB@4?VW. 3>MB : A4 JPB@G DV6AV 
6V85G64єFPES C9D96<M9AAS A<:APB7B CBDB74, ;A4K<FP, 6 JPB@G 
@VEJV @B:?<6B @4є @VEJ9 5GF< 4AB@4?VS V FB8V CDB6B8<FPES 
69=6?9F-89>B@CB;<JVS 8B A4EFGCAB7B DV6AS, A4 S>B@G ;AB6G 
CDB6B8<FPES 4A4?V;. &4> 6V85G64єFPES 8B FB7B @B@9AFG, CB>< 
;A4K9AAS 6V8ABE<A 45B A9 C9D96<M<FP CBDV7, MB 5G89 7B6BD<F< 
CDB 4AB@4?VW. 
!4 (D<E. 5) ;B5D4:9AV 7D4HV>< 6<IV8AB7B D94?PAB7B FD4HV>G 

weth04.dat (ECD464 67BDV), BCF<@4?PA9 89D96B DB;>?484AAS (;?V64 
67BDV) V 6V8AB6?9A4 6<C48>B64 E>?48B64 FD4HV>G CB B8AB@G(6.1) 
6G;?G (;?V64 6A<;G).  
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$<E.5.  9;G?PF4F< B8AB6<@VDAB7B C4>9FAB7B 4A4?V;G 

69=6?9FG CB 54;<EA<@ HGA>JVO %44D4 V 6V8AB6?9AAO CB 
6<EB>BK4EFBFA<@ 6G;?V6 >D4MB7B 89D964 DB;>?484AAO: (6,1) 

 
&B5FB A4 6V8AB6?9AV= 6<C48>B6V= E>?48B6V= FD4HV>G CV>< 

;47BEFD9AAS ;A4K9AP ;5V74RFPES CB K4EB6V= BEV ; 4AB@4?VS@< A4 
6<IV8AB@G FD4HV>G, FB5FB 4AB@4?VW 8B5D9 ?B>4?V;GRFPES ;4 
8BCB@B7BR ;6BDBFAB7B 69=6?9F-C4>9FAB7B C9D9F6BD9AAS CD< 
6<>BD<EF4AAV 6<5VD>B6<I 6G;?V6 BCF<@4?PAB7B 89D964 
DB;>?484AAS.  
�?S CDB6989AAS 9>EC9D<@9AFG 5G?B 6<>BD<EF4AB @9AR 

ToolBox Wavelet - wavemenu ; B5D4ABR BCJVєR @9AR 3 
B8AB6<@VDA<= C4>9FA<= 4A4?V; 69=6?9FG. �AB@4?VS 6 84AB@G 
6<C48>G є D9;G?PF4F 4F4>< SYN-Flood. 

 
�<EAB6><. $B;7?S84RK< BEB5?<6BEFV JVєW DB5BF< @B:A4 

;DB5<F< A4EFGCAV 6<EAB6><: 
÷ ;4CDBCBAB64AB 6<>BD<EF4AAS CB6AB7B BDFBABD@B64AB7B 

6=6?9F-54;<EG, ;4EFBEB6GRK< 69=6?9F-HGA>JVW )44D4 8?S 
CV86<M9AAS I4D4>F9D<EF<>< DB5BF< 4?7BD<F@G 69=6?9F-4A4?V;G 
F4 CD46<?PAB7B 6<S6?9AAS 4AB@4?VW FD4HV>G; 
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÷ ; 8BCB@B7BR 69=6?9F-4A4?V;G @B:?<6B ;@9AL<F< 
LG@B6<= E<7A4? V ;59D97F< >BD<EAV E<7A4?< CBFB>V6 84A<I 
59;C9>< @9D9:V 8?S 9H9>F<6AB7B 6<?GK9AAS 4AB@4?PA<I CB8V=; 

÷ 4?7BD<F@  4??4 84є @B:?<6VEFP 4A4?V;G K4EFBFAB-
K4EB6B7B CB84AAS E<7A4?G CB A<;P>BK4EFBFA<I V 
6<EB>BK4EFBFA<I >B@CBA9AFV6, MB ;459;C9KGє @B:?<6VEFP 
?B>4?V;4JVW 4AB@4?V= E<7A4?G DV;A<I 6<8V6; 

÷ ;4CDBCBAB64A4 @9FB8<>4 6<S6?9A<= 4AB@4?V= V 
@9D9:96<I 4F4> A4 BEAB6V VAF97D4JVW 69=6?9F-C4>9FABW @B89?V 
@9D9:96B7B FD4HV>G 6 VAF9D4>F<6AB@G E9D98B6<MV DB;DB5>< 
Matlab ; C4>9FB@ DB;L<D9AAS Wavelet Toolbox. 

 
�VF9D4FGD4 
1. &<L<A4, !.�. "5A4DG:9A<9 6FBD:9A<= A4 BEAB69 

69=6?9F34A4?<;4 E9F96B7B FD4H<>4 / !.�. &<L<A4, !.�. 
%B?B6P96, �.�. �6BDB6B= // �9EFA<> '��&' / A4GKAB3
CD4>F<K9E><= :GDA4?. 3 'H4, 2010. 3 & .14. 75(40). %. 188 3194. 

2. SUN Donghong, SHU Zhibiao, LIU Wu, REN Ping, WU 
Jian3ping, Analysis of Network Security Data Using Wavelet 
Transforms// Journal of Algorithms & Computational Technology, 
Vol. 8 No. 1, pp. 59379, Received: 13/01/2013; Accepted: 
19/06/2013. 

3. J. Tverdohleb Wavelet technologies of non3stationary signals 
analysis / J. Tverdohleb, V. Dubrovin, M. Zakharova // 13th IEEE 
International Conference on Data Stream Mining & Processing. 3 
Ukraine, Lviv: LPNU, 2016. 3 P. 75379. 

4. Kishore Y., Sreenivasulu T. Signal Adaptive Orthogonal 
Wavelet Decomposition and Hampel filtering for Impulse Denoising 
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Electrical, Electronics and Instrumentation Engineering. 3 2015. 3 
Vol. 4. 3 P. 836838372. 

5. ,9?GI<A ".�., %4>4?9@4 �.�., (<?<AB64 �.%. 
"5A4DG:9A<9 6FBD:9A<= 6 >B@CPRF9DAO9 E9F< (E9F96O9 
4AB@4?<<). 3  .: �BDSK4S ?<A<S4&9?9>B@, 2013. 4 %. 1563161. 
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�����/ !���!��!�3 !�%&�*�"!�$!�3 
&�#�"#$"�"�!"%&0 #"�'��%�"!�+!"�" 

*���!�$�, !��$���� "�" �"!��0!" #" &"$*' 

�4=J96 �. #.  
�9FA4O 4>489@<O �4J<BA4?PAB7B 46<4J<BAAB7B GA<69DE<F9F4 

 

TWICE NONLINEAR NON-STATIONARY SEMI-

INFINITE HEAT CONDUCTIVITY CYLINDER 

HEATED ZONALLY AT THE END 
 
Abstract. To study the twice nonlinear unsteady heat conduction problem, 

approximate analytical methods are widely used to obtain a solution in the form of 
a functional dependence that continuously describes the distribution of 
temperature fields in a given body in space and time. Such problems are of 
particular value for engineering practice, since closed solutions make it possible 
to most fully identify the influence of all acting factors on the temperature field, 
find the relationships between the most important parameters, conduct a detailed 
analysis of the kinetics and dynamics of the process, etc. In addition, the analytical 
form The final solution of the temperature problem is extremely necessary for the 
subsequent calculation of the thermally stressed state of the body. Therefore, it is 
important and relevant to create new methods for calculating temperature fields 
that adequately take into account the properties of real materials and the 
conditions of their heat exchange with the environment. 

 

$4EE@BFD<@ CD<@9A9A<9 @9FB84 [1] A4 D9L9A<< 864:8O 
A9?<A9=AB= A9EF4J<BA4DAB= ;484K< F9C?BCDB6B8ABEF< 
CB?G59E>BA9KAB7B J<?<A8D4, A47D9649@B7B CB FBDJG ;4 EK9F 
?GK<EFB->BA69>F<6AB7B F9C?BB5@9A4.  4F9@4F<K9E>4S 
CBEF4AB6>4 ;484K< 6 59;D4;@9DAB= HBD@9 <@99F 6<8: 
○ , , , , 0, ,,( ) ( ( ) ) ( ) ( ( ) ) ; 0;

v Fo
C ò ò ø ø ò òò

ñ ñ ü ñ ñ ü ñ ñ ò ü ñ ñ ñú ú ú ú
ý

ý û û ý  

0
( , , ) 0;

Fo
Foñ ò ø

ý
ý  

,
, 0, ;

ø
ñ ñ ø   

  , 1   1(  ) 0;Biò òü ñ ñ ñú
ýû ý

  
 4

10 0
, 2 2( ) ( ) ( )Bi Sk H Bi Sk

ø øøü ñ ñ ò ò ñ ñ
ý ý

ú ý  û û û ●  (1) 

789 ○ < ● A4K4?B, < >BA9J 7DGCCO EBBFABL9A<=; const;cT ý
;cT Tñ ý  



 59 

0( ) ( );Tü ü ü ñúý   0( ) ( );v v vC T C C ñúý  
0 0 1 1;  ;   ;v r R R Ra C ò òü ý ýý

    ;z Rø ý  
1 1 0 2 2 0; ;Bi R Bi Rñ ü ñ üý ý 2 ;Fo at Rý 3

0 0 ;cSk RTõó üý
 

( )H ø HGA>J<S )96<E4=84. 
�6B8S 6 E<EF9@G (1) E?98GRM<9 CD9B5D4;B64A<S �G8@QA4 < 

�<DI7BH4 [1] 
0

( ) ( )vA C d
ñ

ñ ñ ñú ò òý  , 
0

( ) ( )B d
ñ

ñ ü ñ ñú ò òý  , E CB@BMPR 

8<HH9D9AJ<4?PAOI EBBFABL9A<= , ,( ) ( )Fo v FoA Cñ ñ ñúý , 

, ,( ) ( )B ò òñ ü ñ ñúý , , ,( ) ( )B ø øñ ü ñ ñúý , CD9B5D4;G9@ (1) > 
Q>6<64?9AFAB@G 6<8G: 
○ 1

, , , ,( ) ( ) ( ) ( )FoA B B Bòò ò øøñ ñ ò ñ ñ ûý û ;   
0

( , ) 0
Fo

Foñ ò
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, 0
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, 2 1 20 0
( ) ( ) ( )B Bi Sk H Bi Skø ø ø
ñ ò ò ñ ñ

ý ý
ý  û  û û . ●     (2) 

&4> >4> ;484K4 D9L49FES 6 J<?<A8D<K9E>B= E<EF9@9 
>BBD8<A4F, FB HGA>J<< ( )A ñ , ( )B ñ  < mñ  ( 1, 4mý ), A4 
A9>BFBDB@ <AF9D64?9 

P(0, )ñ , D4;?B:<@ 6 6<89 E?98GRM<I 
EIB8SM<IES DS8B6 (GDP9-�9EE9?S 1-7B DB84 AG?96B7B CBDS8>4 

(1) ( )
0 P

1 1

( / ) k
k k

k k

Jñ ñ þ ñ ñ ñ
 

ý ý
ý ýõ õ ,       (3) 

4( ( ), ( ), )A Bñ ñ ñ ý (1) (1)

1

( , ,k k k k
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a bñ ñ


ý
õ (4) (1) ( )) k

k kñ ñ ñ ,      (4) 

789 ( ) (1)
0( / )k

k k PJñ ñ þ ñ ñý , kþ   >BDA< GD46A9A<S 0( ) 0,J þ ý  

(4)( , , )k k ka b ñ ý 2 2 4
P 1

0

2 ( ) ( ( ), ( ), )
P

kJ A B
ñ

ñ þ ñ ñ ñ ñ   0 P( / )kJ dþ ñ ñ ñ   .     

(5) 
% GK9FB@ (3), (4) < D4;?B:9A<S Q>ECBA9AFO xe  6 DS8 

 4>?BD9A4 CD< 1x ý , E<EF9@G (2) C9D9C<L9@ 6 6<89: 
○ (1) ( ) (1) ( ) 1 (1) ( )

, , ,
1 1 1

( ( ) ) ( ( ) ) ( ( ) )k k k
k k Fo k k k k

k k k
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(1) ( ) ( )
, 1

1 1 1
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ñ ñ ñ
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1 2

1 1

( ) ( 1)! ( k

k k

QH e k Biò ò ñ
 



ý ý
ý    û ûõ õ (4) (1) ( )

1 0

)( ) k
k k

k

Sk
ø

ñ ñ ñ


ý ý
õ ,● (6) 

#D<@9ASS > (6) B5B5M9AAO= CD<AJ<C EGC9DCB;<J<< [3], 
CB?GK<@ EB6B>GCABEFP E?98GRM<I ?<A94D<;B64AAOI ;484K 
A9EF4J<BA4DAB= F9C?BCDB6B8ABEF< BFABE<F9?PAB ( )kñ  ( 1,2,...)k ý
: 

○ ( ) ( ) 1 ( ) ( )
, , , , )(k k k k
Fo k òò ò øøòñ ñ ñ ñ ñû ûý ; ( )

0
( , , ) 0k
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ýû ý   ,    ●(7) 
789   

k k kb añ ý ,   Q = 2Bi Skû   1 (1) 1 ,( 1)!k k kM Qe b k ý ñ      
(1) (4) (1)

2 2 1 1; / ;( )k k k k k k kBi Bi Sk b Bi Bi bñ ñ ñýý  û  ,  
k kFo Foñý .  

#D<@9ASS > E<EF9@9 (7) 6A4K4?9 CD9B5D4;B64A<9 (GDP9, 4 
;4F9@ CD9B5D4;B64A<9 )4A>9?S [3] 

( ) ( ) ( )
2

0
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0

0

( , , )( cos sin ) ,

( , , ) ( ) ,

k k k
k k

k
k n

Fo p p Bi p d
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
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ûý ý
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ñ ò ø ø ø ø
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CB?GK<@ E?98GRMGR E<EF9@G 
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2
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( ) ) , , )( , ( 0k k k
k k k k k
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p p FopBi Fý ýñ ñ ý ñö ö û û ý÷ ÷
ø ø

ý ● (8) 

789 
1

1 0

0

) ( ) ( ) ,( k kH J dF ò ò ò ý ò òý ý  ký  >BDA< 

I4D4>F9D<EF<K9E>B7B GD46A9A<S  1 0 1( ) ( ) 0k k k kJ JBi ý ý ý ý . 

"5M99 D9L9A<9 (8) 5G89F E?98GRM<@: 
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#9D9=89@ BF <;B5D4:9A<S (9) > BD<7<A4?G, <ECB?P;GS 
6A4K4?9 B5D4FAB9 CD9B5D4;B64A<9 )4A>9?S 
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%G@@<DGS (11) CB k , EB7?4EAB (3), B>BAK4F9?PAB CB?GK<@ 
CD<5?<:9AAB9 4A4?<F<K9E>B9 D9L9A<9 CBEF46?9AAB= ;484K< (1) 
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ý õ , 6 >BFBDB@ 

Pñ  BCD989?<@ <; GE?B6<S, KFB F9@C9D4FGD4 

J<?<A8D4 CD< 0, 0ò øý ý  < Fo  CD<A<@49F ;A4K9A<9 
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"8AB;A4KAB BCD989?SS 
Pñ  <; GD46A9A<S (12), 4 CB A9@G 

>BQHH<J<9AFO DS8B6 (GDP9-�9EE9?S (5), 
kM , 

1 2,k kBi Bi  < >BDA< 
k ný  I4D4>F9D<EF<K9E>B7B GD46A9A<S, D9L9A<9 5G89F CB?ABEFPR 
BCD989?9AB E FBKABEFPR, ;46<ESM9= BF Pñ . 

+4EFAO= E?GK4= CB?GK9AAB7B D9L9A<S, CD< GE?B6<< 
CBEFBSAEF64 F9C?BH<;<K9E><I I4D4>F9D<EF<> @4F9D<4?4 < 
BFEGFEF6<< ?GK<EFB= EBEF46?SRM9= 6 7D4A<KAB@ GE?B6<< A4 
FBDJ9 J<?<A8D4 ( 0)ø ý  EB6C4849F E FBKAO@ D9L9A<9@. 

 
�<F9D4FGD4 
1. �4=J96 �. #. %GC9DCB;<J<S GD46A9A<= FD9I@9DAB= 

A9?<A9=AB= A9EF4J<BA4DAB= F9C?BCDB6B8ABEF< 4A<;BFDBCAOI 
F9D@BKG6EF6<F9?PAOI F9? //�VEA<> �D9@9AKGJP>B7B 
A4JVBA4?PAB7B GAV69DE<F9FG V@9AV  <I4=?4 "EFDB7D48EP>B7B.3 
�D9@9AKG>: �D!', 3 2010. 3 �<C. 5(64). +4EF. 1. 3 %. 44348. 
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2. �4=J96 �. #. �?<SA<9 F9D@BKG6EF6<F9?PABEF< < 
;BA4?PAB7B 6OEB>BF9@C9D4FGDAB7B F9C?BB5@9A4 A4 
F9@C9D4FGDAB9 CB?9 59E>BA9KAB7B J<?<A8D4 // �VEA<> 
�D9@9AKGJP>B7B A4JVBA4?PAB7B GAV69DE<F9FG V@9AV  <I4=?4 
"EFDB7D48EP>B7B. 3 �D9@9AKG>: �D!', 2016. 3 �<C. 3 (98), K4EF. 
1. 3 %. 33 3 40.  
3. &<IBAB6 �. !., %4@4DE><= �. �. 'D46A9A<S @4F9@4F<K9E>B= 
H<;<><.  : !4G>4, 1972. 736 E. 
 
 
 
 

���/ ��!!/) �  �&$"��/ 

�E4K9A>B �.!. 
�9?BDGEE><= 7BEG84DEF69AAO= GA<69DE<F9F 

 
DATABASE SYSTEMS AND MATROIDS 

Abstract. Matroids, as an object of study, appear in many branches of 
mathematics: algebra, graph theory, cryptography, game theory. In the present 
paper, we introduce matroids of relations of relational algebra, which has an 
important application value, since it is the basis of the relational data model and 
relational databases. 

 

 4FDB<8O, >4> B5N9>F <EE?98B64A<S, CBS6?SRFES 6B @AB7<I 
D4;89?4I @4F9@4F<><: 4?795D9, F9BD<< 7D4HB6, >D<CFB7D4H<<, 
F9BD<< <7D. � A4EFBSM9@ EBB5M9A<< 6 D4EE@BFD9A<9 66B8SFES 
@4FDB<8O BFABL9A<= D9?SJ<BAAB= 4?795DO, >BFBD4S, >4> 
<;69EFAB [1], <@99F 64:AB9 CD<>?48AB9 ;A4K9A<9, CBE>B?P>G 
S6?S9FES BEAB6B= D9?SJ<BAAB= @B89?< 84AAOI < D9?SJ<BAAOI 
54; 84AAOI. 

%GM9EF6G9F A9E>B?P>B Q>6<64?9AFAOI BCD989?9A<= 
@4FDB<84, >4:8B9 <; >BFBDOI 84ёFES E <ECB?P;B64A<9@ 
BCD989?ёAAB7B CBASF<S, 6OF9>4RM97B <; CD98O8GM97B [2]. 
#B8B5A4S E<FG4J<S D4EE@4FD<649FES >4> >D<CFB@BDH<;@ 
BCD989?9A<= [3].  

#D<698ё@ BCD989?9A<9 @4FDB<84 6 F9D@<AB?B7<< 97B 54;.  
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 4FDB<8 QFB C4D4 (S, B(S)), 789 S - A9>BFBDB9 >BA9KAB9 
@AB:9EF6B Q?9@9AFB6, 4 B(S) - A9CGEFB9 E9@9=EF6B CB8@AB:9EF6 
<; 2S, 8?S >BFBDB7B 6OCB?AS9FES E?98GRM99 GE?B6<9:  

b) 9E?< B1,B2∈B(S) < x∈B1\B2, FB EGM9EF6G9F y∈B2\B1 F4>B9, 
KFB (B1\x)∪y∈B(S).  

#B8@AB:9EF64 <; B(S) A4;64AO 54;4@< @4FDB<84, 4 GE?B6<9 
b) - 4>E<B@B= 54;. +9D9; 54;O @4FDB<84 @B:AB 84FP BCD989?9A<9 
97B A9;46<E<@OI @AB:9EF6, J<>?B6, C?BE>BEF9= < 8DG7<I 
CBASF<= <, 6 E6BR BK9D98P, K9D9; A<I Q>6<64?9AFAO9 
BCD989?9A<S @4FDB<84. "F@9F<@, KFB 8?S CBASF<= @4FDB<84, 
K9D9; >BFBDO9 BA @B:9F 5OFP BCD989?ёA, 66989AB BFABL9A<9 
CB?<AB@<4?PAB= E6B8<@BEF<, CB;6B?SRM99 GEF4AB6<FP 
4?7BD<F@<K9E>GR Q>6<64?9AFABEFP BCD989?9A<= [4]. 

#GEFP R=(U) - EI9@4 BFABL9A<= A4 @AB:9EF69 4FD<5GFB6 
U={A1, ... , An} E 8B@9A4@< D1, ... , Dn < >?RK4@< K1, ... , Kp. 
#B?B:<@, KFB R(S) BFABL9A<9 EB EI9@B= R, B5D4;B64AAB9 
@AB:9EF6B@ >BDF9:9= S⊆D1×...×Dn. !4CB@A<@, KFB 6 
BFABL9A<< A9 @B7GF CD<EGFEF6B64FP EB6C484RM<9 >BDF9:<. 
"FABL9A<9 R(S) <@99F E6Bё @AB:9EF6B >?RK9=, A9 B5S;4F9?PAB 
EB6C484RM99 E @AB:9EF6B@ >?RK9= EI9@O R. �B;P@ё@ 
CB8@AB:9EF6B 4FD<5GFB6 A⊆U. "CD989?<@ E9@9=EF6B B(A) 
CB8@AB:9EF6 X⊆S F4><I, KFB A S6?S9FES >?RKB@ X, AB 8?S 
?R5B7B x∈S\X CB8@AB:9EF6B A A9 S6?S9FES >?RKB@ X∪x. 
�DG7<@< E?B64@< X S6?S9FES @4>E<@4?PAO@ CB 6>?RK9A<R 
BFABE<F9?PAB >?RK4 A.  
&9BD9@4. %9@9=EF6B B(A) S6?S9FES E9@9=EF6B@ 54; 

@4FDB<84 A4 @AB:9EF69 S.  
�B>4;4F9?PEF6B. #B?B:<@, KFB B1,B2∈B(A). &4> >4> A >?RK 

8?S B1 < B2, FB 8?S ?R5B7B >BDF9:4 z∈B2∩B1 < ?R5B7B 
y∈(B1\B2)∪(B2\B1) CB?GK<@ ÃA(z)≠ÃA(y), 789 ÃA - BC9D4J<S 
CDB9>J<< A4 @AB:9EF6B 4FD<5GFB6 A. �; BCD989?9A<S E9@9=EF64 
B(A) E?98G9F, KFB 8?S ?R5B7B >BDF9:4 x∈B1\B2 @AB:9EF6B 
>BDF9:9= B2∪xÿB(A) < CBQFB@G 6 B2\B1 A4=8ёFES 98<AEF69AAO= 
>BDF9: y, 8?S >BFBDB7B ÃA(x)=ÃA(y). "FER84, F4> >4> ÃA(x)≠ÃA(z) 
8?S ?R5B7B z∈B2, FB < ÃA(y)≠ÃA(z) 8?S ?R5B7B z∈B2, &B 9EFP 
(B1\x)∪y∈B(A). &4><@ B5D4;B@, 4>E<B@4 54; @4FDB<84 
6OCB?AS9FES 8?S E9@9=EF64 B(S). &9BD9@4 8B>4;4A4. 
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�97>B GEF4AB6<FP E?98GRM<9 E6B=EF64 @4FDB<84 (S,B(A)). 
1. #D< A=S G @4FDB<84 (S,B(S)) ?<5B B(S)={ö}, 9E?< S A9 

S6?S9FES >?RKB@ BFABL9A<S R(S), ?<5B B(S)={S}, 9E?< S >?RK 
R(S). �A4?B7<KAO9 E6B=EF64 <@9RF @9EFB 8?S >?RK9= EI9@O R < 
>?RK9= BFABL9A<S R(A). 

2. �E?< A=Ki 8?S A9>BFBDB7B i, 1fifp, FB G @4FDB<84 (S,B(Ki)) 
?<5B B(Ki) ={ö}, 9E?< Ki A9 S6?S9FES >?RKB@ BFABL9A<S R(S), 
?<5B B(Ki) ={S}, 9E?< Ki >?RK R(S). 

3. �E?< A£Ki 8?S A9>BFBDB7B i, 1fifp, FB G @4FDB<84 (S,B(A)) 
E9@9=EF6B B(A) ={ö}. 

�DG7<@< E?B64@<, 6 GE?B6<SI E6B=EF6 1,2, @4FDB<8 (S,B(A)) 
S6?S9FES ?<5B B8ABDB8AO@ @4FDB<8B@ D4A74 0, ?<5B E6B5B8AO@ 
@4FDB<8B@, 4 6 GE?B6<SI E6B=EF64 3 - B8ABDB8AO@ @4FDB<8B@ 
D4A74 0. 

4. (S,B(A)) FD4AE69DE4?PAO= @4FDB<8. �9=EF6<F9?PAB, 
CBEFDB<@ 86G8B?PAO= 7D4H G=(E,V1∪V2) E 69DL<A4@< C9D6B= 
8B?< V1, EBBF69FEF6GRM<@< >BDF9:4@ BFABL9A<S R(S), < 
69DL<A4@< 6FBDB= 8B?< V2, EBBF69FEF6GRM<@< >BDF9:4@ 
CDB9>J<< ÃA(S).  9:8G @AB:9EF64@< EB69DL9AAOI 
C4DBEBK9F4A<= 7D4H4 G < 54;4@< @4FDB<84 (S,B(A))EGM9EF6G9F 
6;4<@AB B8AB;A4KAB9 EBBF69FEF6<9. % 8DG7B= EFBDBAO, >4:8B9 
EB69DL9AAB9 C4DBEBK9F4A<9 EBBF69FEF6G9F E<cF9@9 D4;?<KAOI 
CD98EF46<F9?9= A4 @AB:9EF69 >BDF9:9= BFABL9A<S R(S). 

5. �4:8O= J<>? @4FDB<84 B5D4;B64A 86G@S C4D4??9?PAO@< 
Q?9@9AF4@ (EB6C484RM<@< CB CDB9>J<< ÃA >BDF9:4@<). 

#D<>?48AB9 ;A4K9A<9 @4FDB<8B6 (S,B(A)) ;4>?RK49FES 6 
6B;@B:ABEF< BJ9A>< E?B:ABEF< CDBJ98GD CB<E>4 6 84AAB@ 
BFABL9A<< CB8@AB:9EF64 >BDF9:9=, G8B6?9F6BDSRM97B 
BCD989?ёAAO@ ;484AAO@ GE?B6<S@. �E?< E?B:ABEFP QF<I 
GE?B6<= A9 CB;6B?SRF EHBD@G?<DB64FP ;4CDBE > 54;9 84AAOI, FB 
A9B5IB8<@B EB;8464FP CDBJ98GDG, D94?<;GRMGR 4?7BD<F@ 
CB<E>4 FD95G9@OI >BDF9:9=. �?7BD<F@ CB<E>4 @B:9F 
>BAEFDG<DB64FPES A4 BEAB69 CD98EF46?9A<S @AB:9EF64 <E>B@OI 
>BDF9:9= 6 6<89 CD9E9K9A<S @4FDB<8B6 (S,B(A)) 8?S CD46<?PAB 
6O5D4AAOI CB8@AB:9EF6 A∈2S. � ;46<E<@BEF< BF @<A<@4?PAB7B 
>B?<K9EF64 A9B5IB8<@OI CB8@AB:9EF6 A∈2S CB?GK49@ BJ9A>G 
E?B:ABEF< 4?7BD<F@4 8?S CBEFDB9A<S CDBJ98GDO CB<E>4. 
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�<F9D4FGD4 
1. �E4K9A>B �.!., �BA84D9A>B %. #.  B89?< 84AAOI < 

E<EF9@O GCD46?9A<S 54;4@< 84AAOI. -  <AE> : ��', 2007. 3 
220 E. 

2. �=7A9D  . �B@5<A4FBDA4S F9BD<S. -  . :  <D, 1982. 3 
558 E. 

3. Rota G. -C. Indiscrete Thoughts. - Boston : Birkh ̈auser 
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4. �E4K9A>B �.!. #B?<AB@<4?PA4S E6B8<@BEFP @4FDB<8AOI 
BD4>G?B6 // �;69EF<S �! �%%$. %9D. H<;.-@4F. A4G>, 76, 1984. 
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"*�!�� &"+!"%&� <���!"�"= $�,�!�3 ��3 

%�%&�  !�����%� "%&� 
�E4K9A>B �.!., $96S><A �. . 

�9?BDGEE><= 7BEG84DEF69AAO= GA<69DE<F9F 
�4J<BA4?PAO= <EE?98B64F9?PE><= GA<69DE<F9F «��Э"» 

 
EVALUATING THE ACCURACY OF " GREEDY= 

SOLUTIONS FOR INDEPENDENCE SYSTEMS 
 
Abstract. We consider the representation of independence systems as the 

intersection of matroids according to the scheme of B. Korte and D. Hausmann. 
An estimate is given of the relationship of the <greedy= and exact solution for the 
problem of maximal clique of a connected graph and the problem of maximal 
independent set of a connected graph. 

 

#4D4 (S,F) S6?S9FES E<EF9@B= A9;46<E<@BEF<, 9E?< 
6OCB?ASRFES E?98GRM<9 864 E6B=EF64: 

1) öþF ;  
2) 9E?< AþF < BüA, FB BþF . 
'E?B6<S 1), 2) A4;O64RFES 4>E<B@4@< A9;46<E<@BEF<, 

@AB:9EF64 <; F 3 A9;46<E<@O@<, @AB:9EF64 <; 2S\ F 3 
;46<E<@O@<. !4;64A<9 <E<EF9@4 A9;46<E<@BEF<= 6B;A<>?B <; 
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FB7B H4>F4, KFB 6B @AB7<I D4;89?4I @4F9@4F<>< F9D@<A 
<A9;46<E<@B9= EBBF69FEF6G9F B5N9>F4@, G8B6?9F6BDSRM<@ 
GE?B6<S@ 1), 2), 6 E6S;< E K9@, E<EF9@O A9;46<E<@BEF< S6?SRFES 
B5B5M9A<9@ 6E9I QF<I B5N9>FB6. 

  4>E<@4?PAB9 CB 6>?RK9A<R @AB:9EF6B BþF S6?S9FES 
54;B=, 4 @<A<@4?PAB9 CB 6>?RK9A<R @AB:9EF6B CÿF 3 J<>?B@ 
E<EF9@O A9;46<E<@BEF< (S,F). 

�?S E<EF9@O A9;46<E<@BEF< (S,F) 66B8SFES CBASF<S h-D4A74 
< l-D4A74. � <@9AAB, h-D4A7 BCD989?S9FES >4> A9BFD<J4F9?PA4S 
J9?BK<E?9AA4S HGA>J<S, ;484AA4S A4 2S EB ;A4K9A<S@< 

òh (A)=max{X: Xý A, XþF} , 
l-D4A7 3 >4> A9BFD<J4F9?PA4S J9?BK<E?9AA4S HGA>J<S, ;484AA4S 
A4 2S EB ;A4K9A<S@< 

òl (A)=min{|X| : Xý A, XþF, XøxÿF, xþA\X}. 
�E?< 6 8BCB?A9A<9 > GE?B6<S@ 1), 2) 6OCB?AS9FES GE?B6<9  
3) 9E?< A,BþF < B=A+1 , FB EGM9EF6G9F xþB\A F4>B9, 

KFB AøxþF , 
FB E<EF9@4 A9;46<E<@BEF< (S,F) S6?S9FES @4FDB<8B@ [1].  

� K4EFABEF<, E<EF9@4 A9;46<E<@BEF< S6?S9FES @4FDB<8B@ 
FB784 < FB?P>B FB784, >B784 òh (A)= òl (A)8?S ?R5B7B Aþ2S. 

�;69EFAB [2], KFB ?R54S E<EF9@4 A9;46<E<@BEF< (S,F) @B:9F 
5OFP CD98EF46?9A4 >4> C9D9E9K9A<9 >BA9KAB7B K<E?4 @4FDB<8B6 

(S,Fi), 1fifk, FB 9EFP i
k

i

FF ù
1ý

ý . #D<Kё@ k QFB K<E?B J<>?B6 

C1,&,Ck E<EF9@O A9;46<E<@BEF< (S,F), 4 >4:8B9 Fi BCD989?S9FES 
J<>?B@ Ci E?98GRM<@ B5D4;B@ Fi={AýS : Ci û A}. �4@9F<@, KFB 
F4>B9 CD98EF46?9A<9 A9 B5S;4F9?PAB S6?S9FES @<A<@4?PAO@ CB 
K<E?G k. �4:ABEFP CD98EF46?9A<S E<EF9@O A9;46<E<@BEF< 6 6<89 
C9D9E9K9A<S @4FDB<8B6 ;4>?RK49FES 6 6B;@B:ABEF< CBEFDB9A<S 
BJ9A>< FBKABEF< <:48AB7B= 4?7BD<F@4 8?S BCF<@<;4J<BAAB= 
;484K< A4 E<EF9@9 A9;46<E<@BEF<.  � <@9AAB, 9E?< A4 @AB:9EF69 
S ;484A4 CB?B:<F9?PA4S 69EB64S HGA>J<S w:S->R+, < 8?S 
E9@9=EF64 F FD95G9FES A4=F<  

õ
þþ

Ae
FA

ew )(max , 
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FB 8?S FBKAB7B D9L9A<S Ao < <:48AB7B= D9L9A<S Ag ECD4698?<6B 
A9D469AEF6B 

1
)(

)(

)(

)(
min

1

2
óóó

þ
o

g

h

l

A Aw

Aw

A

A

k S ò
ò

. 

$4EE@BFD<@, A4CD<@9D, ;484KG BCD989?9A<S 6 E6S;AB@ 7D4H9  
G=(E,V) E |V|=n >?<>< E @4>E<@4?PAO@ K<E?B@ 69DL<A. 
"K96<8AB, E9@9=EF6B >?<> 7D4H4 B5D4;G9F E<EF9@G 
A9;46<E<@BEF< (S,F), 789 S=V, 4 F 3 E9@9=EF6B CB8@AB:9EF6 
69DL<A <; 2V, B5D4;GRM<I >?<><.  <A<@G@ 6OD4:9A<S  

)(

)(
min

2 A

A

h

l

A S ò
ò

þ
 

CB 6E9@ E6S;AO@ 7D4H4@ E n 69DL<A4@< D469A 1/(n-2) < 
8BEF<749FES A4 7D4H9, G >BFBDB7B n-1 69DL<A4 {v1,&,vn-1} 
B5D4;G9F CB?AO= 7D4H Kn-1, 4 69DL<A4 vn E@9:A4 DB6AB E B8AB= 
<; 69DL<A Kn-1, A4CD<@9D, vn-1. *<>?4@< CB?GK9AAB= E<EF9@O 
A9;46<E<@BEF< (S,F) 5G8GF n-2 C4DO 69DL<A {vi,vn}, 1fifn-2. 
#BQFB@G CB?GK<@, KFB 8?S <:48AB7B= < FBKAB7B D9L9A<S A4 
@AB:9EF69 6E9I E6S;AOI 7D4HB6 E n 69DL<A4@< <@99F @9EFB 
A9D469AEF6B  

)(

)(

2

1

o

g

Aw

Aw

n
ó


. 

#D<Kё@ BAB 8BEF<:<@B A4 CD<6989AAB@ 6OL9 7D4H9.  
$469AEF6B  

1
)(

)(
ý

o

g

Aw

Aw
 

8BEF<749FES, A4CD<@9D, A4 CB?AB@ 7D4H9 Kn. 
#B 4A4?B7<<, E GKёFB@ 86B=EF69AABEF< CBASF<= >?<>< < 

A9;46<E<@B7B @AB:9EF64 69DL<A, @B:AB CB?GK<FP F4>B= :9 
D9;G?PF4F 8?S ;484K< BCD989?9A<S @4>E<@4?PAB7B A9;46<E<@B7B 
@AB:9EF64 69DL<A 6 E6S;AB@ 7D4H9. �89EP A<:ASS BJ9A>4  

)(

)(

1

1

o

g

Aw

Aw

n
ó


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8BEF<:<@4 A4 7D4H9 E n 69DL<A4@<, n-1 <; >BFBDOI {v1,&,vn-1} 
B5D4;GRF CGEFB= 7D4H On-1, 4 69DL<A4  vn E@9:A4 E >4:8B= <; 
69DL<A vi , 1fifn-1. 

$469AEF6B  

1
)(

)(
ý

o

g

Aw

Aw
 

8BEF<749FES, A4CD<@9D, A4 CGEFB@ 7D4H9 On. 
 
�<F9D4FGD4 
1. �=7A9D  . �B@5<A4FBDA4S F9BD<S. -  . :  <D, 1982. 3 

558 E. 
2. Korte B., Hausmann D. An analysis of the greedy heuristic 

for independence systems // Annals of Discrete Mathematics, 72, 
1978. 3 p. 65-74. 
 
 
 
 

#�$�$�)'��!!3 !���" "$(!�)  
��"�"�0"$"��) )"$�"��) "-����$�  $"�' ���  

� "�!�  %�$�  (��" +"$!� ) *���"  

�48G5B6EP><= ".�. 
���� «�BA54EP><= 89D:46A<= C9847B7VKA<= GAV69DE<F9F» 

 
ENUMERATION OF 2-COLOR CHORD O-DIAGRAMS OF 

THE GENUS TWO THAT HAVE ONE GREY (OR BLACK) 

FACE UNDER ROTATION 

 
Abstract. In this paper we consider 2-color chord O-diagrams (of order 

n) with one grey and (n24) black faces under the action of the rotation group 
(cyclic of the order n). 

We have established explicit formulas for counting the number of non-
isomorphic diagrams from the specified class. 

In addition, for natural 5 20ó ón  we have also listed the exact value of 
the number of non-isomorphic such diagrams. 
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�B5D9 6V8B@B, MB IBD8B6V 8V47D4@< 9H9>F<6AB 
6<>BD<EFB6GRFP 6 5474FPBI 74?G;SI A4G><, ;B>D9@4 @4F9@4F<JV 
(FBCB?B7VW, F9BDVW 6G;?V6), HV;<JV, 5VB?B7VW, 79A9F<JV FBMB (A4CD. 
[2], [5], [6-7]). 
";A4K9AAO 1.   �B?B ; 2n  FBK>4@< A4 APB@G (MB є 

69DL<A4@< CD46<?PAB7B 2n  >GFA<>4), 8G7< S>B7B CBK9D7B6B 
DB;H4D5B64AV G 864 >B?PBD< (KBDA<= i EVD<=) F4 HV>EB64ABR 
AG@9D4JVєR 69DL<A ;4 7B8<AA<>B6BR EFDV?>BR, 5G89@B 
A4;<64F< 86B>B?PBDB6<@ 2n L45?BAB@ 3 D<E. 1 )a . 

 

 
$<E.1. 4) 86B>B?PBDB6<= 20-L45?BA; b) N  8V47D4@4 

(; 10 IBD84@<), O>4 @4є 7 EVD<I F4 3 KBDA<I J<>?V6; c) O 
8V47D4@4 (; 10 IBD84@<), O>4 @4є 6 EVD<I F4 3 KBDA<I J<>?V6. 

 

";A4K9AAO 2.   2->B?PBDB6BR IBD8B6BR n 8V47D4@BR 
5G89@B A4;<64F< n 8V47D4@G, CB5G8B64AG A4 BEAB6V 
86B>B?PBDB6B7B 2n L45?BAG; 2->B?PBDB6G 8V47D4@G, S>4 A9 
@VEF<FP (@VEF<FP) IBD8, MB ECB?GK4RFP 69DL<A< ; AB@9D4@< 
B8A4>B6BW C4DABEFV, A4;<64F<@9@B O  8V47D4@BR (N 
8V47D4@BR) 3 D<E. 1 )c  (1 )b ). 

";A4K9AAO 3.   «+BDA<@» («EVD<@») J<>?B@ 2->B?PBDB6BW 
O 8V47D4@< ; n  IBD84@< 5G89@B A4;<64F< CBE?V8B6AVEFP IBD8 
F4 KBDA<I (EVD<I) 8G7, S>V GF6BDRRFP 7B@9B@BDHA<= B5D4; 
(BDVєAFB64AB7B) >B?4 3 D<E. 1 )b , )c . 

";A4K9AAO 4.   $B8B@ 2->B?PBDB6BW O  8V47D4@< ; n  
IBD84@< 5G89@B A4;<64F< JV?9 K<E?B g , S>9 6<;A4K4єFPES 
DV6AVEFR ø ù2 1ý û  ûg n k l , 89 ,k l  3 K<E?B KBDA<I F4 
(6V8CB6V8AB) EVD<I J<>?V6 8V47D4@<. 
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 AB:<AG O 8V47D4@ ; n  IBD84@<, S>V @4RFP FBKAB l  EVD<I 
(KBDA<I) F4 k  KBDA<I (6V8CB6V8AB EVD<I) J<>?V6 5G89@B 
CB;A4K4F< K9D9; ,

;ñn g
k l , 89 g  3 DV8 8V47D4@<. 

";A4K9AAO 5.   )BD8B6V 8V47D4@< A4;<64RFP V;B@BDHA<@<, 
S>MB B8AG @B:A4 B89D:4F< ; VALBW 6 D9;G?PF4FV CB6BDBFG.  

 

' 1997 D. 6 DB5BFV [1] 6C9DL9 6EF4AB6?9AB D9>GD9AFAV 
HBD@G?<, ;4 8BCB@B7BR S><I є CD<AJ<CB6B @B:?<6<@ 
CV8D4IGAB> K<E?4 8V47D4@ ; >?4EG ,

;ñn g
k l . �DV@ FB7B, 8?S 

CBK4F>B6<I 0;1;2;3g ý  6 [1] 6EF4AB6?9AB S6AV HBD@G?<, S>V 
CV;AVL9 F4>B: 5G?< B89D:4AV F4 GFBKA9AV = 6 [4], 4 6 [3] 3 
;4CDBCBAB64AB VALG D9>GD9AFAG HBD@G?G.  
� ;474?PAB@G 6<C48>G ;484K4 CDB CV8D4IGAB> K<E?4 

A99>6V64?9AFA<I 8V47D4@ ; >?4EG ,
;ñn g

k l  є A9DB;69O;4ABN. �4;A4K9A4 

;484K4 5G?4 CB6AVEFR DB;6’S;4A4 8?S >?4EV6 ,0
;ñn

k l  F4 ,
1;1ñn g  ?<L9 G 

2015 D. 6 DB5BF4I 46FBD4 [6], [7]. 36AV HBD@G?< 6V8B@V F4>B: 8?S 
>?4EV6 ,1

;1ñn
k , ,1

;2ñn
k  F4 ,1

;2ñn
k  [8]. � DB5BFV [9] 8?S 5V?PL є@AB7B >?4EG 

,1ñn  86B>B?PBDB6<I IBD8B6<I O 8V47D4@ DB8G 1 (59; HV>E4JVW 
>V?P>BEFV KBDA<I / EVD<I J<>?V6) B89D:4AB S6AV HBD@G?< 8?S 
CV8D4IGA>G K<E?4 A9V;B@BDHA<I F4><I 8V47D4@. 
$B;6’S;4AAR ;484KV 8?S >?4EG ,2

;1ñn
k  = CD<E6SK9AB 84AG 

EF4FFR. 
� GD4IG64AAS@ D9;G?PF4FV6 DB5VF [1, 4], @4є@B 

ECD4698?<6VEFP 
&69D8:9AAO 1. �?S 8B6V?PAB7B A4FGD4?PAB7B 5ón  

ø ù ø ù,2 2 2 4
;1 1 1

1
3 6

5!
û ñ ý      ýn

k n nn n % % d n .  (1) 

�<>BD<EFB6GRK< ?9@G �9DAE4=84 6EF4AB6?9AB F69D8:9AAS 
&9BD9@4 1 (BEAB6A4). +<E?B ø ù*d n  A9V;B@BDHA<I 

(A99>6V64-?9AFA<I 6V8ABEAB 8VW J<>?VKABW 7DGC< CBDS8>G n ) 

8V47D4@ ; >?4EG ,2
;1ñn

k  @B:A4 B5K<E?<F< ;4 HBD@G?BR 
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ø ù ø ù ø ù
 

*

| , 2;3;4;5;6;8

1
;ö ò

þ

ö öö ö
ý û÷ ÷÷ ÷÷ ÷ø øø ø

õ
j n j

n
d n d n j n

n j
,  

 (2) 

89 ø ùö q  3 HGA>JVS �=?9D4; : þ ÿn
jj N N  69?<K<A< 

ø ù; 0ò ún
jn , 4 : þ þn

jj N N  – 6<;A4K4RFPES ;4 8BCB@B7BR 
ECV66V8ABL9AP: 

ø ù 4 3

2

2 2

; 5 4ò ý ûn
n nn C C ; ø ù 2

3

3

; 3ò ýn
nn C ; ø ù 2

4

4

;ò ýn
nn C ; 

 (3) 

ø ù5

3
;

5
ò ýn n

n ;    ø ù6;
6

ò ýn n
n ; 

 ø ù8;
8

ò ýn n
n .  (4) 

&69D8:9AAO 2. #D< n  69?<K<A< ø ù*d n  F4  

ø ù ø ù ø ù2 2 4

1 13 6

5!

n nn n С Сd n
n

n n
ô û    

ý ý


   (5) 

є 9>6V64?9AFA<@< A9E>VAK9AAB 69?<><@< 69?<K<A4@<. 
 

 
&45?<JS 1. 

#BK4F>B6V ;A4K9AAS 69?<K<A ø ùd n , ø ù*d n  F4 ø ùnôù ùû û  

n  ø ùd n  ø ù*d n  ø ùnôù ùû û   n  ø ùd n  ø ù*d n  ø ùnôù ùû û  

5 8 4 1 13 183 183 14 091 14 091 
6 84 16 14 14 355 355 25 405 25 382 
7 469 67 67 15 654 654 43 650 43 643 
8 1 869 237 233 16 1 154 062 72 166 72 128 
9 5 985 667 665 17 1 958 502 115 206 115 206 
10 16 401 1 649 1 640 18 3 215 142 178 678 178 619 
11 39 963 3 633 3 633 19 5 126 010 269 790 269 790 
12 88 803 7 417 7 400 20 7 963 242 398 242 398 162 
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 �&"� #$/��2-�) �3�',�� ��3 '#��"��� 
 !"�" �$!/) "�.��&"� 

�B;<A �. �., #B?R74 %.�.  
�4CBDB:E><= A4J<BA4?PAV= GA<69DE<F9F, 

�4CBDB:E><= B5?4EFAB= <AEF<FGF CBE?98<C?B@AB7B 
C9847B7<K9E>B7B B5D4;B64A<O 

 

FROG LEAPING METHOD FOR PACKING 

MULTIDIMENSIONAL OBJECTS 
 
Abstract. The problem of multidimensional packing of objects is considered. 

To find suboptimal solutions to this problem, a hybrid algorithm is proposed based 
on a combination of the mixed jumping frogs method and the fragmented algorithm 

 

$4EE@4FD<649FES ;484K4 GC4>B6>< 6 n-@9DAB9 @AB:9EF6B-
BEAB6G P @AB:9EF64 V <; M CBC4DAB A9<;B@9FD<KAOI B5N9>FB6, 
EBEF46?9AAOI <; 98<A<KAOI 7<C9D>G5B6, CGF9@ E>?9<64A<S <I 
CB 7<C9D7D4AS@ D4;@9DABEF< 1n . #D< QFB@ B5N9>FO, >BFBDO9 
CB8?9:4F GC4>B6>9, A9 B5S;4F9?PAB S6?SRFES 6OCG>?O@<. �?S 
>4:8B7B F4>B7B B5N9>F4 CD< G>?48>9 8BCGE>4RFES 6D4M9A<S A4 
CDS@B= (<?< >D4FAO= CDS@B@G) G7B? 6B>DG7 >BBD8<A4FAOI BE9=. 
�484K4 G?B:<FP >4> @B:AB 5B?PL9 B5N9>FB6 <; @AB:9EF64 V 6 
;484AAB9 @AB:9EF6B-BEAB6G P. �?S CDBEFBFO, 6 >4K9EF69 
@AB:9EF64-BEAB6O 5G89F D4EE@4FD<64FPES @AB7B@9DAO= 
C4D4??9?<C<C98. �AGFD9AABEF< GC4>B64AAOI B5N9>FB6 A9 
8B?:AO C9D9E9>4FPES. 
�O59D9@ 6 >4:8B@ B5N9>F9 54;B6GR FBK>G oix . $4;@9M9A<9 

B5N9>F4 6 C4D4??9?9C<C989 P 5G89F BCD989?SFPES >BBD8<A4F4@< 
B5D4;4 FBK>< oix  < Q?9@9AFB@ 7DGCCO 6D4M9A<= G BFABE<F9?PAB 
BE9= >BBD8<A4F A4 G7?O >D4FAO9 / 2ð  < BFD4:9A<= 
BFABE<F9?PAB >BBD8<A4FAOI 7<C9DC?BE>BEF9=. &4><@ B5D4;B@, 
>4:84S GC4>B6>4 BCD989?S9FES A45BDB@ {1,2,..., }I Mý  

6O5D4AAOI B5N9>FB6 < A45BDB@ C4D { , }i i i Ix g þ , 789 ix - 

>BBD8<A4FO B5D4;4 54;B6B= FBK><, 4 ig Gþ . 

�?S CB<E>4 EG5BCF<@4?PAOI D9L9A<= QFB= ;484K< 
CD98?4749FES <ECB?P;B64FP 7<5D<8AO= 4?7BD<F@, BEAB64AAO= A4 
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>B@5<A4J<< @9FB84 C9D9@9L4AAOI CDO74RM<I ?S7GL9>[1,2] < 
HD47@9AF4DAB7B 4?7BD<F@4[3]. (D47@9AF4DAO= 4?7BD<F@ 
GC4>B6>< ;4>?RK49FES 6 E?98GRM9@. %74K4?4 GCBDS8BK<64RFES 
J9?BK<E?9AAO9 FBK>< @AB:9EF64 BEAB6O < ;4849FES A9>BFBDO= 
CBDS8B> C9D95BD4 Q?9@9AFB6 @AB:9EF64 HD47@9AFB6 V Gô . � 
C9D6GR CB CBDS8>G E6B5B8AGR FBK>G BEAB6O CB@9M49FES 
54;B64S FBK>4 B5N9>F4 < 6OCB?AS9FES EBBF69FEF6GRM99 
6D4M9A<9. �E?< 6AGFD9AABEFP B5D4;4 B5N9>F4 CBE?9 F4><I 
CD9B5D4;B64A<= A9 C9D9E9>49FES E G:9 CBEFDB9AAO@ 
HD47@9AFB@, FB BA 8B546?S9FES > QFB@G HD47@9AFG. � CDBF<6AB@ 
E?GK49 CDB<EIB8<F C9D9IB8 > 8DG7B@G B5N9>FG. �E?< 6E9 
B5N9>FO C9D95D4AO < A9 B8<A <; A<I A9 G84?BEP D4;@9EF<FP 
G>4;4AAO@ 6OL9 ECBEB5B@, FB CDB<EIB8<F C9D9IB8 > E?98GRM9= 
FBK>9 BEAB6O < CDBJ98GD4 CB6FBDS9FES. �?7BD<F@ ;4>4AK<649F 
D45BFG, ?<5B 6E9 B5N9>FO 5G8GF D4;@9M9AO, ?<5B 6E9 E6B5B8AO9 
FBK>< BEAB6O 5G8GF <EK9DC4AO. �E?< B5N9>F G84?BEP D4;@9EF<FP 
6 @AB:9EF69-BEAB69, FB QFBF B5N9>F < 6E9 9@G <;B@9FD<KAO9 
6OK9D><64RFES <; GCBDS8BK9AAB7B EC<E>4 B5N9>FB6. 

#9D95BD @B:AB GCDBEF<FP, 9E?< EK<F4FP 8BCGEF<@O@< 
FB?P>B F4><9 Q?9@9AFO 7DGCCO 6D4M9A<= 8?S ;484AAB7B B5N9>F4 
v Vþ , 8?S >4:8B= C4DO >BFBDOI D4;@9M9A<S B5N9>F4 A9 @B7GF 
5OFP C9D96989AO B8AB 6 8DG7B9 CGF9@ C4D4??9?PAB7B E86<74. � 
QFB@ E?GK49 >4:8B@G Q?9@9AFG GC4>B6>< EBBF6>9EF6G9F 97B 
EB5EF69AA4S 8BCGEF<@4S 7DGCC4 CD9B5D4;B64A<=. 

&4><@ B5D4;B@, HD47@9AF4DAO= 4?7BD<F@ ;4849F 
BFB5D4:9A<9 @AB:9EF64 C9D9EF4AB6B> Q?9@9AF4DAOI 
HD47@9AFB6 (Q?9@AFB6 @AB:9EF64 V Gô ) 6 @AB:9EF6B 
8BCGEF<@OI GC4>B6B>. �D<F9D<9@ >4K9EF64 F(x) GC4>B6>< I 
S6?S9FES 7<C9DB5N9@ A9 ;4ASFB7B GC4>B6>B= E6B5B8AB7B 
CDBEFD4AEF64 6 @AB7B@9DAB@ C4D4??9?9C<C989 P. 

�?7BD<F@ @9FB84 C9D9D9@9L4AAOI CDO74RM<I ?S7GL9> 
CB;6B?S9F BFOE>4FP EG5BCF<@4?PAO9 C9D9EF4AB6>< 6 E?B:AOI 
;484K4I BCF<@<;4J<< A4 C9D9EFAB6>4I #4D4@9FDO @9FB84 
E?98GRM<9: 

1. �B?<K9EF6B >?4EEB6 ?S7GL9>   ( 2)Q Q ó . 

2. �B?<K9EF6B Q?9@9AFB6 r 6 >4:8B@ >?4EE9 
(CD98CB?4749FES, KFB D4;@9DO >?4EEB6 B8<A4>B6O < 2r ó ). 
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3.  4>E<@4?PAB9 K<E?B L47B6 K 4?7BD<F@4. 
4. �B?<K9EF6B D ?GKL<I ?S7GL9> 6 >?4EE9, CD<K9@ 

0 D rü ü . 
� EBBF69FEF6<< E ;484AAO@< C4D4@9FD4@< D4;@9D N 

CBCG?SJ<< ?S7GL9> (@AB:9EF64 8BCGEF<@OI D9L9A<=) 
BCD989?S9FES HBD@G?B= N Qrý .  !4 A4K4?PAB@ L479 4?7BD<F@4 

EB;849FES <EIB8A4S CBCG?SJ<S ?S7GL9> (0)P  CGF9@ 79A9D4J<< 
E?GK4=AOI C9D9EF4AB6B> 1 2( , ,.., )j

j j jnx i i iý ,  j=1,2,&,N. 

�O5<D49FES ?GKL4S CB HGA>J<< J9?< C9D9EF4AB6>4 
69DL<A, >BFBD4S ;4849F C9D9EF4AB6>G 1 2* ( , ,..., )nx i i iý  < 
6OK<E?S9FES ;A4K9A<9 J9?96B= HGA>J<< F(x*) A4 QFB= 
C9D9EF4AB6>9: 

,47 k(1 k Kó ó ). 'CBDS8BK<649FES @AB:9EF6B ( 1)kP   CB 
;A4K9A<R J9?96B= HGA>J<<, FB 9EFP 

1( ) ( ), 2,3,..., 1k kF x F x k Nó ý  . $4;5<649FES CBCG?SJ<S ( 1)kP   

A4 Q >?4EEB6 B8<A4>B6B= @BMABEF< r 
( 1) ( ) ( ){ | , ( 1) , 1,2,.., , 1,2,..., }k qi qi j
qP x x x j q i Q i r q q ý ý ý û  ý ý .

 "CD989?S9FES ?GKL99 D9L9A<9 1*x xý  CB ;A4K9A<R 
J9?96B= HGA>J<< A4 6E9= CBCG?SJ<<. � >4:8B@ >?4EE9 ( 1)k

qP 

BCD989?SRFES «?GKL99» ( 1)qx  < «IG8L99» ( )qrx  CB ;A4K9A<R 
J9?96B= HGA>J<< D9L9A<S. � >4:8B@ >?4EE9 ( 1)k

qP  @9ASRFES 
CB?B:9A<S (CBE?98B64F9?PABEF< B5IB84 69DL<A 7D4H4) ?S7GL9> 
E AB@9D4@< BF D+1 8B r. �?S >4:8B7B ;A4K9A<S <A89>E4 

{ 1,2,..., }i D rþ û  BCD989?S9FES AB6B9 CB?B:9A<9 i-= ?S7GL>< 
(CBE?98B64F9?PABEFP B5IB84 69DL<A) 6 >?4EE9 c AB@9DB@ q  CB 
E?98GRM9@G CD46<?G: 6OK<E?S9FES E?GK4=A4S C9D9EF4AB6>4 cx  

<; BFD9;>4 @9:8G C9D9EF4AB6>4@< » ( 1)qx  < ( )qrx  6 @9FD<>9 
�9A84??4.  
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�E?< ( )( ) ( )c qiF x F xü , FB CB?4749@ ( )qi cx xý . �E?< 
( )( ) ( )c qiF x F xó , FB 6O5<D49FES E?GK4=A4S C9D9EF4AB6>4 cx 6 

BFD9;>9 @9:8G *x  < ( )qrx .  �E?< ( )( ) ( )c qiF x F xü , FB CB?4749@ 
( )qi cx xý . � CDBF<6AB@ E?GK49 6O5<D49@ 6 >4K9EF69 ( )qix  
E?GK4=AB E79A9D<DB64AAGR C9D9EF4AB6>G. 

#B?4749@  ( ) ( 1)

1

Q
k k

q
q

P P 

ý

ý  < C9D9IB8<@ > BK9D98AB@G 

L47G 4?7BD<F@4. 
�?7BD<F@ ;4>4AK<649F D45BFG, >B784 CDB6989AB ;484AAB9 

K<E?B L47B6. &9>GM4S C9D9EF4AB6>4 *x , BCD989?9AA4S A4 
CBE?98A9@ L479 59D9FES 6 >4K9EF69 BCF<@4?PAB7B D9L9A<S 
;484K<. 

�4@9F<@, KFB BC<E4AAO= 6OL9 4?7BD<F@ D9L49F ;484KG 
BFOE>4A<S BCF<@4?PAB= C9D9EF4AB6>< <; n Q?9@9AFB6 A4 
@AB:9EF69 6E9I  C9D9EF4AB6B> E J9?96B= HGA>J<9= ( )F x , 

>BFBD4S ;484A4 A4 @AB:9EF69 C9D9EF4AB6B>. #D< QFB@ 
>BA>D9FAO= 6<8 J9?96B= HGA>J<< A9 <@99F ;A4K9A<S. #BQFB@G 
D4EE@BFD9AAO= 6OL9 4?7BD<F@ @B:9F <ECB?P;B64FPES 8?S 
BFOE>4A<S EG5BCF<@4?PAOI D9L9A<= ;484K BCF<@<;4J<< A4 
@AB:9EF69 C9D9EF4AB6B> E CDB<;6B?PAO@< J9?96O@< 
HGA>J<S@<.  

&4><@ B5D4;B@, 7<5D<8AO= 4?7BD<F@ A4 BEAB69 
>B@5<A4J<< @9FB84 C9D9@9L4AAOI CDO74RM<I ?S7GL9> < 
HD47@9AF4DAB7B 4?7BD<F@4 @B:9F 5OFP B5B5M9A A4 L<DB><= 
>?4EE 8<E>D9FAOI BCF<@<;4J<BAAOI ;484K, 4 <@9AAB A4 ;484K<, 
<@9RM<9 HD47@9AF4DAGR EFDG>FGDG. 

 

�<F9D4FGD4 
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210 3 225. DOI: https://doi.org/10.1061/(ASCE)0733-
9496(2003)129:3(210) 
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https://doi.org/10.1061/(ASCE)0733-9496(2003)129:3(210)


 77 

2. Narimani M.R. A New Modified Shuffle Frog Leaping 
Algorithm for NonSmooth Economic Dispath // World Applied 
Sciences Journal. 2011. 3 $. 803381 

3. I. V. Kozin, N. K. Maksyshko,V. A. Perepelitsa Fragmentary 
Structures in Discrete Optimization Problems, Cybernetics and 
Systems Analysis November 2017, Volume 53, Issue 6, P 9313936.  
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�D<6<= %. �. 
�<W6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "4D4E4 Ш96K9A>4 

 
A CRYPTOSYSTEM ON THE BASE OF FINITE 

COMMUTATIVE RINGS WITH UNIT 
 
Abstract.  A simple encryption system is based on properties of finite abelian 

group and associative and commutative rings with unit is proposed. The 
algorithms for encryption and decryption have  quadratic time complexity and 
memory complexity.  Tab. 4. Ref. 3 titles. 

 

�EFGC. � DB5BFV DB;7?S84єFPES CDBEF4 >D<CFBE<EF9@4, 
CB5G8B64A4 A4 BEAB6V E>VAK9AA<I 4EBJV4F<6AB->B@GF4F<6A<I 
>V?9JP ; B8<A<J9R  [1,2]. !9I4= ;484A4 89S>4 E>VAK9AA4 
@AB:<A4 JV?<I K<E9?, A4CD<>?48, N5 = {0,1,2,3,4}. "E>V?P>< 
CBFDV5AB CB5G8G64F< 48<F<6AG 459?96G 7DGCG, FB JS 7DGC4 
CB6<AA4 6>?RK4F< 0. �?S FB7B, MB5 N5 C9D9F6BD<F< 6 7DGCG 
GN5, A9B5IV8AB >BD9>FAB ;484F<  ;A4K9AAS 8?S BC9D4JVW 
8B8464AAS ; B8A<@ V; 9?9@9AFV6 7DGC<, E>4:V@B ; 1 [3]. �V=EAB, 
BE>V?P>< a + 0 = a 8?S 8B6V?PAB7B a ∈ GN5, FB C9DL<= DS8B> 
F45?<JV 8B8464AAS 9?9@9AFV6 7DGC< 6<;A4K9A<= (F45?<JS 1), 4 
A4 CV8EF46V >B@GF4F<6ABEFV (BE>V?P>< 7DGC4 459?964) V C9DL<= 
EFB6CK<> JVєW F45?<JV. !9I4=, A4CD<>?48, ;484AB >?RK 0+1=1, 
1+1=4, 1+4=2, 1+2=3, 1+3 = 0. &4>9 6<;A4K9AAS >BD9>FA9,  

https://link.springer.com/journal/10559
https://link.springer.com/journal/10559
https://link.springer.com/journal/10559/53/6/page/1
https://doi.org/10.1007/s10559-017-9995-6
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BE>V?P>< @4є @VEJ9  B8AB;A4KAVEFP D9;G?PF4FG (4?9 J9 A9 
8BEF4FAS G@B64  >BD9>FABEFV). &9C9D CBE?V8B6AB ;A4IB8<@B 
D9;G?PF4F< 8B8464AAS ; 9?9@9AFB@ 4=1+1:  

4+2=(1+1)+2=1+(1+2)=1+3=0, 4+3=(1+1)+3=1+(1+3)=1, 
4+4=(1+1)+4=1+(1+4)=1+2=3. 

�4?V ;A4IB8<@B ;A4K9AAS 4+1=2 V B5K<E?Rє@B BC9D4JVR 
8B8464AAS ; 9?9@9AFB@ 2:  

2+2=(1+4)+2=1+(4+2)=1+0=1, 
2+3=(1+4)+3=1+(4+3)=1+1=4,    2+4=(1+4)+4=1+(4+4)=1+3=0. 
�4?V ;A4IB8<@B ;A4K9AAS 2+1=3 V B5K<E?Rє@B BC9D4JVR 
8B8464AAS ; 9?9@9AFB@ 3:     
3+2=(1+2)+2=1+(2+2)=1+1=4,  3+3=(1+2)+3=1+(2+3)=1+4=2, 

3+4=(1+2)+4=1+(2+4)=1+0=1. 
�4ABE<@B JV ;A4K9AAS 6 F45?<JR 2 V A4 JPB@G ;4>VAKGє@B 
CB5G8B6G 7DGC< GN5. 
 

                                                 &45?<JS 1     &45?<JS 2        

+ 0 1 2 3 4  + 0 1 2 3 4 
0 0 1 2 3 4  0 0 1 2 3 4 
1 1 4 3 0 2  1 1 4 3 0 2 
2 2 3     2 2 3 1 4 0 
3 3 0     3 3 0 4 2 1 
4 4 2     4 4 2 0 1 3 

 
#BEF46<@B G 6V8CB6V8AVEFP BC9D4JVW 8B8464AAS  ;  9?9@9AFB@  

7DGC< a1, ;4 8BCB@B7BR S>B7B 6<;A4K4єFPES 7DGC4, CV8EF4AB6>G  

1

1 2 1

1 1 2

0 . . .

. . .

k

a

i i ik

a a a
f

a a a a

ö ö
ý ÷ ÷÷ ÷
ø ø

. 

*S CV8EF4AB6>4  B;A4K4є,  MB 
1af (0)=0+a1=a1, 

1af

(a1)=a1+a1=ai1, 
1af (ai1)=ai1+a1=ai2,& 

1af (ak-1)=aik-1 +a1 = aik. 

 &9BD9@4 1. �EV E>VAK9AAV CB6ABJ<>?VKAV 459?96V 7DGC< B8AB7B 
V FB7B CBDO8>G V;B@BDHAV @V: EB5BN. 

A?795D4 A4;<64єFPES 4EBJV4F<6AB->B@GF4F<6A<@ >V?PJ9@ ; 
B8<A<J9N, S>MB 6BA4 459?964 7DGC4 6V8ABEAB BC9D4JVW 
8B8464AAS, 459?964  A4CV67DGC4 ; B8<A<J9R 6V8ABEAB BC9D4JVW 
@AB:9AAS V BC9D4JVW 8B8464AAS V @AB:9AAS ;6’S;4AV ;4>BAB@ 
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8<EFD<5GF<6ABEFV. !G?PB6<= 9?9@9AF 48<F<6ABW 7DGC< >V?PJS 3 
AG?P >V?PJS. 
�D<CFB7D4HVKA4 E<EF9@4 A4 BEAB6V 7DGC V >V?9JP. 

$B;7?SA9@B S> @B:A4 CB5G8G64F< ;4 7DGCBR  GN6, S>4 ;484A4 
F45?<J9R 3, 4EBJV4F<6AB->B@GF4F<6A9 >V?PJ9 ; B8<A<J9R KG6. 
$B?P B8<A<JV 5G89 6V8V7D464F< 1. �4 F45?<J9R 8B8464AAS V 
;4>BAB@ 8<EFD<5GF<6ABEFV ;A4IB8<@B F45?<JR 8?S BC9D4JVW 
@AB:9AAS. �V=EAB, BE>V?P>< 1+1=3, FB 3∙2 = (1+1) ∙2 = 2+2 = 4; 
3∙3 = (1+1) ∙3 = = 3+3 = 4;  3∙4 = (1+1) ∙4 = 4 + 4 =3;  
3∙5=(1+1)∙5=5+5=0.  �4?V, BE>V?P>< 1+3=5, FB 8VEF4є@B:  

    5∙2=(1+3)∙2=2+3∙2=2+4=5;5∙3=(1+3)∙3=3+3∙3=3+4=0;     
 5∙4=(1+3)∙4=4+3∙4=4+3=0; 5∙5=(1+3)∙5=5+0=5. 
�4 F45?<J9R 3 @4є@B 5+1 = 4 V J9 84є ;@B7G ;A4=F<  ;A4K9AAS 

BC9D4JVW @AB:9AAS ; 9?9@9AFB@ 4, ; 9?9@9AFB@ 4+1=2 V D9LFG 
9?9@9AFV6 F45?<JV 4. "E>V?P>< 1+2=0, FB J9 B;A4K4є, MB 6ES 
F45?<JS @AB:9AAS CB5G8B64A4. �97>B C9D96VD<F<, MB JS 
BC9D4JVS ;48B6B?PASє F4>B: ;4>BA 4EBJV4F<6ABEFV, FB5FB �G6 3 
4EBJV4F<6AB->B@GF4F<6A9 >V?PJ9 ; B8<A<J9R. 

 
&45?<JS 3      &45?<JS 4 

+ 0 1 2 3 4 5  * 0 1 2 3 4 5 
0 0 1 2 3 4 5  0 0 0 0 0 0 0 
1 1 3 0 5 2 4  1 0 1 2 3 4 5 
2 2 0 4 1 5 3  2 0 2 1 4 3 5 
3 3 5 1 4 0 2  3 0 3 4 4 3 0 
4 4 2 5 0 3 1  4 0 4 3 3 4 0 
5 5 4 3 2 1 0  5 0 5 5 0 0 5 

 
!9I4= BC9D4JVS 8B8464AAS 6<;A4K9A4 8?S 9?9@9AF4 7DGC< a. 

#B5G8B64 >V?PJS KGNk, 6<>BAGєFPES ;4 F4><@< 4?7BD<F@4@<: 
ADD-TAB-KG(a,k) 
0) �4A9EF< 6 T+ C9DL<= DS8B> V EFB6CK<> D9;G?PF4F< 

8B8464AAS ;  AG?9@; 
1) �4A9EF< 6 T+ DS8B> ; D9;G?PF4F4@< 8B8464AAS ; 9?9@9AFB@ 

a (>?NK 1); 
2) #B>?4EF< c=a;  
3) �;SF< 6 T+ 9?9@9AF c'=c+a;  
4) �?S 6EVI x ;4A9EF< 6 T+ EG@< c'+x=(c+a)+x=c+(a+x); 
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5) #B>?4EF< c=c', c'=c+a; 3>MB c'=0 FB %&"#,  VA4>L9 A4 
>DB> 4). 
 UL-TAB-KG(1,k) 
  0) �4A9EF< 6 T∙ DS8>< V EFB6CK<>< ; D9;G?PF4F4@< @AB:9AAS  

A4 0 V A4 1; 
  1) #B>?4EF< c=1; 
  2) �;SF< 6 T+ 9?9@9AF c'=c+1;  
  3) �?S 6EVI x ;4A9EF< 6 T∙ 8B5GF>< c'∙ x=(c+1)∙ x = c∙ x + x; 
  4) #B>?4EF< c=c'; c'=c+1; 3>MB E'=0, FB %&"#,  VA4>L9 A4 

>DB> 3). 
!>?48AVEFP B5BI 4?7BD<F@V6 �(k2), 89 k – CBDS8B> >V?PJS. 
�D46<?PAVEFP 4?7BD<F@V6 6<C?<64є ; FB7B, MB 6EV 9?9@9AF< 

c1=a+a, c2=c1+a,&, ck=ck-1+a CDB5V74RFP 6EV 9?9@9AF< 
459?96BW 7DGC< A4 CV8EF46V FB7B, MB DV6ASAAS a+x=b 6 7DGCV @4є 
є8<A<= DB;6'S;B>. � J<I CB5G8B6 6<C?<64є  F4><=  ECBEV5  
L<HDG64AAS ; 6<>BD<EF4AAS@ 6?4EF<6BEF9= >V?PJS: 

  RG-EN(k) 

1) �G8Gє@B >V?PJ9 (45B FV?P>< 7DGCG) CBDS8>G k > 26; 
2) �484RK< 5Vє>JVR f (>?NK 2) @V: 9?9@9AF4@< >V?PJS V 

E<@6B?4@< 4?H46VFG, L<HDGє@B F9>EF & ; 6<>BD<EF4AAS@ B8AVєW  
45B  B5BI F45?<JP. 

 RG-DE(T) 

1) $B;L<HDG64AAS 6<>BAGєFPES 6 ;6BDBFAB@G CBDS8>G: 
;A4IB8<@B ;A4K9AAS f -1 A4 9?9@9AF4I L<HDB7D4@< V >?RK4; A4 
BEAB6V F45?<JP >V?PJS   
CB6AVEFR  89L<HDGє@B BFD<@4A<= F9>EF. 
!FV=>VEFP 4?7BD<F@G: BE>V?P><  CD< 6<;A4K9AAV 7DGC< GNk  

CBDB8:GRFPES 6EV 9?9@9AF<, FB CDBEFVD >?RKV6, S> 6<C?<64є ; 
F9BD9@< 1, E>?484F<@9 (k-2)! 64DV4AFV6. �V=EAB, >V?P>VEFP 
ECBEB5V6, S><@< @B:A4 ;484F< >?RK, 8BDV6ARє >V?P>BEFV 
V;B@BDHV;@V6 7DGC k-7B CBDS8>G, 4 J9 >V?P>VEFP ECBEB5V6 
GCBDS8>G64AAS (k-2)-9?9-@9AFABW @AB:<A< (9?9@9AF< 0 V 1 
@4RFP HV>EB64AV CB;<JVW). !G@9D4JVS E<@6B?V6 4?H46VFG @B:9 
6<>BAG64F<ES n! ECBEB54@<, 89 n 3 >V?P>VEFP E<@6B?V6 4?H46VFG. 
"F:9, CDBEFVD >?RKV6 3 (k-2)!n! 
&4><@ K<AB@, 8VEF4є@B @BAB4?H46VFAG >D<CFBE<EF9@G, S>4 

CB8V5A4 8B E<EF9@< �V:9A9D4 [4]. &9>EF @B:A4 ;4L<HDG64F< ; 
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6<>BD<EF4AAS@ F45?<JV 8B8464AAS V @AB:9AAS. �?S JPB7B 
CBFDV5AB, MB5 9?9@9AF< 8B5GF>G 5G?< 8V?PA<>4@< B8<A<JV 6 
KGNk.  AB:<A4 8V?PA<>V6 B8<A<JV 6 >V?PJV 3 459?96a 7DGCa [1]. 
&9BD9@4 2.  !>VAK9AA9 4EBJV4F<6AB->B@GF4F<6A9 >V?PJ9 ; 

B8<-A<J9N k-7B CBDO8>G, 48<F<6A4 7DGC4 O>B7B CB6ABJ<>?VKA4, 
@4є �(k) 8V?PA<>V6 B8<A<JV, 89  �  – HGA>JVO �=?9D4. 
�B6989AAO. $B;7?SA9@B Zk 3 >V?PJ9 ?<L>V6 ;4 @B8G?9@ k. 

�8<F<6A4 7DGCC4 JPB7B >V?PJS CB6ABJ<>?VKA4. �V?PA<>< 
B8<A<JV 6 Zk 3 J9 9?9@9AF< 6;4є@AB CDBEFV ; @B8G?9@ >V?PJS k, 
4 6EVI F4><I 9?9@9AFV6 5G89 �(k), 89 � 3 HGA>FіO О=?9D4.  !4 
CV8EF46V F9BD9@< 1 VEAGє V;B@BDHV;@ @V: >V?PJ9@ ?<L>V6 Zk V 
>V?PJ9@ KGNk, S><= є CDB8B6:9AAS@ V;B@BDHV;@G @V: 
48<F<6A<@< 7DGC4@< J<I >V?9JP. "F:9, @G?PF<C?V>4F<6A4 
7DGC4 KGNk @4є CBDS8B> �(k).  
3>MB 6<5D4F< CBDS8B> >V?PJS F4>, MB5 �(k) 5G?B 69?<><@, 

FB 6 JV= E<EF9@V @B:A4 6<>BD<EFB6G64F< HGA>JVR 8<E>D9FAB7B 
?B74D<H@G 8?S B5@VAG >?RK4@<. �V8B@B, MB A4=>D4M<@ 
CBDS8>B@ >V?PJS є  k=pm, 89 m g 1, p 3 A9C4DA9 CDBEF9 K<E?B [4].  
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#"%&$"�!�� � %�"�%&��  �&$�*/ 
$���$!/) $��$��"� �$�(� 

�GD4CB6 %.�., !9?4E4S �.�., �46<8B6E><=  .�., #B?R74 %.�. 
�4CBDB:E><= A4J<BA4?PAO= GA<69DE<F9F 

�4J<BA4?PAO= GA<69DE<F9F «�4CBDB:E>4O CB?<F9IA<>4»  
�4CBDB:E><= B5?4EFAB=  <AEF<FGF CBE?98<C?B@AB7B 

C9847B7<K9E>B7B B5D4;B64A<O 
 

CONSTRUCTION AND PROPERTIES OF THE 

GRAPH EDGE SECTIONS MATRIX 
Abstract. An edge section is defined by an edge and central sections incident 

to it. In contrast to the generation of iterated edge graphs, we consider an iterated 
chain of quali-sections of the original graph. It generated by edge sections and 
determined by the recurrence relation. The report considers the issues of 
constructing the matrix of sections D of a graph G. The connection of the matrix D 
with the matrices of incidents and adjacencies of the graph is shown, and methods 
for the formation of other graph structures are described. The questions of 
isomorphism of the main edge sections of the graph are considered. 

 

� 8B>?489 D4EE@4FD<64RFES 6BCDBEO CBEFDB9A<S CB?AB7B 
<A64D<4AF4 7D4H4[1,2]. �4AB BCD989?9A<9 CB?AB7B <A64D<4AF4 
7D4H4. "C<EO64RFES E6B=EF64 @4FD<JO D4;D9;B6 D 7D4H4 G. 
 4FD<J4 D4;D9;B6 7D4H4 D S6?S9FES 5B?99 GA<69DE4?PAB= 
@4FD<J9=, F4> >4> 6>?RK49F 6 E95S E6B=EF6B @4FD<J E@9:ABEF9= 
< <AJ<89AJ<=. �BCB?A<F9?PAO@< E6B=EF64@< @4FD<JO D 
S6?S9FES 6B;@B:ABEFP BC<E4A<S J9AFD4?PAOI D4;D9;B6 < 
BEAB6AOI D959DAOI D4;D9;B6 7D4H4. #B>4;4A4 A9;46<E<@BEFP 
CBEFDB9A<S EFDG>FGDO BEAB6AOI D959DAOI D4;D4;B6 7D4H4 BF 
C9D9<@9AB64A<S 69DL<A. � 84?PA9=L9@ 84AAB9 E6B=EF6B 
<ECB?P;G9FES 8?S CBEFDB9A<S CB?AB7B <A64D<4AF4 7D4H4. 
$4EE@BFD9AO 6BCDBEO <;B@BDH<;@4 BEAB6AOI D959DAOI 

D4;D9;B6 7D4H4. #D98EF46?9A 4?7BD<F@ D4EECB;A464A<S 
<;B@BDH<;@4 7D4HB6 A4 BEAB69 6O5BD4 EBBF69FEF6<S @9:8G 
BEAB6AO@< D959DAO@< D4;D9;4@< 7D4HB6. �B>4;4A4 F9BD9@4 B5 
<;B@BDH<;@9 BEAB6AOI D959DAOI D4;D9;B6 86GI 7D4HB6. 
�6989AB CBASF<9 B5D4FAB7B CD9B5D4;B64A<S 8?S Q?9@9AFB6 

EC9>FD4 D959DAOI D4;D9;B6 7D4H4. $4EE@BFD9AO E6B=EF64 7D4H4 
8?S J9CBK>< D959DAOI D4;D9;B6 D95D4 A4 BEAB69 B5D4FAB7B 
CD9B5D4;B64A<S D959DAOI D4;D9;B6. #B>4;4A4 B8AB;A4KABEFP 
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84AAB7B CD9B5D4;B64A<S, >4> 6 CDS@B@, F4> < B5D4FAB@ 
A4CD46?9A<SI. �B>4;4A4 F9BD9@4 B5 <;B@BDH<;@9 EC9>FD4 
D959DAOI D4;D9;B6 7D4HB6. !4 BEAB64A<< 8B>4;4AAB7B EFDB<FES  
CB?AO= <A64D<4AF 7D4H4.  
#B?AO= <A64D<4AF 7D4H4 6>?RK49F 6 E95S A9 FB?P>B 

EG@@4DAO= >BDF9: 69EB6, AB 8B?:9A 6>?RK4FP < >BDF9:< 69EB6 
8?S >4:8B7B GDB6AS EC9>FD4 D959DAOI D4;D9;B6. "8A4>B, 8?S 
CB?GK9A<S >BDD9>FAB7B CD4>F<K9E>B7B D9;G?PF4F4 8BEF4FBKAB 
CD<@9ASFP FB?P>B EG@@4DAO= >BDF9: 69EB6.  �?S <??REFD4J<< 
BEAB6AOI CB?B:9A<= @9FB84 CD<6989AB A9B5IB8<@B9 
>B?<K9EF6B CD<@9DB6. 

 

�<F9D4FGD4 
1. #<AKG> �.#. &45?<KAO9 <A64D<4AFO A4 7D4H4I < <I 

CD<@9A9A<9 // �<59DA9F<>4 < E<EF9@AO= 4A4?<;. �AEF<FGF 
><59DA9F<>4 !�! '>D4<AO. 2001. 74  

2. #B7D95AB= �.�., #B7D95AB= �A.�. #B?<AB@<4?PAO= 
4?7BD<F@ 6OK<E?9A<S CB?AB7B <A64D<4AF4 7D4H4 A4 BEAB69 
<AF97D4?PAB7B BC<E4F9?S EFDG>FGDO // �;69EF<S &B@E>B7B 
CB?<F9IA<K9E>B7B GA<69DE<F9F4. 3 2013 3 &.323. - 7 5. 3 %.152-
159. 
 
 
 
 

 �,�!!� !��+�!!3 ' #$"*�%� #$��!3&&3 
$�,�!0 

 4?SD  . .,  4?SD-�4;84 !. ., ,4D>48V  . . 
���� «#:7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F» 

 
MACHINE LEARNING IN DECISION-MAKING 

PROCESS 

 
Abstract. Machine learning is a unit of a fairly broad field of science that 

studies artificial intelligence. Related algorithms are used to solve problems that 
often make it difficult or impossible to come up with an explicit algorithm for 
solving them. 
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"EF4AAV@ K4EB@ 6E9 5V?PLG G647G ;4E?G7B6GRFP CDB5?9@< 
CB6’S;4AV ; CD<=ASFFS@ DVL9AP. #D<=@4RK< DVL9AAS, S> 
CD46<?B, EF<>4RFPES ; CDB5?9@4@< CBLG>G VAHBD@4JVW. 
 4L<AA9 A46K4AAS ( !) 4 J9 CDBJ9E ;4EFBEG64AAS 4?7BD<F@V6 
8?S 46FB@4F<KAB7B ;A4IB8:9AAS ;4>BAB@VDABEF9= G 84A<I 
V 6<>BD<EF4AAS WI 8?S CD<=ASFFS 69?<>BW >V?P>BEFV B8ABF<CA<I 
DVL9AP.  9FB8V6 @4L<AAB7B A46K4AAS VEAGє 8G:9 5474FB. &B@G, 
A45474FB 64:?<6VL9 DB;G@VF<, >B?< 6<>BD<EF4AAS F<I K< VAL<I 
@9FB8V6 5G89 A4=5V?PL 8BJV?PA<@. � A4G>B6BW FBK>< ;BDG 
@4L<AA9 A46K4AAS  3 J9 CDBJ9E @B89?R64AAS, A4EFDB=>< 
C4D4@9FDV6, CV87BFB6>< 84A<I V BCF<@V;4JVW >B@CBA9AF. *V?P 
@4L<AAB7B A46K4AAS , S> 8BE?V8A<JP>B7B CDBJ9EG,  J9 CBLG> 
BCF<@4?PA<I 6V8CB6V89= F4 CDB7AB;V6.  4L<AA9 A46K4AAS є 
VA8G>F<6A<@ A46K4AAS@ 45B «A46K4AAS ;4 CD9J9A89AF4@<» A4 
BEAB6V C4D «B5’є>F 3 6V8CB6V8P», BE>V?P>< 6 BEAB6AB@G  6K<@B 
@4L<AG 6K<F<ES A4 CD<>?484I, ECBEF9DV74F< 69?<>G >V?P>VEFP 
CD<>?48V6 V; D94?PAB7B :<FFS, 5G8G64F< A4 A<I @B89?V, 
C9D96VDSF< F4 ;4EFBEB6G64F< WI A4 CB84?PL<I CD<>?484I. 
�4684AAS  ! 6<7?S84є F4>: GS6V@B EB5V, MB 6 A4E є C96A<= 

A45VD B5’є>FV6-CD<>?48V6 V C96A<= A45VD @VFB>, FB5FB, D94>JV=, 
6V8CB6V89=. �484K4  ! 3 ;A4=F< CD<IB64AG ;4?9:AVEFP @V: 
CD<>?484@<(ECBEF9D9:9AAS@<) V 6V8CB6V8S@<(D94>JVS@<) 8?S 
CDB7AB;G64AAS 6V8CB6V89= A4 BEAB6V AB6<I 84A<I.  4F9@4F<KA9 
HBD@G?R64AAS F4 @B89?P F4>BW ;484KV 6<7?S84є A4EFGCA<@ 
K<AB@: 
!9I4=  X  - 89S>4 @AB:<A4, 9?9@9AF< S>BW A4;<64RFPES 

B5'є>F4@< 45B CD<>?484@<, E<FG4JVS@<, 6IB84@< (samples); 4 Y  - 

@AB:<A4, 9?9@9AF< S>BW  A4;<64RFPES 6V8CB6V8S@< 45B 
6V87G>4@<, @VF>4@<, 6<IB84@< (responses). �EAGє 89S>4 
;4?9:AVEFP (89F9D@VAB64A4 V V@B6VDAVEA4), MB 8B;6B?Sє ;4 
9?9@9AF4@< Xx þ  C9D9854K<F< Yyþ . �B>D9@4, S>MB 

;4?9:AVEFP 89F9D@VAB64A4, FB VEAGє HGA>JVS YX ú :  . 

�4?9:AVEFP 6V8B@4 FV?P>< A4 B5'є>F4I A46K4?PABW 6<5VD>< 
)},...,1(,:),{( )()()()( NiYyXxyx iiii ýþþ , N  3 >V?P>VEFP 

B5’є>FV6 G A46K4?PAV= 6<5BDJV. 'CBDS8>B64A4 C4D4 "B5'є>F 3 
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6V8CB6V8P" }:),{( )()()( YXxyx iii ôþ    A4;<64єFPES 
CD9J989AFB@. #BFDV5AB 6EF4AB6<F< ;4?9:AVEFP @V: 6IB8B@ V 
6<IB8B@ A4 BEAB6V 84A<I A46K4?PABW 6<5VD><. 
 B89?P ;484KV @4L<AAB7B A46K4AAS ;4 CD9J989AF4@<:  
�484AB: @AB:<A4 B5’є>FV6  X   V @AB:<A4 6V8CB6V89=  Y  . 

�V8B@B: A46K4?PA4 6<5VD>4 )},...,1(,{ )( NiXx i ýþ  V 
6V8CB6V8AB 6V8CB6V8V 
A4 JV= 6<5VDJV )},...,1(:)({ )()( NiYyxyy ii ýþý  . 

�A4=F< : 4?7BD<F@ YXa : , FB5FB 4?7BD<F@ CB5G8B6< 
6<DVL4?PABW HGA>JVW öþ , S>4 A45?<:Gє, A4=5V?PL FBKAB,  

Yyþ   
A9 FV?P>< A4 A46K4?PAV= 6<5BDJV, 4 V A4 6EV= @AB:<AV X

. 
�?S DV;A<I F<CV6 ;484K @AB:<A4 B5’є>FV6 X  V 6V8CB6V89= Y  

@B:9 ;48464F<EP CB DV;AB@G. !4CD<>?48, 8?S ;484KV >?4E<HV>4JVW: 
}1;1{ ûýY  3 >?4E<HV>4JVS A4 864 >?4E<; },...,1{ MY ý  3 

>?4E<HV>4JVS A4 M  >?4E<, S>V A9 C9D9F<A4RFPES; 
MY }1;0{ý  3 

>?4E<HV>4JVS A4 M  >?4E<, S>V  C9D9F<A4RFPES. �?S ;484KV 
D97D9EVW : RY ý 45B mRY ý ; 8?S ;484KV D4A:G64AAS  Y  3 
E>VAK9A4 6CBDS8>B64A4 @AB:<A4.   AB:<A4 B5’є>FV6 X , S> 
CD46<?B, ;484єFPES A9 E4@<@< B5’є>F4@<, 4 WI BC<E4@<. !4=5V?PL 
CBL<D9A<@ є B;A4>B6<= BC<E. ";A4>4(feature) f  B5’є>F4 Xxþ
3 J9 D9;G?PF4F 6<@VDR64AAS 89S>BW I4D4>F9D<EF<>< B5’є>F4 x . 

#D< F4>B@G CV8IB8V B5'є>F Xx þ  CD98EF46?SєFPES S> 69>FBD

)...,,,( 21 kxxxxý  , k  3 >V?P>VEFP B;A4>, 4 
)...,,2,1(,)( kjxfx jj ýý . (BD@4?PAB B;A4>4 J9 

6V8B5D4:9AAS jDXf : , 89 jD 3 @AB:<A4 8BCGEF<@<I 
;A4K9AP B;A4><. 
 4L<AA9 A46K4AAS  3 J9 CV8DB;8V? LFGKAB7B VAF9?9>FG, S><= 

DB;7?S84є CB5G8B6G 4?7BD<F@V6, S>V @B:GFP A46K4F<ES A4 
A4S6A<I 84A<I[1- 4]. !46K4AAS 3 J9 DVK, ;A4=B@4 5G8P S>V= 
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?R8<AV, BE>V?P>< ?R8< A46K4RFPES MB8AS V CB>4;GRFP G JPB@G 
CDBJ9EV CD9>D4EAV D9;G?PF4F<. %CBEF9DV74RK< ;4>BAB@VDABEFV 6 
;@VAV E9D98B6<M4 A46>B?B, 6BA< >BAEFDGRRFP C96AG @B89?P 
;@VA< JPB7B E9D98B6<M4 V CD<=@4RFP FV K< VALV DVL9AAS. 
%9D98B6<M9 C96A<@ K<AB@ D947Gє A4 CD<=ASFV DVL9AAS V ?R8< 
;AB6G >BD97GRFP @B89?P E6VFG.  4L<AA9 A46K4AAS 8B;6B?Sє 
;A4IB8<F< ;4>BAB@VDABEFV 6 VEAGRK<I 84A<I, MB5 CBFV@ 
C9D9854K4F< CBFDV5AG VAHBD@4JVR 8?S AB6<I B5'є>FV6. 
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Abstract. In this work, propose the user clustering method for a social 

network based on the multilayer feedforward neural network to identify bot 
networks on a web-resource 
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�?4EF9D<;4JVS 3 J9 CDBJ9E B5’є8A4AAS G 7DGC< DV;A<I 
B5’є>FV6, MB @4RFP EIB:V 6?4EF<6BEFV. 

�EAGRFP DV;AV CD<K<A< ;8V=EAR64F< >?4EF9D<;4JVR 
>BD<EFG64KV6 EBJV4?PA<I @9D9:, A46989@B 89>V?P>4 ; A<I: 

3 6 @4D>9F<A7B6<I JV?SI 3 DB;8V?<F< A4 7DGC< 8?S CB>4;G 
>B:AV= B>D9@V= 7DGCV 6V8CB6V8ABW F4D79FB64ABW D9>?4@<; 

3 8?S CBLG>G 5BFV6 3 DB;8V?9AAS >BD<EFG64KV6 A4 86V 7DGC<: 
46F9AF<KAV F4 5BF<, 3 8?S CB84?PLBW A9=FD4?V;4JVW 8VS?PABEFV 
5BFV6; 

3 ; @9FBR EBJV4?PA<I 8BE?V8:9AP 3 8?S 8BE?V8:9AAS 
EFDG>FGD< DV;A<I EBJV4?PA<I @9D9: F4 CV8@9D9:. 

�?4EF9D<;4JVS 84A<I A4 BEAB6V A9=DBAA<I @9D9: 
6<>BD<EFB6GєFPES 8BE<FP 846AB, 6V8B@V D94?V;4JVW ;4EFBEB6GRFP 
@9D9:V �BIBA9A4, )9@@VA74, ART-@9D9:V, @9D9:V CDS@B7B 
CBL<D9AAS ; 7?<5B><@ A46K4AAS@ [1]. 

' 84AV= DB5BFV CDBCBAGєFPES @9FB8 >?4EF9D<;4JVW 
>BD<EFG64KV6 EBJV4?PABW @9D9:V ; @9FBR 6<S6?9AAS 5BFV6, MB 
;8V=EARRFP A4>DGKG64AAS D9=F<A7V6 89S><@ B5’є>F4@ E4=FG. ' 
EC9JV4?V;B64A<I EBJV4?PA<I @9D9:4I, 8B S><I @B:A4 6V8A9EF< 
@9D9:V 8?S ?R5<F9?V6 HV?P@V6, >A<7, FBMB, K4EFB A484єFPES 
@B:?<6VEFP BJVAR64F< >BAF9AF 6 C’SF<54?PAV= K< VALV= E<EF9@V. 
�<EF46?9AV BJVA>< 6C?<64RFP A4 D9=F<A7 B5’є>FV6, MB K4EFB 
6<>BD<EFB6GRFP FD9FV BEB5< 8?S CV86<M9AAS D9=F<A7G JV?PB6<I 
B5’є>FV6 ;4 8BCB@B7BR @9D9: 5BFV6 ; @9FBR CDBEG64AAS C96A<I 
FB64DV6 [2, 3]. 

�G?B DB;DB5?9AB 5474FBL4DB6G A9=DBAAG @9D9:G CDS@B7B 
CBL<D9AAS, 8?S >?4EF9D<;4JVW >BD<EFG64KV6 ; @9FBR 6<S6?9AAS 
5BF-@9D9:. 

3> 6IV8AV 84AV 8?S LFGKABW A9=DBAABW @9D9:V 5G?< B5D4AV 
A4EFGCAV CB>4;A<>< CDBHV?V6 >BD<EFG64KV6: 

3 @VAV@4?PA<= K4EB6<= VAF9D64? @V: 6<EF46?9AAS@ BJVAB>; 
3 @4>E<@4?PA<= K4EB6<= VAF9D64?< @V: 6<EF46?9AAS@ 

BJVAB>; 
3 E9D98Aє ;A4K9AAS  K4EB6<I VAF9D64?V6 @V: 6<EF46?9AAS@ 

BJVAB>; 
3 E9D98APB>648D4F<KA9 6V8I<?9AAS FD<64?BEFV VAF9D64?V6 

@V: 6<EF46?9AAS@ BJVAB>; 
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3 @VAV@4?PA4 BJVA>4 G CDBHV?V; 
3 @4>E<@4?PA4 BJVA>4 G CDBHV?V; 
3 E9D98Aє ;A4K9AAS BJVAB> G CDBHV?V; 
3 E9D98APB>648D4F<KA9 6V8I<?9AAS ;A4K9AP BJVAB> G CDBHV?V. 
$B;DB5?9A4 A9=DBAA4 @9D9:4 @VEF<FP A4EFGCAV CDBL4D><: 
3 6IV8A<= 3 8 A9=DBAV6, CB B8AB@G A4 >B:9A CB>4;A<>. 
3 CD<IB64A<= 3 32 A9=DBA<. 
3 CD<IB64A<= 3 32 A9=DBAV6. 
3 CD<IB64A<= 3 8 A9=DBAV6. 
3 6<IV8A<= 3 2 A9=DBA< ; HGA>JVєR 4>F<64JVW «softmax». 

#B69DF4є =@B6VDAVEFP A4?9:ABEFV >BD<EFG64K4 8B 4GF9AF<KABW 
7DGC< 45B 8B 7DGC< 5BFV6. 

�?S 6AGFDVLAVI L4DV6 5G?B 6<>BD<EF4AB HGA>JVR 4>F<64JVW 
E<7@BW84. � S>BEFV 4?7BD<F@G A46K4AAS @9D9:V B5D4AB 4?7BD<F@ 
�84@ [5]. �?7BD<F@ BCF<@V;4JVW �84@ DB;L<DRє 4?7BD<F@ 
EFBI4EF<KAB7B 7D48VєAFAB7B ECGE>G F4 BFD<@46 6 BEF4AAV= K4E, 
L<DB>9 DB;CB6ER8:9AAS G E<EF9@4I ; 7?<5B><@ A46K4AAS@. �VA 
6V8DV;ASєFPES 6V8 >?4E<KAB7B EFBI4EF<KAB7B 7D48VєAFAB7B ECGE>G 
A4S6AVEFR VA8<6V8G4?PA<I 484CF<6A<I L6<8>BEF9= ECGE>G 8?S 
DV;A<I C4D4@9FDV6 ; BJVAB> C9DLB7B V 8DG7B7B @B@9AFV6 
7D48VєAFV6.  

�?S D94?V;4JVW A9=DBAABW @9D9:V 6<>BD<EF4A4 5V5?VBF9>4 
tensorflow [6] F4 @B64 CDB7D4@G64AAS python. 

$B5BFG A9=DBAABW @9D9:V 5G?B CDBF9EFB64AB A4 MovieLens 
@B89?9= VAHBD@4JV=A<I 4F4> DB;7?SAGF<I G [2]. 

$9;G?PF4F< 9>EC9D<@9AFV6 CB>4;4?<, MB FBKAVEFP 6<S6?9AAS 
4F4> @9D9:V 5BFV6 EF4AB6<FP 6 E9D98APB@G 98% 8?S @B89?9= 4F4>, 
S>V CD4>F<KAB A9 6<>BD<EFB6GRFP EF4F<EF<>G 8V= ECD46:AVI 
>BD<EFG64KV6, F4 75% 8?S E>?48A<I @B89?9= 4F4>, S>V 
6<>BD<EFB6GRFP EF4F<EF<>G 8V= >BD<EFG64KV6, S>G @B:GFP 
;V5D4F< FD9FV BEB5< A4 695-D9EGDEV, MB 4F4>GєFPES. 
�<EAB6><. �4CDBCBAB64AB @9FB8 >?4EF9D<;4JVW >BD<EFG64KV6 

EBJV4?PABW @9D9:V A4 BEAB6V 5474FBL4DB6BW A9=DBAABW @9D9:V 
CDS@B7B CBL<D9AAS. �4A<= @9FB8 8B;6B?Sє 6<S6<F< @9D9:V 
5BFV6, S>V A4@474RFPES CV86<M<F< D9=F<A7 JV?PB6<@ B5’є>F4@ A4 
695-E4=FV. �K4EA9 6<S6?9AAS F4 ;A9L>B8:9AAS @9D9: 5BFV6 
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8B;6B?Sє ;A4KAB CV86<M<F< VAHBD@4JV=AG 59;C9>G 695-D9EGDEG. 
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 �&"�� "*�!�� 3�"%&� $"�"&� ���"$�& �� 
 �,�!!"�" !��+�!!3  

 9?9L>B Є.�., 3><@9A>B  .%., $9;AVK9A>B �.�.  
&9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
Abstract. In this work, the research of various metrics and methods for 

assessing work quality of neural networks was conducted. Methods of forming test 
samples for testing neural networks after the training were considered. 

 
 9FB8< @4L<AAB7B A46K4AAS CBK<A4RFP 6<>BD<EFB6G64F<ES 

8?S 6<DVL9AAS 6E9 5V?PLBW >V?P>BEFV A4G>B6B-CD4>F<KA<I ;484K. 
"8A<@ ; A4=5V?PL CBCG?SDA<I @9FB8V6 @4L<AAB7B A46K4AAS є 
A9=DBAAV @9D9:V. �4:?<6BR ;484K9R CD< CB5G8B6V A9=DBAA<I 
@9D9: є BJVA>4 S>BEFV WI DB5BF<. � ;474?PAB@G 6<C48>G 8?S 
8BE?V8:9AAS S>BEFV DB5BF< A9=DBAABW @9D9:V 6<>BD<EFB6GRFP 
E9D98APB>648D4F<KAG CB@<?>G: 

 
2

),(

)ˆ(1 õ
þ

ý
ôô iu

uiui xxRMSE , (1) 

89 uix̂ 3 6<IV8A<= 69>FBD A9=DBAABW @9D9:V, 4 uix  3 C9D96VDBKAV 
84AV, MB @VEFSFP 6VDAG 6V8CB6V8P. 

&4>B: 6<>BD<EFB6GєFPES E9D98AS 45EB?RFA4 CB@<?>4: 

 õ
þ

ý
ôô ),(

ˆ1

iu
uiui xxMAE . (2) 

3>MB A9=DBAA4 @9D9:4 ;8V=EARє >?4EF9D<;4JVR 45B 
>?4E<HV>4JVR B5’є>FV6 64:?<6B BJVA<F< FBKAVEFP F4 CB6ABFG 
D9;G?PF4FV6 DB;5<FFS B5’є>FV6 A4 7DGC<. 
' 6<C48>G DB;8V?9AAS B5’є>FV6 A4 86V 7DGC< @B:GFP 5GF< F4>V 

D9;G?PF4F< DB5BF< @9D9:V (F45?. 1): 
3 "5’є>F A4?9:<FP 8B 7DGC< �, >?4E<HV>B64AB 6VDAB (tp). 
3 "5’є>F A4?9:<FP 8B 7DGC< �, >?4E<HV>B64AB A96VDAB (fp). 
3 "5’є>F A4?9:<FP 8B 7DGC< �, >?4E<HV>B64AB 6VDAB (fn). 
3 "5’є>F A4?9:<FP 8B 7DGC< �, >?4E<HV>B64AB A96VDAB (tn). 
&45?<JS 1. �?4E<HV>4JVS @B:?<6<I D9;G?PF4FV6 DB5BF< 

A9=DBAABW @9D9:V CD< >?4EF9D<;4JVW B5’є>FV6 A4 86V 7DGC< 
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 �DGC4 � �DGC4 � 

�VDAB True-Positive (tp) False-Negative (fn) 
!96VDAB False-Positive (fp) True-Negative (tn) 

 
� F4>B@G D4;V @B:A4 CV8D4IG64F< >V?P>VEFP CB8V=, MB 

6V8CB6V84RFP >B:AV= ; >B@VDB>, F4 A4 BEAB6V B89D:4A<I ;A4K9AP 
BJVA<F< FBKAVEFP DB5BF< D9>B@9A84JV=ABW E<EF9@< ;4 F4><@< 
CB>4;A<>4@<:  

 
fptp

tp
Precision

û
ý , (3) 

 
fntp

tp
Rate) Positive (True Recall

û
ý , (4) 

 
fnfptntp

tntp
ccuracyА

ûûû
û

ý , (5) 

 ø ù
recallpercision

recallpercision
F

û


ûý

)(
1

2
2

ò
òò . (6) 

 
Precision I4D4>F9D<;Gє FBKAVEFP DB5BF< A9=DBAABW @9D9:V, 

Recall 3 CB6ABFG (KGF?<6VEFP) D9;G?PF4FG. Accuracy 3 K4EF>4 
6VDA<I 6V8CB6V89= A9=DBAABW @9D9:V. F-@VD4 B5’є8AGє precision < 
recall 6 47D97B64A<= CB>4;A<> S>BEFV, β 6<;A4K4є 647G FBKABEFV G 
@9FD<JV, K4EFB 59DGFP A4EFGCA9 ;A4K9AAS β = 1. 
&4>B: 6 89S><I 6<C48>4I >BD<EA<@ @B:9 5GF< 6<;A4K9AAS 

A4EFGCABW @9FD<><: 

 
tnfp

fp
Rate Positive False

û
ý , (7) 

  

MB CB>4;Gє, S>G K4EF>G ; B5’є>FV6 7DGC< � 4?7BD<F@ 6<;A4K<6 
A96VDAB. 
�?S >?4E<HV>4FBD4, MB BJVARє =@B6VDAVEFP ø ùxyp̂  

CD<A4?9:ABEFV B5’є>FG x 8B B8AB7B ; @AB:<A< >?4EV6 y, 89 >?4EV6 
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5V?PL9, AV: 864, @B:A4 6<>BD<EF4F< A4EFGCAG HBD@G?G: 

 ø ùnn

N

1n

xyp=)p(Likelyhood 
ý
ˆˆ , (8) 

F4 BJVA>G �DVєD4: 

   ø ùø ùõõ
ý ý

ýýý
N

n

C

c
nn xcypcyІ

N
BS

1 1

2ˆ1
, (9) 

�?S F9EFG64AAS DB5BF< A9=DBAABW @9D9:V 8G:9 64:?<6BR є 
;484K4 CV85BDG F9EFB6BW 6<5VD><. #B74AB CV8V5D4AV F9EFB6V 84AV 
@B:GFP 84F< A96VDAG BJVA>G S>BEFV DB5BF< 4?7BD<F@G 
@4L<AAB7B A46K4AAS, ;B>D9@4, A9 6<S6<F< DS8 CB@<?B> 
>?4E<HV>4JVW.  
�EAGє 89>V?P>4 CV8IB8V6 8B HBD@G64AAS F9EFB6<I 6<5VDB>: 
3 �@B6VDAVEA4 @B89?P 84A<I 3 F9EFB64 6<5VD>4 CB6<AA4 

6V8B5D4:4F< BEAB6AV 6?4EF<6BEFV 79A9D4?PABW EG>GCABEFV. 
�4:?<6<@ є  =@B6VDABEFV CBS6< DV;A<I B5’є>FV6 G 6<5VDJV. 
�@B6VDAVEFP CBS6< B5’є>FV6 CB6<AA4 A45?<:4F<ES 8B 
=@B6VDABEFV WI CBS6< CV8 K4E DB5BF< @9D9:V ; D94?PA<@< 
;484K4@<. &4> 4?7BD<F@ A46K9A<= A4 B8AV= 6<5VDJV @B:9 CB74AB 
CD4JR64F< A4 8DG7V= 6<5VDJV ; VAL<@ DB;CB8V?B@ =@B6VDABEF9= 
CBS6< B5’є>FV6. 
3 �9=EB64 @B89?P 84A<I 3 G69EP CDBEFVD @B:?<6<I B5’є>FV6 

DB;5<64єFPES A4 89S>V >9=E<. �B:A<= B5’є>F I4D4>F9D<;GєFPES 
HGA>JVєR CD<A4?9:ABEFV 8B C96AB7B >9=EG, 4 >9=E 3 64:?<6VEFR. 
�E9D98<AV B8AB7B >9=EG @B:A4 6<>BD<EFB6G64F< =@B6VDAVEAG 
@B89?P 84A<I. #D< 6<>BD<EF4AAV 84ABW @B89?V EF4RFP 5V?PL 
;DB;G@V?<@< ;474?PAV 6?4EF<6BEFV E<EF9@<, MB F9EFGєFPES. 
%CBEB5< 79A9D4JVW F9EFB6<I 84A<I: 
3 �<5VD>4 ; 54;< B5'є>FV6 3 ;5VD F4 @4D>G64AAS VEAGRK<I 

B5’є>FV6. �EV B5'є>F< @B:A4 DB;5<F< A4 7DGC<, CD<KB@G B5'є>F< 
6E9D98<AV 7DGC< 5G8GFP E<?PAB EIB:V, 4 B5'є>F< ; DV;A<I 7DGC 3 
6V8DV;ASF<ES. 36?SєFPES 8BE<FP CD4J9;4FD4FABR ;484K9R. !9 G 
6EVI 6<C48>4I @B:A4 L6<8>B ;V5D4F< CBFDV5AG 8?S A46K4RKBW 
6<5VD>< >V?P>VEFP 84A<I. 
3 �4>BAB@VDA4 @B8<HV>4JVO 54;B6B7B B5'є>F4. Є A45VD 
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54;B6<I B5'є>FV6, F9EFB64 6<5VD>4 HBD@GєFPES L?SIB@ 
59;C9D9D6ABW @B8<HV>4JVW WI C4D4@9FDV6. #D< 6<>BD<EF4AAV 
84AB7B @9FB8G G F9EFB6V= 6<5VDJV EFV=>B ;59DV74єFPES 69?<>4 
>V?P>VEFP HBAB6<I ;4>BAB@VDABEF9=. 
3 �DB7D4@A4 79A9D4JVO. �9A9D4JVS E<AF9F<KA<I A46K4?PA<I 

84A<I ;4 C96A<@ 4?7BD<F@B@. 3>MB D94?PAB @B:?<64 ?<L9 @4?4 
K4EF<A4 B5'є>FV6 ; CDBEFBDG C4D4@9FDV6 79A9D4JVW 45B A4=5V?PL 
F<CB6V B5'є>F< @4RFP E>?48AG >BAHV7GD4JVR, @9FB8 6<S6?SєFPES 
A99H9>F<6A<@, F4> S> ;79A9DGє 5474FB 59;7?G;8<I V @4?B 8V=EAB 
64:?<6<I 84A<I. 
3 !9@C?G64AAO. #B>?<>4A9 CB8B?4F< A98B?V>< CBC9D98APB7B 

@9FB8G. �8V=EARєFPES 89S><= 4CDVBDA<= DB;CB8V? 6 CDBEFBDV 
B5'є>FV6, V 4?7BD<F@ A4@474єFPES ;79A9DG64F< 6<5VD>G ; 84AB7B 
DB;CB8V?G. �4EFBEB6GRFPES @9FB8< 6<5VD>< ; 6V8I<?9AAS@, 
E9@C?G64AAS CB �V55EG, EI9@4  9FDBCB?VE-�4EF<A7E4, ?4AJR7< 
@4D>B64, @9FB8  BAF9-�4D?B, FBMB. �4AV @9FB8< 
;4EFBEB6GRFPES 8?S FB7B, MB5 8BE?V8:G64F< A9 69EP CDBEFVD 
B5'є>FV6, 4 FV?P>< =B7B A4=5V?PL BE@<E?9AV K4EF<A<. 

 
�VF9D4FGD4 
1. Jacob J. The Best Metric to Measure Accuracy of 

Classification Models // �?B7  4L<AAB9 B5GK9A<9, A9=DBAAO9 
E9F<, <E>GEEF69AAO= <AF9??9>F. 3 2019. URL: 
https://clevertap.com/blog/the-best-metric-to-measure-accuracy-of-
classification-models/ 
2. �4HF4AA<>B6 �.�., #4D4E<K �.�. #DB5?9@O 

HBD@<DB64A<S B5GK4RM9= 6O5BD>< 6 ;484K4I @4L<AAB7B 
B5GK9A<S // �9EFA<> 2'D�'. %9D<S: �B@CPRF9DAO9 
F9IAB?B7<<, GCD46?9A<9, D48<BQ?9>FDBA<>4, 73. 3 2016. URL: 
https://cyberleninka.ru/article/n/problemy-formirovaniya-
obuchayuschey-vyborki-v-zadachah-mashinnogo-obucheniya  
3. )4=><A %. !9=DBAAO9 E9F<: #B?AO= >GDE, 2-9 <;84A<9 3  .: 
«�<?PS@E» 3 2008. 3 1104 E. 
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#"$��!3�0!�� �!����  "����� )� �+!�) 
%#"�'�  ��3 ����+ #",'�' ���!&�+!"� 

%&$'�&'$� 

"EF4C9A>B "."., +4?4 �.�. 
%4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F D48VB9?9>FDBAV>< 

 
COMPARATIVE ANALYSIS OF CHEMICAL COMPOUND 

MODELS FOR AGENDAS OF IDENTICAL STRUCTURE 

SEARCHING 

 
Abstract. The analysis of the existing models of chemical compounds was 

performed, the structural formula, molecular graph, linear notations as well as 
direct coding of the adjacency matrix were used in the survey. Analyzing it is 
determined that the molecular graph is the most effective for performing the search 
operations of the identical structure. The search problem is formalized in terms of 
graph theory as finding the largest isomorphic subgraph. To estimate the 
proximity, relative distance functions that depend on the size of the graphs and 
their largest common subgraphs were used. The proposed approach to the 
estimation of the degree of proximity of chemical compounds based on the step and 
route characteristics with the determination of the degree of proximity allows 
reducing the number of comparisons in the search. 

 

#DB7AB;G64AAS 6?4EF<6BEF9= IV@VKA<I ECB?G> 54;GєFPES A4 
6<S6?9AAV ;4>BAB@VDABEF9= 6 EI9@4I ;6’S;>G 4FB@V6 6 @B?9>G?V. 
*9 CBFD95Gє B5DB5>< 69?<><I B5ES7V6 IV@VKA<I 84A<I, FB@G 
4>FG4?PABR є CDB5?9@4 HBD@4?V;4JVW CD98EF46?9AAS ECB?G> 6 
;4?9:ABEFV 6V8 WI EFDG>FGD<.  
 9FBR 8BE?V8:9AAS є CBDV6AS?PA<= 4A4?V; VEAGRK<I 

@4F9@4F<KA<I @B89?9= IV@VKA<I ECB?G> ; FBK>< ;BDG 
@B:?<6BEF9= WI >B@C’RF9DABW B5DB5>< F4 6<;A4K9AAS 
9H9>F<6A<I @9I4AV;@V6 CBLG>G V89AF<KA<I EFDG>FGDA<I 
HD47@9AFV6 6 IV@VKA<I ECB?G>4I.  
$B;7?SA9@B VEAGRK< ;4EB5< CD98EF46?9AAS EFDG>FGD< 

IV@VKA<I ECB?G>. �6B@VDA4 EFDG>FGDA4 HBD@G?4 3 8BEF4FAPB 
A47?S8A<= F4 8BE<FP CBL<D9A<= ;4EV5 CD98EF46?9AAS IV@VKA<I 
ECB?G>, 4?9 A9CD<84FA<= 8?S ;59DV74AAS F4 B5DB5>< 6 IV@VKA<I 
54;4I 84A<I. +9D9; J9 CD< >B@C’RF9DAV= B5DB5JV IV@VKABW 
VAHBD@4JVW CD<=ASFB DB;DV;ASF< 6AGFDVLAє F4 ;B6AVLAє 
CD98EF46?9AAS IV@VKA<I ECB?G>.  
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�?S 6AGFDVLAPB7B CD98EF46?9AAS 6<>BD<EFB6GRFPES 
@B?9>G?SDAV 7D4H<, S>V @B:GFP 5GF< CD< A9B5IV8ABEFV 8BCB6A9AV 
VAHBD@4JVєR CDB FD<6<@VDAV >BBD8<A4F< 4FB@V6, 4 F4>B: CDB 
8<A4@V>G WI ;@VA< 6 K4EV [1]. �D4H< ECDBMGRFP S>VEA9 DB;G@VAAS 
6;4є@B;6’S;>V6 F4 6?4EF<6BEF9= @B?9>G?, 4?9 CD98EF46?9AAS 
7D4HV6 G 6<7?S8V @4FD<JV EG@V:ABEFV CBFD95Gє ;A4KA<I ;4FD4F 
C4@’SFV. �ALBR CDB5?9@BR є 6EF4AB6?9AAS V;B@BDHV;@G 86BI 
@B?9>G?SDA<I 7D4HV6, FB5FB 6V8EGFAVEFP @B:?<6BEF9= 8?S 
B8AB;A4KABW V89AF<HV>4JVW EFDG>FGD< 7D4HG, MB @VEF<FP CBA48 
15-20 69DL<A. 
�?S ;B6AVLAPB7B CD98EF46?9AAS IV@VKA<I ECB?G> CD< 

;59DV74AAV 6 VAHBD@4JV=A<I E<EF9@4I 6<>BD<EFB6GRFPES 45B 
?VAV=AV ABF4JVW G 6<7?S8V EFDB>< E<@6B?V6, 45B 59;CBE9D98Aє 
>B8G64AAS @4FD<JV EG@V:ABEFV @B?9>G?SDAB7B 7D4H4 (ABF4JVW 
MOL, SDF, RDF). �4 8BCB@B7BR ?VAV=A<I ABF4JV= (A4=5V?PL 
DB;CB6ER8:9AV ; A<I 3 SMILES, SMARTS, InChi) IV@VKAV 
ECB?G>< CD98EF46?SRFPES S> 5G>69AB-J<HDB64 CBE?V8B6AVEFP [2]. 
�VAV=AV ABF4JVW >B@C4>FAV, MB DB5<FP WI 8BE<FP 9H9>F<6A<@< 8?S 
;59DV74AAS VAHBD@4JVW, 4?9 @9AL A47?S8AV, AV: @B?9>G?SDAV 
7D4H<. �B A98B?V>V6 ?VAV=A<I ABF4JV= E?V8 6V8A9EF< E>?48AVEFP 
HBD@G64AAS E?B64DV6 8?S B5DB5>< HD47@9AFA<I ;4C<EV6, 4 F4>B: 
CDB5?9@< C9D9F6BD9AAS ?VAV=ABW ABF4JVW 6 EFDG>FGDAG HBD@G?G. 
�9;CBE9D98Aє >B8G64AAS @4FD<JV EG@V:ABEFV @B?9>G?SDA<I 

7D4HV6 8B;6B?Sє CD98EF46<F< WW G 6<7?S8V F9>EFB6B7B H4=?G. 
$B;DB5?9A4 69?<>4 >V?P>VEFP 6V8CB6V8A<I HBD@4FV6, 4?9 L<DB>B 
6<>BD<EFB6GRFPES ?<L9 89>V?P>4 EF4A84DFV6, >B:9A ; S><I @4є 
EC9JV4?V;B64A9 ;4EFBEG64AAS (A4CD<>?48, MOL- F4 SDF-H4=?< 
8?S «@4?<I» @B?9>G?, PDB-H4=?< 3 8?S 5V?>V6), 4?9 8?S A<I F9: 
6V8EGFAV 9H9>F<6AV C9D9F6BD9AAS 8B EFDG>FGDABW HBD@G?<. 
�<;A4K9AAS EFDG>FGDA<I HD47@9AFV6 3 F<CB6<I HD47@9AFV6 

EFDG>FGD<, MB 6<;A4K4RFP IV@VKAV F4 FBCB?B7VKAV 6?4EF<6BEFV, 
CD<F4@4AAV 84AB@G >?4EG, 8B;6B?Sє ;459;C9K<F< 7AGK>VEFP 
CD98EF46?9AAS VAHBD@4JVW CDB IV@VKAV ECB?G><. �B:AB@G 
HD47@9AFG EFDG>FGD< ;VEF46?SєFPES CV87D4H @B?9>G?SDAB7B 
7D4HG, 4 @B89?P 6<5<D4AAS IV@VKA<I ECB?G> CD98EF46?SєFPES S> 
;64:9A<= 7D4H, 69DL<A< S>B7B 6V8CB6V84RFP ECB?G>4@, 4 
8B6:<A4 (6474) D959D 6<;A4K4єFPES 6V8EF4AAR @V: WI 
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@B?9>G?SDA<@< 7D4H4@<. &4>9 CD98EF46?9AAS 8B;6B?Sє BJVA<F< 
@VDG CB8B5< @B?9>G?SDA<I 7D4HV6 ECB?G>, 4?9 A9>BD9>FA9 
6<;A4K9AAS HGA>JVW 6V8EF4AV @B:9 CD<69EF< 8B A9B8AB;A4KA<I 
D9;G?PF4FV6 [3]. 

 
&45?<JS 1 

)4D4>F9D<EF<>< @4F9@4F<KA<I @B89?9= IV@VKA<I ECB?G>  

)4D4>F9- 
D<EF<>4 
@B89?V 

�AGFDVLAє 
CD98EF46?9AAS 

�B6AVLAє CD98EF46?9AAS 

%FDG>-
FGDA4 
HBD@G?4 

 B?9>G-
?SDA<= 
7D4H 

�VAV=AV 
ABF4JVW 

�9;CBE9D98Aє 
>B8G64AAS 
@4FD<JV 
EG@V:ABEFV 

!4BKAVEFP 6<EB>4 6<EB>4 A<;P>4 8G:9 A<;P>4 
'AVHV>B64AVEFP 8G:9 

A<;P>4 
E9D98AS 6<EB>4 E9D98AS 

�B@C4>FAVEFP 8G:9 
A<;P>4 

A<;P>4 6<EB>4 E9D98AS 

#D<84FAVEFP 8B 
>B@C’RF9DABW 
B5DB5>< 

8G:9 
A<;P>4 

E9D98AS E9D98AS 6<EB>4 

+GF?<6VEFP 8B 
BC9D4JV= CBLG>G: 
3 V89AF<KABW 
EFDG>FGD<; 
3 ;4 @B?9>G?SDABR 
CB8B5BR; 
3 CV8EFDG>FGDAB7B 
F4 A48EFDG>FGDAB7B; 
3 ;4 H4D@4>BHBDB@. 

A<;P>4 
 

A<;P>4 
 

A<;P>4 
 

8G:9 
A<;P>4 
A<;P>4 

E9D98AS 
 

6<EB>4 
 

6<EB>4 
 

E9D98AS 
 

E9D98AS 

E9D98AS 
 

E9D98AS 
 

E9D98AS 
 

E9D98AS 
 

E9D98AS 

A<;P>4 
 

A<;P>4 
 

A<;P>4 
 

E9D98AS 
 

A<;P>4 
�H9>F<6AVEFP 
C9D9F6BD9AAS ;/6 
EFDG>FGDAG 
HBD@G?G 

3 6<EB>4/ 
E9D98AS 

E9D98AS/ 
A<;P>4 

6<EB>4/ 
A<;P>4 

 
3> 6<8AB ; F45?<JV, A9;64:4RK< A4 A<;P>G >B@C4>FAVEFP, 

@B?9>G?SDA<= 7D4H є A4=5V?PL 9H9>F<6A<@ 8?S CDB6989AAS 
DV;AB@4AVFA<I BC9D4JV= CBLG>G. � F9D@VA4I F9BDVW 7D4HV6 ;484K4 
CBLG>G CB8V5ABW IV@VKABW ECB?G>< ;6B8<FPES 8B 6<;A4K9AAS 
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A4=5V?PLB7B V;B@BDHAB7B CV87D4HG (45B 89>V?P>BI A4=5V?PL<I 
V;B@BDHA<I CV87D4HV6) F4 BJVAR64AAS A4 WI BEAB6V @VD< 
5?<;P>BEFV 86BI ECB?G> ; 8B8464AAS@ G@B6< 9>6V64?9AFABEFV 
@VFB>. �?S >V?P>VEABW 69?<K<A< ;484RFPES VAF9D64?< WW ;A4K9AP, 
6E9D98<AV S><I GEV ;A4K9AAS 664:4RFPES DV6A<@<, 4 8?S S>VEABW 3 
EC<E>< 9>6V64?9AFA<I V@9A.  

�?S 8<H9D9AJV4JVW 69DL<A 7D4HV6 ;4EFBEGє@B @9FB8 
8<H9D9AJV4JVW A4 BEAB6V GCBDS8>B64A<I EFGC9A96BW F4 
@4DLDGFABW I4D4>F9D<EF<> (EFGC9A96<= F4 @4DLDGFA<= 
VA64DV4AF< 7D4HG). �?S 6<;A4K9AAS @VD< EFDG>FGDABW CB8B5< 
@B?9>G?SDA<I 7D4HV6 6<>BD<EFB6GRFPES HGA>JVW 6V8ABEA<I 
(ABD@B64A<I) 6V8EF4A9=, MB ;4?9:4FP 6V8 DB;@VDV6 86BI 7D4HV6 F4 
WI A4=5V?PL<I ECV?PA<I CV87D4HV6. 

&4><@ K<AB@, @B?9>G?SDA<= 7D4H ;468S>< 69?<>V= 
>B@5VA4FBDAV= CBFG:ABEFV F9BDVW 7D4HV6 є 9H9>F<6ABR @B89??R 
CD98EF46?9AAS IV@VKABW ECB?G><, MB 8B;6B?Sє HBD@4?V;G64F< WW 
EFDG>FGDG 8?S 6<DVL9AAS L<DB>B7B >B?4 IV@VKA<I ;484K F4 
BD74AV;4JVW DV;A<I 6<8V6 CBLG>G. �4EFBEG64AAS @9FB8V6 
8<H9D9AJV4JVW 69DL<A 7D4HG A4 BEAB6V EFGC9A96BW F4 @4DLDGFABW 
I4D4>F9D<EF<>, ;4 CBC9D98AV@< BJVA>4@<, ;A<;<FP K<E?B 
BC9D4JV= CBDV6ASAAS G 1,25 D4;<. 
 
�VF9D4FGD4 
1. �4E<?P96 #. . 3;O>< HD47@9AF4DAB7B >B8<DB64A<S 

EFDG>FGDO EB98<A9A<= 8?S >B@CPRF9DAB7B CDB7AB;4 
5<B?B7<K9E>B= 4>F<6ABEF< [&9>EF] / #.  . �4E<?P96, �. �. 
%C4EB6 // $BEE<=E><= I<@<K9E><= :GDA4?. 4 2006. 4 &B@ 8, 7 
2. 4 %. 1083127. 

2. �689964 &. �. "CF<@<;4J<S B5D45BF>< <AHBD@4J<< 6 
I<@<K9E><I 54;4I 84AAOI [&9>EF] / &. �. �689964, �. #. %9D7996 
//  4F9D<4?O >BAH9D9AJ<< "High Performance Computing" HPC-
UA 2013, �<96, 7-11 B>FS5DS 2013 7. 4 2013. 4 %. 23327. 

3. #B7D95AB= �. �.  9FB8 8<HH9D9AJ<4J<< 69DL<A 7D4H4 < 
D9L9A<9 CDB5?9@O <;B@BDH<;@4 [&9>EF] / �. �. #B7D95AB=, 
�. �. #B7D95AB= // �;69EF<S &B@E>B7B CB?<F9IA<K9E>B7B 
GA<69DE<F9F4. 4 2015. 4 &B@ 326, 7 6. 4 %. 37345. 
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��$'��!!3 %�%&� "2  �%"�"�" 
"�%�'�"�'��!!3 

� � �!!� � #"&"�� � �� "� 

#4E9AK9A>B 2. �. 
�V=EP>B6<= VAEF<FGF  F9?9>B@GAV>4JV= F4 

VAHBD@4F<;4JVW  V@9AV �9DBW6 �DGF 
 

MANAGEMENT OF THE MASS SERVICE SYSTEM WITH 

VARIABLE FLOWS REQUIREMENTS 

 
Abstract. The statement considered the task queueing system management 

with variable ìntensivnostâmi input stream requirements and maintenance. The 
following tasks are used in economy, IT-technology, and military affairs. When the 
queueing system seen on final the time and intensity of the input stream variable in 
time, then the limited resources of queueing system variable in time parameter 
control becomes the intensity of service lines.   

  
�<6K4єFPES ;484K4 >9DG64AAS E<EF9@BR @4EB6B7B 

B5E?G7B6G64AAS (% ") ; ;@VAA<@< VAF9AE<6ABEFS@< 
B5E?G7B6G64AAS 6IV8AB7B CBFB>G 6<@B7. &4>V ;484KV ;A4IB8SFP 
;4EFBEG64AAS 6 9>BAB@VJV [1], �&-EH9DV, 6V=EP>B6V= ECD46V. 
�B>D9@4 CD< @B89?R64AAV ;4I<EA<I, 45B 4>F<6A<I 8V= ;@VAAV 
VAF9AE<6ABEFV 8B;6B?SRFP DB;7?SAGF< DV;AV ;4I<EAV, 45B 4>F<6AV 
EFD4F97VW [4]. 

�6<K4=AB [1, 2] % " 6<6K4RFP CD< EF4?<I VAF9AE<6ABEFSI 
CBFB>V6 6<@B7. #D< JPB@G 8?S 8BE?V8:9AAS ;4EFBEB6GRFP 
@4D>V6EP><= CV8IV8 [1, 2] V 4A4?V;GRFP 7D4A<KA<= ( t  ) 
D9:<@, 8?S S>B7B ;A4IB8SFP 9>EC?G4F4JV=AV I4D4>F9D<EF<>< 
% ".   

#D< C?4AG64AAV ;4I<EA<I, 45B 4>F<6A<I 8V= % " 
DB;7?S84єFPES A4 E>VAK9AB@G CDB@V:>G K4EG, ;@VAA<@< 6 K4EV 
C4D4@9FD4@< @B:GFP 5GF< VAF9AE<6ABEFV 6IV8AB7B CBFB>G, 45B 
CBFB>G B5E?G:9A<I 6<@B7. &4>B: A4S6A<@< є 6<@B7< A4 
6<>BD<EF4AV D9EGDE<, S>VEFP B5E?G7B6G64AAS, VALV C4D4@9FD<. 

�4?V DB;7?SA9@B % " ; 6V8@B64@< V n ?VAVS@< 
B5E?G7B6G64AAS. !9I4=   )(tü   3 VAF9AE<6AVEFP 6IV8AB7B CBFB>G 
6<@B7, µ(t) 3 VAF9AE<6AVEFP B5E?G7B6G64AAS B8AVєW 6<@B7< B8AVєR 
?VAVєR. !9I4=  �0, �1, �2, &, �n  EF4A< @4D>V6EP>B7B ?4AJR74, 
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MB @B89?Rє DB5BFG % " [1], ))(..,),(),(()( 10 tptptptp ný   -- 

69>FBD =@B6VDABEF9= EF4AV6 6 @B@9AF  t (0f.tfT). &B8V E<EF9@4 
8<H9D9AJV4?PA<I DV6ASAP +9C@9A4 3 �B?@B7BDB64 [1] @4є 
6<7?S8: 
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 ,(1) 

89 ))0(..,),0(),0(()0( 10 npppp ý  3 ;484A<= 69>FBD =@B6VDABEF9= 
EF4AV6 6V8 0-7B 8B n-7B 6 @B@9AF K4EG t=0. �DV@ FB7B B5@9:9A4 
@4?<@  õ >0 =@B6VDAVEFP 6V8@B6< 6 B5E?G7B6G64AAV  )(tpn  , 4 
F4>B: VAF9AE<6ABEFV )(tü   V µ(t):  

õó)(tpn   ,  0fµ(t) f �0  ,  0)( ótü   . (2) 

 9F4 BC9D4JVW CB?S74є 6 @VAV@V;4JVW EG>GCA<I 6<FD4F ;4 K4E 
&, 89  c(t) 6D4IB6Gє 64DFVEFP 6<>BD<EF4AAS D9EGDEG A4 
B5E?G7B6G64AAS B8AVєW 6<@B7< 6 B8<A<JR K4EG 6 @B@9AF t. &B8V 
;4 K4E [0,&] 5G89 6<>BD<EF4A4 F4>4 >V?P>VEFP D9EGDEG, MB 
@VAV@V;GєFPES:  

min))(),(,(()(
10

õ
ý

n

k
k

T

dttttkptc ýü (3) 

!4 µ(t) @B:?<6V 8B84F>B6V B5@9:9AAS. 3484K4 (1) 3 (3)  є 
;484K9R >9DG64AAS [3]. 'CD46?VAAS@ є HGA>JVS VAF9AE<6ABEFV 
B5E?G7B6G64AAS µ(t) , HGA>JVS )(tü  є ;484ABR [4]. 

$B;6'S;4AAS ;484KV >9DG64AAS (1) 3 (3) ;8V=EARєFPES K<E9?PAB 
[4]. �?S JPB7B C9D9IB8<@B 8B 8<E>D9FAB7B K4EG t  A4 EVFJV 

)..,,,0( 10 Tttt s ýý  . �AF97D4? (3) ;4@VARє@B ;4 HBD@G?4@<  
K<E9?PAB7B VAF97DG64AAS (@9FB8< CDS@B>GFA<>V6, FD4C9JV=, 
%V@CEBA4 FBMB). %<EF9@G 8<H9D9AJV4?PA<I DV6ASAP (1) 
;4@VARє@B DV;A<J96BR E<EF9@BR, A4CD<>?48, ;4 @9FB8B@ 
�=?9D4. "5@9:9AAS (1), (2) C9D9IB8SFP G E<EF9@G A9DV6ABEF9=-
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B5@9:9AP. �A4K9AAS VAF9AE<6ABEFV )(tü   ;484є@B A4 EVFJV  t 
)..,,,0( 10 Tttt s ýý  6 8<E>D9FAV @B@9AF< K4EG.  !96V8B@<@< є 

;A4K9AAS 69>FBD-HGA>JV=  ))(..,),(),(( 10 tptptp n   F4 >9DG64AAS µ(t) 

A4 EVFJV )..,,,0( 10 Tttt s ýý . �484K4 (1) 3 (3) C9D9IB8<FP 6 ;484KG 
A9?VAV=AB7B @4F9@4F<KAB7B CDB7D4@G64AAS, S>G @B:?<6B  
DB;6'S;G64F< ;4EB54@< MS Excel [5]. #D< JPB@G @B:?<6V DV;AV 
EJ9A4DVW 6V8ABEAB ;B6AVLAPB7B 6C?<6G 3 HGA>JVW )(tü : )(tü  

;DBEF4є/EC484є,  )(tü ?VAV=A4/9>ECBA9AJV=A4,  )(tü    C9DVB8<KA4, 
FBMB. � >B:AB@G 6<C48>G ;A4IB8<FPES >9DG64AAS 3 6V8CB6V8A4 
VAF9AE<6AVEFP B5E?G7B6G64AAS µ(t). 
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7- � ��$,�!!� #���$�(� 8- � ��$,�!!�) 

�$�(��-"�%&$'�*�� ��3 #"��$)!� ����!� 

 

�9FD9AN> �.І., �9FD9AN> �.�. 
&9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= 

GAV69DE<F9F 
ІAEF<FGF >V59DA9F<>< V@.�.�.�?GL>B64 ��� #>D4WA<  

 
�EF4AB6?9AV GEV A9V;B@BDHAV 7-@< 69DL<AAV CV87D4H< 8-@< 69DL<AA<I 

7D4HV6-B5EFDG>JV= CB69DIAV �?9=A4 F4 CBDV6AOAV ; 4A4?B7VKA<@< CV87D4H4@< 
8-@< 69DL<AA<I 7D4HV6-B5EFDG>JV= 8?O FBD4. 

 
�EFGC. !9I4= G  A9BDVєAFB64A<= E>VAK9A<= 7D4H 59; C9F9?P 

V >D4FA<I D959D 9=?9D96B7B DB8G ø ùG÷ , 4 CB69DIAS S  - 

;4@>AGF<= 2-@AB7B6<8 DB8G ø ùS÷ , 89 ø ù ø ù 1û÷ý÷ SG . 3>MB 
CB69DIAS BDVєAFB64A4, FB CB;A4K4F<@9@B WW K9D9; ó , 4 S>MB J9 
A9BDVєAFB64A4 CB69DIAS, FB CB;A4K4F<@9@B WW kN  DB8G k , 2ýk . 

"EAB6Ai CBASFFS F4 CB;A4K9A AS G;SFi i; [1]-[3], 6EV 7D4H< 
A9BDVєAFB64AV 59; >D4FA<I  D959D F4 C9F9?P. B [3] BC<E4A4 
EFDG>FGD4 7D4HV6-B5EFDG>JVW 8?S A9BDVєAFB64 ABW CB69DIAV kN , 4 
6 [4], [5] BFD<@4Ao 6EV A9V;B@BDHAV 7D4H<-B5EFDG>JVW 8?S 2N -

CB69DIAV �?9=A4 A4 A9 5V?PL AV: 9-F< 69DL< A4I, ;B>D9@4, G [6] 
A46989AB 8V47D4@< J<I 7D4HV6 F4 36-F< 7D4HV6-B5EFDG>JV= A4 9-
F<, B>DV@ JPB7B A46989AB 27 AB6<I 7D4HV6-B5EFDG>JV= GF6BD9A<I 
L?SIB@ DB;M9C?9AAS 69DL<A 8-@< 69DL<AA<I 7D4HV6-
B5EFDG>JV= 8?S A9BDVєAFB64ABW CB69DIAV 2N . 

!9I4=  2-@AB7B6<8 S 59; >D4W6 A9BDVєAFB64AB7B DB8G )(S÷  

CB84AB S> CB69DIAR 'S  BDVєAFB64AB7B DB8G ) '(S÷ , 89 0) '( óS÷ , 

rSS ûý ) '(2)( ÷÷ ,  8B S>BW CD<>?9єAB r  ?9AF   95VGE4, 
0þr ; A4CD<>?48,  CB69DIAS S є C?SL>BR �?9=A4 >B?< 

0) '( ýS÷  V 2ýr , K<  CB69DIAS S DB8G 3) ( ýS÷  @4F<@9  'S - FBD 
V; B8AVєR CD<>?9єABR ?9AFBR   95VGE4. �?S ;484AB7B 6>?489AAS 
f , SGf : , 7D4H4 G  6 S  F4 ;484ABW  @AB:<A< FBKB>  ,

10 GG øü  6<;A4K<@B ø ùfStG ,, , ø ùfStt G ,,ý , K<E?B 
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8BES:ABEFV  @AB:<A<  6V8ABEAB S , S>MB VEAGє CV8@AB:<A4 
ø ùGS , ø ù )(\ GfSSG ý , ø ù  t

iG sS
1

ý ,  MB ;48B6B?PASє G@B6V: 

ø ù ÷öý
ý

)(
1

t

i
i Xsf ø ù )(

,1
Xsf

t

jii
i ÷öû

ùý
 , tj ,..,2,1ý .  

За8аKа. �?S 8B6V?PABW 69DL<A< v  7D4H4 G , S><= є 7D4H-
B5EFDG>JVєR 8?S CB69DIAV A9BDVєAFB64AB7B DB8G 2. ; K<E?B@ 
69DL<A @9AL9 10,  8BE?V8<F< EFDG>FGDG 7D4HG G  L?SIB@ 
DB;>?48G (DB;5<FFS @AB:<A< =B7B D959D A4 EG@G 86BI 
CV8@AB:<A, MB A9 C9D9F<A4RFPES) A4 CV87D4H H , vGH \ý , F4 
CDBEFG ;VD>G )(vStG  7D4H4 G  V; ECV?PA<@< 69DL<A4@<, MB 
GF6BDR64F<@GFP CV8@AB:<AG M  @AB:<A< FBKB> 7D4H4 G , 

CB84AG S> D9;G?PF4F BFBFB8:9AAS C4D FBKB> ),( 21 jj aa  6 FBK>G ja

,  89 ||
1}{ M

jiji aM ýý , 2,1ýi , ||,..,2,1 Mj ý , F4 S>G A4;<64F<@9@B 
@AB:<ABR FBKB> CD<є8A4AAS CV87D4H4 H , 0

1 HM ý , 8B ;VD>< 
)(vSt , vvStM G \)( 0

2 ý . 

�<;A4K9AAO 1. �D4H G  A4;<64єFPES F4><@, MB 
A9CD<6B8<FPES A48 S , 45B ø ùG÷ -A9CD<6989A<@ (irreducible) 8?S 
S , S>MB 8?S 5G8P-S>B7B 6?4EAB7B CV87D4H4 H  7D4H4 G  @4є 
@VEJ9 A9DV6AVEFP: ø ù ø ù ø ùGSH ÷ü÷ó÷ .  AB:<AG 6EVI ø ùG÷ 3 
A9CD<6989A<I A48 S   7D4HV6 CB;A4K<@B K9D9; ·(S). 

�<;A4K9AAO 2. �D4H G @VAV@4?PA<= (@VABD) A48 S , S>MB 8?S 
5G8P-S>B7B 7D4H4 'G , BFD<@4AB7B ; 7D4H4 G 6<84?9AAS@ 45B 
EF<E>4AAS@ 8B6V?PAB7B D95D4, @4є @VEJ9 A9DV6AVEFP ø ù ø ù ø ùGSG ÷ü÷óò÷
.  AB:<AG 6EVI 7D4HV6 @VAV@4?PA<I A48 S  CB;A4K<@B K9D9; �S. 
 AB:<A4 6EVI 7D4HV6, MB A9CD<6B8SFPES A48 S  @VEF<FP �S  
I4D4>F9D<;Gє @AB:<AG 6EVI 7D4HV6 DV8 S><I A9 @9APL9 ø ù 1ûS÷  . 

3>MB 0óýS  96>?V8B64 C?BM<A4, FB �S =  3,35 , KK . #B6A<= 
EC<EB>  63-I 2-A9CD<6989A<I 7D4HV6 V; 8-@4 F4 9-@4 69DL<A4@<; 
51 V; A<I (48 @VABDV6) @B:?<6B CB54K<F< 6 [6].  

+<E?B 8BES:ABEFV CV8@AB:<A<   @AB:<A< FBKB> 7D4H4 G  
DB8G ÷ , )(G÷ý÷ , є A4=@9ALBR >V?P>VEFR >?VFB> ; CV8@AB:<A< & 
@AB:<A< )(\ GfS , 89 S  CB69DIAS DB8G ÷ , 4 f , SGf : , 
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8B6V?PA9 @VAV@4?PA9 6>?489AAS CD< S>B@G 9?9@9AF< )(Mf  

DB;F4LB6GRFP ES A4 7D4A<JSI >?VFB> V;  CV8@AB:<A< &, CBFDV5A9 
8?S BJVA>< DB8G φ-B5D4;G 89S>B7B 7D4H4 F4 CDBEFBW ;VD><; G 
6<C48>G ;4@VA< ;VD>< A4 >64;V;VD>G 8BCB6A<@B A4EFGCA<@< 
6<;A4K9A AS@<, S>V 6D4IB6GRFP A4S6AVEFP A4 7D4A<JV A986B>?VF>< 
>V?P>BI >BCV= 69DL<A 7D4H4.  

�<;A4K9AAO 3. #B;A4K<@B K9D9;  )(MkrtG , )(Mkrtkr Gý ,  kr

- >D4FAVEFP 8BEFGCG  8B 9?9@9AFV6 CV8@AB:<A<   @AB:<A< FBKB> 
7D4H4 G , S> A4=5V?PLG >V?P>VEFP 64DV4AFV6 6<5BDG DV;A<I 
CV8@AB:<A< ),( ÷SMSG  @AB:<A< >?VFB> )(\ GfS÷  A4 7D4A<JSI 
S><I DB;@VMGRFPES 6EV FBK>< ; CV8@AB:<A<  , G;SF4 CB 6EVI 
@VAV@4?PA<I 6>?489AASI f , ÷ SGf : , 7D4H4 G 6 CB69DIAR S³. 
�AL<@< E?B64@<, J9 A4=5V?PL4 >V?P>VEFP ;VDB> S>V CD<є8A4AV 
>VAJ96<@< 69DL<A4@< 8B >B:AB7B 9?9@9AF4 CV8@AB:<A<   F4 
6>?489AV 8B DV;A<I kr  >?VFB> V; @AB:<A< )(\ GfS÷ . 

�<;A4K9AAO 4. #B;A4K<@B K9D9; ),,( fsMmsG
, 

),,( fsMmsk Gý , k - EFBDBAAVEFP 8BEFGCG V; 8B6V?PABW 
6AGFDVLAPBW FBK>< ;4@>AGFBW >?VF>< s  8B >B:ABW FBK>< ;484ABW 
CV8@AB:<A<   @AB:<A< FBKB> 7D4H4 G , 89 2þM , MB 
CB?S74F<@9 G A4S6ABEFV F4>BW >?VF>< s , ),,()( sSMSs Gf ÷þ , 89 f

- ;484A9 @VAV@4?PA9 6>?489AAS ÷ SGf :  7D4H4 G 6 CB69DIAR S³ 
, S>4 A4 E6BW= 7D4A<JV sö  @VEF<FP k  >BCV= CV8@AB:<A<  , 4 
A4=5V?PLG >V?P>VEFP >BCV= CV8@AB:<A<   A4 sö  E9D98 6EVI >?VFB> 
s  ;484AB7B @VAV@4?PAB7B 6>?489AAS f , ÷ SGf : , 7D4H4 G 6 
CB69DIAR S³, CB;A4K<@B K9D9; ),( fMmsG . �AL<@< E?B64@<, J9 
A4=5V?PL4 >V?P>VEFP ;VDB> 7D4H4 G CD<є8A4A<I >VAJ96<@< 
69DL<A4@< 8B >B:AB7B V; CD<A4=@AV FDPBI 9?9@9AFV6 @AB:<A< 
  F4 6>?489A<I 59; C9D9F<AG D959D G 6AGFDVLAVI FBK>4I 8B 
B8AVєW >?VF>< s , )(\ GfSs ÷þ , V; J<>?B@4F<KA<@ K<E?B@ )(1 sp ö

, 89 ksp óö )(1 , F4 ;484A<@ @VAV@4?PA<@ 6>?489AAS@ f , ÷ SGf :

, 7D4H4 G 6 S³. 
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�<;A4K9AAO 5. �G89@B A4;<64F< 
)),(),...,(),,(( 21 NGGG fMmsfMmsfMms  69>FBDB@ l  -cFBDBAAPB7B 

8BEFGCG 8B @AB:<A< M  FBKB> 7D4H4 G  V; 8B6V?PABW 
6AGFDVLAPBW FBK>< ;4@>AGFBW >?VF>< s , )(\ GfSs k÷þ , )(sll ý , 8B 

>B:ABW FBK>< ;484ABW CV8@AB:<A<  , 89 0þl , 2þM , N

kkf 1}{ ý -

@AB:<A4 6EVI A9V;B@BDHA<I @VAV@4?PA<I 6>?489AP kf , 

÷ SGfk :  7D4H4 G  6 ÷S . !4=5V?PL9 )(, slll ý  E9D98 K<E9? 
),( kG fMms  G;SF9 CB 6EV@ s  F4 6EV@ kf ,  A4;<64F<@9@B 

I4D4>F9D<EF<>BR l - EFBDBAAPB7B 8BEFGCG 8B @AB:<A< M  FBKB> 
7D4H4 G .  

 "69D8:9AAO 1.  �?S 8B6V?PAB7B @VAV@4?PAB7B 6>?489AAS 
f CDBEFB7B 7D4H4 G  8B A9BDVєAFB64ABW CB69DIAV N  @4RFP @VEJ9 
A4EFGCAV ECV66V8ABL9AAS:  

1. !9@4є  D959D ),('),,(,', abebaeee ýý A4 7D4A<JV 8B6V?PABW 
>?VF>< s , ),( fNSs Gþ ; 

2. !9@4є CB6FBD9AAS 86BI C4D 69DL<A K< 86BI C4D K4EF<A 
D959D ),(, baee ý , ),(',' dcee ý , S>V CBC4DAB DB;8V?SRFP B8A4 
B8AG F4 ?9:4FP A4 7D4A<JV 8B6V?PABW >?VF>< s , ),( fNSs Gþ ; 

3. !9@4є 86BI 2->?VFB> 21, ss , 89 ),(, 21 fNSss Gþ , A4 
7D4A<JSI S><I DB;F4LB64AV CB6FBD9AAS FDPBI 6<8V?9A<I D959D V; 
DV;A<@ CBDS8>B@ E?V8G64AAS. 

�B6989AAS. �B6989@B ECV66V8ABL9AAS 1. #D<CGEF<@B, 
@9FB8B@ 6V8 CDBF<?9:AB7B, MB 8?S 89S>B7B @VAV@4?PAB7B 
6>?489AAS f  7D4H4 G  8B A9BDVєAFB64ABW CB69DIAV N  7D4A<JV 
>?VF>< s , ),( fNSs Gþ  є 864 D95D4  ),('),,(,', abebaeee ýý , S> 
CDBF<?9:AB A4CD46?9AV >BCVW D95D4 )),(),(()( bae ööö ý
DB;F4LB64AV A4 7D4A<JV sö , F. FB, A4 CB69DIAV N B8A4 ?9AF4 
 95VGE4 @VEF<FP B8A9 D95DB )(eö , 89 BC9D4JVS ö - BFBFB8:9AAS 
FBKB> A4 7D4A<JSI >?VFB> є B59DA9 ABR 8B BC9D4JVW DB;5<FFS A4 
>?VF>< CB69DIAV N . "E>V?P>< >B:A9 ; J<I D959D A4?9:<FP 
C9D9F<AG B8AVєW ; 86BI C4D >?VFB> ),( 1ss , ),( 2ss  FB, 6<84?<6L< 
D95DB e , @<, F<@ E4@<@, 6<84?Sє@B = D95DB 'e , GF6BDRRK< 
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CDBEF<= J<>? Z , S><= @VEF<FP 6EV FV D95D4 CDBEFB7B 7D4H4 eG \
, MB A4?9:4?< 7D4A<JS@ >?VFB> 21,, sss , F4 EF4A9 7D4A<J9R AB6BW 
>?VF>< 0s , ),(\0 fNSs eGþ . #B5G8Gє@B 6>?489AAS 'f , NGf :' , 89 

eGeG ff \\ ||' ý , 0)(' sef ü , CD<KB@G 69DL<A4@< AB6B7B D95D4 
EF4A9 >VAJ964 69DL<A4 D95D4 ),( ba F4 CBK4F>B64 69DL<A4 D95D4 

),( ab . "FD<@4є@B DB;5<FFS >?VF>< 0s A4 86V >?VF><, CD<KB@G 
B8A4 ; S><I 5G89 GF6BD9A4 L?SIB@ BFBFB8:9AAS 86BI C4D 
8V4@9FD4?PAB CDBF<?9:A<I 69DL<A , F.FB ?9AFBR  95VGE4 59; 
D95D4, S>G ;4@VA<@B 2->?VF>BR ;@9AL<6L< DV8 )(N÷ A4 1. &<@ 
E4@<@ BFD<@4є@B EGC9D9KAVEFP G@B6V CDB DV8 7D4H4 G , 
CD<CGM9AAS A96VDA9. �B6989AAS  ECV66V8ABL9AAS 1 ;4>VAK9A9. 

 

 
$<E. 1. &D< >4DF< V?REFDGRFP ECV66V8ABL9AAS 1 F69D8:9AAS 1. 

 

�B6989@B ECV66V8ABL9AAS 2. #D<CGEF<@B, @9FB8B@ 6V8 
CDBF<?9:AB7B, MB 89S><@ @VAV@4?PA<@ 6>?489AAS f  7D4H4 G  

8B A9BDVєAFB64ABW CB69DIAV N  V; , CD<A4=@AV, 86B@4 2-DGK>4@< 
F4 B8AVєR ?9AFBR  95VGE4, DB;F4LB64AV A4 7D4A<JV  89S>BW >?VF>< 
s , ),( fNSs Gþ , CB6FBD9AAS 45B 86BI C4D 69DL<A, 45B 86BI C4D 
K4EF<A  D959D ',ee , 89 ),('),,( dcebae ýý , S>V  DB;@VM9AV A4 
7D4A<JV sö S> >BCVW D959D )(eö , )'(eö , 89 )),(),(()( bae ööö ý  

)),(),(()'( dce ööö ý  F. FB, A4 CB69DIAV N 86V DGK>< @VEFSFP CB B8AB@G 
D95DG )(eö K< )'(eö , 89 BC9D4JVS ö - BFBFB8:9AAS 69DL<A F4 
D959D A4 7D4A<JSI >?VFB> є B59DA9ABR 8B BC9D4JVW DB;5<FFS A4 
>?VF>< CB69DIAV N  @VAV@4?PA<@ 6>?489AAS@ f  7D4H4 G . 

$B;7?SA9@B CDBEF<= L?SI L , MB ?9:<FP 6 E9D98<AV >?VF>< s V 
;’є8AGє E9D98AV FBK>< >BCV= D95D4 e K< =B7B K4EF<A<, F4 S><= 
EF4A9 A97B@BFBCA<@ AG?R CDBEF<@ J<>?B@ )(Lö  A4 CB69DIAV N
CVE?S BC9D4JVW ö - BFBFB8:9AAS >BCV= D959D (K4EF<A) F4 69DL<A 
7D4H4 G . �<84?<@B J<>? )(Lö V D95DB )(eö  F<@ E4@<@ 6V8DV:9@B 
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;6V?PA9AG DGK>G CB69DIAV F4 DB;7?SA9@B 6>?489AAS 'f , 

 eGff \|'ý , S> ;6G:9AAS 6>?489AAS f  A4 CV87D4H eG \  8B 
A9BDVєAFB64ABW CB69DIAV 'N DB8G )'(N÷ , 2)()'( ý NN ÷÷ , 

CD<KB@G D95DB ))(),(()'( dce ööö ý 5G89 6>?489A9 A4 DGKJV 'h , F4>, 
MB ; B8AB7B 5B>G S>B7B DB;F4LB64AB >?VF>G 's ; 69DL<ABR )(aö
A4 7D4A<JV 'sö , 4 ; 8DG7B7B 5B>G DB;F4LB64AB >?VF>G "s ; 
69DL<ABR )(bö  A4 "sö , 89 "')'( sse ÷ööüö . #D<>?9W@B 8B J<I 
>?VFB> "' ss ø ?9AFG  95VGE4 F4 6>?489@B D95DB ))(),((' baf öö 8B 

"' ss ø  A9 C9D9F<A4RK< ))'((' ef ö . &<@ E4@<@ BFD<@4є@B 
6>?489AAS 7D4H4 G 8B CB69DIAV "N DB8G )"(N÷ , 1)2)(()"( ûý NN ÷÷
, S>9 EGC9D9K<FP G@B6V ECV66V8ABL9AAS 2, F. FB CD<CGM9AAS 
A96VDA9. �B6989AAS ECV66V8ABL9AAS  2 ;4>VAK9A9. 

 

 
$<E. 2. �?REFDGє@B ECV66V8ABL9AAS 2 F69D8:9AAS 1. 

 

�B6989@B F69D8:9AAS 3. #D<CGEF<@B, @9FB8B@ 6V8 
CDBF<?9:AB7B, MB 89S><@ @VAV@4?PA<@ 6>?489AAS f  7D4H4 G  

8B A9BDVєAFB64ABW CB69DIAV N  V; , CD<A4=@AV, 2-DGK>BR R F4 
?9AFBR  95VGE4 M , DB;F4LB64AV A4 7D4A<JSI 89S><I 2->?VFB> 

21, ss , 89 ),(, 21 fNSss Gþ , FD< D95D4 ",', eee , 89 ),('),,( dcebae ýý
, ),(" hge ý , S>V  DB;@VM9AV A4 7D4A<JV 1sö 6 CBDS8>G )(eö , )'(eö ,

)"(eö , 4 A4 7D4A<JV 2sö 6 CBDS8>G )(eö , )"(eö , )'(eö , 89 
)),(),(()( bae ööö ý  )),(),(()'( dce ööö ý  ))(),(()"( hge ööö ý , 89 ö

- BC9D4JVS BFBFB8:9AAS 69DL<A F4 D959D A4 7D4A<JSI >?VFB>, S>4 
є B59DA9ABR 8B BC9D4JVW DB;5<FFS A4 >?VF>< CB69DIAV N  
@VAV@4?PA<@ 6>?489AAS@ f 7D4H4 G . &B8V D95D4 )(eö , )'(eö ; 

)( 21
1 ssG öøö÷  @4RFP DB;@VMG64F<ES A4 2-DGK>V R , F4 A4 M ?9AFV 
 95VGE4, A4 S>V= C9D9EF46<@B @VEJS@< >VAJ96V 69DL<A< (C9D969D 
A9@B D95DB) )(eö . $B;7?SA9@B CDBEFV ?4AJR7< 21, LL , S>V 
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;’є8AGRFP E9D98<A< D959D ',ee A4 >?VF>4I 21, ss , 6V8CB6V8AB, F4 
GF6BDRRFP CDBEF<= J<>? Z 6 D9;G?PF4FV BC9D4JVW BFBFB8:9AAS 
69DL<A F4 D959D A4 7D4A<JSI >?VFB> 21, ss . �<84?<@B D95D4 )(eö
F4 )'(eö F4 BFD<@4є@B 6V?PAG 6V8 D959D 2-DGK>G R . �<84?<@B 
CDBEF<= J<>? Z , F. FB DB;DV:9@B 2-DGK>G R , CD<KB@G A9 
DB;8V?Sє@B CB69DIAR N A4 86V K4EF<A<. "FD<@4є@B 6>?489AAS 

'f , }',{\|' eeGff ý , 7D4H4 }',{\ eeG 8B A9BDVєAFB64ABW CB69DIAV 'N , 

GF6BD9ABW ; N L?SIB@ 6<84?9AAS DGK>< R , 89 2)()'( ó NN ÷÷ . 

"E>V?P>< F4>9 6>?489AAS 2->?VF>B6<@ ,FB DB;@VEF<@B A4 ?9AFV   
D95DB )"(' ef  , S>9, D4;B@ ; 69DL<A4@< 6<84?9AB7B D95D4 'e  

A4?9:4F<@9 86B@ CE968B>?VF>4@ A4 7D4A<JSI S><I 
DB;8V?SF<@GFP B8A4 B8AG C4D< >VAJ96<I 69DL<A D959D ',ee . 

#DB8B6:<@B 6>?489AAS 'f A4 D95D4 ',ee , S>V C9D9ID9M9AV A4 
C?BM<AAB@G 8<E>G, GA<>4RK< C9D9F<AG L?SIB@ DB;F4LG64AAS 
WI A4 ?9AFV  , 89 6:9 6>?489AB 69DL<A< D95D4 "e . &<@ E4@<@ 
BFD<@4є@B EGC9D9KAVEFP G@B6V CDB @VAV@4?PAVEFP 6>?489AAS f  
7D4H4 G  8B A9BDVєAFB64ABW CB69DIAV N , F. FB CD<CGM9AAS 
A96VDA9. �B6989AAS ECV66V8ABL9AAS  3 ;4>VAK9A9. �B6989AAS 
F69D8:9AAS 1 ;4>VAK9A9.  

  

   
$<E. 3. �?REFDGє@B ECV66V8ABL9AAS 3 F69D8:9AAS 1. 

 

�4E?V8B> 1. !9 @4RFP @VEJS ECV66V8ABL9AAS F69D8:9AAS 1 
8?S BDVєAFB64ABW CB69DIAV. 
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&B@G, MB A9@4є 5B84= B8ABW ?9AF<  95VGE4, A9B5IV8ABW 6 
>B:AB@G V; J<I ECV66V8ABL9AP. 

"69D8:9AAO 2.  4RFP @VEJ9 A4EFGCAV ECV66V8ABL9AAS: 
1. �D4H, 6KG ý , @4є A4 2N  K<E?B 8BES:ABEFV @AB:<A< 

69DL<A ø ù 2, 2
0
6 ýNKtG  F4 A9 @4є  69DL<A< ; CB86V=A<@ 8BEFGCB@ 

F4 >B:A9 6<84?9A9 D95DB ;@9ALGє K<E?B ø ù2
0
6 ,NKtG ; 

2. �D4H G , 5KG ý , @4є A4 2N K<E?B 8BES:ABEFV @AB:<A< 
69DL<A ø ù 1, 2

0 ýNGtG F4 86V 69DL<A< ; 86BEFBDBAAV@ 8BEFGCB@, 4 
7D4H G , eKG \5ý , @4є A4 2N  FD< 69DL<A< ; 86BEFBDBAAV@ 
8BEFGCB@; 

3. �D4H G , 7KG ý , @4є DV8 ø ù 3ýG÷ ;  

4. �D4H G , 2,18 \ KKG ý , @4є DV8 ø ù 3ýG÷ ; 

5. �D4H G , 26 2\ KKG ý , @4є A4 2N K<E?B 8BES:ABEFV 
@AB:<A< 69DL<A ø ù 2, 2

0 ýNGtG  F4 @4є 69DL<AG ; CB86V=A<@ 
8BEFGCB@, 4 26 3\ KKG ý  @4є A4 2N ø ù 2, 2

0 ýNGtG  F4 @4є FV?P>< 
B8AG 69DL<AG 59; CB86V=AB7B 8BEFGCG; 

6.  AB:<A4 69DL<A 0
3,3K 7D4H4 3,3K  @4є >D4FA<= 8BEFGC V є 

8BES:ABR 6V8ABEAB 2N ;  

�B6989AAS CDBV?REFDB64AB A4 D<E 4, 89 A4 C9DL<I 86BI 
>4DF4I ;B5D4:9AB 6>?489AAS 7D4H4 7K 6 3N , 6V8CB6V8AB, 
CB5G8B64AV S> CDB8B6:9AAS 6>?489AAS 6f  7D4H4 6K  6 2N  F4 
6>?489AAS 5f  7D4H4 5K  6 2N , CD<KB@G E<AV@ >B?PBDB@ 
CB;A4K<@B >?VF>G ; @AB:<A< )(\ 552 KfN  A4 S>V= @4є@B 
CB86V=A<= 8BEFGC 8B 69DL<A ; CV8@AB:<A {4},{1}. !4 K9F69DFV= 
>4DFV ;B5D4:9AB @VAV@4?PA9 6>?489AAS 7D4H4 2,18 \ KK  6 4N . !4 
C’SFV= >4DFV ;B5D4:9AB 6>?489AAS 7D4H4 6K  6 2N  S>9 D94?V;Gє 
K<E?B . ø ù 2, 2

0 ýNGtG  F4 6<8AB ;@9AL9AAS JPB7B K<E?4 CD< 
6<84?9AAV D95D4 (3,5). 
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$<E. 4. !4 8DG7V= >4DFV 69DL<A< 1,4 7D4H4 5K  @4RFP  A4 2N  

86BEFBDBAAV= 8BEFGC, 4 A4 3-=,5-=,6-=,8-=,9-= >4DF4I D95D4 
CB;A4K9AV 8G74@< F4 6V8DV;>4@< FB6EF<I ?VAV=. 

 

"69D8:9AAO 3. �<84?9AAS 8B6V?PABW 69DL<A< v  7D4H4 iG , 
1
281 4\ KKG ý , 2,1ýi , )\(\ 1

2,1
1
482 KKKG ý , CD<;6B8<FP 8B B8AB7B ; 

A4EFGCA<I F69D8:9AP (6 ;4?9:ABEFV 6V8 vdeg  F4  CV8@AB:<A< M  

E>?489A4 ; 69DL<A  VAJ<89AFA<I v  F4 @4є K<E?B 8BES:ABEFV 2. 
1)  AB:<A4 69DL<A 7D4H4 1

281 4\ KKG ý  @4є B8<A >?4E 

9>6V64?9AFABEFV, 4 @AB:<A4 69DL<A 7D4H4 )\(\ 1
2,1

1
482 KKKG ý  

DB;5<64єFPES A4 KBF<D< >?4E< 9>6V64?9AFABEFV 6V8ABEAB 
C9D9EF4AB6>< 69DL<A B8AB7B = FB7B EF9C9AS; 

2) �?S 8B6V?PABW 0
1Gvþ  @4є@B , MB 271 3\\ KKvG ý  V 0

6KM ý , 

V @AB:<A4 M  69DL<A 7D4H4 vG \1  @4F<@9 K<E?B 8BES:ABEFV 2, 
F. FB DB;@VMGєFPES A4 7D4A<JSI 86BI >?VFB> 21, ss ; 



 110 

3) �?S 7D4H4 )\(\ 1
2,1

1
482 KKKG ý  @4є@B KBF<D< 6<C48><: 

4) S>MB 7deg ýv , FB )\(\\ 1
2,1

1
472 KKKvG ý , 0

7KM ý ; 

5) S>MB 6deg ýv , FB 1
372 \\ KKvG ý , 0

6KM ý ; 

6) S>MB 4deg ýv , FB eKvG \\ 72 ý , 0
4KM ý ; 

8) S>MB 5deg ýv , FB 1
2,172 \\ KKvG ý , 0

5KM ý ;  

�B6989AAS F69D8:9AAS 3 6<C?<64F<@9 V; A46989A<I A4 D<E.5 
>4DF 6>?489AP 7D4HV6 vGi \ , 89 2,1ýi  , 6 2N , 4 69DL<A4 v  є 
CD98EF46A<>B@ >?4EG 9>6V64?9AFABEFV. 

 

 
$<E. 5. �4DF< 6>?489AP 7D4HV6 vGi \ , 89 2,1ýi  , 6 2N - 

C?SL>G �?9=A4. 
"69D8:9AAO 4. �<84?9AAS 8B6V?PABW 69DL<A< v  7D4HV6 iG , 

3G , 1
383 2\ KKG ý , )\(2\ 1

4584 KKKG ý , 89 4,3ýi , CD<;6B8<FP 8B 
B8AB7B ; A4EFGCA<I F69D8:9AP (6 ;4?9:ABEFV 6V8 vdeg  F4 
CV8@AB:<A< M , E>?489ABW ; 69DL<A VAJ<89AFA<I v , F4 K<E?B@ 
8BES:ABEFV 2 6V8ABEAB 2N ): 

1).  AB:<A< 69DL<A 7D4HV6 1
383 2\ KKG ý , )\(2\ 1

4584 KKKG ý  

@4RFP 864 >?4E< 9>6V64?9AFABEFV 6V8ABEAB C9D9EF4AB6>< 
69DL<A B8AB7B = FB7B EF9C9AS; 
2) �?S 7D4H4 1

383 2\ KKG ý  @4є@B 864 6<C48><: 
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4) S>MB 7deg ýv , FB 1
373 2\\ KKvG ý , 0

7KM ý ; 

5) S>MB 6deg ýv , FB 1
373 \\ KKvG ý , 0

6KM ý ; 

3) �?S 7D4H4 )(2\ 1
3,184 KKG ý  @4є@B 864 6<C48><: 

4) S>MB 4deg ýv , FB 1
3,174 \\ KKvG ý , 0

4KM ý ; 

5) S>MB 6deg ýv , FB )(\\ 1
2,1

1
3,174 KKKvG øý , .0

7KM ý ; 

�B6989AAS F69D8:9AAS 3 6<C?<64F<@9 V; A46989A<I A4 D<E.6 
>4DF 6>?489AP 7D4HV6 vGi \  6 2N , 4 69DL<A4 v  є CD98EF46A<>B@ 
>?4EG 9>6V64?9AFABEFV 7D4HV6 iG , 89 4,3ýi . 

 
 

$<E. 6. �4DF< 6>?489AP 7D4HV6 vGi \ , 89 4,3ýi , 6 2N - 

C?SL>G �?9=A4. 
"69D8:9AAO 5. �<84?9AAS 8B6V?PABW 69DL<A< v  7D4H4 

)(\ 1
3

1
4,185 KKKG øý , CD<;6B8<FP 8B B8AB7B ; A4EFGCA<I F69D8:9AP 

(6 ;4?9:ABEFV 6V8 vdeg  F4 CV8@AB:<A< M , E>?489ABW ; 69DL<A 
VAJ<89AFA<I v , F4 K<E?B@ 8BES:ABEFV 2 6V8ABEAB 2N ): 

1)  AB:<A4 69DL<A 7D4H4 )(\ 1
3

1
4,185 KKKG øý , @4є FD< >?4E< 

9>6V64?9AFABEFV 6V8ABEAB C9D9EF4AB6>< 69DL<A B8AB7B = FB7B 
EF9C9AS; 
2) �?S 7D4H4  )(\ 1

3
1

4,185 KKKG øý @4є@B FD< 6<C48><: 

4) S>MB 3deg ýv , FB 1
375 \\ KKvG ý , 0

3KM ý ; 

5) S>MB 5deg ýv , FB )(\\ 1
2

1
4,175 KKKvG øý , 1

4,1
0
5 \ KKM ý ; 

 6) S>MB 6deg ýv , FB )(\\ 1
3

1
3,175 KKKvG øý , 

)(\ 1
3

1
3,1

0
7 KKKM øý .  



 112 

�B6989AAS F69D8:9AAS 4 6<C?<64F<@9 V; A46989A<I A4 D<E.7 
>4DF 6>?489AP 7D4HV6 vG \5  6 2N , 4 69DL<A4 }1,5,8{þv  є 
CD98EF46A<>B@ >?4EG 9>6V64?9AFABEFV 

 
 

$<E. 4. �4DF< 6>?489AP 7D4HV6 vG \5  6 2N - C?SL>G �?9=A4. 
&9BD9@4 1.   4RFP @VEJ9 A4EFGCAV F69D8:9AAS: 
1)  VAV@4?PAV  7-@< 69DL<AAV CV87D4H< C’SFPBI 8-@< 

69DL<AA<I 7D4HV6-B5EFDG>JV= iG  8?S CB69DIAV �?9=A4 
V;B@BDHAV A4EFGCA<@ 7D4H4@ V; ;484A<@< @AB:<A4@ FBKB> 
CD<є8A4AAS, CB;A4K9A<@< K9D9;  , @4F<@GFP 6<8:1) 27 3\ KK , 

;0
6KM ý   2) )\(\ 1

2,1
1
47 KKK , 0

7KM ý ;  3) 1
37 \ KK , 0

6KM ý ;  4) 

eK \7 , 0
4KM ý ;      5) 1

2,17 \ KK , 0
5KM ý ;    6) 1

37 2\ KK , 0
7KM ý ;    

7) 1
37 \ KK , 0

6KM ý ;    8) 1
3,17 \ KK , 0

4KM ý ;    9)  )(\ 1
2,1

1
3,17 KKK ø , 

0
7KM ý ;     10) 1

37 \ KK , 0
3KM ý ;     11) )(\ 1

2
1

4,17 KKK ø , ;0
5KM ý   

12) )(\ 1
3

1
3,17 KKK ø , .0

7KM ý  

2)  ( 1
37 \ KK , 0

6KM ý ), ( eK \7 , 0
4KM ý ), ( 1

2,17 \ KK , 0
5KM ý ), 

( 1
3,17 \ KK , 0

4KM ý ); 

3)  VAV@4?PAV 7-@< 69DL<AAV 7D4H< FDPBI 8-@< 69DL<AA<I 
7D4HV6-B5EFDG>JV= 8?S FBD4 є  @VAV@4?PA<@< 7-@< 69DL<AA<@< 
CV87D4H4@< C’SFPBI 8-@< 69DL<AA<I 7D4HV6-B5EFDG>JV= 8?S 
CB69DIAV �?9=A4, ;4 6<ASF>B@ CV87D4HV6 3), 5) F4 7).  
�B6989AAS. �; A46989A<I F69D8:9AP 2,3,4 F4 5 6<C?<64F<@9 

A4EFGCA<= EC<EB> 7-@< 69DL<AA<I 7D4HV6 8-@< 69DL<AA<I 
7D4HV6-B5EFDG>JV= 8?S CB69DIAV �?9=A4 A9BDVєAFB64AB7B DB8G 2 
V; ;484A<@< @AB:<A4@ FBKB> CD<є8A4AAS, CB;A4K9A<@< K9D9;  , 
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8B >B:ABW ; S><I @4RFP CD<є8AG64F<ES, L?SIB@ BFBFB8:9AAS 
C4D 69DL<A, CB B8AV= >VAJ96V= 69DL<A< ;VD>< )(vStm , || Mm ý ,    : 

1) 27 3\ KK , ;0
6KM ý   2) )\(\ 1

2,1
1
47 KKK , 0

7KM ý ;  3) 1
37 \ KK , 

0
6KM ý ;  4) eK \7 , 0

4KM ý ;  5) 1
2,17 \ KK , 0

5KM ý ;    6) 1
37 2\ KK , 

0
7KM ý ;    7) 1

37 \ KK , 0
6KM ý ;    8) 1

3,17 \ KK , 0
4KM ý ;    9) 

)(\ 1
2,1

1
3,17 KKK ø , 0

7KM ý ;     10) 1
37 \ KK , 0

3KM ý ;     11) 

)(\ 1
2

1
4,17 KKK ø , ;0

5KM ý      12) )(\ 1
3

1
3,17 KKK ø , .0

7KM ý  

�D4H 3) є CV87D4HB@ 7D4H4 1G  V;B@BDHA<@ CV87D4HG 7) 7D4H4 
3G  F4  CV87D4HG 10) 7D4H4 5G , FB@G ;4?<L<@B 7D4H 3), 4 VALV 
7D4H< 7), 10) 6<84?<@B ;V EC<E>G. �D4H 1) є CV87D4HB@ 7D4H4 1G  

F4 @VEF<FP CV87D4H 6) 7D4H4 3G , S><= 6 E6BR K9D7G @VEF<FP 
CV87D4H 4) 7D4H4 2G , FB@G ;4?<L<@B 7D4H 4), 4 7D4H< 6), 1) 
6<84?<@B ;V EC<E>G. �D4H 8) є CV87D4HB@ 7D4H4 4G  F4 @4є 
V;B@BDHA<=  CV87D4H G >B:AB7B ; 7D4HV6 2), 9), 11), 12), FB@G 
;4?<L<@B 7D4H 8), 4 7D4H< 2), 9), 11), 12) 6<84?<@B ;V EC<E>G. 
�?4EF<6VEFP 1) 8B6989A4. �?4EF<6VEFP 2) 6<C?<64є ; FB7B, MB E4@9 

1
37 \ KK , eK \7 , 1

2,17 \ KK , 1
3,17 \ KK  є CV87D4H4@< K< K4EF<A4@< 

A46989A<I 6<M9 7D4HV6. �B6989@B 6?4EF<6VEFP 3) L?SIB@ 
CBDV6ASAAS EC<E>G @VAV@4?PA<I FBDBV84?PA<I 7-@< 69DL<AA<I 
7D4HV6, 6<C<E4A<I 6 [7], V; A46989A<@ 6<M9. �?S CB6ABF< 
A46989@B EC<EB> 6EVI @VAV@4?PA<I FBDBV84?PA<I 7-@< 
69DL<AA<I 7D4HV6 V;B@BDHA<I A4EFGCA<@ 7D4H4@ V; ;484A<@< 
@AB:<A4@ FBKB> CD<є8A4AAS, CB;A4K9A<@< K9D9;  : 1. eK \7 , 

},{\0
7 baKM ý , ),( bae ý ; 3. !1, 

)),(,())))(),((,( 1212145 baHbbaaKK ûûû , 0
1HM ý ;2. 1

37 \ KK , 
0
7KM ý ; 4. !2, 

1
3,172 \ KKH ý , 0

4KM ý ; 6. 1
27 2\ KK , 

},{\0
7 uvKM ý ;5.

)),,(,()))(),(),((,( 321212155 cbaHccbbaaKK ûûûû , 0
5KM ý , 

Mcba ü},,{ ;7. )(\ 1
2

1
2,17 KKK û , vKM \0

7ý ; 8. )3\ 1
27 KK , 
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vKM \0
7ý , 89 !1 є φ-B5D4;B@ 7D4HV6 45 , KK  V; BFBFB8:9ABR 

C4DBR D959D ),(),,( 2211 baba  (E>?9єA<@< CB D95DG),  7D4H !2 є φ-

B5D4;B@ 7D4HV6 46 , KK  CD< BFBFB8:9AAV C4D< CDBEF<I J<>?V6 
8B6:<A< 3, 4 7D4H !3 є φ-B5D4;B@ 86BI 7D4HV6 5K , 5K  CD< 
BFBFB8:9AAV C4D< J<>?V6 21,CC  8B6:<A< 3, (J<>? iC  @4F<@9 
69DL<A< ijijij cba ,, , S>V CBC4DAB BFBFB:ARRFPES V GF6BDRRFP 
J<>? ; 69DL<A4@< cba ,, , 2,1,3,2,1 ýý ij ), ; VALB7B 5B>G 7D4H !3 

є 1
47 \ CK . �B6989AAS F9BD9@< 1 ;4>VAK9A9. 
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�"%�����!!3 �(��&��!"%&� ���"$�& ' " � �� 
����0,�!�  "�"�"   "�����) #�$�)"��� 

$<54?PK9A>B ".�. 
ІAEF<FGF �V59DA9F<>< ��� #>D4WA< 

 
ANALYSIS OF EFFECTIVENESS OF ACO ALGORITHM 

WITH EXTENDED NEIGHBOURHOOD DEFINITION 
Abstract. The formal statement and comparative study of the particular ACO-

based algorithm is covered. The algorithm under examination involves extended 
neighbourhood definition to increase number of options considered on a single ant 
step. The methaeuristic algorithm for solving the problem have been developed and 
analyzed based on the results of computational experiment. 

 

�EFGC. $B;7?S84єFPES 4?7BD<F@ BCF<@V;4JVW @GD4L<A<@< 
>B?BAVS@< ;V ;5V?PL9A<@ B>B?B@ @B:?<6<I C9D9IB8V6 A4 
>B:AB@G >DBJV. �4A<= 4?7BD<F@ 5G?B ;4CDBCBAB64AB 
�.(.�G?SA<JP><@ [2], CB8V5A<= CV8IV8 ;4EFBEB64AB F4>B: 8?S 
;484KV @4DLDGF<;4JVW 59;CV?BFA<I ?VF4?PA<I 4C4D4FV6 (UAVRP) 
[3] (MB є DB;L<D9AAS@ ;484KV @4DLDGF<;4JVW FD4AECBDFA<I 
;4EB5V6).  9FBR CG5?V>4JVW є 8BE?V8:9AAS 9H9>F<6ABEFV 
D94?V;4JVW F4>B7B CV8IB8G 8?S ;484KV >B@V6BS:9D4 A4 CD<>?48V 
5V5?VBF9>< CD<>?48A<I ;484K TSPLIB.  
�484K4 >B@V6BS:9D4 (4A7?. Travelling Salesman Problem, TSP) 

CB?S74є G ;A4IB8:9AAV A4=6<7V8AVLB7B ;4 6<;A4K9A<@ >D<F9DVє@ 
@4DLDGFG, MB CDBIB8<FP K9D9; 6>4;4AV @VEF4 IBK4 5 CB B8AB@G 
D4;G. �4;6<K4= 8B84єFPES B5@9:9AAS, MB @4DLDGF CB6<A9A 
CDBIB8<F< K9D9; >B:A9 @VEFB FV?P>< B8<A D4;, 6 F4>B@G 6<C48>G 
DB;6'S;B> ;A4IB8<FPES E9D98 74@V?PFBAB6<I J<>?V6. 
�474?PA4 EI9@4. �474?PA4 EI9@4 4?7BD<F@G " �. %9D98 

6V8B@<I 4?7BD<F@V6 DB=B6B7B VAF9?9>FG (swarm intelligence) 6 
>B@5VA4FBDAV= BCF<@V;4JVW ;A4KAB7B CBL<D9AAS A45G?< 
4?7BD<F@< " � (ant colony optimization 3 ACO) [1]. �BA< 
GECVLAB ;4EFBEB6GRFPES 8?S DB;6’S;G64AAS 5474FPBI F<CV6 ;484K 
>B@5VA4FBDABW BCF<@V;4JVW, CBK<A4RK< ; >?4E<KABW ;484KV 
>B@V6BS:9D4.  
"EAB6AV >B@CBA9AF< B5K<E?R64?PABW EI9@< @GD4L<A<I 

4?7BD<F@V6 F4>V:  
- @B89?P ;484KV, MB CB84єFPES EC9JV4?PA<@ 7D4HB@;  
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- H9DB@BAAV ;A4K9AAS;  
- 96D<EF<KA4 VAHBD@4JVS;  
- C4@'SFP (?B>4?PA4 F4 7?B54?PA4).  
� 4?7BD<F@4I " � HBD@GєFPES EC9JV4?PA4 @B89?P ;484KV, 

MB DB;6'S;GєFPES, FB@G 6BA< A4?9:4FP 8B >?4EG @B89?9-
BDVєAFB64A<I @9FB8V6 [1].  B89?P ;484KV >B@V6BS:9D4 CB84єFPES 
G 6<7?S8V ;64:9AB7B 7D4H4 ø ù,G V E , 89 , 1,...,iv V i n kþ ý û  3 
69DL<A<, MB 6V8CB6V84RFP >B@CBA9AF4@ DB;6'S;>G, 4 

, ( , ), ,ij ij i j i je E e v v v v Vþ ý þ  3 D95D4, S>V 6V8CB6V84RFP @B:?<6<@ 
;'є8A4AAS@ (C9D9IB84@) @V: 6V8CB6V8A<@< 69DL<A4@< (@VEF4@<). 
�?S >B:AB7B D95D4 6<;A4K9A4 HGA>JVS 64DFBEFV ;'є8A4AAS, MB 
6V8CB6V84є 6V8EF4AV CB CB69DIAV @V: 69DL<A4@<, ;’є8A4A<@< 
84A<@ D95DB@. 
!4 >B:AB@G >DBJV 4?7BD<F@G 8?S 5G8P-S>BW 69DL<A< i Vþ  

@B:9 5GF< CB5G8B64A4 @AB:<A4 EGEV8AVI 69DL<A iN . 

�6D<EF<KA4 VAHBD@4JVS ijø  3 J9 K<E?B69 ;A4K9AAS, MB A9 
;4?9:<FP 6V8 ;A4=89A<I A4 CBC9D98AVI >DB>4I DB;6'S;>V6 V 
6V8B5D4:4є EFGCVAP 54:4ABEFV 6>?RK9AAS 6 CB5G8B64A<= 
HD47@9AF DB;6'S;>G FB7B K< VALB7B AB6B7B D95D4 7D4H4 @B89?V 

ije Eþ . �6D<EF<KAV ;A4K9AAS ijø  54;GRFPES A4 4CDVBDAV= 
VAHBD@4JVW, MB 6V8B5D4:4є G@B6< >BA>D9FABW ;484KV F4 A484єFPES 
8:9D9?B@, 6V8@VAA<@ 6V8 @GD4I. 
$V69AP H9DB@BAG (H9DB@BAA<= E?V8)  ijô , MB 6V8CB6V84є 

D95DG ije Eþ , 3 J9 8B84FA9 K<E?B, S>9 CB>4;Gє, A4E>V?P>< K4EFB 
@GD4I4@< 6<>BD<EFB6G64?BES J9 D95DB A4 CBC9D98AVI >DB>4I K< 
CD< HBD@G64AAV CB6AB7B DB;6'S;>G. (9DB@BAAV E?V8< 6<>BAGRFP 
DB?P 8B67BFD<64?BW C4@'SFV 8?S @GD4I MB8B 6EPB7B CDBJ9EG 
CBLG>G [1].  
�474?PAG B5K<E?R64?PAG EI9@G 4?7BD<F@V6 " � @B:A4 

CB84F< F4>, S> A4 D<EGA>G 1 [4]. 
�6B>DB>B6<= C9D9IV8. ' DB;DB5?9AB@G 4?7BD<F@V 6 S>BEFV 

@AB:<A< CD<CGEF<@<I 69DL<A (1*) B5D4AB @AB:<AG 
A96V86V84A<I 69DL<A, 8B S><I B8A4 ; @GD4I ;V E6BєW CBFBKABW 
CB;<JVW @B:9 8VEF4F<ES A9 5V?PL9, AV: ;4 864 >DB>< [3]. 
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procedure ACO (x) 
 VAVJV4?V;4JVO_4?BD<F@G;  
 while >D<F9DV=_;469DL9AAS_A9_;48B6B?9A<= do 
 HBD@G64AAO_CBCG?OJVW_@GD4I; {CBFBKA9 CB>B?VAAS} 
 foreach @GD4I4_;_CBCG?SJVW do {:<FFє6<= J<>? @GD4I<} 
 VAVJV4?V;4JVO_@GD4I<; 
  BAB6?9AAO_C4@9OFV_@GD4I<; 
 while CBFBKA<=_EF4A ù CB6A<=_DB;6'S;B> do 

  ?B>4?PA4_ @4FD<JO_@GD4L<A<I_@4DLDGFV6; 
 EHBD@G64F<_@AB:<AG CD<CGEF<@<I_69DL<A; (1*) 
 D B5K<E?<F<_=@B6VDAVEFP_C9D9IB8V6(, , #); 
 A4EFGCA<=_EF4A CD46<?B_CD<=AOFFO_DVL9AAO(D, #); 
 C9D9=F<_6_A4EFGCA<=_EF4A(A4EFGCA<=_EF4A); 
 if BA?4=AB69_CB>DB>B69_BAB6?9AAS_H9DB@BAG then 

 6V8>?4EF<_H9DB@BA_A4_6V86V84AV=_8G;V; 
  CBAB6<F<_ @4FD<JN_@GD4L<A<I_@4DLDGFV6_�;  
 endif 
  BAB6<F<_6AGFDVLAV=_EF4A; 

 endwhile 
 if BA?4=AB69_6V8EFDBK9A9_BAB6?9AAS_H9DB@BAG then 

 foreach 6V86V84ABW_8G7<_CB5G8B64AB7B_DB;6'S;>G do 
  6V8>?4EF<_H9DB@BA_A4_6V86V84AV=_8G;V; 
  BAB6<F<_@4FD<JN_@GD4L<A<I_@4DLDGFV6_�; 
 endforeach 

 endif 
 ;469DL<F< 8VO?PAVEFP; 
 endforeach  
 6<C4DB6G64AAO_H9DB@BAG; 
 BAB6?9AAO_D9>BD8G (I); 
 8VW_�9@BA4;    {A9B5B6'S;>B6B}  (2*) 
 endwhile 
end  

$<E. 1. �5K<E?N64?PA4 EI9@4 4?7BD<F@G ��� 
 

' 84AB@G 8BE?V8:9AAV A9 6<>BD<EFB6GRFPES @9FB8< 
>BD<7G64AAS DB;6’S;>G, F4>B: 6V8B@V S> 8VW 89@BA4. �DB5?9AB J9 
; @9FBR S>B@B74 5V?PL A4BKAB7B ECBEF9D9:9AAS 6C?<6G 
DB;L<D9AAS B>B?G CD< >B:AB@G C9D9IB8V A4 DB5BFG 4?7BD<F@G.  

ý

ý

ý
ý

ý
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%CBK4F>G 8?S >B:ABW @GD4I< k V; CBCG?SJVW ;8V=EARєFPES 
HBD@G64AAS CV8@AB:<A< CD<CGEF<@<I 69DL<A k

i iN Ný  V; 
@AB:<A< 69DL<A, EGEV8AVI 8?S FVєW 69DL<A< VþV, S>4 є 
BEF4AAPBR 6 CBFBKAB@G HD47@9AFV @4DLDGFG. "F:9, k

iN  є 
@AB:<ABR @B:?<6<I C9D9IB8V6 ;4 B8<A >DB> 8?S @GD4I< k ; 
69DL<A< i. #BFV@ 8B84F>B6B 5G8GєFPES k

iD  3 @AB:<A4 FBKB>, 8B 
S><I @B:?<6<= C9D9IV8 G 864 >DB><, FB5FB, 6EV A96V86V84AV FBK>< 
; @B:?<6VEFR CDS@B7B C9D9IB8G 6V8 B8AVєW ; FBKB> CBC9D98APBW 
@AB:<A< k

iN  

 

k
i

k k
i s

s N

D N

þ

ý U .      (1) 

�AL<@< E?B64@<, @AB:<A4 k
iD є B5’є8A4AAS@ @AB:<A 

8BCGEF<@<I C9D9IB8V6 8?S >B:ABW ; FBKB> s ; @AB:<A< 
8BCGEF<@<I C9D9IB8V6 8?S B5D4ABW 69DL<A< i F4 @GD4I< k. 
#9D9IV8 k-W @GD4I< ; 69DL<A< i 6  j K9D9; 69DL<AG s A4 

CBFBKAV= VF9D4JVW t ;8V=EARєFPES ; =@B6VDAVEFR, MB 
DB;D4IB6GєFPES ;4 A4EFGCABR HBD@G?BR:  

 
α β

α β α β
[τ ( ) τ ( )] [η ( ) η ( )]

[τ ( )] [η ( )] [τ ( )] [η ( )]
k k

i s

is sj is sjk
isj

ir ir rj rj

r N r N

t t t t
p

t t t t

þ þ

  
ý

  õ õ
,   (2) 

 

89 { : , }k k k
ilj i lN l l N j Ný þ þ . 

(BD@G?4 (2) BC<EGє =@B6VDABEFV 8?S C9D9IB8V6 K9D9; 
CDB@V:AG 69DL<AG, FB5FB, 86B>DB>B6B7B 4?7BD<F@G " �. �?S 
CDS@<I C9D9IB8V6 8B 69DL<A ; @AB:<A< k

iN  ;4EFBEB6GєFPES 
A4EFGCA4 HBD@G?4: 
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[ ( ) ( )]

[ ( ) ( )]
k
i

b
ij ijk

ij b
ir ir

r N

t t
q

t t

ñ

ñ

þ

ô ø
ý

ô øõ
.    

 (3) 
 
�<5VD FBK>< 8?S A4EFGCAB7B C9D9IB8G ;8V=EARєFPES E9D98 

9?9@9AFV6 @AB:<A< k k
i iD Nø , FB5FB, @B:9 5GF< B5D4AB S> 

CDS@<=, F4> V 86B>DB>B6<= C9D9IV8. �@B6VDAVEFP >B:AB7B 
C9D9IB8G 8?S @GD4I< k ; 69DL<A< i B5K<E?RєFPES S>: 

k
isjp , k

is Nþ , k
ij Dþ  8?S 86B>DB>B6<I C9D9IB8V6; 

k
ijq , k

ij Nþ  8?S CDS@<I C9D9IB8V6. 
"5K<E?N64?PA<= 9>EC9D<@9AF. �BE?V8:9AAS 

9H9>F<6ABEFV CB84AB7B CV8IB8G 5G?B CDB6989AB 8?S ;484KV 
@4DLDGF<;4JVW �#�� V CB>4;4?B ;@9AL9AAS E9D98APBW 6V8ABEABW 
CBI<5>< ; 6.63% 8B 0.93% [2]. &<@ A9 @9AL, ; GD4IG64AAS@ 
EGFFє6<I BEB5?<6BEF9= ;484KV, 8BJV?PA<@ є CDB6989AAS 
8BE?V8:9AAS 6C?<6G DB;L<D9AAS B>B?G A4 4?7BD<F@ 8?S 
>?4E<KABW ;484KV >B@V6BS:9D4. 
�4?V 5G89 CDB6989AB CBDV6AS?PA<= 4A4?V; D94?V;4JVW 

4?7BD<F@G " � ; A4EFGCA<@< DB;L<D9AAS@<: 
- Max-Min Ant System (MMAS), MB C9D9854K4є B5@9:9AAS 

A<:APBW F4 69DIAPBW E<?< H9DB@BAAB7B E?V8G; 
- Elitist Ant System 3 FV?P>< >D4M<= @GD4I4 ; >B:ABW 

VF9D4JVW @B:9 BAB6<F< H9DB@BAA<= E?V8. 
�<>BA4AAS CDB7D4@< CDB6B8<FPES G 864 9F4C<: 
- 6<;A4K9AAS A4=>D4MB7B A45BDG C4D4@9FDV6 A4 BEAB6V E9DVW 

F9EFB6<I ;4CGE>V6 ;V ;@9AL9ABR >V?P>VEFR @GD4I F4 VF9D4JV=; 
- ;4CGE> ; B5D4A<@ A45BDB@ C4D4@9FDV6 ; B5@9:9AAS@ A4 

>V?P>VEFP VF9D4JV= 59; CB>D4M9AAS VEAGRKB7B D9;G?PF4FG. 
�?S B5K<E?9AAS 6V8ABEABW CBI<5>< õ  6<>BD<EFB6GєFPES *f  3 

A4=@9AL9 6V8B@9 ;A4K9AAS JV?PB6BW HGA>JVW 8?S 84ABW ;484KV (
* 253,097f ý ), 4 6V8ABEA4 CBI<5>4 DB;6’S;>G B5K<E?RєFPES ;4 
HBD@G?BR * *100 ( ) /f f fõ ý   . 
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' F45?<JV 1 A46989AB E9D98AV ;A4K9AAS 6V8ABEABW CBI<5>< 
8?S ;4CGE>G B5BI 4?7BD<F@V6 A4 CD<>?48A<I ;484K4I att48, 
berlin52, eil51, eil76, kroA100. �9 n 3 >V?P>VEFP ;4CGE>V6, ɛ – 
E9D98AS 6V8ABEA4 CBI<5>4. 

 
&45?<JS 1.  

$9;G?PF4F< DB5BF< 4?7BD<F@V6 

#DB5?9@4 

�?7BD<F@ 

� 2->DB>B6<@ 
C9D9IB8B@ 

� B8AB>DB>B6<@ 
C9D9IB8B@  

ɛ, % n ɛ, % n 

att48.tsp 2.2 16 0.6 16 

berlin52.tsp 3.7 16 3.1 16 

eil51.tsp 2.9 16 2.1 16 

eil76.tsp 5.0 16 4.6 16 

kroA100.tsp 7.3 16 6.1 16 

%9D98Aє 4.22  3.3  

 

�<EAB6B>. #B84A4 D94?V;4JVS @B:9 5GF< CB>D4M9A4 ;4 
8BCB@B7BR G6989AAS 89F9D@VAB64AB7B ?B>4?PAB7B CBLG>G 6 
S>BEFV 89@BA4, 6<>BD<EF4AAS H9DB@BAAB7B E?V8G 5V?PLBW 
>V?P>BEFV @GD4I FBMB. #DBF9, BE>V?P>< C9DLBK9D7B6BR @9FBR є 
8BE?V8:9AAS 6C?<6G 86B>DB>B6B7B C9D9IB8G A4 DB5BFG 
4?7BD<F@G, D94?V;4JVS ; A969?<>BR >V?P>VEFR DB;L<D9AP 
8B;6B?Sє ;BE9D98<F<ES A4 ;4;A4K9A<I BEB5?<6BEFSI. �G?B 
CDB6989AB B5K<E?R64?PA<= 9>EC9D<@9AF ; B>D9@<@< 
CD<>?48A<@< ;484K4@< ; TSPLIB, E9D98AS 6V8ABEA4 CBI<5>4 
EF4AB6<?4 4.2% 8?S 69DEVW ; 86B>DB>B6<@ C9D9IB8B@ V 3.3% 8?S 
69DEVW ; B8AB>DB>B6<@. 
!4 6V8@VAG 6V8 8BE?V8:9AAS 8?S UAVRP [2], 66989AAS 

86B>DB>B6B7B C9D9IB8G G DB;7?SAGFV= D94?V;4JVW A9 CD<;69?B 8B 
;@9AL9AAS E9D98APBW 6V8ABEABW CBI<5><. 
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���%�(���*�3 ����$!�)  �&� �&�+!�) 
 "����� 

%4@4D4= �.#., %4@4D4= $.�.  
�"## <��І V@.І.!V>BDEP>B7B= 

 
Abstract. �n the basis of production experience and scientific activity the 

classification of mathematical and simulation models for foundry production which 
allows to apply effectively all presented types of models for intensification, 
reduction in price, optimization of foundry production is offered. 

 
' A4G>B6B@G, F9IAB?B7VKAB@G, 9>BAB@VKAB@G @B89?R64AAV 

?<64DA<JF64 @B:A4 6<8V?<F< 8 CBCG?SDA<I V 12 DV8>VEA<I 6<8V6 
@B89?9= 8?S CDB7AB;G64AAS, 8V47ABEF<><, >9DG64AAS, 
D97G?R64AAS, 4A4?V;G, >BAFDB?R, EFDG>FGDAB-C4D4@9FD<KABW 
BCF<@V;4JVW:  

�BCG?ODAV @4F9@4F<KAV @B89?V ?<64DA<JF64: 
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1.��"!" �&$�+!�  "���� 45B $��$�%��!� 
 "����.  
2.��$�%&�+!�  "����. �4@VEFP @4F9@4F<KAB7B 

DB;D4IGA>G >B9HVJVєAFV6 D97D9EVW A4 54;V EF4F<EF<KA<I 
ECBEF9D9:9AP 6<>BD<EFB6GRFP BJVA>< 6V8B@<I H4IV6JV6-

9>EC9DFV6 
3. "���� %�%&�   �%"�"�" 

"�%�'�"�'��!!3: 
÷ % " ; 5GA>9DB@ (B5@9:9AAS DB;@VDG K9D7<). 
÷ % " ; 6V8@B64@< (F<@K4EB6V 6V8@B6< G CBEF4K4AAV). 
÷ % " ; B5@9:9A<@ K4EB@ BKV>G64AAS. 
÷ % " ; A9B5@9:9A<@ K4EB@ BKV>G64AAS. 
� % " ;46:8< VEAGє 864 6<8< CB8V= V 6V8CB6V8AB 864 6<8< 

K9D7: 
÷ A48IB8:9AAS ;4@B6?9AP.V 6<>BA4AAS ;4@B6?9AP. 
4. "���� &�"$�� ��"$ (�"!(���&!�) 

%�&'�*��). 
�BA< 54;GRFPES A4 F9BDVW =@B6VDABEF9= V @4F9@4F<KAV= 

EF4F<EF<JV.  
�EAGNFP @B89?V @4>DB9>BAB@V>< V @V>DB9>BAB@V><: 6 

@V>DB9>BAB@VJV CD964?Nє F9>DіO >>=H?і>F=<I E<FGаJі=( 
F9>DіO і7>D), FB@G MB 6V85G64єFPEO >BA>GD9AJVO, 4 6 
@4>DB9>BAB@VJV A4 DV6AV 89D:46< 6<>BD<EFB6GєFPEO F9>DіO 
D97G?R64AAS 8?S 6EVI 6<DB5A<>V6 8?S >BD<EFV 89D:46< 6 JV?B@G. 

3> CD<>?48 CD<=ASFFS DVL9AAS 6 F9BDVW V7BD 3 <7D4 ; 
CD<DB8BR=. !4CD<>?48: 4);484K4 A4 6<C48>B6<= 5D4> 
6<DB5A<JF64 3 S> <7D4 ; CD<DB8BR=; 5)ECV66V8ABL9AAS SDB6<I F4 
B;<@<I >G?PFGD G EV?PEP>B@G 7BECB84DEF6V CD< 7DV <; CD<DB8BR=. 
%FD4F97VO CB698VA>< (8VW)  3 J9 є A4=7B?B6AVL9 DVL9AAS 

(6<5VD B8AVєW EFD4F97VW 45B 89>V?P>BI EFD4F97V= 3 ;@VL4A4 
EFD4F97VS). &9BDVS V7BD B5B6’S;>B6B CD<=@4є 8B G647< A974F<6AV 
A4E?V8>< CD<=ASFFS DVL9AAS, 5B 6BA< ;46:8< є 8?S 5G8P-S>BW 
EFD4F97VW CB698VA><. 
5. � �&�*��!�  "���� – є 4?7BD<F@B@, 

>B@C’NF9DABN CDB7D4@BN, G O>V= @B:A4 D94?V;G64F< 
8<A4@VKAVEFP V EFBI4EF<KAVEFP – 7B?B6AV B;A4>< V 6?4EF<6BEFV 
E>?48A<I @B89?9=.  
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6. "#&� ���*��!�  "���� (�.�4AFBDB6<K, 
�.�9BAFPє6 3 AB59?96EP>< ?4GD94F< %$%$ = �4AJV7, �GC@4AE, 
�BDH@4A - %,�): 

%>?484RFPES ; 86BI K4EF<A: �D<F9DVW BCF<@V;4JVW (JV?PB64 
HGA>JVS)  

V E<EF9@4 B5@9:9AP.  
��'����!!3 �" "#&� ���*��!�)  "�����. 
 B:?<69 7D4HVKA9 DVL9AAS BCF<@V;4JV=A<I ;484K. 

�474?PA<= 6<7?S8 BCF<@V;4JV=ABW @B89?V, MB E>?484єFPES ; 86BI 
K4EF<A: 

*V?PB64 HGA>JVS 
F = c1x1 + c2x2 + & + cnxn->Max (Min, CONST)             (1) 

 
%<EF9@4 B5@9:9AP (2) 

                       (2) 
 

!4CDS@< V CD<>?48< 6<8V6 BCF<@V;4JV=A<I @B89?9= V ;484K:  
6.1. �VAV=A9 CDB7D4@G64AAS (DB;CB8V? D9EGDEV6 45B 

FD4AECBDFA4 ;484K4). 
6.2. !9?VAV=A9 CDB7D4@G64AAS (3) (A4CD<>?48, A9CDS@4 

?VAV=A4 ;484K4 CD<;A4K9A4 A4 CBE48G).  
(3) 

6.3. *V?BK<E9?PA9 CDB7D4@G64AAS (I 3 JV?V ;A4K9AAS).  
6.4. %FBI4EF<KA9 CDB7D4@G64AAS (6VDB7V8AVEFAV ;@VAAV). 
6.5. �G?969 (86V=>B69) CDB7D4@G64AAS, >B?< ;@VAAV @4RFP 

5GF< 6 @9:4I 0 - 1. 
6.6. #4D4@9FD<KA9 CDB7D4@G64AAS (>B?< VEAGє >BD9?SJV=A<= 

;6'S;B> @V: H4>FBD4@<). 
6.7. �<A4@VKA9 CDB7D4@G64AAS (@9FB8<: @B89?P �9??@4A4 V 

@B89?P #BAFDS7VA4). 
6.8. �DB5B6B-?VAV=A9 CDB7D4@G64AAS (4) (;’S6?SєFPES 

;A4@9AA<>)   

F =                 (4) 
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6.9. �474FB>D<F9DV4?PA9 CDB7D4@G64AAS (6 JPB@G 6<C48>G 
89>V?P>4 >D<F9DV= BCF<@V;4JVW).   

6.10.  9D9:969 CDB7D4@G64AAS: 
6.10.1.�484K4 V @B89?P A4 max CBFV> F4 min C9D9DV;; 
6.10.2. 9D9:964 FD4AECBDFA4 ;484K4 V @B89?P; 
6.10.3.�484K4 V @B89?P A4 A4=>BDBFL<= L?SI; 
6.10.4.�484K4 V @B89?P A4 A4=8B6L<= L?SI; 
6.10.5.�484K4 V @B89?P >B@V6BS:9D4; 
6.10.6.�484K4 V @B89?P ;6<K4=ABW FD4AECBDFABW ;484KV; 
6.10.7. �484K4 V @B89?P CDBEFB= FD4AECBDFABW ;484KV A4 

@4>E<@G@; 
6.10.8. �484K4 V @B89?P A4 CBFV> @VAV@4?PABW 64DFBEFV. 
 9D9:96V @B89?V 6<B>D9@?RRFPES B>D9@B - @B89?V F9BDVW 

7D4HV6:  
7. "���� &�"$�� �$�(��  
�DGKA<@ 8?S CD4>F<KAB7B 6<DB5A<JF64, A4CD<>?48 8?S 

?<64DA<JF64 є F9, MB A4 6V8@VAG 6V8 VAL<I @B89?V F9BDVW 7D4HV6 
S6?SRFP EB5BR 7B?B6AG 54;G 8?S DVL9AAS ;484K E4@9 
EFDG>FGDABW BCF<@V;4JVW, @4RFP @4F9@4F<KA<= 6<7?S8 
;6<K4=A<I BCF<@V;4JV=A<I @B89?9= (CGA>F 6) V B5B6’S;>B6B 
CD98EF46?SRFPES G 6<7?S8V 7D4HV6 8?S @B:?<6BEF9= 6<;A4K9AAS, 
EF6BD9AAS V DB;6’S;4AAS 7BFB6<I @4F9@4F<KA<I @B89?9=. �9S>V 
VALV BCF<@V;4JV=AV @B89?V F9: @B:GFP 6<DVLG64F< ;484KV E4@9 
EFDG>FGDABW BCF<@V;4JVW. �B84F>B6B 8?S 6<DVL9AAS ;484K 
EFDG>FGDABW BCF<@V;4JVW 8B @B89?9= F9BDVW 7D4HV6 8B84RFPES V 
VALV 7D4HVKAV @B89?V 3 �B7AVF<6AV  B89?V, VALV #BFB>B6V 
( 9D9:96V)  B89?V,  9D9:V #9FDV, �4AJR7<  4D>B64, 
�?7BD<F@< �@VF4JV=A<I  B89?9=, �?VF<AAV �6FB@4F<, %>VAK9AV 
�6FB@4F<, %9@4AF<KAV  9D9:V, 7D4H< E<EF9@ @4EB6B7B 
B5E?G7B6G64AAS (% "), (D4>F4?PAV  B89?V, !9=DBAAV  9D9:V. 
%?V8 ;4;A4K<F< MB A4;64AV @B89?V F9BDVW 7D4HV6 ECDB@B:AV 
6<DVLG64F< A9 FV?P>< ;4684AAS EFDG>FGDABW BCF<@V;4JVW, 4 = 
A4DS8G ; 6<M9 A4;64A<@< @B89?S@< ECDB@B:AV 6<DVLG64F< V 
;484KV C4D4@9FD<KABW BCF<@V;4JVW. 
8. "���� &�"$�� ��&" �&�+!"�" ��$'��!!3 
 B89?V &�' D4;B@ ; V@VF4JV=A<@< @B89?S@< є 

A4=CBFG:AVL<@< V 6B?B8VRFP 8<A4@VKA<@< 6?4EF<6BEFS@<, S><I 
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C9D964:AB A9 @4RFP :B8AV VALV @B89?V, B>DV@ 89S><I @B89?9=, 
MB 54;GRFPES A4 F9BDVW 7D4HV6 (@9D9:V #9FDV). !4=5V?PL 
CBFG:A<@ 4C4D4FB@ @B89?9= &�' є C9D98464?PAV HGA>JVW (#(), 
C9D9IV8AV I4D4>F9D<EF<>< (>D<6V DB;7BAG). �?S CB5G8B6< V 
4A4?V;G C9D98464?PA<I HGA>JV= &�' C9D9854K4є LVEFP 
EF4A84DFA<I C9D6<AA<I E<7A4?V6: 4)EFGCVAK4EF4 HGA>JVS 
(<B8<A<KA<= E<7A4?= 45B HGA>JVS )96VE4=84); 5)V@CG?PEA<= 
E<7A4? (HGA>JVS �VD4>4); 6) E<AGEA<= E<7A4?; 7) ?VAV=A<= E<7A4?; 
8) E<7A4? <5V?<= LG@=; є) 4E<@CFBF<KAB A45?<:4RMV=ES E<7A4? 
(9>ECBA9AF4). 

 B89?V &�' 8B;6B?SRFP CB5G8G64F< FD< BEAB6AV 6<8< 
;4@>AGF<I E<EF9@ D97G?R64AAS: 4); CBE?V8B6A<@ D97G?SFBDB@; 
5); C4D4?9?PA<@ D97G?SFBDB@;  6); D97G?SFBDB@ 6 ?4AJR;V 
;6BDBFAPB7B ;6’S;>G ; ?4A>4@< 5G8P-S>B7B CBDS8>G V ; HGA>JVS@< 
#-, �-, �-, #�-, #�-, #��-, ��-D97G?SFBDV6.  B:?<64 CB5G8B64 
@4F9@4F<KA<I @B89?9= 89>V?P>BI 6<8V6: 4)6 CDBEFBDV EF4AV6; 5)G 
6<7?S8V CB?VAB@V6; 6)G 6<7?S8V DB;>?484AAS A4 @AB:A<>< 
(F9BD9@< �9;G V �VєF4, EI9@4 �BDA9D4); 7)G 6<7?S8V AG?V6 V 
CB?REV6. 

 V8>VEAV @4F9@4F<KAV @B89?V ?<64DA<JF64: 
9. B89?V F9BDVW I4BEG. 
10. B89?V F9BDVW >4F4EFDBH. 
11. B89?V K4EB6<I DO8V6: 4) DS8< (GD’є; 5) ?47B6V, 

D9>GD9AFAV @B89?V, D9>GDEVW; 6) 69=6?9F< ()44D4, �4554D4, VA.) . 
12.�<A4@VKAV @B89?V: 4) �) #BAFDS7VA4; 5)@B89?V 

�9??@4A4; 6)8<H9D9AJV4?PAB-VAF97D4?PAV @B89?V; 7)BC9D4JV=A<= 
4A4?V;.  
13. B89?V LFGKAB7B VAF9?9>FG: 4)9>EC9DFAV E<EF9@<; 

5)A9KVF>4 ?B7V>4; 6) A9=DBAAV @9D9:V; 7)@B89?V A4 79A9F<KA<I 
4?7BD<F@4I;  8)@B89?V A4 96B?RJV=A<I 4?7BD<F@4I; є)E<EF9@< 
DB;CV;A464AAS B5D4;V6. 
14.%I9@BF9IAVKA9 @B89?N64AAO 4>489@V>4 ,<@B64. 
15. 9FB8< V @B89?V @4F9@4F<KABW EF4F<EF<><. 
16.SWOP-4A4?V;. 
17. B89?V A4 @B6V GPSS  

18.�7DB6V @B89?V IDEF, DFD, Case,CALS-F9IAB?B7VW. 
19.$9B?B7VKAV @B89?V. 
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20. B89?V SCADA – ERP E<EF9@. 
$9;R@9: A4 BEAB6V 6<DB5A<KB7B 8BE6V8G V A4G>B6BW 8VS?PABEFV 

;4CDBCBAB64A4 >?4E<HV>4JVS @4F9@4F<KA<I V V@VF4JV=A<I 
@B89?9= 8?S ?<64DAB7B 6<DB5A<JF64, S>4 8B;6B?Sє 9H9>F<6AB 
;4EFBEG64F< 6EV CD98EF46?9AV 6<8< @B89?9= 8?S VAF9AE<HV>4JVW, 
;89L96?9AAS, BCF<@V;4JVW ?<64DAB7B 6<DB5A<JF64. 
 
 
 
 
 "���0!�� �#�$�& "#&� ���*�� ����$!"�" 

��$"�!�*&�� � &�"$�3 �$�(�� 

%4@4D4= �.#., %4@4D4= $.�.  
�"## <��І V@.І.!V>BDEP>B7B= 

 
Abstract. An overview and analysis of the principles of application and 

properties of mathematical models in foundry production for integrated use at the 
stages of production preparation, in production, during quality control and at the 
stage of feedback on the regulation of technological parameters of foundry 
production. 

 
 4F9@4F<KAV @B89?V (  ) @B:GFP ;A4KAB CB>D4M<F<, 

CB:646<F<, CD<E>BD<F<, BCF<@V;G64F<, ;89L96<F< 6EV CDBJ9E< 
?<64DAB7B 6<DB5A<JF64.  

   є 64:?<6<@ 64:9?9@ 8?S CD46<?PABW CB5G8B6< 
?<64DA<I CDBJ9EV6 V A4 DV;A<I 9F4C4I CV87BFB6>< 6<DB5A<JF64 V 
E4@B7B 6<DB5A<JF64, V A4 DV;A<I C9D98V?4I G DV;A<I 8V?PA<JSI V 
6V88V?9AASI ?<64DA<JF64, V @B:GFP 5GF< ;4EFBEB64AV 8B DV;A<I 
E<EF9@ 46FB@4F<;4JVW V >B@C’RF9D<;4JVW EGK4EAB7B DV6AS. �BA< 
@B:GFP ECD<SF< V D94?V;G64F< BD74AV;4JVR 
DB;D4IGA>V6, 489>64FAB7B CDB9>FG64AAS, @B89?R64AAS, 
CDB7AB;G64AAS, BCF<@V;4JVW, >BAFDB?R, 8V47ABEF<><, >9DG64AAS, 
D97G?R64AAS, 4A4?V;G. %H9D4 ;4EFBEG64AAS FBD>4єFPES 
B8ABK4EAB V 6<DB5A<K<I C<F4AP, V C<F4AP S>BEFV CDB8G>JVW. 
�894?PA<@ 64DV4AFB@ ;4?GK9AAS V 6CDB648:9AAS @4F9@4F<KA<I V 
V@VF4JV=A<I @B89?9= є B8ABK4EA9 ;4EFBEG64AAS 6EVI @B:?<6<I 
@9FB8V6 E<EF9@AB7B 4A4?V;G (%�), >V59DA9F<><, F9BDVW 
@B89?R64AAS V 8?S CV87BFB6>< 6<DB5A<JF64, V 8?S 6?4EAB 
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6<DB5A<KB7B CDBJ9EG, V 8?S >BAFDB?R S>BEFV 6<DB5A<JF64 ; 
@B:?<6VEFR ;’SEG64AAS 6;4є@B6C?<6V6, 6<;A4K9AAS V CB5G8B6< 
6EVI @B:?<6<I 4A4?VF<KA<I, K4EB6<I, 7D4HVKA<I 
6;4є@B;4?9:ABEF9= ; @9FBR S>A4=L6<8L9 D947G64F< A4 6<IV8 
CDBJ9EV6 ;4 @9:V D97G?R64AAS V GCD46?VAAS, ;4 @9:< 
>BAFDB?PB64A<I F9IAB?B7VKA<I C4D4@9FDV6, ;4 F9IAB?B7VKAV 
8BCGE>< V 8B;6B?9AV @9:< 6EVI @B:?<6<I 89H9>FV6 6<DB5V6. 

� @9FBR 9H9>F<6AB7B 6<6989AAS 6<DB5A<JF64 A4 EGK4EA<= 
DV69AP V =B7B ;A4KAB7B CB>D4M9AAS E?V8 KVF>B 6<;A4K<F< >BD<EAV 
F9BD9F<KAV V CD4>F<KAV EGK4EAV A4CDS@< V KVF>G >?4E<HV>4JVR 
;4EFBEB64A<I @B89?9= V @9FB8V6 @B89?R64AAS. !9 E?V8 ;45G64F<, 
MB @B89?V V @9FB8< F<CV6 <5V?BW E>D<AV= V <KBDABW E>D<AV= KG8B6B 
8BCB6ARRFP B8A9 B8AB7B, F4><@ K<AB@ A45G64RFP 6?4EF<6BEF9= 
@B89?9= F<CG <EVD4 E>D<AS= V WI E<@5VB; ;84F9A 6<S6?SF< DV;AV 
DV6AV 9@9D8:9AFABEF9= DV;A<I E<EF9@ A4 DV6ASI V 9F4C4I 
CV87BFB6>< 6<DB5A<JF64, 6?4EAB 6<DB5A<JF64, >BAFDB?R S>BEFV 
CDB8G>JVW, A4 9F4CV D947G64AAS A4 DV69AP 6V8CB6V8ABEFV S>BEFV, A4 
89H9>F< V 5D4> 6<DB5A<JF64 (K9D9; 6V8EBFB> 5D4>G ;4 >B:A<@ 
89H9>FB@) K9D9; ;6BDBFAV= ;6’S;B>.  4RFP 5GF< ;459;C9K9AV 6EV 
@B:?<6BEFV 8?S B8ABK4EAB7B CBEFV=AB7B @BAVFBD<A7G V 
F9IAB?B7VKA<I C4D4@9FDV6 (!), V EF4F<EF<>< 6EVI 89H9>FV6 
6<?<6>V6 (!) V 5D4>G (!) 6<DB5A<JF64 ; @9FBR CB6’S;4F< WI @V: 
EB5BR G 6<7?S8V DV;AB@4AVFA<I @4F9@4F<KA<I, 7D4HVKA<I, 
V@VF4JV=A<I @B89?9= V ;4?9:ABEF9= (G A4=CDBEFVLB@G 6<C48>G 
A4CD<>?48, S> C4DAV V @AB:<AAV D97D9EV=AV @B89?V ?VAV=AB7B 45B 
A9?VAV=AB7B F<CG, 8<A4@VKAV 45B EF4F<KAV, =@B6VDAVEAV 45B 
89F9D@VAB64AV).  
�4 I4D4>F9DB@ K4EB6BW ;4?9:ABEFV 3 A4=5V?PL ;4EFBEB64AV 

@B89?V EF4F<KAV, G S><I GEV ;4?9:ABEFV EFBEGRFPES B8AB7B 
@B@9AFG K< C9DVB8G K4EG, DV8L9 ;4EFBEB64AV @B89?V 8<A4@VKAV, G 
S><I 6V8B5D4:4єFPES CDBJ9E ;@VA< B5'є>F4 6 K4EV V 6 S><I ;484KV 
DB;6'S;GRFP >V?P>B@4 9F4C4@<, CD<KB@G D9;G?PF4F A4 >B:AB@G ; 
A<I ;4?9:<FP 6V8 HGA>JVW F4 DB;6'S;>V6, CD<=ASF<I A4 CBC9D98AVI 
9F4C4I. 
�4 I4D4>F9DB@ 6V8B5D4:9AAO CD<K<AAB-A4E?V8>B6<I 

;6'O;>V6 @B89?V F9IAB?B7VKA<I V 9>BAB@VKA<I CDBJ9EV6 @B:A4 
CB8V?<F< A4 89F9D@VAB64AV, G S><I 6<IB8< B8AB;A4KAB 
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6<;A4K4RFPES ;6<K4=ABR @AB:<ABR 6IB8V6 (H4>FBDV6, 
C4D4@9FDV6), 4 E4@G @B89?P @B:A4 CB84F< S> 89S>G HGA>JVR 
A96<C48>B6<I C4D4@9FDV6 V ;@VAA<I, V, A46C4><, =@B6VDAVEAV 
@B89?V, S>V 6V8;A4K4RFPES F<@, MB G@B6< HGA>JVBAG64AAS V 
I4D4>F9D<EF<>< EF4AV6 ;@B89?PB64AB7B B5'є>F4 є 6<C48>B6<@< 
69?<K<A4@< V CB6'S;4AV @V: EB5BR 6<C48>B6<@< ;4?9:ABEFS@< ;4 
D4IGAB> 66989AAS F4> ;64AB7B H4>FBDG A96<;A4K9ABEFV. 

�4 ECV66V8ABL9AAS@ 6IV8A<I (9>;B79AA<I) V 6<IV8A<I 
(9A8B79AA<I) C4D4@9FDV6 DB;DV;ASRFP @B89?V ;4>D<FV V 6V8>D<FV; 
;4 I4D4>F9DB@ 6;4є@B;6'S;>V6 @V: C4D4@9FD4@< - ?VAV=AV V 
A9?VAV=AV; ;4 EFGC9A9@ EFDG>FGD<;4JVW F9IAB?B7VKA<I V 
7BECB84DEP><I CDBJ9EV6 - B8AB- V 5474FBCDB8G>FB6V, B8AB- V 
5474FB74?G;96V; ;4 I4D4>F9DB@ 6<@B7 8B D9;G?PF4FV6 
DB;6'S;G64AAS ;484K - 54?4AEB6V = BCF<@V;4JV=AV; ;4 7?<5<ABR 
K4EB6B7B B5DVR - 8B67BEFDB>B6B7B CDB7AB;G64AAO, 
C9DEC9>F<6AV = CBFBKAV; ;4 EFGC9A9@ CB6ABF< BIBC?9AAS 
9>BAB@VKAB7B B5'є>F4 - @4>DB- F4 @V>DB@B89?V. 

 4F9@4F<KA4 @B89?P @B:9 BIBC?R64F< 6EV @B:?<6V 
F9IAB?B7VKAV 45B 9>BAB@VKAV CDBJ9E< V 6<DB5A<JF64, WIAR 
K4EF<AG 45B ?<L9 B8<A, 8BE<FP 6V8B>D9@?9A<= CDBJ9E 
(6<DB5A<JF6B, CV8DB;8V?, C9D98V?, B>D9@9 B5?48A4AAS, B>D9@4 
?4A>4 CDBJ9EG, B>D9@<= >BAFGD D97G?R64AAS, B>D9@<= >BAFGD 
>9DG64AAS, B>D9@<= >BAFGD >BAFDB?R, B>D9@<= >B?9>F<6, 
B>D9@9 BEA4M9AAS, B>D9@<= F9IAB?B7VKA<= CDBJ9E, B>D9@<= 
S>VEA<= >BAFDB?P). 

�4 EC9J<HV>BR ;4EFBEB6G64A<I @9FB8V6 4A4?V;G V @B89?9= 
>V59DA9F<><, E<EF9@AB7B 4A4?V;G, F9BDVW @B89?R64AAS V ;484K 
8BE?V8:9AAS BC9D4JV= G ?<64DA<JF6V WI @B:A4 CB8V?<F< A4: 
54?4AEB6V, >BD9?SJV=AV F4 D97D9EV=AV, G@B6ABW BCF<@V;4JVW 
(?VAV=AV F4 A9?VAV=AV, 89F9D@VAB64AV F4 EFBI4EF<KAV, EF4F<KAV F4 
8<A4@VKAV), F9BDVW @4EB6B7B B5E?G7B6G64AAS, ;4C4EV6, V7BD, 
EF4F<EF<KA<I DVL9AP, VAHBD@4JVW, ;4@VA< B5?48A4AAS, F9BDVW 
7D4HV6, V@VF4JV=AV V VALV. 

&4>4 >?4E<HV>4JVS V 54K9AAS ;474?PABW EG>GCABEFV @B89?9= V 
@9FB8V6 @B89?R64AAS 8BCB@474є KVF>B DB;@9:G64F< 
DV;AB@4AVFAV F9IAB?B7VKAV, 9>BAB@VKAV CDBJ9E< V WI EC9J<HV>G, 
@9FG @B89?R64AAS, @B89?V, S>V 6<>BD<EFB6GRFP, V @9FB8< WI 



 129 

8BE?V8:9AAS V 6 FB= E4@V= K4E A4=5V?PL CB6AB V >B@C?9>EAB 
6<>BD<EF4F< 6EV C9D9647< >B:ABW @B89?V V >B:AB7B A4G>B6B-
F9IAB?B7VKAB7B CV8IB8G. 

 4F9@4F<KA<= 4C4D4F F9BDVW @B89?R64AAS, E<EF9@AB7B 
4A4?V;G, >V59DA9F<>< V EGK4EA4 B5K<E?R64?PA4 F9IAV>4 ECD<SRFP 
;A4KAB@G CV86<M9AAR >BA>GD9AFB;84FABEFV CDB8G>JVW V E4@B7B 
6<DB5A<JF64, S>BEFV 6<DB5V6, A4G>B6B7B DV6AS A4G>B6<I, 
F9IAB?B7VKA<I 45B 9>BAB@VKA<I 8BE?V8:9AP A4 6<DB5A<JF6V, 
6VDB7V8ABEFV BFD<@4AAS 489>64FABEFV V CD46<?PABEFV BFD<@4A<I 
6<EAB6>V6, 9H9>F<6ABEFV CD<=ASF<I DVL9AP V DB;6’S;>V6 
CBEF46?9A<I 6<DB5A<K<I, F9IAB?B7VKA<I, 9>BAB@VKA<I, 
HVA4AEB6<I, BD74AV;4JV=A<I, >48DB6<I V A4G>B6<I ;4684AP V ;484K. 

&4><@ K<AB@, 6 A4G>B6B@G, F9IAB?B7VKAB@G V 9>BAB@VKAB@G 
@B89?R64AAV ?<64DA<JF64 @B:A4 6<8V?<F< 8 BEAB6A<I A4=5V?PL 
;4EFBEB64A<I V 12 8B84F>B6<I @9AL ;4EFBEB64A<I 6<8V6 @B89?9= 
8?S CDB7AB;G64AAS, 8V47ABEF<><, >9DG64AAS, D97G?R64AAS, 
4A4?V;G, >BAFDB?R V 8?S EFDG>FGDAB-C4D4@9FD<KABW BCF<@V;4JVW 
CDBJ9EV6 ?<64DAB7B 6<DB5A<JF64. 

�DGKA<@ 8?S CD4>F<KAB7B 6<DB5A<JF64, A4CD<>?48 8?S 
?<64DA<JF64 є F9, MB A4 6V8@VAG 6V8 VAL<I @B89?V F9BDVW 7D4HV6 
S6?SRFP EB5BR 7B?B6AG 54;G 8?S DVL9AAS ;484K E4@9 
EFDG>FGDABW BCF<@V;4JVW, K4EF<A4 ; A<I (CBFB>B6V 45B @9D9:96V 
@B89?V @4F9@4F<KAB7B CDB7D4@G64AAS) @4RFP @4F9@4F<KA<= 
6<7?S8 ;6<K4=A<I BCF<@V;4JV=A<I @B89?9= (@B89?9= 
@4F9@4F<KAB7B CDB7D4@G64AAS) V B5B6’S;>B6B CD98EF46?SRFPES 
G 6<7?S8V 7D4HV6 8?S @B:?<6BEF9= 6<;A4K9AAS, EF6BD9AAS V 
DB;6’S;4AAS 7BFB6<I @4F9@4F<KA<I @B89?9=. �9S>V VALV 
BCF<@V;4JV=AV @B89?V F9: @B:GFP 6<DVLG64F< ;484KV E4@9 
EFDG>FGDABW BCF<@V;4JVW. �B84F>B6B 8?S 6<DVL9AAS ;484K 
EFDG>FGDABW BCF<@V;4JVW 8B @B89?9= F9BDVW 7D4HV6 8B84RFPES V 
VALV 7D4HVKAV @B89?V 3 �B7AVF<6AV  B89?V, VALV #BFB>B6V 
( 9D9:96V)  B89?V,  9D9:V #9FDV, �4AJR7<  4D>B64, 
�?7BD<F@< �@VF4JV=A<I  B89?9=, �?VF<AAV �6FB@4F<, %>VAK9AV 
�6FB@4F<, %9@4AF<KAV  9D9:V, 7D4H< E<EF9@ @4EB6B7B 
B5E?G7B6G64AAS (% "), (D4>F4?PAV  B89?V, !9=DBAAV  9D9:V. 
+4EF<A4 ; @B89?9=, MB 54;GRFPES A4 F9BDVW 7D4HV6, A45G64RFP 
CBFG:A<I 8<A4@VKA<I 6?4EF<6BEF9=, MB є 69?<K9;ABR 
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C9D9647BR C9D98 VAL<@< @B89?S@<.  %?V8 ;4;A4K<F< MB A4;64AV 
@B89?V F9BDVW 7D4HV6 ECDB@B:AV 6<DVLG64F< A9 FV?P>< ;4684AAS 
EFDG>FGDABW BCF<@V;4JVW, 4 = A4DS8G ; 6<M9 A4;64A<@< @B89?S@< 
ECDB@B:AV 6<DVLG64F< V ;484KV C4D4@9FD<KABW BCF<@V;4JVW.     

&4><@ K<AB@ 8?S DVL9AAS ;484K E4@9 @B89?R64AAS 6 
CDBEFBDV V EFDG>FGDABW BCF<@V;4JVW  A4=5V?PL9 CD<EFBEB64AV 
@9FB8< V @B89?V F9BDVW 7D4HV6, 89S>V ; S><I @B:GFP 6V8F6BDR64F< 
8<A4@VKAV CDBEFBDB6V CDBJ9E<. �?S DVL9AAS ;484K E4@9 
C4D4@9FD<KABW BCF<@V;4JVW 5V?PL9 CD<EFBEB64AV 6EV VALV 
DV;AB@4AVFAV 6<8< @B89?9=. � FV V VALV 6<8< @B89?9= @4RFP 
;4EFBEB6G64F<ES A4 6EVI ?4A>4I ?<64DA<JF64. 

$9;R@9: #D98EF46?9AB B7?S8 V 4A4?V; CD<AJ<CV6 
;4EFBEG64AAS  V 6?4EF<6BEF9= @4F9@4F<KA<I @B89?9= G 
?<64DAB@G 6<DB5A<JF6V ;48?S >B@C?9>EAB7B 6<>BD<EF4AAS A4 
9F4C4I CV87BFB6>< 6<DB5A<JF64, G 6<DB5A<JF6V, CV8 K4E 
>BAFDB?R S>BEFV V A4 9F4CV ;6BDBFAPB7B ;6’S;>G ; D97G?R64AAS 
F9IAB?B7VKA<I C4D4@9FDV6 ?<64DAB7B 6<DB5A<JF64. 

 
 
 
 

#$"*��'$!�3 ��!�$�*�3 %�'+��!/) 
#��!�$!/) �$�("� 

%748B6 %.�. 
�4J<BA4?PAO= GA<69DE<F9F "�4CBDB:E>4O CB?<F9IA<>4" 

 
PROCEDURAL GENERATION OF RANDOM 

PLANAR GRAPHS 
Abstract. This paper presents a simple algorithm for generating a family of 

random planar graphs based on a rectangular triangulated graph. The algorithm 
is based on the principle of removing random edges. 

 
#D< F9EF<DB64A<< CDB7D4@@, >BFBDO9 D94?<;GRF 4?7BD<F@O 

A4 7D4H4I [1],[2], K4EFB 6EF49F CDB5?9@4 79A9D4J<< 7D4HB6, 
B5?484RM<I BCD989?9AAO@< E6B=EF64@<. � QFB@ E@OE?9 
5B?PLB= <AF9D9E CD98EF46?SRF 7D4HO, >BFBDO9 @B7GF 5OFP 
G?B:9AO A4 C?BE>BEFP 59; C9D9E9K9A<S D959D (C?4A4DAO9). 
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*9?PR 84AAB= D45BFO S6?S9FES 4?7BD<F@ CDBJ98GDAB= 
79A9D4J<< E?GK4=AB7B C?4A4DAB7B 7D4H4 59; "6<ESK<I" 69DL<A, 
C9F9?P. �?S CDBEFBFO A9 5G89@ FD95B64FP, KFB5O CB?GK9AAO= 
7D4H 5O? B8ABE6S;AO@, F4>:9 CD98CB?B:<@, KFB ;484AB A4C9D98 
K<E?B 69DL<A N g 4 (N 3 EBEF46AB9). 
�6FBDB@ CD98?4749FES E?98GRM<= 4?7BD<F@: 
1. %B;84A<9 A4K4?PAB7B FD<4A7G?<DB64AAB7B 7D4H4. 
#D98EF46<@, KFB 69DL<A4 7D4H4 B5D4;G9F E9F>G � A4 � 

(�·� = N), 789 � < � 3 CDB<;6B?PAO9 K<E?4 g 2, S6?SRM<9ES 
89?<F9?S@< N. %B98<A<@ 69DL<AO D95D4@<, KFB5O CB?GK<?ES 
FD<4A7G?<DB64AAO= FD9G7B?PA<> (CD< QFB@ @B:AB >4:8O= 
>648D4F FD<4A7G?<DB64FP E?GK4=AO@ B5D4;B@) (D<E. 1). 

 

 
$<E.1. �D<@9D <EIB8AB7B 7D4H4 G0 

 
#B?GK<6LGRES H<7GDG D4EE@BFD<@ >4> G>?48>G C?BE>B7B 

7D4H4 G0."K96<8AB, KFB 9E?< 9EFP A9B5IB8<@BEFP CB?GK<FP 
D<EGAB>, FB <@99F E@OE? ;48464FP 69DL<A4@ >BBD8<A4FO, FB784 
QFB CB;6B?<F ?97>B CB?GK4FP D<EGA>< E?GK4=AOI C?BE><I 
7D4HB6. !B 8?S 84AAB7B 4?7BD<F@4 79B@9FD<;4J<< 7D4H4 A9 
<@99F ;A4K9A<S, F4> >4> 6E9 BC9D4J<< @B:AB CDB6B8<FP, 
A4CD<@9D, A48 @4FD<J9= E@9:ABEF< 7D4H4. "EAB6AB= E@OE? 
CB?GK<6L97BES L474 3 EB;84FP C?4A4DAO= 7D4H A4 N-69DL<A4I E 
5B?PL<@ >B?<K9EF6B@ D959D L.  
2. %BEF46<@ EC<EB> D959D Ei, 1≤i≤L . 
3. �B;P@9@ E?GK4=AB9 J9?B9 n~LG8max , 789 LG8max 3 

@4>E<@4?PAB9 >B?<K9EF6B G84?S9@OI D959D. 
4. n D4; CB6FBD<@ E?98GRMGR CDBJ98GDG: 
6B;P@9@ E?GK4=AB9 D95DB �j. #B @4FD<J9 E@9:ABEF< 
CDB69D<@ 64?9AFABEFP <AJ<89AFAOI 69DL<A E �j , < 9E?< 
IBFP B8A4 <; A<I <@99F 64?9AFABEFP 1, 3 59D9@ 8DG7B9 
E?GK4=AB9 D95DB;  
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9E?< E89?4AB L 59;GEC9LAOI CBCOFB> A4=F< F4>B9 D95DB, FB 
4?7BD<F@ B>BAK9A; 

 A4=89AAB9 D95DB <E>?RK49@ <; 7D4H4. 
#BE?9 FB7B >4> @O G84?<@ E?GK4=AB9 >B?<K9EF6B E?GK4=AOI 

D959D <; C?4A4DAB7B 7D4H4 G0 @O CB?GK<?< E?GK4=AO= 7D4H Gi, 
>BFBDO= S6?SSEP EG7D4HB@ G0 S6?S9FES F4>:9 C?4A4DAO@. A4 
QF4C9 4 @B:AB F4>:9 CDB69D<FP A9 CD<6B8<F ?< G84?9A9 D95D4 �j 
> A4DGL9A<R E6S;ABEF< <?< 6O86<AGFP 8DG7<9 GE?B6<S > 
64?9AFABEF< 69DL<A (A4CD<@9D B7D4A<K<FP 64?9AFABEFP 69DL<A 
>4><@-?<5B ECBEB5B@).  
&4><@ B5D4;B@, CB?GK9A 4?7BD<F@, >BFBDO= 79A9D<DG9F 

E?GK4=AO= 7D4H E N 69DL<A4@<. �E?< EBID4A<FP 84AAO9 
<EIB8AB7B 7D4H4 G0 6 C4@SF<, FB @B:AB 79A9D<DB64FP 2L 
E?GK4=AOI EG7D4H4 G0

i. �E?< ;4>B8<DB64FP 
G84?S9@O9/CD<EGFEF6GRM<9 D95D4 86B<KAO@ @9FB8B@ <; L-
Q?9@9AFB6, FB >4:8O= EG7D4H G0

i 5G89F I4D4>F9D<;B64FPES 
98<AEF69AAO@ 86B<KAO@ K<E?B@ BFABE<F9?PAB 7D4H4 G0. 
�?7BD<F@ A9 ?<L9A A98BEF4F>B6: CB?GK49@O9 E?GK4=AO9 7D4HO 
5G8GF K4EFB <@9FP @AB7B 7D4A9=-FD9G7B?PA<>B6. #BE?9 G84?9A<S 
BK9D98AB7B D95D4, @B:9F 5OFP A9B5IB8<@B CDB69DSFP E6B=EF64 
EG7D4H4, A4CD<@9D, E6S;ABEFP. #D< E?<L>B@ 5B?PLB@ 
>B?<K9EF69 G84?S9@OI D959D, 7D4H @B:9F CD96D4F<FPES 6 89D96B.  

 
�<F9D4FGD4 
1. �GD4CB6 %.�., �46<8B6E><=  .�. �?7BD<F@O CBEFDB9A<S 

FBCB?B7<K9E>B7B < 79B@9FD<K9E>B7B D<EGA>B6 7D4H4 %1# // 
�B@CBA9AFO < &9IAB?B7<<. - 7 6 - 2017. 3 C.128-132. 

2. �GD4CB6 %. �. , �46<8B6E><=  . �. , <#DB69D>4 
C?4A4DABEF< < CBEFDB9A<9 FBCB?B7<K9E>B7B D<EGA>4 C?BE>B7B 
7D4H4 (CB<E>B@ 6 7?G5<AG)=, ���, 2016, 7 2(32), 1003114   
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#$� �!�!��  �&"�� #$/��2-�) �3�',�� 
��3 ����+� $�� �-�!�3 #$"���"�%&�� 

%9?RF<A �.�. 
�4CBDB:E><= A4J<BA4?PAO= GA<69DE<F9F 

 
APPLICATION OF THE JUMPING FROG METHOD FOR 

THE PROBLEM OF PRODUCTION PLACING 
Abstract. The problem of placing production with restrictions on production 

volumes is considered. To search for suboptimal solutions to the problem, an 
algorithm is proposed based on the method of mixed jumping frogs. 

 
�484K4 D4;@9M9A<S CDB<;6B8EF64 S6?S9FES B8AB= <; 

A4<5B?99 4>FG4?PAOI ;484K BCF<@<;4J<<. "A4 6EFD9K49FES 6 
6<89 ;484K< 6O5BD4 BCF<@4?PAB7B DS84 <;89?<= B8ABD4;B6B7B 
<ECB?P;B64A<S, EF4A84DF<;4J<< < GA<H<>4J<<, BCF<@<;4J<< 
C4D4@9FDB6 B8ABDB8AB= F9IA<K9E>B= E<EF9@O, D4;@9M9A<S 
H<?<4?B6 54A>4 <?< E>?48B6, ;484K< HBD@<DB64A<S E9F9= 
B5E?G:<64A<S < F4> 84?99.  
#GEFP @AB:9EF6B ā = {1, & , ā} ;4849F AB@9D4 6B;@B:AOI 

CGA>FB6 D4;@9M9A<S CD98CD<SF<= CB CDB<;6B8EF6G A9>BFBDB7B 
B8ABDB8AB7B CDB8G>F4. �?S >4:8B7B <; <; CGA>FB6 ÿ ∈ā BCD989?9A4 69?<K<A4 ýĀ g 0 ;4FD4F A4 BF>DOF<9 CD98CD<SF<S. 
"F>DOFB9 CD98CD<SF<9 @B:9F CDB<;6B8<FP CDB8G>J<R 8?S 
CBFD95<F9?9= 6 A9B5IB8<@B@ >B?<K9EF69. 
#9D9K9AP CBFD95<F9?9= ;4849FES @AB:9EF6B@ Ă = {1, & Ă}. 

�?S >4:8B= C4D ÿĀ   <;69EFA4 69?<K<A4 āÿĀ g 0 ;4FD4F A4 
CDB<;6B8EF6B < 8BEF46>G CDB8G>J<< <; CGA>F4 ÿ CBFD95<F9?R E 
AB@9DB@ Ā. �484K4 EBEFB<F 6 FB@, KFB5O A4=F< F4>B9 
CB8@AB:9EF6B AB@9DB6 þ ∈ ā, þ b ∅ < BCD989?<FP E6S;< @9:8G 
CD98CD<SF<S@< E QF<@< AB@9D4@< < CBFD95<F9?S@<, CD< 
>BFBDOI ;4FD4FO A4 EB;84A<9 EBBF69FEF6GRM<I CD98CD<SF<= < 
B5E?G:<64A<9 CBFD95<F9?9= 5G8GF @<A<@4?PAO. % 
<ECB?P;B64A<9@ 66989AAOI B5B;A4K9A<= BCF<@<;4J<BAA4S 
CBEF4AB6>4 ;484K< @B:9F 5OFP ;4C<E4A4 E?98GRM<@ B5D4;B@: (þ) =  ∑ ýÿ + ∑ minÿ∈ÿ āÿĀ → minÿ∈ĀĀ∈āÿ∈ÿ  
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%HBD@G?<DB64AA4S ;484K4 S6?S9FES B5B5M9A<9@ <;69EFAB= 
;484K< B CB>DOF<< @AB:9EF64@< [1] <, E?98B64F9?PAB, BFABE<FES 
> K<E?G NP-FDG8AOI ;484K 6 E<?PAB@ E@OE?9. �?S D9L9A<S 
CDBEF9=L9= ;484K< D4;@9M9A<S D4;D45BF4AO FBKAO9 
4?7BD<F@O, CD<5?<:9AAO9 4?7BD<F@O E 74D4AF<DB64AAO@< 
BJ9A>4@< FBKABEF<, D4;AB7B DB84 Q6D<EF<K9E><9 4?7BD<F@O. 
�EE?98B64AO CB?<AB@<4?PAB D4;D9L<@O9 >?4EEO ;484K. "8A4>B 
6 B5M9@ E?GK49 ;484K4 8B E<I CBD BEF49FES <AF9D9EAB= >4> 8?S 
F9BD9F<K9E>B7B <EE?98B64A<S, F4> < 8?S @AB7BK<E?9AAOI 
CD4>F<K9E><I CD<?B:9A<=. 
�484K4 D4;@9M9A<S E B7D4A<K9A<S@< A4 @BMABEF< 

CD98CD<SF<= S6?S9FES B5B5M9A<9@ CDBEF9=L9= ;484K< 
D4;@9M9A<S. � BF?<K<9 BF CBE?98A9= 6 A9= CD98CB?4749FES, KFB 
>4:8B9 CD98CD<SF<9 @B:9F CDB<;6B8<FP CDB8G>J<R FB?P>B 6 
B7D4A<K9AAOI >B?<K9EF64I. &4>B9 9EF9EF69AAB9 < 64:AB9 
CD98CB?B:9A<9 E?97>4 @9AS9F @4F9@4F<K9E>GR @B89?P < E<?PAB 
GE?B:AS9F @9FB8O D9L9A<S BCF<@<;4J<BAAB= ;484K<.  
#D<6989@ @4F9@4F<K9E>GR CBEF4AB6>G ;484K< 6 F9D@<A4I 

J9?BK<E?9AAB7B ?<A9=AB7B CDB7D4@@<DB64A<S. #GEFP 
@AB:9EF6B ā = {1, & , ā} ;4849F C9D9K9AP 6B;@B:AOI CGA>FB6 
D4;@9M9A<S CD98CD<SF<= CB CDB<;6B8EF6G A9>BFBDB7B 
B8ABDB8AB7B CDB8G>F4. �9?<K<A4 ýĀ g 0 ;4849F EFB<@BEFP 
BF>DOF<S CD98CD<SF<S 6 CGA>F9 ÿ ∈ ā, 4 69?<K<A4 �ÿ g 0 
BCD989?S9F @4>E<@4?PAB 6B;@B:AO= B5N9@ CDB<;6B8EF64 6 
84AAB@ CGA>F9. 
#9D9K9AP CBFD95<F9?9= ;4849FES @AB:9EF6B@ Ă = {1, & Ă}. 

�?S >4:8B= C4DO ÿĀ <;69EFA4 69?<K<A4 āÿĀ g 0 ;4FD4F A4 
CDB<;6B8EF6B < 8BEF46>G CDB8G>J<< CBFD95<F9?R, 4 F4>:9 
69?<K<A4 ĆÿĀ g 0 4 B5N9@ CDB8G>J<< ÿ-7B CD98CD<SF<S, 
A9B5IB8<@O= 8?S G8B6?9F6BD9A<S CBFD95ABEF9= Ā-7B 
CBFD95<F9?S. 
�6989@ E?98GRM<9 C9D9@9AAO9: ďÿ = {1, 9E?< EBBF69FEF6GNI99 CD98CD<OF<9 BF>DыFB0, 6 CDBF<6AB@ E?GG49  

 ĎÿĀ = {1, 9E?< CD98CD<OF<9 ÿ B5E?G:<649F CBFD95<F9?O Ā0, 6 CDBF<6AB@ E?GG49   
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% <ECB?P;B64A<9@ 66989AAOI B5B;A4K9A<= 
BCF<@<;4J<BAA4S CBEF4AB6>4 ;484K< ;4C<EO649FES E?98GRM<@ 
B5D4;B@: min{∑ ýÿďÿ + ∑ ∑ āÿĀĎÿĀ}Ā∈āÿ∈Āÿ∈Ā  

∑ ĎÿĀ = 1, Ā ∈ Ă,ÿ∈Ā  ∑ ĆÿĀĎÿĀ f �ÿďÿĀ∈ā , ÿ ∈ ā, ĎÿĀ,ďÿĀ ∈ {0,1}, ÿ ∈ ā, Ā ∈ Ă 

*9?964S HGA>J<S <@99F E@OE? EG@@4DAOI ;4FD4F A4 
BF>DOF<9 CD98CD<SF<= < B5E?G:<64A<9 CBFD95<F9?9=. #9D6B9 
B7D4A<K9A<9 FD95G9F G8B6?9F6BD9A<S CBFD95ABEF9= 6E9I 
CBFD95<F9?9=. �FBDB9 B7D4A<K9A<9 A9E9F ED4;G 869 HGA>J<<. 
"AB CB;6B?S9F B5E?G:<64FP CBFD95<F9?9= FB?P>B E BF>DOFOI 
CD98CD<SF<=, 4 F4>:9 B7D4A<K<649F E69DIG 6B;@B:AO9 B5N9@O 
CBEF46B> CDB8G>J<< E >4:8B7B CD98CD<SF<S. 
�?S BFOE>4A<S EG5BCF<@4?PAOI D9L9A<= QFB= ;484K< 

CD98?B:9A4 @9F4Q6D<EF<>4 A4 BEAB69 4?7BD<F@4 C9D9@9L4AAOI 
CDO74RM<I ?S7GL9> (�#$). �4:8B@G 8BCGEF<@B@G 
D4;@9M9A<R EBBF69FEF6G9F Q?9@9AF 54;B6B7B @AB:9EF64, 
>BFBDO= GE?B6AB 5G89@ A4;O64FP «?S7GL>B=» �ES CBCG?SJ<S 
?S7GL9> 89?<FES A4 A9E>B?P>B 7DGCC <?< @9@C?9>EB6, 
EBBF69FEF6GRM<I D4;?<KAOI 64D<4AF4@ D4;@9M9A<S 
CDB<;6B8EF64. #BE?9 CB<E>4 6 >4:8B@ @9@C?9>E9 ?S7GL>< <; 
6E9I @9@C?9>EB6 C9D9D4ECD989?SRFES, HBD@<DGS AB6O9 
@9@C?9>EO, KFB G@9APL49F L4AEO CBC484A<S 6 ?B>4?PAO= 
BCF<@G@ [3, 4]. �?7BD<F@ CDBEF 8?S CBA<@4A<S < D94?<;4J<<, 
<@99F A95B?PLB9 >B?<K9EF6B C4D4@9FDB6, GEC9LAB CD<@9AS?ES 
8?S D9L9A<S ;484K >B@5<A4FBDAB= < A9CD9DO6AB= BCF<@<;4J<< 
[5]. 
%GFP 4?7BD<F@4 CDO74RM<I ?S7GL9> 8?S D9L9A<S ;484K< 

D4;@9M9A<S CDB<;6B8EF64 E6B8<FES > E?98GRM9= 
CBE?98B64F9?PABEF<.  
,47 0. "CD989?<FP K<E?9AAO= >D<F9D<= >4K9EF64 

>?4EE<H<>4J<<. 
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,47 1. �A<J<4?<;<DB64FP CBCG?SJ<R ?S7GL9>, >4> 
@AB:9EF6B FBK9> A9>BFBDB7B 8<E>D9FAB7B CDBEFD4AEF64 E 
;484AAB= @9FD<>B=.  
,47 2. �OK<E?<FP ;A4K9A<9 HGA>J<< >4K9EF64 >4:8B7B 

D9L9A<S. 
,47 3. 'CBDS8BK<FP D9L9A<S 6 CBDS8>9 G5O64A<S ;A4K9A<S 

HGA>J<< >4K9EF64. 
,47 4. $4;89?<FP 6<DFG4?PAOI ?S7GL9> (D9L9A<S) A4 

@9@C?9>EO F4><@ B5D4;B@, KFB C9D64S 6 BFEBDF<DB64AAB@ 
EC<E>9 6<DFG4?PA4S ?S7GL>4 CBC4849F 6 C9D6O= @9@C?9>E, 
6FBD4S ;4ABE<FES 6B 6FBDB= @9@C?9>E. 
,47 5. &4> CDB8B?:49FES CB>4 6E9 ?S7GL>< A9 5G8GF 

D4ECD989?9AO 6 G>4;4AAB9 >B?<K9EF6B @9@C?9>EB6. 
,47 6. � >4:8B@ @9@C?9>E9 A4=F< ?GKL99 < IG8L99 

D9L9A<9. 
,47 7. #BCOF4FPES G?GKL<FP CB?B:9A<9 IG8L9= 

6<DFG4?PAB= ?S7GL>< CGF9@ E?GK4=AB7B C9D9@9M9A<S 99 6 
A4CD46?9A<< ?GKL9= ?S7GL><. 
,47 8. �E?< CD98O8GM4S BC9D4J<S A9 G?GKL49F D9L9A<9, FB 

CBCOF4FPES G?GKL<FP CB?B:9A<9 IG8L9= 6<DFG4?PAB= ?S7GL>< 
CGF9@ C9D9@9M9A<S 99 6 A4CD46?9A<< 7?B54?PAB ?GKL9= 
?S7GL><. 
,47 9. �E?< < CBE?98ASS BC9D4J<S A9 CD<6B8<F > 

G?GKL9A<R CB;<J<< 6<DFG4?PAB= ?S7GL><, FB 6;4@9A 99 
E?GK4=AO@ B5D4;B@ EB;84FP 6 B5?4EF< CB<E>4 AB6GR ?S7GL>G. 
,47 10. "5N98<A<FP 6<DFG4?PAOI ?S7GL9> 6E9I @9@C?9>EB6 

6 B8AG 7DGCCG. 
,47 11. �E?< GE?B6<S ;469DL9A<S 4?7BD<F@4 A9 6OCB?A9AO, 

FB 3 C9D9IB8 > ,47G 3. 
,47 12. #BE?98ASS 7?B54?PAB ?GKL4S 6<DFG4?PA4S ?S7GL>4 

EBBF69FEF6G9F EG5BCF<@4?PAB@G D9L9A<R ;484K<. 
 
�<F9D4FGD4 
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�9FA4O 4>489@<O ��# 

 
SUPER FIBONACCI GRACEFUL LABELING 

OF EULERIAN GRAPHS 
Abstract. We found the necessary and sufficient conditions for the existence 

of a super Fibonacci graceful labeling of a cycle 
nC , and also solved the problem 

of constructive enumeration for 
nC . We determined the structures of Euler super 

Fibonacci graceful graphs. 

 
#B8 BCF<@4?PAB= AG@9D4J<9= (<?< D4;@9F>B=) >BA9KAB7B 

A9BD<9AF<DB64AAB7B 7D4H4 CBA<@4RF CD<E6B9A<9 AB@9DB6 97B 
69DL<A4@ F4><@ B5D4;B@, KFB5O EG@@4 @B8G?9= D4;ABEF9= 
@9:8G AB@9D4@< E@9:AOI 69DL<A 5O?4 @<A<@4?PAB=. �484K4 
CBEFDB9A<S F4>B= AG@9D4J<< BFABE<FES > ;484K4@ 
>B@5<A4FBDAB= BCF<@<;4J<< < 8?S CDB<;6B?PAB7B 7D4H4 
S6?S9FES NP-FDG8AB=. �AF9D9E 6O;O64RF D4;?<KAO9 64D<4AFO 
BCF<@4?PAB= AG@9D4J<<. %D98< A<I 7D4J<B;A4S D4;@9F>4, 
CD98?B:9AA4S �. $BE4. �AN9>F<6AGR HGA>J<R 
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 qVf ,,2,1,0: û  EK<F4RF 7D4J<B;AB= D4;@9F>B= 7D4H4 
ø ùEVG ,ý  D4;@9D4 q , 9E?< BA4 <A8GJ<DG9F F4>GR D959DAGR 

D4;@9F>G  qEf ,,3,2,1:* û , KFB *f  3 5<9>J<S < 
ø ù ø ù ø ùvfufuvf ý*  8?S ?R5OI E@9:AOI 69DL<A Vvu þ, . 

�D4H G  3 7D4J<B;AO=, 9E?< BA 8BCGE>49F 7D4J<B;AGR D4;@9F>G. 
�B?PL9 <AHBD@4J<< CB QFB@G 6BCDBEG @B:AB A4=F< 6 [1]. 
�EF9EF69AAO@ CDB8B?:9A<9@ <89< 7D4J<B;ABEF< 7D4H4 

ø ùEVG ,ý  S6?S9FES E?GK4=, >B784 D959DA4S D4;@9F>4 
CD98EF46?S9F EB5B= 5<9>J<R <; @AB:9EF64 D959D A4 C9D6O9 E  

K<E9? CDB<;6B?PAB= CBE?98B64F9?PABEF<  ia . �AF9D9E 
6O;O64RF EFDG>FGDAO9 E6B=EF64 7D4HB6, 8?S >BFBDOI QF4 
CBE?98B64F9?PABEFP EBEFB<F <; K<E9? DS84 (<5BA4KK<. 
"CD989?9A<9 1. (GA>J<R f  A4;B69@ EGC9D $<5BA4KK< 

7D4J<B;AB= D4;@9F>B= 7D4H4 G  D4;@9D4 q , 9E?< f  3 <AN9>J<S 
<; ø ùGV  6 @AB:9EF6B  qFFFFF ,,,,, 3210 û , 789 ,00 ýF  ,11 ýF  

,12 ýF  ,23 ýF  ,û  12  ûý qqq FFF , 4 CBDB:89AA4S 9R 

D959DA4S D4;@9F>4 ø ù )()(,* vfufvuf ý , 789 ø ù )(, GEvu þ , 9EFP 
5<9>J<S <; ø ùGE  A4 @AB:9EF6B  qFFFF ,,,, 321 û . �D4H, 
8BCGE>4RM<= F4>GR D4;@9F>G f , A4;B69@ EGC9D (<5BA4KK< 

7D4J<B;AO@. � E?GK49 EGC9D (<5BA4KK< 7D4J<B;AB7B 89D964 
HGA>J<S f  3 5<9>F<6A4S. 
�A4?B7<KAO= F9D@<A 6C9D6O9 CBS6<?ES 6 D45BF9 [2], 789 DS8 

(<5BA4KK< EBEFB<F <; D4;?<KAOI K<E9? 
û,8,5,3,2,1 54321 ýýýýý FFFFF  � EBBF69FEF6<< E QFB= 

F9D@<AB?B7<9= %. �4=8PS < �. #D48:4C4F< <EE?98B64?< B8AB-
FBK9KAB9 EB98<A9A<9 86GI J<>?B6 C3m < C3n, 4 F4>:9 k J<>?B6 Cn 
[2], $. ,D<896< < 8D. 3 7D4HO FnõK+

1,m, CnõPm, K1,nØK1,2, FnõPm, 
CnõK1,m, Fn

t, Sm,n
t [3]. 

!9>BFBDO9, F4> A4;O649@O9 EC9J<4?PAO9 7D4HO, <@9RF 
A4;64A<9 < B5B;A4K9A<S. � 84AAB= D45BF9 4 QFB J<>? nC . &<>? 

nC  ( 3ón ) CD98EF46?S9F EB5B= 7D4H CBDS8>4 n , 8?S >BFBDB7B 
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@AB:9EF6B D959D <@99F 6<8 
ø ù ø ù 1,,2,1:,, 11 ýøý û niuuuuE iin û , 789 nuuu ,,, 21 û  3 

69DL<AO nC . 

%?98GRM<9 869 F9BD9@O 89@BAEFD<DGRF E6S;P 7D4HB6 
J<>?<K9E>B= EFDG>FGDO E D9>GDD9AFAO@ ECBEB5B@ ;484A<S 
K<E9? (<5BA4KK<. 
&9BD9@4 1. *<>? nC  3 EGC9D (<5BA4KK< 7D4J<B;AO= 7D4H 

FB784 < FB?P>B FB784, >B784 ø ù3mod0ún . 

%?98EF6<9. �?S J<>?4 nC  K<E?B A9Q>6<64?9AFAOI EGC9D 
(<5BA4KK< 7D4J<B;AOI D4;@9FB> D46AB 98<A<J9. 
&9BD9@4 2. #GEFP 7D4H ø ùEVG ,ý  D4;@9D4 q  <@99F EGC9D 

(<5BA4KK< 7D4J<B;AGR D4;@9F>G < J<>? nC  S6?S9FES 
CBDB:89AAO@ CB87D4HB@ G  E qn ü . �E?< nC  A9 EB89D:<F 
69DL<AG E @9F>B= 0, FB 3ýn . 
�4?99 BC<E4AO 7D4HO, >BFBDO9 <ECB?P;GRFES CD< 

BCD989?9A<< EFDG>FGDO Q=?9DB6OI 7D4HB6, 8BCGE>4RM<I EGC9D 
(<5BA4KK< 7D4J<B;AGR D4;@9F>G. 
#GEFP kGGG ,,, 21 û , 789 2ók  3 E6S;AO9 7D4HO. � >4:8B@ 

<; A<I, CDB<;6B?PAO@ B5D4;B@, 6O5<D49@ 69DL<AG )( ii GVu þ , 

ki ,,2,1 ûý . �8AB-FBK9KAO@ EB98<A9A<9@ 7D4HB6 

kGGG ,,, 21 û  A4;O649FES 7D4H, CB?GK9AAO= BFB:89EF6?9A<9@ 
69DL<A iu  8?S 6E9I ki ,,2,1 ûý . 

#GEFP ;484AB k  J<>?B6 
knnn CCC ,,,

21
û  ø ù2ók  <, 

CDB<;6B?PAO@ B5D4;B@, 6O5D4AO 869 69DL<AO )(,
inii %Vvu þ , 

789 ii vu ù , ki ,,2,1 ûý . �D4H, CB?GK9AAO= BFB:89EF6?9A<9@ 
69DL<AO iv  J<>?4 

inC  E 69DL<AB= 1ûiu  J<>?4 
1ûinC  8?S 6E9I 

1,,2,1 ý ki û  A4;B69@ J9CAO@ EB98<A9A<9@ J<>?B6. �E?< 6E9 
J<>?O <@9RF CBDS8B> 3, FB J9CAB9 EB98<A9A<9 F4><I J<>?B6 
A4;O64RF FD9G7B?PAB= ;@99= <; k  ;69AP96. 
". �95?9A CB?GK<? D9;G?PF4FO BFABE<F9?PAB CD98EF46?9A<S 

>BA9KAB7B 7D4H4 K9FAB= EF9C9A< 6 6<89 B5N98<A9A<S 
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A9C9D9E9>4RM<IES J<>?B6. !B 6 E?GK49 E6S;ABEF< F4>B7B 7D4H4 
BA 5G89F Q=?9DB6O@. �DB@9 FB7B, 6 F9D@<A4I J<>?<K9E><I 
EFDG>FGD ,. &B=84 CD98?B:<? A9B5IB8<@B9, 4 &.  4>>< 3 
8BEF4FBKAB9 GE?B6<S EGM9EF6B64A<S Q=?9DB6OI 7D4HB6. �E9 QF< 
E6B=EF64 7D4HB6 @B:AB EHBD@G?<DB64FP F4>: A9FD<6<4?PAO= 
E6S;AO= 7D4H G S6?S9FES Q=?9DB6O@ FB784 < FB?P>B FB784, >B784 
G D4;?B:<@ 6 CBC4DAB CBD959DAB-A9C9D9E9>4RM<9ES J<>?O, 
F4><9 KFB >4:8B9 D95DB G CD<A48?9:<F B8AB@G <; QF<I J<>?B6; 
A9FD<6<4?PAO= E6S;AO= 7D4H G Q=?9DB6 FB784 < FB?P>B FB784, 
>B784 >4:8B9 97B D95DB CD<A48?9:<F A9K9FAB@G K<E?G J<>?B6 
[4]. 1F< I4D4>F9D<EF<>< Q=?9DB6OI 7D4HB6 CD<@9ASRFES 8?S 
8B>4;4F9?PEF64 F9BD9@O 3. 
&9BD9@4 3. �E?< Q=?9DB6 7D4H ø ùEVG ,ý  D4;@9D4 n  

8BCGE>49F EGC9D (<5BA4KK< 7D4J<B;AGR D4;@9F>G, FB784 G  
<;B@BDH9A B8AB@G <; 7D4HB6 
3 J<>?G D4;@9D4 n , 789 ø ù3mod0ún ; 

3 B8AB-FBK9KAB@G EB98<A9A<<R J<>?B6, CBDS8B> >4:8B7B <; 
>BFBDOI D469A K<E?G, >D4FAB@G 3; 
3 FD9G7B?PAB= ;@99 <; 3-I <?< 4-I ;69AP96; 
3 J9CAB@G EB98<A9A<R 3-I J<>?B6 

1mC , 
2mC  < 

3mC , 789 

321 ýý mm , )3(mod03 úm  E 69DL<AB= v , B5M9= 8?S 
1mC , 

2mC , 

< u  3 8?S 
2mC , 

3mC ; 

3 J9CAAB@G EB98<A9A<R 3-I J<>?B6 
1mC , 

2mC  < 
3mC , 789 

331 ýý mm , )3(mod02 úm  E 69DL<AB= u , B5M9= 8?S 
1mC , 

2mC  

< v  3 8?S 
2mC , 

3mC . 
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%9@9ARF4  .(., �=64;SA 1.�.,  <>49?SA �.%. 
�9FA4O 4>489@<O ��#, 

�D>64AE><= 7BEG84DEF69AAO= GA<69DE<F9F, 
�D@OAE><= 7BEG84DEF69AAO= C9847B7<K9E><= 

GA<69DE<F9F <@. %. �5B6OA4 
 

KOTZIG ARRAY AND MAGIC LABELING OF 

GRAPH 
Abstract. We presented a method for constructing a distance magic graph 

using the Kotsig arrays. 

 
 4EE<6 �BJ<74 < 97B D4;AB6<8ABEF< K4EFB CD<@9ASRFES CD< 

D9L9A<< ;484K< CBEFDB9A<S D4;?<KAOI F<CB6 @47<K9E><I 
D4;@9FB> 7D4HB6. � 84AAB= D45BF9 BEF4AB6<@ES A4 
8<EF4AJ<BAAB= @47<K9E>B= D4;@9F>< D97G?SDAOI 7D4HB6.  . 
 <??9D < 8D. 6 D45BF9 [1] 669?< CBASF<9 1-69DL<AAB-@47<K9E>B= 
69DL<AAB= D4;@9F><. �6FBDO [2] 8?S QFB= D4;@9F>< CD98?B:<?< 
F9D@<A «8<EF4AJ<BAA4S @47<K9E>4S». � 5B?PL<AEF69 EF4F9= 
<ECB?P;G9FES F9D@<AB?B7<S <; [2]. 
#GEFP G=(V, E) 3 >BA9KAO= A9BD<9AF<DB64AAO= 7D4H 59; 

>D4FAOI D959D < C9F9?P. �<EF4AJ<BAAB= @47<K9E>B= D4;@9F>B= 
7D4H4 G CBDS8>4 n A4;O649FES 5<9>J<S f : V(G){1, 2, &, n}, 8?S 
>BFBDB= EGM9EF6G9F F4>B9 A4FGD4?PAB9 K<E?B k, KFB 8?S >4:8B= 
69DL<AO u 69DAB D469AEF6B k= õ

þ )(

)(
uNv

vf , 789 N(u) 3 @AB:9EF6B 
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69DL<A 7D4H4 G E@9:AOI E u. #BEFBSAAGR k A4;O64RF 
@47<K9E>B= CBEFBOAAB= D4;@9F>< f, 4 7D4H, 8BCGE>4RM<= F4>GR 
D4;@9F>G, 3 8<EF4AJ<BAAO@ @47<K9E><@. 
#B8 @4EE<6B@ �BJ<74 ø ùbaKA ,  CBA<@4RF baô  @4FD<JG G 

>BFBDB= >4:84S EFDB>4 CD98EF46?S9F EB5B= C9D9EF4AB6>G K<E9? 
1...,,2,1,0 b  < EG@@4 Q?9@9AFB6 >4:8B7B EFB?5J4 D46A4 B8AB@G 

< FB@G :9 K<E?G ø ù1
2

1
ûba . 

1FBF F9D@<A 5O? 66989A 1.  4DD < '. 'B??<EB@ [3] A4 
BEAB69 EF4FP< �. �BJ<74 [4]. 
&9BD9@4 [3].  4EE<6 �BJ<74 ø ùbaKA ,  EGM9EF6G9F FB784 < 

FB?P>B FB784, >B784 1þa  < )1( ba  3 K9FAB9. 
�B8AOFO@ @4EE<6B@ �BJ<74 ø ùlbaLKA ,,  A4;O64RF baô  

@4FD<JG E Q?9@9AF4@< lbief ijij ûûý )1( , 789 ije  3 Q?9@9AF i-B= 
EFDB>< < j-7B EFB?5J4 6 EBBF69FEF6GRM9@ @4EE<69 �BJ<74 

ø ùbaKA , . %G@@4 >4:8B7B EFB?5J4 6 ø ùlbaLKA ,,  D46A4 

ø ù )12(
2

1
,, ûûý labalbaó . 

�?S 7D4HB6 G1=(V1, E1) < G2=(V2, E2) 66989@ CBASF<9 
>B@CB;<J<<, <?< 8DG7<@< E?B64@<, ?9>E<>B7D4H<K9E>B7B 
CDB<;6989A<S, <ECB?P;GS F9D@<AB?B7<R )4D4D<. �D4H G=G1G2 
A4;O649FES >B@CB;<J<9= 7D4HB6 G1 < G2, CD< GE?B6<<, KFB BA 
<@99F @AB:9EF6B 69DL<A V=V1×V2, 4 @AB:9EF6B D959D E(G) 
BCD989?S9FES E?98GRM<@ B5D4;B@: 69DL<AO uij=(ui, uj) < 
uls=(ul, us) E@9:AO 6 G FB784 < FB?P>B FB784, >B784 <?< (ui, ul)þE1, 
<?< ui=ul, 4 (uj, us)þE2. 
�;69EFAB, KFB r-D97G?SDAO= 8<EF4AJ<BAAO= @47<K9E><= 

7D4H CBDS8>4 n EGM9EF6G9F, 9E?< r 3 K9FAB9 < ø ù4mod0ún  <?< 
ø ù4mod2ún  < ø ù4mod0úr , <?< tqn ý  3 A9K9FAB9, qr s2ý , 789 

1ós  < 12 ûó st  [5, 6]. 
$4EE@BFD<@ A4 CD<@9D9 ECBEB5 CBEFDB9A<9 6-D97G?SDAB7B 

8<EF4AJ<BAAB7B @47<K9E>B7B 7D4H4 G=(V, E) CBDS8>4 21 E 
CD<6?9K9A<9@ @4EE<6B6 �BJ<74. 
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#GEFP G1 3 QFB 2-D97G?SDAO= 7D4H CBDS8>4 7, F. 9. J<>? C7 E 
69DL<A4@< u1, u2, u3, u4, u5, u6, u7. �BECB?P;G9@ES @4EE<6B@ 

ø ù7,3KA : 

 
1 2 3 4 5 6 7 
7 5 3 1 6 4 2 
4 5 6 7 1 2 3 

 
�4848<@ @4EE<6 ø ù0,7,3LKA : 

 
1 2 3 4 5 6 7 
14 12 10 8 13 11 9 
18 19 20 21 15 16 17 

 
�4F9@ 6OCB?A<@ BC9D4J<R >B@CB;<J<< A48 7D4H4@< C7 < 

3K . $9;G?PF<DGRM<= 7D4H ][ 37 KCG ý  5G89F 6-D97G?SDAO@ 
7D4HB@ CBDS8>4 21.  B:AB E>4;4FP, KFB BA CB?GK49FES ;4@9AB= 
>4:8B= 69DL<AO uiþV(C7) @AB:9EF6B@ 69DL<A Ui={ui1, ui2, ui3}, 
4 >4:8B7B D95D4 (ui, uj)þE(C7) 3 D95D4@< CB?AB7B 86G8B?PAB7B 
7D4H4 K3,3 E 8B?S@< Ui, Uj, i, jþ{1, &, 7}, 789 iùj. &4><@ B5D4;B@, 
@AB:9EF6B 69DL<A 7D4H4 G  EBEFB<F <; 7 CB8@AB:9EF6 U1, &, 
U7. $4;@9F<@ >4:8GR 69DL<AG <; Uj Q?9@9AF4@< kjf , 789 1fkf3, 
j-7B EFB?5J4 CB8ASFB7B @4EE<64 �BJ<74 ø ù0,7,3LKA . 

#D98EF46?9AA4S D4;@9F>4 S6?S9FES 8<EF4AJ<BAAB= @47<K9E>B=. 
1FG <89R @B:AB <ECB?P;B64FP 8?S CBEFDB9A<S 

A9D97G?SDAOI 8<EF4AJ<BAAOI @47<K9E><I 7D4HB6. 
 
�<F9D4FGD4 
1. Miller M., Rodger C., Simanjuntak R. Distance magic 

labelings of graphs // Australian Journal of combinatorics. 2003. 
Vol. 28. P. 305-315. 

2. Sugeng K. A., Fronček D., Miller M., Ryan J., Walker J. On 
distance magic labeling of graphs// JCMCC 3 2009. Vol. 71. P. 39-
48. 
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Boston-Basel-Berlin, 2001. 146 p. 

4. Kotzig A. On magic valuations of trichromatic graphs. // 
Reports of the CRM, CRM-148, 1971. 

5. Froncek D., Kovar P., Kovarova T. Fair incomplete 
tournaments. // Bull. of ICA 3 2006 Vol. 48, P.31-33. 

6. Froncek D. Fair incomplete tournaments with odd number of 
teams and large number of games. // In: Proceeding of the Thirty-
Eighth Southeastern International Conference on Combinatorics, 
Graph Theory and Computing Congressus Numerantium. 3 2007/ 
Vol. 187. P. 83-89. 

 
 
 
 
" �$'##"�/)  ���+�%��) $�� �&��) 

�$�("� 
%9@9ARF4  .(., �@<FD<96 ".!., ,G?P7<A �.�. 

�9FA4O 4>489@<O ��# 
 

ON GROUP LABELINGS OF GRAPHS 
Abstract. In this paper, we continue the study to determine the groups for 

which the Hamming graph admits a group distance magic labeling. 

 
#GEFP ÷  3 >BA9KA4S 459?964 7DGCC4 CBDS8>4 n . �?S 

7DGCCB6B= BC9D4J<< 5G89@ <ECB?P;B64FP 488<F<6AGR HBD@G 
;4C<E<. 
#B8 ÷ -8<EF4AJ<BAAB= @47<K9E>B= D4;@9F>B= 7D4H4 

),( EVG ý  CBDS8>4 n  CBA<@4RF 5<9>F<6AB9 BFB5D4:9A<9 f  <; 
V  A4 459?96G 7DGCCG ÷  CBDS8>4 n , CD< >BFBDB@ 69E 

õ
þ

ý
)(

)()(
uNv

vfuw  8?S >4:8B= 69DL<AO Vuþ  D469A B8AB@G < 

FB@G :9 Q?9@9AFG ÷þý , A4;O649@B@G @47<K9E>B= CBEFBSAAB= 
[9]. �E?< 7D4H G  8BCGE>49F ÷ -8<EF4AJ<BAAGR @47<K9E>GR 
D4;@9F>G, FB 7B6BDSF, KFB BA S6?S9FES ÷ -8<EF4AJ<BAAO@ 
@47<K9E><@. �D4H G  A4;O64RF 7DGCCB6O@ 8<EF4AJ<BAAO@ 
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@47<K9E><@, 9E?< EGM9EF6G9F ÷ -8<EF4AJ<BAA4S @47<K9E>4S 
D4;@9F>4 8?S >4:8B= 459?96B= 7DGCCO ÷  CBDS8>4 )(GV . 

� [1] D4EE@4FD<649FES ;484K4 EGM9EF6B64A<S 7DGCCB6OI 
8<EF4AJ<BAAOI @47<K9E><I D4;@9FB> 89>4DFB6OI CDB<;6989A<= 
7D4HB6. #B?GK9AO D9;G?PF4FO 8?S 7D4HB6 �Q?<, 89>4DFB64 
CDB<;6989A<S@ J<>?B6. 
�D4HB@ )Q@@<A74 ),( mnH  A4;O649FES 7D4H E @AB:9EF6B@ 

69DL<A nM , 789 mM ý , 2óm  < 69DL<AO ø ùnxxx ,,, 21 û , 

ø ùnyyy ,,, 21 û  E@9:AO, 9E?< BA< D4;?<K4RFES FBKAB 6 B8AB= 
>BBD8<A4F9. �DG7<@< E?B64@< 7D4H )Q@@<A74 ),( mnH  

CB?GK4RF 89>4DFB6O@ CDB<;6989A<9@ n  CB?AOI 7D4HB6 mK . 

�E?< m=2, FB784 nQnH ý)2,( , F.9. S6?S9FES 7<C9D>G5B@ 
D4;@9DABEF< n . "F@9F<@, KFB ),( mnH  CD98EF46?S9F EB5B= 7D4H 
�Q??< A4 7DGCC9 n

mZ . 

�6FBD4@< 84AAB= D45BFO BCD989?9AO 7DGCCO ÷ , 8?S 
>BFBDOI 7D4H )Q@@<A74 8BCGE>49F ÷ -8<EF4AJ<BAAGR 
@47<K9E>GR D4;@9F>G. 

 
�<F9D4FGD4 
1. Cichacz S., Froncek D., Sugeng ., Zhou S. Group distance 

magic and antimagic graphs. Electronic Notes in Discrete 
Mathematics. 2015. Vol. 48 3 P. 41-48. 
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" %�"�%&��) �'�"� (��"!�++� 

%9@9ARF4  .(., !989?P>B %.!., !989?P>B �.!. 
�9FA4O 4>489@<O ��# 

 
ON PROPERTIES FIBONACCI CUBES 

Abstract. We systematized the results describing the basic structural 
properties and characteristics of Fibonacci cubes. 

 
+FB5O CB?GK<FP 7D4HO EB E6B=EF64@< 7<C9D>G54, CBDS8B> 

>BFBDOI A9 S6?S9FES EF9C9APR 86B=>< �. )EG 66B8<F >G5O 
(<5BA4KK< [1]. "A D4EE@4FD<64? <I 6 >4K9EF69 FBCB?B7<< 6 
@G?PF<>B@CPRF9DAOI E<EF9@4I. � [2] >G5O (<5BA4KK< 
CD98EF46?9AO 6 B5B5M9AAB= HBD@9. &9EAB E6S;4AAO9 E A<@< 
EFDG>FGDO <;GK4?<EP < D4A99 6 [3, 4, 5]. *9?P 84AAB= D45BFO 
BC<E4FP BEAB6AO9 EFDG>FGDAO9 E6B=EF64 < I4D4>F9D<EF<>< 
>G5B6 (<5BA4KK<. 
� >4K9EF69 DS84 (<5BA4KK< <ECB?P;G9@ K<E?4 ,10 ýF  

,21 ýF  < >4:8B9 E?98GRM99 K<E?B G8B6?9F6BDS9F 
D9>GDD9AFAB@G EBBFABL9A<R 12  ûý nnn FFF . #B F9BD9@9 
�9>9A8BDH4 ?R5B9 A4FGD4?PAB9 K<E?B @B:AB 98<AEF69AAO@ 
B5D4;B@ ;4C<E4FP 6 6<89 EG@@O K<E9? (<5BA4KK<. �?S 1ón  
$<5BA4KK< EFDB>< 8?<AO n  3 QFB 5<A4DAO9 EFDB>< 6<84: 

ℱn }11,0|{ 1121 óóýþý û nibbBbbbb iinnn û , 

789   }1,1,0|{ 121 nibbbbbB innn óóþý  û .  AB:9EF6B ℱn 

EBEFB<F <; 6E9I 86B<KAOI EFDB> 8?<AO n , A9 EB89D:4M<I 86GI 
CBE?98B64F9?PAOI 98<A<J. &4><@ B5D4;B@, 8?S ?R5B7B 
A4FGD4?PAB7B K<E?4 N  EGM9EF6G9F 98<AEF69AAB9 CD98EF46?9A<9 
6 6<89 EFDB>< (<5BA4KK<. �7B @B:AB D94?<;B64FP, <ECB?P;GS 
E?98GRM<= 4?7BD<F@: 
3 A4IB8<@ A4<5B?PL99 ;A4K9A<9 NFk ó  < CD<E64<649@ 1 

>BBD8<A4F9 EBBF69FEF6GRM9= kF ; 

3 6OCB?AS9@ D9>GDE<6AO9 89=EF6<S 8?S kFN  , CB>4 
BEF4FB> A9 EF4A9F D46AO@ 0; 
3 A9 A4;A4K9AAO9 >BBD8<A4FO D46AO 0. 
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�4C<L9@ K<E?4 BF 0 8B 10 EFDB>4@< (<5BA4KK<, <I 8?<A4 
D46A4 5. �BECB?P;G9@ES CD<6989AAO@ 4?7BD<F@B@: 

0=(00000)F; 1=(00001)F; 2=(00010)F; 3=(00100)F; 
4=(00101)F; 5=(01000)F; 6=(01001)F; 7=(01010)F; 
 8=(10000)F;       9=(10001)F;   10=(10010)F. 

#B8 >G5B@ $<5BA4KK< n÷  CBDS8>4 n  CBA<@4RF 7D4H E 
@AB:9EF6B@ 69DL<A ýV ℱn < 869 69DL<AO E@9:AO, 9E?< BA< 
BF?<K4RFES FB?P>B 6 B8AB= >BBD8<A4F9. �G5 (<5BA4KK< n÷  3 QFB 
CB87D4H 7<C9D>G54 nQ . "A CB?GK9A <; nQ  G84?9A<9@ 6E9I 
69DL<A, EB89D:4M<I IBFS 5O 869 CBE?98B64F9?PAO9 98<A<JO. 

 AB:9EF6B EFDB> (<5BA4KK< 8?<AO n  @B:AB D4;?B:<FP A4 
864 CB8@AB:9EF64: CB8@AB:9EF6B EFDB>, A4K<A4RM<IES E 0 < 
CB8@AB:9EF6B EFDB>, A4K<A4RM<IES E 10. � EBBF69FEF6<< E 
QF<@, K<E?B 69DL<A 7D4H4 n÷  D46AB K<E?G (<5BA4KK< nF . 

"C<E4A<9 EFDG>FGDO >G54 (<5BA4KK< A4KA9@ EB E6B=EF64 
8B>4;4AB7B 6 D45BF9 [1]: 7D4H n÷  D4;?4749FES A4 864 A9 
C9D9E9>4RM<IES < EB98<A9AAOI FBKAB 2nF  D95D4@< CB87D4H4 

1÷n  < 2÷n . 1FG D9>GDE<6AGR EFDG>FGD4 A4;O64RF 
HGA84@9AF4?PAO@ D4;?B:9A<9@ n÷ . �. �BA7, %. +:QA < 
%. ,4D@4 BC<E4?< >BAEFDG>J<R, >BFBD4S <@@<F<DG9F 
HGA84@9AF4?PAB9 D4;?B:9A<9 [6]. #GEF4S CBE?98B64F9?PABEFP 

üý0g  < CBE?98B64F9?PABEFP 1,01ýg  CD98EF46?SRF EB5B= 
7D4HO 0÷  < 1÷ , EBBF69FEF69AAB. �?S 2ón , CGEFP  

21 10,0 ý nnn ggg , 

789 g  B;A4K49F CBE?98B64F9?PABEFP B5D4FAGR g  < gñ  3 
CBE?98B64F9?PABEFP, CB?GK9AA4S <; g , 8B546?9A<9@ EFDB>< ñ  

C9D98 >4:8O@ Q?9@9AFB@ <; g . &4><@ B5D4;B@, C9D6O9 
CBE?98B64F9?PABEF< ig  <@9RF 6<8 

üý0g  

1,01ýg  

10,00,012ýg  



 148 

100,101,001,000,0103ýg  

1001,1000,1010,0010,0000,0001,0101,01004ýg  
ûûûûûûûûûûûûûûûûûûûûûû  

#BE?98B64F9?PABEFP ng  EB89D:<F 6E9 69DL<AO n÷ . �B?99 

FB7B, CB <A8G>J<< CBE?98B64F9?PAO9 K?9AO 6 10 ng  F4> :9 >4> < 

6 210 ng  BF?<K4RFES 6 B8AB= CB;<J<<. �DB@9 FB7B, CBE?98A<= 

K?9A 10 ng  < C9D6O= K?9A 210 ng  BF?<K4RFES 6 B8AB= CB;<J<<. 
1FB CD<69?B > 8B>4;4F9?PEF6G F9BD9@ 1 < 2. 
&9BD9@4 1 [6]. �D4H n÷  <@99F 74@<?PFBAB6G J9CP 8?S 

?R5B7B 0ón . 

&9BD9@4 2 [7]. �D4H n÷  A9?P;S CD98EF46<FP >4> 89>4DFB6B 
CDB<;6989A<9 A9FD<6<4?PAOI 7D4HB6. 

%GM9EF6GRF 4?PF9DA4F<6AO9 BCD989?9A<S >G54 (<5BA4KK<. 
"8AB <; A<I E6S;4AB E 8<EFD<5GF<6AO@< D9L9F>4@< [8], 6FBDB9 
E E<@C?9>EAO@< 7D4H4@< [9]. #BE>B?P>G 7D4HO 8<EFD<5GF<6AOI 
D9L9FB> < E<@C?9>EAO9 7D4HO BFABESFES > @98<4AAO@ 7D4H4@, 
ECD4698?<64 F9BD9@4 3. 
&9BD9@4 3 [10]. (<5BA4KK< >G5 S6?S9FES @98<4AAO@ 

7D4HB@. � K4EFABEF<, n÷  3 QFB K4EF<KAO= >G5, < BA 
<;B@9FD<K9E>< 6?B:<@ 6 nQ . 

� HGA84@9AF4?PAO@ EFDG>FGDAO@ E6B=EF64@ 7D4HB6 
BFABE<FES BJ9A>4 >B?<K9EF64 69DL<A 84AAB= EF9C9A<. �?S n÷  

BA4 CD98EF46?9A4 6 F9BD9@9 4. 
&9BD9@4 4 [11]. #GEFP 0óó kn . &B784 K<E?B 69DL<A 6 n÷ , 

<@9RM<I EF9C9AP k  D46AB  

÷÷
ø

ö
÷÷
ø

ö
û

û
÷÷
ø

ö
÷÷
ø

ö



õ
ý 1

12

0 ikn

i

ik

ink

i

. 

� F9BD9@9 4 EG@@<DB64A<9 @B:AB B7D4A<K<FP <AF9D64?B@ 

@9:8G úú
ù

úú
ù 

2

kn
 < ø ùknk ,min , F4> >4> BEF4?PAO9 E?4749@O9 

D46AO AG?R. 
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�4:AO@< I4D4>F9D<EF<>4@< 7D4H4 6OEFGC4RF 
8<EF4AJ<BAAO9 <A64D<4AFO. �?S n÷  CB?GK9AO E?98GRM<9 
D9;G?PF4FO 

3 8<4@9FD D469A n ; 

3 D48<GE D469A úú
ù

úú
ù
2

n
; 

3 K<E?B 69DL<A E Q>EJ9AFD<E<F9FB@ k  D46AB 

÷÷
ø

ö
÷÷
ø

ö



û÷÷
ø

ö
÷÷
ø

ö
 kn

k

kn

k 1
, 789 1óó kn ; 

3 <A89>E �<A9D4 D469A õ
ý

ûûû

n

i
ininii FFFF

0
211 , 789 0ón ; 

3 CB6989A<9 ED98A97B D4EEFBSA<S )( n÷ý  BC<EO649FES 

CD989?PAO@ D469AEF6B@ 
5

2)(
lim ý

÷
 n

n

n

ý
. 

%C9>FD CD<@9A9A<= >G5B6 (<5BA4KK< D4EL<DS9FES. 
#BQFB@G CDB8B?:9A<9 <;GK9A<S 97B E6B=EF6 S6?S9FES 
4>FG4?PAB= ;484K9=. #D98EF46?S9F F4>:9 <AF9D9E CDB5?9@4 
6?B:9A<S 8DG7<I 74HB6 6 >G5O (<5BA4KK<. 

 
�<F9D4FGD4 
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6. Cong B., Zheng S., Sharma S. On simulations of linear arrays, 
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of Fibonacci and Lucas cubes. / Discrete Math. 2011. Vol. 311(14). 
P. 1310-1322. 

 
 

 
 

#$"  �&"� �"����!!3 � !'�0"��  
#��!�!!3  

%VDS> �.�., &GDK<A4 �.�. 
�AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV �?9EO �BAK4D4 

 
Abstract. A notion of Zero-Knowledge Proofs is considered. Various possible 

uses of the aforementioned proofs in information security are examined. Their 
classification with regard to the required agents9 communication is given. Key 
properties of all Zero-Knowledge Proof systems are considered. Known Zero-
Knowledge Proofs for demonstrative as well as practical problems are listed. 
Possible areas for future research are discussed and promising applications in 
those areas are proposed. 

 

�B6989AAS ; AG?PB6<@ CV;A4AAS@ (84?V - �;!#) 4 J9 @9FB8, 
;4 8BCB@B7BR S>B7B B8A4 EFBDBA4 @B:9 8B69EF< VALV=, MB 6BA4 
;A4є ;A4K9AAS , A9 DB;>D<64RK< AVS>BW VAHBD@4JVW CDB . &GF 
V A484?V EFBDBAG, MB 8B6B8<FP, 5G89@B A4;<64F<  (; 4A7?. 

x x
P
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prover - 8B>4;GRK<=), 4 EFBDBAG, S>4 C9D96VDSє, -  (; 4A7?. 
verifier 4 C9D96VDSRK<=). 

�4 VAF9AE<6AVEFR GK4EFV EFBDVA DB;8V?SRFP 864 F<C<  �;!#: 
 

[1] VAF9D4>F<6AV [1]; 
[2] A9 VAF9D4>F<6AV [2]. 
 

� VAF9D4>F<6A<I �;!# (��;!#)  CB6<AA9A EF46<F< 
C<F4AAS, 4  4 6V8CB6V84F< A4 A<I, F4><@ K<AB@ 8B6989AAS 
@B:?<69 ?<L9 ;4 A9C9D9D6ABW GK4EFV 86BI EFBDVA. "8AG VF9D4JVR 
6;4є@B8VW ;4;6<K4= A4;<64RFP D4GA8B@. 

� A9 VAF9D4>F<6A<I �;!# (!�;!#)  EF6BDRє 8B6989AAS V 
C9D984є =B7B , CVE?S KB7B  @B:9 5G8P->B?< C9D96VD<F< 
ECD4698?<6VEFP JPB7B 8B6989AAS 59; GK4EFV . 

�B?B6A<@< B;A4>4@< �;!# є CB6ABF4, >BD9>FAVEFP F4 
AG?PB69 CV;A4AAS [2]. %HBD@G?Rє@B JV 6?4EF<6BEFV E?B69EAB. 

�?4EF<6VEFP CB6ABF< CB?S74є 6 FB@G, MB S>MB F69D8:9AAS 
VEF<AA9, FB= , IFB K9EAB 8B6B8<FP (F4><=, MB CB6AVEFR E?V8Gє 
CDBFB>B?G) ;46:8< C9D9>BA4є K9EAB7B C9D96VDSRKB7B . 

�?4EF<6VEFP >BD9>FABEFV CB?S74є 6 FB@G, MB S>MB 
F69D8:9AAS A9 VEF<A9, FB =@B6VDAVEFP B5@4AG 6 5G8P-S>B@G 
6<C48>G @4є 5GF< 8G:9 A<;P>BR. �;474?V >4:GK<, 6 ��;!# 6BA4 
@B:9 5GF< S> ;467B8AB @4?BR, 4 6 !�;!# 6VDB7V8AVEFP B5@4AG 
4 89S>9 8BEF4FAPB @4?9 8?S CD4>F<>< K<E?B. 

�?4EF<6VEFP AG?PB6B7B CV;A4AAS CB?S74є 6 FB@G, MB S>MB 
F69D8:9AAS VEF<AA9, :B89A C9D96VDSRK<=, S><= 7D4є A9 ;4 
CD46<?4@<, A9 @B:9 8V;A4F<EP AVKB7B, B>DV@ H4>FG VEF<AABEFV. 

!46989@B 89>V?P>4 CDBEF<I CD<>?48V6 ��;!#: 
1. ;484K4 CDB 8B6989AAS @B:?<6BEFV DB;DV;ASF< 864 

>B?PBD<; 
2. ;484K4 CDB C9K9DG �?V �45< (VAF9D4>F<6A<= 64DV4AF) [3]; 
3. ;484K4 CDB 8B6989AAS ;A4AAS 8<E>D9FAB7B ?B74D<H@G 

;484AB7B K<E?4; 
4. ;484K4 CDB 8B6989AAS ;A4AAS 74@V?PFBAB64 J<>?4 G 7D4HV. 
!46989@B 89>V?P>4 CDBEF<I CD<>?48V6 !�;!#: 
1. ;484K4 CDB >B?VD B5D4ABW A46@4AAS 7D4?PABW >4DF<; 

V

V

P

P
V V

P

P
V
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2. ;484K4 CDB C9K9DG �?V �45< (A9VAF9D4>F<6A<= 64DV4AF) [3]. 
�;!# 6:9 GECVLAB ;4EFBEB6GRFP G F4><I JV?SI: 
1. >BAFDB?P S89DAB7B DB;;5DBєAAS, 4 E4@9 C9D96VD>4 

6V8CB6V8ABEFV 6AGFDVLAPBW 5G8B6< S89DABW 5Bє7B?B6>< 
CBEF46?9A<@ 6<@B74@ [4]; 

2. A4E48:9AAS 9F<KABW CB698VA>< L?SIB@ >BAFDB?R ;4 
8BFD<@4AAS@ CD46<? >B@GAV>4JVW @V: 479AF4@<; 

3. 4GF9AF<V>4JVS >BD<EFG64KV6 6 J9AFD4?V;B64A<I F4 
89J9AFD4?V;B64A<I E<EF9@4I ;4EAB64A4 A4 64:>BEFV ;484KV 
8<E>D9FAB7B ?B74D<H@G64AAS; 

4. >BAFDB?P >BD9>FABEFV C9D9D4IG64AAS >BLFV6 6 
89J9AFD4?V;B64A<I 5?B>K9=A E<EF9@4I. 

$B;7?SA9@B 89S>V C9DEC9>F<6AV B5?4EFV 8?S ;4EFBEG64AAS 
�;!#. "8A<@ ; A4=5V?PL C9DEC9>F<6A<I A4CDS@V6, A4 A4L 
CB7?S8, є A4CDS@ CB6’S;4A<= ; ;4EFBEG64AAS@ �;!# 8?S 
D94?V;4JVW DB;D4IGA>V6, MB @B:GFP 5GF< C9D96VD9AV. %>4:V@B, 
>B@GEP A9B5IV8AB 6<>BA4F< 69?<>G >V?P>VEFP DB;D4IGA>V6 A4 
�" , 4?9 6VA A9 @4є G E6Bє@G DB;CBDS8:9AAV 8BEF4FAPB 
CBFG:ABW @4L<A<. &4>, J9= 479AF @B:9 6<>BA4F< B5K<E?9AAS A4 
E9D69DV S>BWEP >B@C4AVW, 4?9 6VA A9 5G89 6C96A9A<= 6 FB@G, MB 
B5K<E?9AAS 5G?< 6<>BA4AV 6V8CB6V8AB 8B VAEFG>JV= V BFD<@4A4 
6V8CB6V8P 8V=EAB 5G?4 BFD<@4A4 ; 6<>BD<EF4AAS@ A484AB7B 
4?7BD<F@G. � F4>B@G 6<C48>G J9= 479AF @B:9 E>BD<EF4F<ES 
CBE?G74@< E9D6VEG DB;D4IGA>V6, MB @B:GFP 5GF< C9D96VD9AV. 

*9= E9D6VE 8B;6B?Sє 6<>BAG64F< 8B6V?PAV B5K<E?9AAS A4 
F9IAVJV CBEF4K4?PA<>4 CBE?G7 V CVE?S JPB7B A484є �;!# CDB 
CD46<?PAVEFP 6<>BA4A<I DB;D4IGA>V6. !4 84A<= @B@9AF 6:9 є 
89S>V DB;DB5>< G JPB@G A4CDS@>G, 4?9 8?S >B@9DJV=AB7B 
;4EFBEG64AAS J<I F9IAB?B7V= A9B5IV8AB 8BES7AGF< FB7B, MB5 
�;!# 6<@474?B A4 CBDS8>< @9AL9 B5K<E?R64?PA<I D9EGDEV6 AV: 
6<IV8AV DB;D4IGA><. 

&4>B: B8A<@ ; C9DEC9>F<6A<I A4CDS@>V6 є A484AAS 
F4D79F<A7B6BW VAHBD@4JVW 47D974FBD4@ ; @9FBR 6<5BDG A4=5V?PL 
CV8IB8SMBW D9>?4@ABW VAF97D4JVW. %>4:V@B, 89S>4 ?R8<A4 8G:9 
?R5<FP C<F< K4= V C’є CB 5 K4LB> K4R A4 89AP. � JV= VAHBD@4JVW 
8G:9 ;4JV>46?9AV 6<DB5A<>< K4R, S>V @B7?< 5 D9>?4@G64F< JV= 
?R8<AV K4=. �6<K4=AB, JS BEB54 A9 IBK9, MB5 IFBEP ;A46 FBKA<= 
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K4E >B?< 6BA4 C<?4 K4=, 45B S><= E4@9 K4= 6BA4 C<?4, 4?9 6BA4 
;4JV>46?9A4 6 C9D97?S8V 5V?PL D9?964AFABW WW VAF9D9E4@ D9>?4@<. 
� F4>B@G 6<C48>G @B:A4 DB;DB5<F< E<EF9@G, S>4, 
6<>BD<EFB6GRK< �;!#, 8B69?4 5 6<DB5A<>4@ K4R, MB JS 
?R8<A4 ;4JV>46?9A4 6 WI CDB8G>JVW A9 DB;>D<64RK< CB8DB5<JP 
CD<64FAB7B :<FFS F4 VALBW VAHBD@4JVW CDB >BD<EFG64K4 E<EF9@<. 
 
�VF9D4FGD4 
1. S. Goldwasser, S. Micali, and C. Rackoff. 1985. The 

knowledge complexity of interactive proof-systems. In Proceedings 
of the seventeenth annual ACM symposium on Theory of computing 
(STOC ’85). Association for Computing Machinery, New York, NY, 
USA, 2913304. DOI:https://doi.org/10.1145/22145.22178 

2. Wu, Huixin & Wang, Feng. (2014). A Survey of 
Noninteractive Zero Knowledge Proof System and Its Applications. 
TheScientificWorldJournal. 2014. 560484. 10.1155/2014/560484. 

3. Quisquater, Jean-Jacques & Guillou, Louis & Berson, 
Thomas & other. (1989). How to Explain Zero-Knowledge Protocols 
to Your Children. 628-631. 10.1007/0-387-34805-0_60. 
Glaser, Alexander & Barak, Boaz & Goldston, Robert. (2014). A 
zero-knowledge protocol for nuclear warhead verification. Nature. 
510. 497-502. 10.1038/nature13457. 
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&"#"�"��� !� n -��� �!&!��  !"��!�, 3�� 
�!�'�'2&0 ����0�� �" ��%�$�&!"� &"#"�"��� 

!� )1( n -��� �!&!��  !"��!� 
%>DS5VA4 �. �., %Fє74AJ964 #. �. 

�4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 
 

TOPOLOGIES ON n -ELEMENT SET THAT INDUCE THE 

TOPOLOGIES WHICH ARE CLOSE TO THE DISCRETE 

TOPOLOGY ON )1( n -ELEMENT SET 

 

Abstract. The 0& -topologies on n -element set that induce the topologies 

which are close to the discrete topology on )1( n -element set, have been 

investigated. In the work 0& -topologies are described using the vector of the 

topologies. The form of the vector of 0& -topologies with ]2,25[
14 þ nn

k  

open sets, which are described in the works of Stanley and Kolli, has been found. 

Some topologies with )25,2(
42  þ nn

k  open sets have been described. 

 

&BCB?B7VR ô  A4 6CBDS8>B64AV= @AB:<AV  nxxM ,...,1ý  

5G89@B CD98EF46?SF< A9EC48ABR CBE?V8B6AVEFR A96V8’є@A<I 
JV?<I K<E9? iñ , 1ý ii Mñ , 89 iM  3 @VAV@4?PA<= B>V? 9?9@9AF4 

ix  6 FBCB?B7VW ô . *S CBE?V8B6AVEFP 5G?4 66989A4 6 DB5BFV [1] V 
A4;64A4 69>FBDB@ FBCB?B7VW. #D< JPB@G 69>FBD ø ùnñññ ,...,, 21  є 
69>FBDB@ 89S>BW 0& -FBCB?B7VW A4 n -9?9@9AFAV= @AB:<AV FB8V V 
?<L9 FB8V, >B?< ;48B6B?PASRFPES G@B6<: 

1. 1ûó ii ññ , 1,1 ý ni ,  

2. 1ó iiñ , ni ,1ý . 

� DB5BF< [1] 6V8B@B F4>B:, MB >B?< 0& -FBCB?B7VS ô  A4 
@AB:<AV M  @4є 69>FBD ø ùnñññ ,...,, 21 , FB A4 @AB:<AV  nxM \  

VA8G>B64A4 FBCB?B7VS ô ò  @4є 69>FBD ø ù121 ,...,, nñññ . 

"F:9, S>MB 0& -FBCB?B7VW A4 n -9?9@9AFAV= @AB:<AV 
BC<EGRFPES 69>FBD4@< ø ùnn ññ ,,0,...,0 1  45B ø ùnñ,1,1,0,...,0  (8?S 
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BEF4AAPB7B 6<>BAGєFPES G@B64 öý 12 nn MM ù ), FB VA8G>B64AV 
A4 @AB:<AV  nxM \  0& -FBCB?B7VW @4RFP 69>FBD< ø ù1,0,...,0 nñ  V 
ø ù1,1,0,...,0  6V8CB6V8AB. &BCB?B7VW ; F4><@< 69>FBD4@< є 
5?<;P><@< 8B 8<E>D9FABW [1].  

�V?P>VEFP 6V8>D<F<I @AB:<A 6 FBCB?B7VW ô  ;DGKAB A4;<64F< 

647BN FBCB?B7VW V 6<>BD<EFB6G64F< CB;A4K9AAS ô . 

$B;7?SA9@B 0& -FBCB?B7VW ; 69>FBD4@< ø ùnñ,1,0,...,0 , 

12 óó nnñ  A4 6CBDS8>B64AV= @AB:<AV  nxxM ,...,1ý . �474 

>B:ABW F4>BW FBCB?B7VW A4?9:<FP @AB:<AV ]2,2(
12  nn .  4є 

@VEJ9  
&9BD9@4 1 (CDB 0& -FBCB?B7VW ; 647BN ]2,25[

14 þ nnô ). 

1. &BCB?B7VW A4 n -9?9@9AFAV= @AB:<AV ; 69>FBD4@<  

ø ùnñ,1,0,...,0 , 12 óó nnñ  45B ø ù2,2,0,...,0  CD< 5ón  @4RFP 647G 
3

23
þ nô , CD<KB@G 6EV >?4E< 0& -FBCB?B7V= ; 647BR 

]2,23(
13 þ nnô , S>V ;A4=89AB 6 DB5BF4I Stanley [2] V Kolli [3], 

6<;A4K4RFPES F4><@< 69>FBD4@<. 
2. #D< 5ón  FBCB?B7VW A4 n -9?9@9AFAV= @AB:<AV ; 

69>FBD4@< ø ùnñ,2,0,...,0 , 13 óó nnñ  45B ø ù3,3,0,...,0  @4RFP 647G 
34

2325
 óü nn ô . &BCB?B7VW ; 69>FBDB@ ø ù4,3,0,...,0  CD< 5ón

@4RFP 647G 4
25

ý nô , S>MB nn MM ü1  V  

 kjinn xxxMM ,,1 ý ù , 2,1,, ý nkji . #D< JPB@G 6EV >?4E< 0& -

FBCB?B7V= ; 647BR 4
25

ó nô , DB;7?SAGFV 6 DB5BFV Kolli [4], 
6<;A4K4RFPES 0& -FBCB?B7VS@< ; 69>FBD4@< ø ùnñ,2,0,...,0 , 89 

13 óó nnñ , ø ù3,3,0,...,0  V ø ù4,3,0,...,0  CD< 6>4;4A<I B5@9:9AASI.  
�4G64:9AAO. �?S FBCB?B7V= ; 69>FBDB@ ø ù4,3,0,...,0  @B:?<6V 

M9 FD< 6<C48>< 8?S @VAV@4?PA<I B>B?V6 1nM  V nM : 



 156 

 jinn xxMM ,1 ý ù ,  inn xMM ý ù1 , öý nn MM ù1 . �?9 6 

>B:AB@G ; A<I FBCB?B7VS @4є 647G 4
25

ü nô . 

#D98EF46?9AAS FBCB?B7V= 69>FBD4@< 8B;6B?Sє CDB8B6:<F< 
BC<E4AAS = F<I FBCB?B7V=, S>V A9 DB;7?S84?<EP G 6>4;4A<I 
CG5?V>4JVSI Stanley V Kolli. !4@< 8B6989A4 
&9BD9@4 2. #D< 5ón  FBCB?B7VW A4 n -9?9@9AFAV= @AB:<AV ; 

69>FBD4@< ø ùnn ññ ,,0,...,0 1 , 23 1 óó  nnñ  , 14 óó nnñ  

@4RFP 647G 42
252

 üü nn ô . #D< JPB@G 8?S 31 ýnñ  V 4ýnñ  

DB;7?S84RFPES ?<L9 6<C48><, ;4;A4K9AV 6 ;4G64:9AAV. 
$B;7?SA9@B FBCB?B7VW ; 69>FBDB@ ø ùnñ,1,1,0,...,0  A4 n -

9?9@9AFAV= @AB:<AV, S>V VA8G>GRFP A4 )1( n -9?9@9AFAV= 
@AB:<AV 5?<;P>V 8B 8<E>D9FABW FBCB?B7VW ; 69>FBDB@ ø ù1,1,0,...,0 , 

89 öý 12 nn MM ù .  4є @VEJ9 
&9BD9@4 3. &BCB?B7VW A4 n -9?9@9AFAV= @AB:<AV ; 69>FBD4@< 

ø ùnñ,1,1,0,...,0 , 89 öý 12 nn MM ù  V 11 óó nnñ , @4RFP 647G 
15

229
 üü nn ô . #D< JPB@G FBCB?B7VW ; F4><@< 69>FBD4@< 

CBFD4C?SRFP G FV : E4@V >?4E<, MB V FBCB?B7VW ; 69>FBD4@< 

ø ùnn ññ ,,0,...,0 1 , 31 1 óó nñ , 12 óó nnñ . 

 
�VF9D4FGD4 
1. �9?<K>B �. �., %F974AJ964 #. �., �4LB64 !. #. 

#9D9K<E?9A<9 FBCB?B7<= 5?<;><I > 8<E>D9FAB= A4 >BA9KAOI 
@AB:9EF64I // �;69EF<O 6G;B6. �4F9@4F<>4. 2015. 7 11. %. 233
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4. Kolli M. On the Cardinality of the ÿ0-Topologies on a Finite 
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$������*�3 �!("$ �*��!"� %&$'�&'$� 
&�)!"�"��+!"�" #$"*�%' 

����&$"�'�"�"�" !�#���!!3 

%@VDAB64 &.�., �Dєє6 ". ., %@VDAB6 ".�., %B?B6<I Є.�. 
&9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
IMPLEMENTATION OF THE INFORMATION 

STRUCTURE OF THE TECHNOLOGICAL PROCESS OF 

ELECTRIC ARRANGEMENT 

 
Abstract. Due to the fact that nowadays any industry requires the use of 

information technologies, this paper proposes the implementation of the 
information structure of the electric arc sputtering process for an optimization 
expert system. 

 

�>FG4?PAVEFP F9@< 8BE?V8:9AAO. � ;6’S;>G ; F<@, MB 6 
84A<= K4E 5G8P S>4 74?G;P 6<DB5A<JF64 CBFD95Gє ;4EFBEG64AAS 
VAHBD@4JV=A<I F9IAB?B7V=, G 84AV= DB5BFV ;4CDBCBAB64A4 
D94?V;4JVS VAHBD@4JV=ABW EFDG>FGD< F9IAB?B7VKAB7B CDBJ9EG 
9?9>FDB8G7B6B7B A4C<?9AAS 8?S BCF<@V;4JV=ABW 9>EC9DFABW 
E<EF9@<.  
�A4?V; BEF4AAVI 8BE?V8:9AP V CG5?V>4JV= CB>4;46, MB 

C<F4AAS ;4EFBEG64AAS VAHBD@4JV=A<I F9IAB?B7V= G 6<7?S8V 
6V8CB6V8A<I 9>EC9DFA<I E<EF9@ 6 F9IAB?B7VKA<I CDBJ9E4I 8G:9 
4>FG4?PA9 [1-3]. &B@G CDB5?9@4 BCF<@V;4JVW ?4AJR74 
F9IAB?B7VKAB7B CDBJ9EG 6 VAHBD@4JV=AB@G ;459;C9K9AAV 
9>EC9DFA<I E<EF9@ VAHBD@4JV=ABW EFDG>FGD< F9IAB?B7VKAB7B 
CDBJ9EG 9?9>FDB8G7B6B7B A4C<?9AAS, 4>FG4?PA4.  
 9FBN DB5BF< є D94?V;4JVS VAHBD@4JV=ABW EFDG>FGD< 

F9IAB?B7VKAB7B CDBJ9EG 9?9>FDB8G7B6B7B A4C<?9AAS 8?S 
BCF<@V;4JV=ABW 9>EC9DFABW E<EF9@<. 
�<>?48 BEAB6AB7B @4F9DV4?G. &9IAB?B7VKA<= CDBJ9E 

9?9>FDB8G7B6B7B A4C<?9AAS 6 CDBJ9EV EF6BD9AAS 6<DB5V6 V; 
CB>D<FFS@, 4 F4>B: CD< 6V8AB6?9AAV 45B ;@VJA9AAV CB69DIBAP 
89F4?9=, E>?484єFPES ; CB9F4CABW B5DB5><: EFDG@9A96B-
45D4;<6ABW B5DB5>< (%�"); CD< CBFD95V A4A9E9AAS CV8L4DG; 
BEAB6A<= CDBJ9E A4A9E9AAS CB>D<FFS; 8B6989AAS GF6BD9ABW 
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CB69DIAV ; CB>D<FFS@ 8B A9B5IV8A<I DB;@VDV6 V S>BEFV @9FB84@< 
@9I4AVKABW B5DB5>< ( "), A4=K4EFVL9 KBDAB6<@ 45B K<EFB6<@ 
L?VHG64AAS@ F4 @9FB84@< CB69DIA96B-C?4EF<KABW B5DB5>< 
(##�), 4 E4@9 B5>4F>BR >G?P>4@< V DB?<>4@<, 
9?9>FDB>BAF4>FABR B5DB5>BR F4 VAL9.  
�?S CB5G8B6< E<EF9@< BCF<@V;4JVW CBFDV5AB 6<;A4K<F< 

C9D9?V> 6<>BD<EFB6G64A<I ;@VAA<I F4 ;4?9:ABEF9=. 
� FBK>< ;BDG @4F9DV4?B;A46EF64, @9FB8B@ CB6ABH4>FBDAB7B 

C?4AG64AAS F4 CDB6989AAS 9>EC9D<@9AFG, 6<;A4K9AB C4D4@9FD<, 
S>V ; 8BEF4FAPBR FBKAVEFR 84RFP >9DG64AAS D9;G?PF4F4@< 
B5DB5>< [3]. &4>B:, 8?S 6<;A4K9AAS @VJABEFV ;K9C?9AAS K4EFB 
8BEFGCAV 84AV.  
� D9;G?PF4FV, 8?S C9DLBW BC9D4JVW EFDG@9A96B-45D4;<6ABW 

B5DB5>< @4є@B BEAB6AV C4D4@9FD<: t1 3 K4E B5DB5><; p1 3 F<E> 
CB6VFDS 6 E<EF9@V B5DB5><; P1 3 9A9D7BECB:<64AAS GEF4F>G64AAS 
8?S EFDG@9A96B-45D4;<6ABW B5DB5><; r1 3 K4E 4@BDF<;4JVW 
GEF4F>G64AAS; m1 3 64DFVEFP GEF4F>G64AAS; mP1 3 64DFVEFP 
9A9D79F<KA<I D9EGDEV6 F4 @4F9DV4?V6, S>V 6<>BD<EFB6GRFPES ;4 
B8<A<JR K4EG 6 B5D4AB@G D9:<@V DB5BF<; Ã 3 F69D8VEFP 
@4F9DV4?G, S><= B5DB5?SєFPES. "8A4>, A9 6EV 6>4;4AV 69?<K<A< 
6C?<64RFP A4 @VJAVEFP ;K9C?9AAS CB>D<FFS:Y1 = H ( <t1, p1, Ã, 
{IV@VKA<= E>?48 BEAB6<}, {6<8 CB>D<FFO}, {F9IAB?B7VO 
A4A9E9AAO CB>D<FFO}>), 89:  

–  t1 = T1 ( <p1, Ã >) 3 FGF K4E B5DB5>< ;4?9:<FP 6V8 F<E>G 
CB6VFDS 6 E<EF9@V, FB5FB 6V8 E<?< 6;4є@B8VW 45D4;<6G ; @4F9DV4?B@ 
F4 6V8 F69D8BEFV B5DB5?R64?PAB7B @4F9DV4?G. �5D4;<6 6 JPB@G 
CDBJ9EV 664:4єFPES A9;@VAA<@ V 6IB8<FP 8B 64DFBEFV 
GEF4F>G64AAS. 
3 M1 = M1 ( <t1, r1, P1, m1, mP1, p1>) 3 @4F9DV4?PAV 6<FD4F< 6 

BEAB6AB@G ;4?9:4FP 6V8 K4EG DB5BF< GEF4F>G64AAS F4 =B7B 
;ABEBEFV=>BEFV. *V C4D4@9FD< @B:A4 6<D4;<F< ; D9:<@G 
A464AF4:9AAS F4 K4EG DB5BF<. &4>B: ;4?9:<FP 6V8 D9:<@G 
DB5BF< V CBFG:AVEFP 9A9D7BECB:<64AAS. *V 69?<K<A< @B:A4 
6<;A4K<F< ; DB5BKB7B F<E>G CB6VFDS 6 E<EF9@V F4 K4EG DB5BF< 
E<EF9@<, S><= CBFDV5A<= 8B 8BES7A9AAS 54:4AB7B D9;G?PF4FG.  
' 6<C48>4I A9IFG64AAS 64DFVEFR CDBJ9EG A4 >BD<EFP 

;@9AL9AAS K4EG 6<DB5A<JF64, HGA>JVєR 64DFBEFV ;A9IFG64F< 
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CB6AVEFR A9 @B:A4, 5B GEF4F>G64AAS CD< C9D9A464AF4:9AV @B:9 
6<=F< ; ?48G, MB ;GC<A<FP 6<DB5A<K<= CDBJ9E. &B@G DB;D4IGAB> 
DB;C484єFPES A4 BCF<@V;4JVR CB @VAV@V;4JVW K4EG ; B5@9:9AAS@ 
A4 74D4AFB64AVEFP ;4?<L9AAS GEF4F>G64AAS 6 EF4AV @B:?<6BEFV 
B5DB5<F< ;484AG >V?P>VEFP 89F4?9=. 
!46989AB A4;6< 69?<K<A, S>V 6D4IB6GRFPES 6 CDBJ9EV 

BCF<@V;4JVW F9IAB?B7VKABW BC9D4JVW EFDG@9A96B-45D4;<6ABW 
B5DB5>< CB69DIAV 8?S CV86<M9AAS 4879;VW 8B ;484AB7B ;A4K9AAS 
CD< @VAV@4?PA<I 6<FD4F4I D9EGDEV6. �9S>V 69?<K<A< @4RFP 
6;4є@AG ;4?9:AVEFP, MB E6V8K<FP CDB F9, MB E<EF9@4 GF6BDRє 
E<EF9@G, @B:?<6B A9?VAV=A<I, DV6ASAP ; >V?P>B@4 A96V8B@<@<. � 
;474?PAB@G 6<C48>G F4>G E<EF9@G DB;6’S;G64F< 4A4?VF<KAB є A9 
8BJV?PA<@ ; CD<K<A< 6V8EGFABEFV ECBEB5V6 4A4?VF<KAB7B 
DB;6’S;4AAS 45B ;A4KABW E>?48ABEFV J<I @9FB8V6 DB;6’S;4AAS. 
!4FB@VEFP, 8?S 6<D4:9AAS 7DGC< LG>4A<I C4D4@9FDV6 K9D9; 

6V8B@V C4D4@9FD< ; 6<>BA4AAS@ A4>?489A<I A4 A<I B5@9:9AP F4 
8BES7A9AAS @VAV@4?PAB7B/@4>E<@4?PAB7B ;A4K9AAS 647B6BW 
HGA>JVW, S>4 6<D4:4є B5ES7 6<FD4F, 6<>BD<EFB6GRFP K<E9?PAV 
@9FB8< F4 4A4?VF<KAV D97D9EV=AV CB?VAB@< CB 
9>EC9D<@9AF4?PA<@ 84A<@, S>V 45B 8B;6B?SRFP BFD<@4F< 
4A4?VF<KA<= DB;6’S;B> 45B CDS@B 6<D4:4RFP C4D4@9FD< CDBJ9EG 
K9D9; ;484AV D9;G?PF4F< F4 B5@9:9AAS.  
!4EFGCAV 9F4C< B5DB5>< CDB6B8SFP A4 B8A4>B6B@G 

GEF4F>G64AAV, ?<L9 CDBJ9E< 6V8@VAAV 6 @4F9DV4?4I, S>V 
GF6BDRRFP L4D F4 CV8L4D, 4 F4>B: 6V8DV;ASRFPES FB6M<A4 L4DG 
F4 CDBL4D>G. 
#DBL4DB> 6<>BD<EFB6GєFPES 6 F9IAB?B7VW 9?9>FDB8G7B6B7B 

A4C<?9AAS, >B?< @4F9DV4? CB69DIA96B7B L4DG @4є IV@VKAG 
A9EG@VEAVEFP ; BEAB6A<@ @4F9DV4?B@, 45B BEAB6A<= L4D A9 @B:9 
GF6BD<F< 8BEF4FAR 4879;V=AG @VJAVEFP V; BEAB6A<@ @4F9DV4?B@. 
&B@G @4F9DV4? 8?S GF6BD9AAS CDBL4D>G @4є 5GF< IV@VKAB 
A9=FD4?PA<@ 8B @4F9DV4?G 89F4?V F4 BEAB6AB7B L4DG V @4F< 
8BEF4FAR 4879;VR 8B @4F9DV4?V6 BEAB6< F4 CB>D<FFS. � BEB5?<6B 
64:><I 6<C48>4I є 6<CD4684A<@ 6<>BD<EF4AAS CDBL4D>G ; 
@B?V589AG 45B AVIDB@G, S><= @4є 6<EB>G 4879;VR ; 5V?PLVEFR 
@4F9DV4?V6. �4:?<6<@ є F9, MB 8?S 4879;V=AB7B CDBL4D>G 
8BEF4FAPB A4A9E9AAS @4F9DV4?G L4DB@ 6 89>V?P>4 89ESF>V6 
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@V>DBA, FB@G 6<>BD<EF4AAS @B?V589AG 45B AVIDB@G A9 
CD<;6B8<FP 8B ;A4KAB7B ;DBEF4AAS 64DFBEFV CDBJ9EG. 
!4:4?P, @B89?R64AAS HV;<>B-IV@VKA<I CDBJ9EV6 CD< 

9?9>FDB8G7B6B@G A4A9E9AAV CB>D<FFV6 є E>?48A<@, 6 D9;G?PF4FV 
KB7B 6V8B>D9@<F< A9;4?9:AV C4D4@9FD< @4=:9 A9@B:?<6B. &B@G 
8?S CB5G8B6< @4F9@4F<KA<I ;4?9:ABEF9= 8?S 9?9>FDB8G7B6B7B 
A4C<?9AAS 5G?B 6<>BD<EF4AB @9FB8 D97D9EV=AB7B 4A4?V;G A4 
BFD<@4A<I 9>EC9D<@9AF4?PAB 84A<I. �V8CB6V8AB 8B B5D4AB7B 
@9FB8G D94?V;4JVW @4F9@4F<KABW @B89?V CDBJ9EG, >BD<EFG64K 
VAHBD@4JV=ABW E<EF9@< CB6<A9A @4F< @B:?<6VEFP 
6<>BD<EFB6G64F< 4A4?VF<KAV @B89?V, F45?<KA9 ;484AAS 
;4?9:ABEFV @V: 69?<K<A4@<, 45B 4A4?VF<KAV 45B 4?7BD<F@VKAV 
@9FB8< K<E?B6<I ;4EB5V6 @B89?R64AAS CDBJ9EG, S><= 
BCF<@V;GєFPES. 
�<EAB6><. �4;A4K9AB A9B5IV8AVEFP CV8FD<@>< 6 

VAHBD@4JV=AV= E<EF9@V 6<;A4K9AAS ;4?9:ABEF9= @V: 69?<K<A4@< 
4A4?VF<KA<@< @9FB84@<, F45?<KAB, 4?7BD<F@VKAB F4 ;4 
8BCB@B7BR V@VF4JV=A<I @B89?9=. $B;7?SAGFV VAHBD@4JV=AV 
B8<A<JV є HGA>JVBA4?PAB DV;A<@<, 89S>V 69?<K<A< @4RFP 
;84FAVEFP ;@VAR64F< HGA>JVBA4?PAG ;84FAVEFP C9D9IB8B@ 6V8 
LG>4A<I 69?<K<A 8B B5@9:9AP A4 F9IAB?B7VKAG BC9D4JVR, MB 
A4>?484є A4 E<EF9@G >9DG64AAS ;@VAA<@< 8B84F>B6V 
HGA>JVBA4?PAV @B:?<6BEFV F4 GAV69DE4?PAVEFP 8B FD4AEHBD@4JVW 
@B89?R64AAS F9IAB?B7VKAB7B CDBJ9EG.  

 
�VF9D4FGD4  
1. �<@4D9A>B �. �. �AHBD@4JV=A4 E<EF9@4 CV8FD<@>< DVL9AP 

8?S 46FB@4F<;4JVW EF6BD9AAS F9IAB?B7VKA<I CDBJ9EV6 
@9I4ABB5DB5>< 89F4?9= 6<EB>BFBKAB7B B5?48A4AAS: 8<E9DF4JVS 
>4A8. F9IA. A4G>, !4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 
«)4D>V6EP><= CB?VF9IAVKA<= VAEF<FGF». )4D>V6, 2019. 
2. )4D?4@B6 2."., $B@4AK9A>B ".�.,  VJ<> �.�.  VJAVEFP 

;K9C?9AAS 89FBA4JV=AB-74;B6<I CB>D<FFV6 A4 BEAB6V >4D5V8V6 
6B?PHD4@G F4 IDB@G. �VEA<> !IV8ABG>D4WAEP>B7B A4JVBA4?PAB7B 
GAV69DE<F9FG V@9AV �B?B8<@<D4 �4?O. 2019, 7 1 (249). C. 99-107.  
3. �BDBA4 &.�. #V86<M9AAS ;ABEBEFV=>BEFV EF4?96<I 
74;BF9D@VKA<I CB>D<FFV6 9?9>FDB>BAF4>FABR B5DB5>BR ; 
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6<>BD<EF4AAS@ 6G7?9J96B6@VEA<I A4CB6AR64KV6: 8<E9DF4JVS 
>4A8. F9IA. A4G>, !4JVBA4?PA4 4>489@VS A4G> '>D4WA<, �AEF<FGF 
A48F69D8<I @4F9DV4?V6 V@. �. . �4>G?S. �<W6, 2016. 

 
 
 
 

"#&� ��0!� +�$�'��!!3 �"��+!�) 
"#�$�*�� #$�  �!� ���*�� �'����) ('!�*�� 

%B?B@>B  . &., �4@DV= �.�. 
�4JVBA4?PA<= GAV69DE<F9F 6B8AB7B 7BECB84DEF64 F4 

CD<DB8B>BD<EFG64AAO 
 

OPTIMAL SEQUENCE OF FIGURATIVE 

TRANSFORMATIONS AT MINIMIZING BOOLEAN 

FUNCTIONS 

 
Abstract. The optimal alternation of image transformations for the process of 

minimization of Boolean functions is considered in the work. The efficiency of the 
chosen sequence of rin-force transformations is demonstrated by examples of 
minimization of Boolean functions borrowed from the works of other authors in 
order to compare 

 

1. �EFGC 

�?795D4 ?B7V><, S> V 5G8P-S><= 4C4D4F B5K<E?9AAS, є 
EG>GCAVEFP 4>EVB@, FBFB:ABEF9=, ;4>BAV6, CD46<?, S>V 8B;6B?SRFP 
;8V=EAR64F< C9D9F6BD9AAS ?B7VKA<I 6<D4;V6. �?9 A9@4 FGF 
CD<C<EV6 CDB F9, S> A9B5IV8AB 6<>BD<EFB6G64F< J9= 4C4D4F 8?S 
E<AF9;G BCF<@4?PA<I ?B7VKA<I EI9@. � FV?P>< 6<5G8B6G64AAS G 
C96AV= CBE?V8B6ABEFV J<I C9D9F6BD9AP (J9 3 4?7BD<F@<) @B:9 
;459;C9K<F< BCF<@4?PA9 DVL9AAS. �V8B@V @9FB8< F4>B7B 
6<5G8B6G64AAS: $BF4, �64=A4 3  4>�?4E><, #9FD<>4, 
�4>D96E>B7B �.�., $OJ4DS �.�. F4 VA. [1-5]. ' E6BR K9D7G 
6<;A4K9AAS 4?7BD<F@V6 ECDBM9AAS є C9D98G@B6BR 8?S 
EF6BD9AAS 46FB@4F<;B64A<I @9FB8V6 @VAV@V;4JVW 5G?96<I 
HGA>JV=. 
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2. "EB5?<6BEFV ;4EFBEG64AAO >B@5VA4FBDA<I EFDG>FGD 2-
(n, b)-design F4 2-(n, x/b)-design 8?O @VAV@V;4JVW 5G?96<I 
HGA>JV= 

�?795D<KAV C9D9F6BD9AAS, MB A9B5IV8AV 8?S CDBJ9EG 
@VAV@V;4JVW 5G?96<I HGA>JV= ;4@VARRFPES DV6ABE<?PA<@< 
C9D9F6BD9AAS@< ;4 8BCB@B7BR CV8@4FD<JP (>B@5VA4FBDA<@< 
B5D4;4@<) F45?<JV VEF<AABEFV, S>4 є 6?4EA9 >B@5VA4FBDABR 
E<EF9@BR. "E>V?P>< >B@5VA4FBDAV B5D4;< 84RFP 5V?PL9 
VAHBD@4JVW EFBEB6AB BDFB7BA4?PABEFV, EG@V:ABEFV, 
B8AB;A4KABEFV 5?B>V6 >B@5VA4FBDABW E<EF9@<, CBDV6ASAB ; 
4?795D<KA<@< C9D9F6BD9AAS@<, MB є 69D54?PABR CDBJ98GDBR, 
;4EFBEG64AAS WI CV8 K4E CBLG>G B5’є>FV6 8?S DV6ABE<?PAB7B 
C9D9F6BD9AAS, G CDBJ9EV @VAV@V;4JVW ?B7VKABW HGA>JVW, є 
9H9>F<6A<@[639].  

�?S 6<5BDG BCF<@4?PAB7B K9D7G64AAS CDBFB>B?V6 
@VAV@V;4JVW B5D4;A<@< C9D9F6BD9AAS@< A9B5IV8AB 6<;A4K<F< 
CBK4F>B6G BC9D4JVR 4?795D<KAB7B C9D9F6BD9AAS 5G?96<I 
HGA>JV=. ' ;6’S;>G ; J<@ CBFDV5AB 6EF4AB6<F< BEB5?<6BEFV 
CDBJ9EG @VAV@V;4JVW ?B7VKA<I HGA>JV= CD< 6<>BD<EF4AAV 
>B@5VA4FBDA<I EFDG>FGD 2-(n, b)-design F4 2-(n, x/b)-design. 

#D<>?48 1.  VAV@V;G64F< HGA>JVR 1 2 3 4( , , , )F x x x x  

B5D4;A<@< C9D9F6BD9AAS@<, MB ;484A4 A4EFGCABR F45?<J9R 
VEF<AABEFV: 

F=Ʃ(6, 8, 9, 10, 11, 12, 13, 14) 
 
�D<@VF>4: ;A4K9AAS 6 Ʃ є @VAF9D@4@< 8?S DS8>V6, >B?< 

HGA>JVS  CB69DF4є «1» A4 6<IB8V. 
�?S @VAV@V;4JVW ;484ABW HGA>JVW 1 2 3 4( , , , )F x x x x  

6<>BD<EF4є@B >B@5VA4FBDAG EFDG>FGDG A9CB6ABW 5VA4DABW 
E<EF9@< ; CB6FBD9AAS@ 2-(n, x/b)-design (D<E. 1). 
 

1 2 3 4( , , , )F x x x x
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6 0 1 1 0

8 1

9 1

10 1

11 1

12 1

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 113 1

14 1 1 1 0

 

$<E. 1. �B@5VA4FBDA4 E<EF9@4 (F45?<JO VEF<AABEFV) HGA>JVW 
 ;V EFDG>FGDBN A9CB6ABW 5VA4DABW E<EF9@< ; 

CB6FBD9AAO@ 2-(3, 7/8)-design (6<8V?9A4 K9D6BA<@ >B?PBDB@) 
 

#DB6989@B @VAV@V;4JVR HGA>JVW  B5D4;A<@< 
C9D9F6BD9AAS@<, 6<>BD<EFB6GRK< 2-(3, 7/8)-design. 
 

    

1 0 0 0

1 0 0 1

1 0 1 0 1 0

1 0 1 1 1 0

1 1 0 0 1 0

1 1 0 1

1 1 1 0

6 0 1 1 0

8

9 0 1 1 0 1 1 0

10 1 0

11 1 0

12 1 0

13

14

F ý ý ý

 

 

 VAV@V;B64A4 HGA>JVS: 
    2 3 4 1 2 1 3 1 4F x x x x x x x x xý û û û         (1) 

#DBFB>B? @VAV@V;4JVW 8?S 2-(3, 7/8)-design: 
 

        

0 0

0 0

1 1 0 1 1 0 0

1 1

0 0 0

0 0 1

00 1 0

0 1 1 1 0

1 0 0

1 0 1

0

ý ý ý

  

1 2 3 4( , , , )F x x x x

1 2 3 4( , , , )F x x x x
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45B   
0 0

0 0

1 1 0 1 1 0 0

1 1

0 1 0

0 10 1 1

0 0 0

0 0 1

0

1 0 0

1 0 1

0

ý ý ý

 

 

�D<>?48 2.  VAV@V;Gє@B ?B7VKAG HGA>JVR  ; 
CD<>?48G 1 B5D4;A<@< C9D9F6BD9AAS@<, 6<>BD<EFB6GRK< 
>B@5VA4FBDAG EFDG>FGDG CB6ABW 5VA4DABW E<EF9@< ; CB6FBD9AAS@ 
2-(n, b)-design (D<E. 2). 

 

      

6 0 1 1 0

8 1 0

9 1 0

10 1 0

11 1 0

12 1 1 0 0

13 1 1 0

0 0

0 1

1

1

14

0

1 1

1 1 1 0

 

$<E. 2. �B@5VA4FBDA4 E<EF9@4 (F45?<JO VEF<AABEFV) 
HGA>JVW  ;V EFDG>FGDBN CB6ABW 5VA4DABW 
E<EF9@< ; CB6FBD9AAO@ 2-(2, 4)-design (6<8V?9A4 K9D6BA<@ 

>B?PBDB@) 
 

#DB6989@B @VAV@V;4JVR HGA>JVW  B5D4;A<@< 
C9D9F6BD9AAS@<, 6<>BD<EFB6GRK< 2-(2, 4)-design. 

 

      

1 1 0
1 1 0 0

6 0 1 1 0

8

9
1 1 0 1 1 0

10
1 0

11
1 0

12

13

14 1 1 1 0

1 0 0 0

1 0 0 1

1 0

1 1 0

1 0

1

1

1 0
1 0 1

F ý ý ý

 

1 2 3 4( , , , )F x x x x

1 2 3 4( , , , )F x x x x

1 2 3 4( , , , )F x x x x
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 VAV@V;B64A4 HGA>JVS: 
 

    2 3 4 1 2 1 3F x x x x x x xý û û    (2) 
 

"C9D4JVS EGC9D-E>?9R64AAS ;@VAA<I G C9DLV= @4FD<JV 
CDB6989A4 8?S 5?B>V6 8311, S>V 6<8V?9AV K9D6BA<@ >B?PBDB@. 
#DBEF9 E>?9R64AAS ;@VAA<I CDB6989AB 8?S 5?B>V6 12-13, S>V 
6<8V?9AV E<AV@ >B?PBDB@ F4 6, 14 S>V 6<8V?9AV KBDA<@ >B?PBDB@. 
%CB7?S84RK< @VAV@4?PAV HGA>JVW (1) V (2) 54K<@B, MB @VAV@4?PA4 
HGA>JVS (4) CDBEFVL4 A4 B8<A F9D@.  

#BDV6ARRK< BEB5?<6BEFV CDBJ9EG @VAV@V;4JVW ?B7VKA<I 
HGA>JV= ; 6<>BD<EF4AAS@ >B@5VA4FBDA<I EFDG>FGD CB6ABW 
5VA4DABW E<EF9@< ; CB6FBD9AAS@ 2-(n, b)-design F4 A9CB6ABW 
5VA4DABW E<EF9@< ; CB6FBD9AAS@ 2-(n, x/b)-design, @B:A4 ;DB5<F< 
6<EAB6B>, MB >B@5VA4FBDA4 E<EF9@4 2-(n, b)-design V CBE?V8B6A9 
K9D7G64AAS 4?795D<KA<I BC9D4JV= EGC9D-E>?9R64AAS ;@VAA<I 
(S>MB F4>4 BC9D4JVS @B:?<64) F4 CDBEFB7B E>?9R64AAS ;@VAA<I, 
G C9DLV= @4FD<JV (F45?<JV VEF<AABEFV), ;459;C9KGє BCF<@4?PAG 
9H9>F<6AVEFP CDBJ9EG F4 8BEFB6VDAVEFP D9;G?PF4FG @VAV@V;4JVW 
5G?96<I HGA>JV=. 

3. $9;G?PF4F< 6<5BDG K9D7G64AAO B5D4;A<I C9D9F6BD9AP 
CD< @VAV@V;4JVW 5G?96<I HGA>JV= 

�4EFBEG64AAS CDBFB>B?G BCF<@4?PAB7B K9D7G64AAS B5D4;A<I 
C9D9F6BD9AP CD< @VAV@V;4JVW 5G?96<I HGA>JV= 84є A4EFGCAV 
D9;G?PF4F<: 

3  DB;L<DRє @B:?<6BEFV ;4EFBEG64AAS 69>FBDA<I VAF9D64?V6 
5G?96B7B CDBEFBDG ẞn CD< @VAV@V;4JVW ?B7VKA<I HGA>JV=; 

3  6<;A4K4є K4EF>B6<= 4?7BD<F@ DB;CV;A464AAS 
>B@5VA4FBDA<I E<EF9@ 2-(n, b)-design F4 CBLG>G WW @9:; 

3 ;459;C9KGє 46FB@4F<;B64A<= CBLG> >B@5VA4FBDA<I E<EF9@ 
2-(n, b)-design G EFDG>FGDV F45?<JV VEF<AABEFV ;484ABW ?B7VKABW 
HGA>JVW. 

4. #BDV6AOAA<= 4A4?V; @VAV@V;4JVW 5G?96<I HGA>JV= ;4 
8BCB@B7BN CDBFB>B?G BCF<@4?PAB7B K9D7G64AAO B5D4;A<I 
C9D9F6BD9AP ; VAL<@< @9FB84@< @VAV@V;4JVW  

�H9>F<6AVEFP ;4EFBEG64AAS CDBFB>B?G BCF<@4?PAB7B 
K9D7G64AAS B5D4;A<I C9D9F6BD9AP CD< @VAV@V;4JVW 5G?96<I 
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HGA>JV= 89@BAEFDGєFPES CD<>?484@< @VAV@V;4JVW ?B7VKA<I 
HGA>JV=, ;4CB;<K9A<I ; DB5VF VAL<I 46FBDV6 ; @9FBR CBDV6ASAAS. 

4. 1. #BDV6AOAAO ; >4DF4@<  4IBAV  
�D<>?48 3. �A4=F< @VAV@4?PAV �!( V �!( ?B7VKABW HGA>JV=, 

6<>BD<EFB6GRK< >4DFG  4IBAV ;V ;484ABW F45?<JV VEF<AABEFV A4 
D<E. 3 [10]. 
 

F 1 0 1 0 1 1 1 1 1 0 1 0 0 1 0 1 

D 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
C 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
B 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
A 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 

    $<E. 3. "45?<JO VEF<AABEFV ?B7VKABW HGA>JVW 8?O CD<>?48G 3 
 
 

 
$<E. 4. 4-bit >4DF4 �4IBAV 8?O CD<>?48G 3 

 

$<E. 4 S6?Sє EB5BR CV8EG@>B6G >4DFG  4IBAV V; F45?<JV 
VEF<AABEFV ?B7VKABW HGA>JVW A4 D<E. 3. �5VD B8<A<JP CB;A4K4єFPES 
EGJV?PA<@< 9?VCE4@<, 4 ;5VD AG?V6 3 CGA>F<DA<@< 9?VCE4@<.  
�4DF<  4IBAV G 5474FPBI 6V8ABL9AASI є A45474FB 
9H9>F<6AVL<@<, CBDV6ASAB ; >4DF4@< �4DAB, BE>V?P>< 6BA< 
?97>B DB;L<DRRFPES 8B A9B5IV8ABW >V?P>BEFV 6IV8A<I 84A<I, MB 
EGFFє6B DB;L<DRє ;474?PA<= >BAF9AF ;4EFBEG64AAS >4DF  4IBAV 
[10]. 
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�<>BD<EFB6GRK< ;5VD B8<A<JP A4 D<E. 4, @VAV@4?PA4 �!( 
;484ABW ?B7VKABW HGA>JVW (D<E. 3) 5G89 @4F< 6<7?S8: 

 

   OUT C A D C C Aý  û  û       (3) 
 

 VAV@V;4JVS HGA>JVW 1 2 3 4( , , , )F x x x x  (D<E. 3) @9FB8B@ 
B5D4;A<I C9D9F6BD9AP ;6B8<FPES 8B A4EFGCABW CDBJ98GD<: 

 

     

4 3 2 1

0 1 0 0

0 1 0 1

0 10 1 1 0

0 1 1

0 0 0 0

0 0 1 0

0 0

1 0 0 0

1 0 1

0

2

4

0 05

0 16

1 1 1 1 17

8

10

13 1 1 0 1

1 1

1

5 1 1

0

1

№ x x x x

F ý ý ý

 

 
�?B>< 4 3 7 (6<8V?9AV K9D6BA<@ >B?PBDB@) F4 5?B>< 0, 2, 8, 

10 (6<8V?9AV E<AV@ >B?PBDB@) @VAV@V;B64AV ;4 CDBFB>B?B@ EGC9D-
E>?9R64AAS ;@VAA<I. �ALV 5?B>< @VAV@V;B64AV ;4 CDBFB>B?4@< 
CDBEFB7B E>?9R64AAS F4 A4CV6E>?9R64AAS ;@VAA<I [6, 7]. 

 VAV@V;B64A4 �!( HGA>JVW: 
 

1 3 3 4 1 3.F x x x x x xý û û    (4) 
 

$9;G?PF4F @VAV@V;4JVW (4) ;5V74єFPES ; D9;G?PF4FB@ @VAV@V;4JVW 
(3), CDB6989ABW ;4 8BCB@B7BR >4DF<  4IBAV [10], B8A4> 
BFD<@4AAS @VAV@4?PABW �!( ?B7VKABW HGA>JVW @9FB8 B5D4;A<I 
C9D9F6BD9AP є CDBEFVLBR CDBJ98GDBR. 
�<>BD<EFB6GRK< ;5VD AG?V6 A4 D<E. 4, @VAV@4?PA4 �!( ;484ABW 
?B7VKABW HGA>JVW (D<E. 3) 5G89 @4F< 6<7?S8: 

OUT C A D C Aý  û       
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�4EFBEB6GRK< ;4>BA 89  BD74A4, BFD<@4є@B: 
( ) ( ),OUT C A D C Aý  û       

( )( ),OUT C A D C Aý        

V, A4D9LFV, @VAV@4?PA4 �!( 

  ( )( ).OUT C A D C Aý û û û    (5) 

 VAV@V;4JVS �!( HGA>JVW 1 2 3 4( , , , )F x x x x  (D<E. 3) @9FB8B@ 
B5D4;A<I C9D9F6BD9AP ;6B8<FPES 8B F4>BW CDBJ98GD< [9]: 
 

    

4 3 2 1

1 0 0 0 1

3 0 0 1 1

      F= 9 1 0 0 1
0 0 1

11 1 0 1 1
0 0 1 1

12 1

1 1 1 0

1 1 0 0

0 1 1 0

1 0 0
0 0 0 1

14 1 1 1 0

1 0

0 1 0 0

№ x x x x

ý ý

  

 
�?B>< 1, 3, 9, 11 (6<8V?9AV K9D6BA<@ >B?PBDB@) @VAV@V;B64AV 

;4 CDBFB>B?B@ EGC9D-E>?9R64AAS ;@VAA<I. �ALV 5?B>< 
@VAV@V;B64AV ;4 CDBFB>B?4@< CDBEFB7B E>?9R64AAS F4 
A4CV6E>?9R64AAS ;@VAA<I [6, 7]. 
 VAV@V;B64A4 �!( HGA>JVW: 
 

1 3 1 3 4( )( ).F x x x x xý û û û
 

(6) 
 

$9;G?PF4F @VAV@V;4JVW (6) ;5V74єFPES ; D9;G?PF4FB@ @VAV@V;4JVW 
(5),  CDB6989ABW ;4 8BCB@B7BR >4DF<  4IBAV [10], B8A4> 
BFD<@4AAS @VAV@4?PABW �!( ?B7VKABW HGA>JVW @9FB8 B5D4;A<I 
C9D9F6BD9AP є CDBEFVLBR CDBJ98GDBR. 

 
�VF9D4FGD4 
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D98. %.�.  4-=BDB64: 'K95. CBEB5<9 8?S 6G;B6. 3  .: �OEL4S 
L>B?4, 1972. 3 344 E.  
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��� 7-#�$� �&$�+!� �$��� ��3 #"�'�"�� 
#$"(��2 %#�!�� �"#�&�� 

1%F9JR> #.�., 2&>4K9A>B ".�., 1)B@’S> ". . 
1ІAEF<FGF >V59DA9F<>< V@9AV �.�. �?GL>B64 

2�� "І6K9A>B-�DB7D9E" 
 

TWO 7-PARAMETRIC CURVES FOR BLADE BACK 

PROFILE DESIGN 
Abstract. Systems of nonlinear equations for two curves for profiling the blade 

back are constructed; the curves are defined by seven design parameters. For the 
first curve its curvature varies linearly in natural parameterization, and the second 
uses a cubic polynomial. A computational experiment for modeling the profile of 
the blade back is described. 

 

�?S @B89?R64AAS CDBHV?R EC<A>< ?BC4F>< 6 84AV= DB5BFV 
EHBD@G?PB64AV E<EF9@< A9?VAV=A<I DV6ASAP 8?S 86BI 6<8V6 
>D<6<I: >D<64 6 A4FGD4?PAV= C4D4@9FD<;4JVW ; ?VAV=A<@ ;4>BAB@ 
DB;CB8V?G >D<6<A< [1] F4 CB?VAB@ FD9FPB7B EF9C9AS [2]. 
 4F9@4F<KA4 @B89?P. �V8B@<@< є 7 C4D4@9FDV6: 1r  F4 2r  2 

D48VGE< ;4B>DG7?9AP 6IV8ABW F4 6<IV8ABW >DB@B>, t  2 >DB> 
D9LVF><, B  2 8B6:<A4 IBD8<, sò  2 >GF GEF4AB6>< CDBHV?R, 2d  

2 69?<K<A4 7BD?4 @V:?BC4F>B6B7B >4A4?G, ô  2 >GF 6V87<AG 
6<IV8ABW >DB@><. #4D4@9FD< F4 54;B6V FBK>< CDBHV?R 
6V8B5D4:9AV A4 D<EGA>G. 
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&GF 1O , 2O , 2O ò  2 J9AFD< >V? 6IV8ABW F4 6<IV8A<I >DB@B>, 
FBK>< 1%  (� >648D4AF G >B?V 1O ), 2%  (�� 3 G >B?V 2O ), 3%  (�V 3 G 

>B?V 2O ò ), 1 , 2 , 3  2 >GF< A4I<?G 8BF<KA<I 8B >D<6BW 6 J<I 
FBK>4I. 
#BFDV5AB ;A4=F< >D<6G, S>4 CDBIB8<FP K9D9; FBK>< 1% , 2%  

F4 3% , 8BF<KAV 6 S><I ECV6C484RFP ; 8BF<KA<@< 8B >V? 1O , 2O  F4 

2O ò . 
#9DL4 >D<64. �G8GєFPES 6 A4FGD4?PAV= C4D4@9FD<;4JVW ; 

7D4HV>B@ >D<6<A< ( )k s as bý û , 89 S , 1s  3 A96V8B@V 8B6:<A< 
>D<6<I 6V8 FBK>< 1%  8B FBK>< 2%  F4 6V8 FBK>< 2%  8B FBK>< 3% , 

1 , 2  3 A96V8B@V >GF< 6 FBK>4I 1%  F4 2% . �GF 3  6 FBKJV 3%  

6<D4:4єFPES K9D9; >GF 2 : 3 2  ôý  . !96V8B@V C4D4@9FD< a , 

b , S , 1s , 1 , 2  є DB;6’S;>B@ E<EF9@< L9EF< A9?VAV=A<I 
DV6ASAP: 

2

1 1 2 2 2

0

sin sin cos
2

S

x
as

B r r bs ds
ö ö

û  ý   û  û û÷ ÷÷ ÷
ø ø

 , (1) 

2

1 1 2 2 2

0

cos cos sin
2

S

y
as

B r r bs ds
ö ö

û  ý  û  û û÷ ÷÷ ÷
ø ø

 , (2) 

2

1 2
2

aS
bS ý  û û , 1 20 ,  

2 2

ð ð ô ó ó ó ó , 0S þ ,    (3) 

ø ù ø ù
1 2

2 2 2 2 2 2

0

sin sin cos
2

s
as

r d r bs ds
ö ö

û  ô ý   û  û û÷ ÷÷ ÷
ø ø

 ,  (4) 

ø ù ø ù
1 2

2 2 2 2 2 2

0

cos cos sin
2

s
as

t r d r bs ds
ö ö

 û  ô ý  û  û û÷ ÷÷ ÷
ø ø

 ,(5) 

2 2
1 1

1 1 3 2 2 1,  0  
2 2

as as
bs s S bs

ö ö
ô ý û ü ü ú  ý  ô ý  û û÷ ÷÷ ÷

ø ø
,(6) 

89 69?<K<A< xB  F4 yB  B5K<E?RRFPES ;4 HBD@G?4@<:   
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ø ù ø ù1 2 2 1sin cosx s sB B r r r rò òý   û  ,

ø ù ø ù1 2 1 2cos siny s sB B r r r rò òý   û  . 

�AF97D4?PAV DV6ASAAS (1) V (2) 6<>BD<EFB6GRFPES 8?S ;6’S;>G 
>BBD8<A4F FBKB> 1%  F4 2% , 4 DV6ASAAS (3) 3 8?S ;6’S;>G >GFV6 1  

F4 2 . $V6ASAAS (4) F4 (5) ;6’S;GRFP @V: EB5BR >BBD8<A4F< FBKB> 

2%  F4 3% , 4 DV6ASAAS (6) 6<D4:4є >GF 3  K9D9; >GF 2 . 

�DG74 >D<64. �G8GєFPES ;4 8BCB@B7BR CB?VAB@4 FD9FPBW 
EF9C9AV 3 2y ax bx cx dý û û û  F4 >GFV6 1 , 2 , 4 >GF 3  8BDV6ARє 

2 ô . !96V8B@V >B9HVJVєAF< ,  ,   і a b c d  F4 A96V8B@V >GF< 1  V 2  

є DB;6’S;>B@ F4>BW E<EF9@< L9EF< DV6ASAP: 
3 2 2

2 2 2 2 2 2 2,   3 2y ax bx cx d tg ax bx cý û û û ý û û , (7) 

89 2 2 2 2 2 2 2 2 2sin ,  cos ,  ,
2

x r r y r r
ð  ô ý  ý û ü ü  

3 2 2
3 3 3 3 2 3 3,  ( ) 3 2 ,y ax bx cx d tg ax bx c ôý û û û  ý û û

    
(8) 

89 ø ù ø ù3 2 2 2 2 3 2 2 2 2( )sin ,  ( ) cosx r t d y r t r d ô  ôý û û  ý û  û  , 

ø ù3 2 2
1 1 1 1 1 1 1,   3 2y ax bx cx d tg ax bx cý û û û  ý û û ,     (9) 

89 1 2 1 1 1 2 1 1 1sin ,  cos ,  0 .
2

x yx r B r y r B r
ð  ý û û ý û û ü ü   

&GF A9?VAV=AV DV6ASAAS (7)3(9) 6<;A4K4RFP CDBIB8:9AAS 
>D<6BW K9D9; FBK>< ø ù2 2 2,% x y , ø ù3 3 3,% x y , ø ù1 1 1,% x y , 

;459;C9KGRK< 6 A<I 6V8CB6V8AV ;A4K9AAS CBIV8A<I 2tg , 3tg , 

ø ù1tg  . 

"5K<E?N64?PA<= 9>EC9D<@9AF. �D4HV>< >D<6<I, MB 
CB5G8B64AV 8?S @B89?R64AAS CDBHV?R EC<A>< ?BC4F><, A46989AV 
A4 D<EGA>G A<:K9: >D<64 6 A4FGD4?PAV= C4D4@9FD<;4JVW ; 
?VAV=A<@ ;4>BAB@ DB;CB8V?G >D<6<A< (EGJV?PA4 ?VAVS), CB?VAB@ 
FD9FPB7B EF9C9AS (LFD<IB64 ?VAVS). &GF :9 A46989AV WI 7D4HV>< 
>D<6<A F4 ;A4K9AAS 6EVI E9@< C4D4@9FDV6, CD< S><I 6BA< 
BFD<@4AV. 

� 7D4HV>V6 >D<6<A 6<8AB, MB G >D<6<I 6V8EGFAV FBK>< 
C9D97<AG. *9 6<>?RK4є "I6<?SEFVEFP" CDBHV?V6 EC<A>< ?BC4F><. 
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�D<64 6 A4FGD4?PAV= C4D4@9FD<;4JVW @4є >D4MV 74;B8<A4@VKAV 
6?4EF<6BEFV 6 E<?G ?VAV=ABEFV DB;CB8V?G >D<6<A<. !4S6AVEFP 
FBKB> C9D97<AG V EFD<5>BCB8V5A4 ;@VA4 >D<6<A< A9 8BCGEF<@V, 
BE>V?P>< J9 @B:9 CD<69EF< 8B 6V8D<6G CBFB>G 74;G. 

#B8V5AV E<EF9@< @B:A4 EHBD@G?R64F< 8?S VAL<I >D<6<I 6 
A4FGD4?PAV= C4D4@9FD<;4JVW. !484?V C?4AGєFPES CB5G8B64 
CDBHV?R EC<A>< ; 6<>BD<EF4AAS@ 86BI >D<6<I ; ?VAV=A<@ 
;4>BAB@ F4 B8AVєW >D<6BW ; >648D4F<KA<@ ;4>BAB@ DB;CB8V?G 
>D<6<A< 8?S 6D4IG64AAS 8B84F>B6<I C4D4@9FDV6 CDBHV?R. 
�<>BD<EF4AAS 86BI >D<6<I ; >648D4F<KA<@ ;4>BAB@ DB;CB8V?G 
>D<6<A< BC<E4AB 6 DB5BFV [3]. 

 

 
 
 

�VF9D4FGD4 
1.  �BD<E9A>B �.�., 'EF9A>B %. �., 'EF9A>B �. �.,  

�G;P@4 �. &. (2019) $B;DB5>4 @9FB8G 79B@9FD<KAB7B 
@B89?R64AAS CDBHV?R ?BC4F>< BEPB6BW FGD5B@4L<A<. %IV8AB-
Є6DBC9=EP><= :GDA4? C9D98B6<I F9IAB?B7V=. Vol 5, 7 1 (101). 
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2. Souverein, L., Veggi, L., Sudhof, S. et. al. (2017). On the 
effect of axial turbine rotor blade design on efficiency: a parametric 
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http://doi.org/10.13009/EUCASS2017-241. 

3. &>4K  .$., �74D>B6 ".2. (2014)  B89?R64AAS C?46A<I 
>D<6<I EFBEB6AB CDBHV?V6 ?BC4FB> BEPB6<I FGD5VA. �5VDA<> 
A4G>B6<I CD4JP !4JVBA4?PAB7B GAV69DE<F9FG >BD45?95G8G64AAS. 
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�" ��!�&"$!� �"!(��'$�*��, 3�� 
��!���2&0 � ����+�) $��!�) ���%�� �� 

"�+�%�2���0!"�" �!&����&' 

&<@BHVє64 !. �. 
�V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 

F9IAB?B7V= F4 E<EF9@ ��� F4 ��� #>D4WA< 
 

Abstract. Some artificial intelligence problems that are reduced to 
combinatorial optimization problems are considered. It is shown that 
combinatorial configurations can be both an argument of the objective function 
and the input data in artificial intelligence problems. The argument of the objective 
function in them, as a rule, are sampling of different types and partition of the n -
element set into subsets. Natural signals are described by a combinatorial 
configuration – placing with repetition, due to which inaccuracy of the input data 
occurs in these problems. 

 

�EFGC. �A4?V;GRFPES ;484KV V; B5K<E?R64?PAB7B VAF9?9>FG. 
#B>4;4AB, MB 6BA< @4RFP >B@5VA4FBDAG CD<DB8G F4 
@B89?RRFPES 6 D4@>4I F9BDVW >B@5VA4FBDABW BCF<@V;4JVW. 
�D7G@9AFB@ JV?PB6BW HGA>JVW 6 A<I є >B@5VA4FBDAV >BAHV7GD4JVW 
DV;A<I F<CV6. �IV8AV 84AV 6 89S><I V; A<I CD98EF46?9AV DV;A<@< 
F<C4@< 6<5VDB>. 
#BEF4AB6>4 ;484KV. �484K4 CB?S74є G 6<S6?9AAV 

>B@5VA4FBDA<I 6?4EF<6BEF9= ;484K LFGKAB7B VAF9?9>FG F4 WI 
@B89?R64AAS S> ;484K >B@5VA4FBDABW BCF<@V;4JVW.  

http://doi.org/10.13009/EUCASS2017-241
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#V8IV8, MB CDBCBAGєFPEO. $B;6’S;4AAS CBEF46?9ABW ;484KV 
CDB6B8<FPES L?SIB@ 4A4?V;G ;484K B5K<E?R64?PAB7B VAF9?9>FG, 
6<S6?9AAS 4D7G@9AFG JV?PB6BW HGA>JVW, S><@ є >B@5VA4FBDAV 
>BAHV7GD4JVW DV;A<I F<CV6, F4 @B89?R64AAS JV?PB6BW HGA>JVW, S>4 
C9D984є >B@5VA4FBDAG CD<DB8G ;484K, MB DB;7?S84RFPES.  
�474?PA4 CBEF4AB6>4 ;484KV >B@5VA4FBDABW BCF<@V;4JVW. 

�484KV B5K<E?R64?PAB7B VAF9?9>FG E>?48AV ;4 E6BєR CD<DB8BR F4 
A9 ;46:8< CV884RFPES HBD@4?V;4JVW. �?9 5474FB CD<>?48A<I ;484K 
JPB7B >?4EG ;6B8SFPES 8B ;484K >B@5VA4FBDABW BCF<@V;4JVW. *9 
CB6’S;4AB ; F<@, MB C9D964:A4 WIAS K4EF<A4 CD< ;A4IB8:9AAV 
BCF<@4?PAB7B DB;6’S;>G CBFD95Gє C9D95BDG 64DV4AFV6. 
#9D95VDA<@ :9 ;484K4@ 6?4EF<64 >B@5VA4FBDA4 CD<DB84. *R 
6?4EF<6VEFP @B:A4 8BE?V8<F<, ;@B89?R646L< B7B6BD9AV ;484KV 6 
D4@>4I F9BDVW >B@5VA4FBDABW BCF<@V;4JVW.  
�?S @B89?R64AAS CD<>?48A<I ;484K S> ;484K >B@5VA4FBDABW 

BCF<@V;4JVW A9B5IV8AB [1]: 4) ;4 ECBEB5B@ B5K<E?9AAS JV?PB6BW 
HGA>JVW 6<;A4K<F< 6<8 ;484KV (EF4F<KA4 45B 8<A4@VKA4); 5) 
6<;A4K<F< 54;B6V @AB:<A<, S><@< ;484єFPES C96A4 ;484K4; 6) ;4 
6IV8A<@< 84A<@< 6<;A4K<F< WW F<C; 7) 6<;A4K<F< 4D7G@9AF 
JV?PB6BW HGA>JVW (>B@5VA4FBDAG >BAHV7GD4JVR); 8) ;@B89?R64F< 
JV?PB6G HGA>JVR. 

�484KV >B@5VA4FBDABW BCF<@V;4JVW, S> CD46<?B, ;484RFPES 
A4 B8AV= 45B >V?P>BI @AB:<A4I, A4CD<>?48 },...,{ 1 naaA ý  F4 

},...,{ ~1 nbbB ý , 9?9@9AF< S><I @4RFP 5G8P-S>G CD<DB8G [2]. 

!4;69@B JV @AB:<A< 54;B6<@<. !4S6AV 864 F<C< ;484K. � 
C9DLB@G F<CV >B:AG ; J<I @AB:<A CB84@B G 6<7?S8V 7D4H4, 
69DL<A4@< S>B7B є WW 9?9@9AF<, 4 >B:AB@G D95DG CBEF46?9AB G 
6V8CB6V8AVEFP K<E?B Rclt þ , S>9 A4;<64RFP 647BR D95D4 ( R  3 
@AB:<A4 8V=EA<I K<E9?); },...,1{ nl þ , }~,...,1{ nt þ , n  3 >V?P>VEFP 
9?9@9AFV6 @AB:<A< A , n~  3 >V?P>VEFP 9?9@9AFV6 @AB:<A< B . 
#B>?489@B, MB nn ~ý .  V: 9?9@9AF4@< J<I @AB:<A VEAGRFP 
;6'S;><, K<E?B69 ;A4K9AAS S><I A4;69@B 6474@<. �9?<K<A< Rclt þ  

A4;69@B 6IV8A<@< 84A<@< F4 ;484@B WI @4FD<JS@<. � 8DG7B@G 
F<CV ;484K @V: 9?9@9AF4@< ;484ABW @AB:<A< ;6'S;>V6 A9 VEAGє, 4 
6474@< є K<E?4 Rv j þ , },...,1{ nj þ , S><@ G 6V8CB6V8AVEFP 
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CBEF46?9AB 89S>V 6?4EF<6BEFV J<I 9?9@9AFV6, K<E?B6V ;A4K9AAS 
S><I ;484RFPES E>VAK9AA<@< CBE?V8B6ABEFS@<, MB F4>B: є 
6IV8A<@< 84A<@<. *V 69?<K<A< 6<;A4K4RFP ;A4K9AAS JV?PB6BW 
HGA>JVW.  

�?S B5BI F<CV6 ;484K V; 9?9@9AFV6 B8AVєW 45B >V?P>BI 
54;B6<I @AB:<A, A4CD<>?48 Aal þ , },...,1{ nlþ , GF6BDRєFPES 
>B@5VA4FBDA4 @AB:<A4 W  3 EG>GCAVEFP >B@5VA4FBDA<I 
>BAHV7GD4JV= C96AB7B F<CG (C9D9EF4AB6><, 6<5VD>< DV;A<I F<CV6, 
DB;5<FFS FBMB). !4 9?9@9AF4I w  >B@5VA4FBDABW @AB:<A< W  

66B8<FPES JV?PB64 HGA>JVS )(wF . !9B5IV8AB ;A4=F< 9?9@9AF *w  

@AB:<A< W , 8?S S>B7B )(wF  A45G64є 9>EFD9@4?PAB7B ;A4K9AAS 
CD< 6<>BA4AAV ;484A<I B5@9:9AP.  
#V8 >B@5VA4FBDABR >BAHV7GD4JVєR DB;G@Vє@B 5G8P-S>G 

EG>GCAVEFP 9?9@9AFV6, S>4 GF6BDRєFPES ; GEVI 45B ; 89S><I 
9?9@9AFV6 ;484ABW 54;B6BW @AB:<A< },...,{ 1 naaA ý  [2]. 

#B;A4K<@B WW 6CBDS8>B64ABR  @AB:<ABR ),...,( 1
kkk www øý , 89 

},...,1{ nþø  3 >V?P>VEFP 9?9@9AFV6 G kw , qkwW 1}{ý  3 @AB:<A4 
>B@5VA4FBDA<I >BAHV7GD4JV=. �9DIAV= VA89>E k  ( },...,1{ qkþ ) G 

kw  CB;A4K4є CBDS8>B6<= AB@9D kw  G W , q  3 >V?P>VEFP kw  G W . 

�B B5K<E?R64?PAB7B VAF9?9>FG 6V8ABESFPES ;484KV ; 
DB;CV;A464AAS, ;B>D9@4 DB;CV;A464AAS @B6?9AAS, ;484K4 >?VAVKABW 
8V47ABEF<><, ;484KV V; E9@4AF<>< (CBDV6ASAAS F9>EFV6 A4 C?47V4F, 
46FB@4F<KA<= C9D9>?48 F9>EFV6 ; B8AVєW @B6< A4 VALG FBMB). � 
F4><I ;484K4I S> DB;CV;A464AAS @B6?9AAє6<I E<7A4?V6 F4 ;484K4 
>?VAVKABW 8V47ABEF<>< JV?PB64 HGA>JVS ;4?9:<FP 6V8 >V?P>BI 
;@VAA<I, S><@< є DV;AV F<C< 6<5VDB>, F4 DB;5<FFS n -9?9@9AFABW 
@AB:<A< A4 CV8@AB:<A<. �4 4D7G@9AFB@ JV?PB6BW HGA>JVW S> 
;484K4 >?VAVKABW 8V47ABEF<><, F4> V DB;CV;A464AAS @B6?9AAS 
DB;8V?SRFPES A4 FD< CV8;484KV: EFDG>FGD<;4JVS 5V5?VBF9>< 
9F4?BAV6, CBLG> G 5V5?VBF9JV 9F4?BAABW VAHBD@4JVW; CBDV6ASAAS 
9F4?BAABW F4 6IV8ABW VAHBD@4JVW.  

�B@5VA4FBDAV >BAHV7GD4JVW @B:GFP 5GF< V 6IV8A<@< 84A<@< 
6 ;484K4I B5K<E?R64?PAB7B VAF9?9>FG. � ;484K4I ; DB;CV;A464AAS 
CDB6B8<FPES DB;CV;A464AAS E<7A4?V6 DV;ABW CD<DB8< (@B6?9AAє6V 
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E<7A4?<, 9?9>FDB>4D8VB7D4@<, 9?9>FDB9AJ9H4?B7D4@<), S>V є 8?S 
A<I 6IV8A<@< 84A<@<. *V E<7A4?< BC<EGRFPES >B@5VA4FBDA<@< 
>BAHV7GD4JVS@<, ;B>D9@4 DB;@VM9AAS@ ; CB6FBD9AAS@<. �?S 
CBSEA9AAS JPB7B F69D8:9AAS DB;7?SA9@B @B6?9AAє6<= CDBEFVD 
S> ;A4>B6<= >B@5VA4FBDA<= [3]. �VA E>?484єFPES V; ;7BDAGFB7B, 
S><= @VEF<FP 54;B6G @AB:<AG (4>F<6AV F4 C4E<6AV BD74A< 
F6BD9AAS @B6<), CD46<?4, ;4 S><@< F6BDSFPES ;6G>< (K4EF>B6B 
DB;7BDAGF<= @B6?9AAє6<= CDBEFVD), F4 CD46<?4, ;4 S><@< V; 
;6G>V6 (>B@5VA4JVєR FBKB> K4EF>B6B DB;7BDAGFB7B @B6?9AAє6B7B 
CDBEFBDG) F6BD<FPES @B6?9AAS.  B6?9AAє6<= DB;7BDAGF<= 
CDBEFVD, S> V ;A4>B6<= >B@5VA4FBDA<= CV8 8VєR C96A<I K<AA<>V6 
GF6BDRєFPES DV;AB@4AVFA<@< >B@5VA4JVS@< 4>F<6A<I F4 
C4E<6A<I BD74AV6 F6BD9AAS @B6< (9?9@9AF4@< 54;B6BW @AB:<A<). 

"F:9, CV8 ;7BDAGF<@ @B6?9AAє6<@ CDBEFBDB@ DB;G@Vє@B 
VAHBD@4JV=A<= ;A4> þýüò ,P,, TA , 89 A  3 54;B64 @AB:<A4, 
9?9@9AF4@ Aa j þ  S>BW 6V8CB6V84RFP BD74A< @B6?9AAє6B7B 
FD4>FG, P  3 E<EF9@4 CD46<?, ;4 8BCB@B7BR S><I >B@5VA4JVєR 

Aa j þ  DB;7BDF4єFPES CD<DB8A<= @B6?9AAє6<= CDBEFVD, T  3 
ECB?GK9AAS ; CB6FBD9AAS@<,   3 CD46<?4 ;7BDF4AAS 
@B6?9AAє6B7B CDBEFBDG ;468S>< E?GIB6B@G 4C4D4FG. �A4?B7VKAB 
GF6BDRRFPES VALV CD<DB8AV E<7A4?<: 9?9>FDB>4D8VB7D4@<, 
9AJ9H4?B7D4@< FBMB. &BK>BR J<I CDBEFBDV6 є DB;@VM9AAS ; 
CB6FBD9AAS@<. &B@G 8?S  B8AB7B V FB7B : E?B64 (D9K9AAS) 
E<7A4?< C9D984RFP EGFP B8AB7B V FB7B E?B64, 4?9 6V8DV;ASRFPES 
@V: EB5BR. #D< WIAPB@G DB;CV;A464AAV F4 CBDV6ASAAV ; 9F4?BAB@ 
6BA< CB8V5AV 4?9 A9 ;5V74RFPES. � JPB@G CB?S74є A9KVF>VEFP 
6IV8ABW VAHBD@4JVW 6 J<I ;484K4I. 

"F:9, ; 6<>?489AB7B 6<C?<64є, MB >B@5VA4FBDA<@< 
>BAHV7GD4JVS@< BC<EGRFPES CD<DB8AV E<7A4?<, S>V 6 ;484KV 
DB;CV;A464AAS є 6IV8A<@< 84A<@<. 
�<EAB6B>. "F:9, 6 ;484K4I B5K<E?R64?PAB7B VAF9?9>FG 

>B@5VA4FBDAV >BAHV7GD4JVW @B:GFP 5GF< S> 4D7G@9AFB@ JV?PB6BW 
HGA>JVW F4> V 6IV8A<@< 84A<@<. �D7G@9AFB@ JV?PB6BW HGA>JVW 6 
A<I, S> CD46<?B 6<EFGC4RFP 6<5VD>< DV;A<I F<CV6 F4 DB;5<FFS n
-9?9@9AFABW @AB:<A< A4 CV8@AB:<A<.  
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#D98EF46?9AAS CD<DB8A<I E<7A4?V6 S> ;A4>B6<I 
>B@5VA4FBDA<I CDBEFBDV6 8B;6B?Sє BC<E4F< 6IV8AG VAHBD@4JVR 
>B@5VA4FBDABR >BAHV7GD4JVєR 3 DB;@VM9AAS@ ; CB6FBD9AAS@<, 
;468S>< S>V= 6 J<I ;484K4I @4є @VEJ9 A9KVF>VEFP 6IV8A<I 84A<I.  

 

�VF9D4FGD4  
1. &<@BHVє64 !.�.  4F9@4F<KA9 @B89?R64AAS 6 

>B@5VA4FBDAV= BCF<@V;4JVW. �VEA<> %�"# (%9DEBAEP>B7B 
A4JVBA4?PAB7B F9IAVKAB7B GAV69DE<F9FG). )9DEBA, 2019. 7 2[69]. 
+4EF<A4 3. %. 1793184. 

2. &<@BHVє64 !.�. &9BD9F<>B-K<E?B6V @9FB8< DB;6'S;4AAS 
;484K >B@5VA4FBDABW BCF<@V;4JVW: 46FBD9H. 8<E... 8B>F. F9IA. A4G>: 
01.05.02. �<W6, 2007. 32 E. 

3. &<@BHVє64 !.�. �A4>B6V >B@5VA4FBDAV CDBEFBD< F4 
LFGKA<= VAF9?9>F. ШFGKA<= VAF9?9>F, 2015, 67-68, (1-2). 1803
189. 
 
 
 
 

#$"  !"��!� $"�$���2+�) $���$ &� 
$"�$���2+� ��$,�!� �$�(�� 

&GDK<A4 �.�., �B@4AEP>4 &. .  
�AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV �?9EO 

�BAK4D4 
 

Abstract. Regardless of mathematical preferences, everyone probably met 
graphs. A flexible system of special terms and symbols allows you to easily describe 
complex things in detail. This mathematical object can be applied in any scientific 
and practical field.  

The subject of this work is a cutting ribs (bridges) and cutting vertices. The 
relevance of this research work lies in the applied value. To be more precise, the 
proposed methods can solve some problems of network medicine, problems of cities 
connected by roads, cellular networks or electricity, problems of air travel and 
much more. We considered well-known theorems and search algorithms for cutting 
edges and vertices. There are no known search algorithms for the set of cutting 
edges, therefore, new theorems, definitions and search algorithms are also 
proposed. 
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"CF<@V;4JV=AV ;484KV A4 7D4H4I >DV@ FB7B, MB CD98EF46?SRFP 
F9BD9F<KA<= VAF9D9E, ;4;6<K4= ;A4IB8SFP L<DB>9 CD4>F<KA9 
;4EFBEG64AAS, 45B A46C4>< 3 V; CD<>?48A<I ;484K @< BFD<@Gє@B 
BCF<@V;4JV=AV ;484KV A4 7D4H4I. "8AVєR V; EGK4EA<I EH9D 
;4EFBEG64AAS BCF<@V;4JV=A<I ;484K A4 7D4H4I є @9D9:964 
@98<J<A4. 
!V>B?4E �DVEF4><E F4 �:9=@E (4G?9D 8BE?V8<?< 84AV 

5474FBDVKA<I @98<KA<I ECBEF9D9:9AP DV;A<I EBJV4?PA<I 7DGC 6 
B8AB@G ; D4=BAV6 LF4FG  4EE4KGE9FE (%,�). �G?B 6<S6?9AB, MB 
EBJV4?PAV ;6'S;>< ECD<K<ASRFP 6<A<>A9AAS A48?<L>B6BW 647< 
5V?PL9 A46VFP, AV: 79A9F<KAV K<AA<><. 3>MB B8A4 ?R8<A4 8B5D9 
;A4=B@4 ; ?R8<ABR ; A48@VDABR 647BR, FB =@B6VDAVEFP FB7B, MB 
6BA4 A459D9 ;4=6G 647G A4 20% 6<M9, AV: 6 EBJV4?PA<I @9D9:4I 
; 6<C48>B6<@< ;6'S;>4@< @V: ?R8P@<. &B5FB B:<DVAAS, CB8V5AB 
VAH9>JVS@, CBL<DRєFPES CB EBJV4?PA<I @9D9:4I. &B8V, MB5 
C9D9D64F< J9= ?4AJR7, A9B5IV8AB DB;VD64F< 89S>V ;6’S;>< [1]. 
&B8V 6<A<>4є C<F4AAS: 4 S> @B:A4 DB;VD64F< F4>V ;6’S;>< 

BCF<@4?PA<@ K<AB@, MB5 ;69EF< 8B @VAV@G@G C9D984KG F4>BW 
EBJV4?PABW VAH9>JVW. 
#B8V5AV CDB5?9@< 6<A<>4RFP CD< 4A4?V;V VAHD4EFDG>FGD 

A4E9?9A<I CGA>FV6 F4 ;6’S;>< @V: A<@< (8BDB74@<, @9D9:4@< 
EBFB6B7B ;6’S;>G 45B ?VAVS@< 9?9>FDBC9D984K).  
!46989AV 6<M9 ;484KV @B:A4 EHBD@G?R64F< S> 

BCF<@V;4JV=AV ;484KV A4 7D4H4I, CB6’S;4AV, 6 ;4?9:ABEFV 6V8 
CBEF4AB6><, 45B ; CBLG>B@ @AB:<A< DB;DV;4RK<I D959D, 45B 
DB;DV;4RK<I 69DL<A 6 7D4HV. 
!46989@B 89S>V 6V8B@V B;A4K9AAS [2, E. 561]. 
!9I4= ;484AB ;6’S;A<= 7D4H G(V,E).  
";A4K9AAO 1.  AB:<A4 D959D % ;6’S;AB7B 7D4H4 G(V,E) 

A4;<64єFPES DB;DV;4RKBR @AB:<ABR, S>MB 6<84?9AAS 6EVI D959D 
; @AB:<A< % CBDGLGє ;6’S;AVEFP 7D4H4, 4 6<84?9AAS 6?4EABW 
CV8@AB:<A< @AB:<A< % ;4?<L4є 7D4H ;6’S;A<@.  
�AL<@< E?B64@<, DB;DV;4RK4 @AB:<A4 3 J9 @AB:<A4, MB 

@VEF<FP @VAV@4?PAG >V?P>VEFP D959D, CVE?S 6<84?9AAS S><I 7D4H 
6FD4K4є ;6’S;AVEFP. 
3>MB @AB:<A4 % E>?484єFPES ; B8AB7B D95D4, FB J9 D95DB 

A4;<64єFPES DB;DV;4RK<@ D95DB@. 
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$B;DV;4RK9 D95DB M9 A4;<64RFP @BEFB@ 7D4H4. �?S CBLG>G 
@BEFV6 7D4H4 6V8B@V 4?7BD<F@<, ;B>D9@4 4?7BD<F@ &4D’SA4 F4 
CBLG> @BEFV6 ;4 8BCB@B7BR DB;>?484AAS A4 ?4AJR7< [3]. 
3>MB 6 7D4HV 6V8EGFAV DB;DV;4RKV D95D4, FB A9B5IV8AB 

LG>4F< @AB:<AG DB;DV;4RK<I D959D. � 84AV= DB5BFV 
CDBCBAGєFPES 4?7BD<F@ ;A4IB8:9AAS F4>BW @AB:<A<. 
�?7BD<F@ CBLG>G @AB:<A< DB;DV;4RK<I D959D 

;4EAB6GєFPES A4 4?7BD<F@V CBLG>G K4EF>B6<I 89D96 6 
A9BDVєAFB64AB@G 7D4HV.  
�F4C 1. �A4IB8<@B C9D9?V> K4EF>B6<I 89D96 6 7D4HV.  
�F4C 2. �A4IB8<@B 864 K4EF>B6<I 89D964, 6 S><I 5G89 6V8 

B8AB7B FB FDPBI ECV?PA<I D959D.  
�F4C 3. #9D96VDSє@B, K< ;59DV74єFPES ;6’S;AVEFP 7D4H4, CD< 

6<84?9AAV 6EVI ECV?PA<I D959D, S>V @< ;A4=L?< 8?S C4D< 
K4EF>B6<I 89D96. 3>MB ;6’S;AVEFP CBDGLGєFPES, FB ;A4=89AV 
ECV?PAV D95D4 E>?484RFP EB5BR @AB:<AG DB;DV;4RK<I D959D.  
�F4C 4. #B6FBDRє@B 9F4C< 2 V 3 8?S 6EVI @B:?<6<I C4D 

K4EF>B6<I 89D96. 
$B;7?SA9@B CD<>?48 DB5BF< 4?7BD<F@G 8?S 7D4HG, 

;B5D4:9AB@G A4 D<EGA>G 1. 
 

 
"8A<@< ; 86BI K4EF>B6<I 89D96 7D4H4, 5G89 C4D4 7D4HV6, 

;B5D4:9A<I A4 D<EGA>G 2, 89 ECV?PA<@< D95D4@< є CD F4 AE. 
&B: B8AVєR ; @AB:<A DB;DV;4RK<I D959D 8?S 7D4H4 ; 

D<EGA>G 1 є {{A,E};{C,D}}. 

B 

A 

C D 

E 

F 

$<E.1. �D<>?48 7D4HG 
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!9 @9AL 64:?<6<@ C<F4AAS@ є C<F4AAS CBLG>G 

DB;DV;4RK<I 69DL<A 7D4HV6. [2, E. 561-562] 
";A4K9AAO 2. �9DL<A4 v∈V ;6’S;AB7B 7D4H4 G(V,E) 

A4;<64єFPES DB;DV;4RKBR 69DL<ABR, S>MB 6<84?9AAS JVєW 
69DL<A< F4 VAJ<89AFA<I 8B A9W D959D CD<;6B8<FP 8B CBDGL9AAS 
;6’S;ABEFV 7D4H4.  
$B;DV;4RKV 69DL<A< F4>B: A4;<64RFP L4DAVD4@< 45B 

FBK>4@< ;K?9AG64AAS. 
�?S CBLG>G DB;DV;4RK<I 69DL<A 7D4HV6 @B:A4 5G?B 5 

6<>BD<EFB6G64F< 6V8B@V A9B5IV8AV V 8BEF4FAV G@B6< WI VEAG64AAS. 
#DBF9 JV>46B 5G?B 5 BFD<@4F< G@B6<, ; >BAEFDG>F<6AB7B 

8B6989AAS S><I, 6<C?<646 5< 4?7BD<F@ ;A4IB8:9AAS F4><I 
69DL<A.  

 
�VF9D4FGD4 
1. �6<A �.�.  98<J<A4 < F9BD<S E?B:AOI E9F9= (E9F964S 

@98<J<A4) [�?9>FDBAA<= D9EGDE] / $B;<A �.�., %BA !.#. 3 2015. 
3 $9:<@ 8BEFGCG: http://spkurdyumov.ru/networks/ 

medicina-i-teoriya-slozhnyx-setej-setevaya-medicina/. 
2. �A89DEBA �:9=@E �. �<E>D9FA4S @4F9@4F<>4 < 

>B@5<A4FBD<>4. : #9D. E 4A7?. 3  . : �;84F9?PE><= 8B@ 
«�<?PS@E». 3 2004. 3 960 E. 

Tarjan Robert Endre. A Note on Finding the Bridges of a 
Graph. Information Processing Letters 2, no. 6 (April 1974): 160 3 
61. 
  

B 

A 

C D 

E 

F B 

A 

C D 

E 

F 

$<EGAB> 2. �64 K4EF>B6V 89D964 7D4H4 ; 
D<E. 1
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 ��"�� �'��� – � #��3�� &�"$*�� 
����&"�� �$!"� ��" �&$�� 
,9A89DB6E><= �.�., �VE>B69JP %. . 

ІAEF<FGF HV;<>< �4JVBA4?PABW 4>489@VW A4G> #>D4WA< 
�GJP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
Abstract.  The brief description is given in these theses about the life and 

scientific path of a little-known scientist, public and political figure - a man of 
encyclopedic knowledge, philosopher, lawyer, mathematician, one of the 
ideologues of the first Ukrainian political party of Mykola Hulak (1821 – 1899). 
The consideration is focused  on  the scientist9s mathematical works which are 
devoted to multidimensional geometry. 
 

 <>B?4 �G?4> (182131899) ;4 BJVA>BR 6<84FAB7B 6K9AB7B, 
HV?BEBH4 #46?4 (?BD9AEP>B7B «;84єFPES @9AV B8<A V; 
A4=5?<E>GKVL9 B584DB64A<I ?R89= 8DG7BW CB?B6<A< )�) 
EFB?VFFS, V 8?S VEFBDVW >G?PFGD< 5G?B 5 A9CDBEF<@B A9 ;A4F< =B7B 
45B B5@9:G64F< E6Bє ;A4AAS ?<L9 CB6V8B@?9AAS@< CDB =B7B 
GK4EFP 6 �<D<?B-  9HB8VW6EP>B@G 5D4FEF6V» [1]. 
!4DB8<6ES  <>B?4 �G?4> 6 K9D6AV 1821 DB>G 6 L?SI9FAV= 

DB8<AV A4 #B?F46M<AV. $V8 �G?4>V6 ;4CBK4F>B6GєFPES 6V8 
�9A9D4?PAB7B B5B;AB7B �V=EP>4 �4CBDB;P>B7B, K4EV6 GDS8G64AAS 
79FP@4A4 #9FD4 �BDBL9A>4.  
�G?4> ;4>VAK<6 RD<8<KA<= H4>G?PF9F �9DCFEP>B7B 

GAV69DE<F9FG, 89 C4D4?9?PAB 6V86V8G646 ?9>JVW ; CD<DB8A<K<I 
A4G> F4 @4F9@4F<><. �4I<EF<6 8<E9DF4JVR «%CDB54 BC<EG 
KG:B7B CD464 ;4 HD4AJG;P><@, 46EFDV=EP><@ V DBEV=EP><@ 
;4>BAB846EF6B@», ;4 S>G =B@G 5G?B CD<EG8:9AB EFGCVAP 
>4A8<84F4 CD464. 
#9847B7VKAG 8VS?PAVEFP  .�G?4> DB;CBK46 6 $VL9?Pє6EP>B@G 

?VJ9W A4 >4H98DV K<EFBW @4F9@4F<>< (;7B8B@ ?VJ9= 5G6 
C9D9=@9AB64A<= G !B6BDBEV=EP><= GAV69DE<F9F 6 1865 DBJV). �4 
K4E CD4JV 6 ?VJ9W �G?4> A4C<E46 896’SFP  A46K4?PA<I CDB7D4@ ; 
6<MBW 4?795D<, ; 4A4?VF<KABW 79B@9FDVW, 8<H9D9AJV4?PAB7B F4 
VAF97D4?PAB7B K<E?9AAS, F9BDVW =@B6VDABEFV F4 4D<H@9F<><. �VA 
L<DB>B 6<>BD<EFB6G646 CBEV5A<>< �=?9D4, �GAS>B6EP>B7B, 
�BLV, ,FGD@4, "EFDB7D48EP>B7B F4 5474FPBI VAL<I ;A4A<I 
@4F9@4F<>V6. �G?4> 4>F<6AB CDBC47G646 66989AAS 8B CDB7D4@< 
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@4F9@4F<KA<I 8<EJ<C?VA F4>V >GDE<, S> 6<M4 F9BDVS >D<6<I ?VAV= 
F4 CB69DIBAP, F9BDVS VAF97DG64AAS , 64DV4JV=A9 K<E?9AAS [2]. 
!4 CBK4F>G 1859 DB>G  <>B?4 �G?4> 6<84є 6 "89EV 

@BAB7D4HVR «�FR8< ; FD4AEJ9A89AFA<I DV6ASAP» (HD4AJG;P>BR 
@B6BR), S>4 BFD<@4?4 EI64?PA<= 6V87G> #4D<;P>BW .4>489@VW 
A4G>. � DB5BFV 66B8SFPES 4A4?B7< FD<7BAB@9FD<KA<I HGA>JV= 
E<AGE4, >BE<AGE4 F4 6V8CB6V8A<I 7VC9D5B?VKA<I HGA>JV=, 46FBD 
EF6BD<6 E6BєDV8AG CE968B FD<7BAB@9FDVR. �A4?V; 6?4EF<6BEF9= 
FD4AEJ9A89AFA<I HGA>JV=, 6V8CB6V8AV F69D8:9AAS, 8BEF4FAPB 
69?<>G >V?P>VEFP HBD@G? 6K9A<= B5’є8A46 6 B8AG >A<7G, 5474FB 
@4F9DV4?V6 S>BW 5G?B 6<>BD<EF4AB 8?S 6E95VKAB7B 8BE?V8:9AAS 
VEF<AABEFV A996>?V8B6BW 79B@9FDVW. 
!4=6<;A4KAVL<@< A4G>B6JS@<  .�G?4> 664:46 F<I, IFB 

6<IB8<FP ;4 @9:V ;474?PAB6<;A4AB7B, 6V8B@B7B, GEF4AB6?9AB7B 
;4>BAB@. �K9A<= E6BW @4F9@4F<KAV ;GE<??S ECDS@B6G646 A4 
CDBC474A8G M9 A9 6<;A4A<I V89= A996>?V8B6BW 79B@9FDVW, E4@ 
DB;DB5?S6 C<F4AAS KBF<D<6<@VDAB7B CDBEFBDG. &4>, 6 1877 DBJV 
�G?4> 6<846 @BAB7D4HVR «!4D<E 79B@9FDVW 6 KBF<DPBI 6<@VD4I» 
(DB5BF4 @4?4 CV8;47B?B6B> «�9B@9FDVS E<AF9F<KA4»), ;7B8B@ 
CV87BFG646 DG>BC<E «�A4?VF<KA4 79B@9FDVS ; KBF<D@4 6<@VD4@< 
= ;V EH9D<KABR F9FD498DB@9FDVєR», CV;AVL9 ;’S6<?4ES B5’є@A4 
EF4FFS ; 79B89;VW «#DB EGK4EA<= EF4A є6DBC9=EP>B7B 7D48GEAB7B 
6<@VDR64AAS» [3]. 
�4DFB ;4;A4K<F<, MB >A<74 �G?4>4 «!4D<E 79B@9FDVW 6 

KBF<DPBI 6<@VD4I», 6EFGCA4 K4EF<A4 S>BW A4;<64єFPES «$B;@B64 
CDB CDBEFVD», @4є CD<E6SFG «#4@’SFV �B54K96EP>B7B» V 5G?4 
C9DLBR 6 $BEVW >A<7BR ; 5474FB6<@VDABW 79B@9FDVW. �6FBD 
6<E?B6?Rє CD<CGM9AAS, MB «VEF<AA4 79B@9FD<KA4 HBD@4 
A4LB7B CDBEFBDG є A9 C?BE>BC?BM<AABR, 4 DV@4AB6<@ 
CDBEFBDB@».  
+BF<D<6<@VDA<= CDBEFVD 6K9A<= DB;7?S84є S> G;474?PA9AAS 

FD<6<@VDAB7B 96>?V8B6B7B CDBEFBDG, S> CDBEFVD, 6 S>B@G VEAGє 
KBF<D< CBC4DAB C9DC9A8<>G?SDAV CDS@V. #D< JPB@G 
4>J9AFGєFPES G6474, MB «:B89A D<EGAB>, :B8A4 @B89?P A9 
@B:GFP 84F< SEAB7B GS6?9AAS CDB B5D<E HV7GD< ; KBF<D@4 
6<@VD4@<», CD< JPB@G ;4?<L4єFPES ?<L9 @<E?9AAS F4 GS64, ;4 



 184 

8BCB@B7BR S><I @B:A4 ;4E6BWF< ;4>BA<, MB 8VRFP G 
KBF<D<6<@VDAB@G CDBEFBDV. 
�G?4> 6<E?B6<6 8G@>G, MB 79B@9FD<KAV 6V8>D<FFS 

�B54K96EP>B7B V $V@4A4 «;84FAV ;DB5<F< 6 A4L<I CBASFFSI F4><= 
:9 D48<>4?PA<= C9D96BDBF», S> J9 EF4?BES 6 DB;G@VAAV �E9E6VFG 
CVE?S 6V8>D<FFS �BC9DA<>4. �K9A<= 6<E?B6?R646 8G@>G, MB 
S>5< «A9 ;’S6<6ES EC9DLG �B54K96EP><= V A9 8B6V6 H4>F<KAB 
@B:?<6VEFP CB5G8G64F< AB6G 79B@9FDVR, A9;4?9:AB 6V8 4>EVB@< 
�6>?V84, K< ;@V7 5< $V@4A 8B8G@4F<EP 8B E6BєW CD9>D4EABW F9BDVW 
CDBEFBDG?» [4]. 
�4DFB ;4G64:<F<, MB  .�G?4> 6<E?B6?R646 8G@>G CDB F9, 

MB CD< @4F9@4F<KAV= CB5G8B6V @9I4AV>< 64:?<6G DB?P @4F<@GFP 
;4>BA< ;59D9:9AAS, 6<EAB6>< 6K9AB7B CDB KBF<D<6<@VDAG 
>D<6<;AG CDBEFBDG A4 5474FB DB>V6 6<C9D98<?< CB8V5AV DB;DB5>< 
G E6VFB6V= A4GJV, 4 J9= H4>F 84є CV8EF46< EF69D8:G64F<, MB �G?4> 
C9D9854K46 6V8>D<FFS ;474?PABW F9BDVW 6V8ABEABEFV CD<5?<;AB ;4 
FD<8JSFP DB>V6 8B �. �=ALF9=A4. 
�BE?V8A<>< 79B@9FDVW 664:4RFP, MB DB5BF4  .�G?4>4 

«!4D<E 79B@9FDVW 6 KBF<DPBI 6<@VD4I» 5G?4 >BD<EA<@ A4854AAS@ 
6VFK<;ASABW @4F9@4F<KABW ?VF9D4FGD<, J9 F4>B: B8A4 ; C9DL<I G 
E6VFB6V= ?VF9D4FGDV >A<74, MB CDBCBAG64?4 8BE<FP E<EF9@A<= 
4A4?V; 79B@9FDVW KBF<DPBI 6<@VDV6. 
�E9 MB ;DB5<6 6K9A<= 6 74?G;V @4F9@4F<>< (B>DV@ =B7B 

8BDB5>G 6 VAL<I EH9D4I A4G>< F4 CB?VF<KABW 8VS?PABEFV), S> 
C9847B7, CBCG?SD<;4FBD F4 8BE?V8A<>, 84є =B@G CD46B A4 68SKAG 
;748>G 6 ?VFBC<EV DB;6<F>G @4F9@4F<KABW A4G><. 

  
�VF9D4FGD4  
1.�D4F>B  . 'DB><  <>B?< �G?4>4 // !4G>4 V >G?PFGD4 3 

719. 3 %.94-109. 
2.  4DK9A>B �. &6BDKVEFP V :<FFS  <>B?< �G?4>4 // %H9D4. 

32001 . 3 %.351-366. 
3. ,9A89DB6EP><= �. !9I4= A9 74EA9 E6VF A4G><. �A<74 

8DG74. 3 �<W6. �<846A<JF6B «$���». 3 20"6. 3 %.61-66. 
4. �4=8G> 2. ., �9=5VA ".%.  4F9@4F<KA4 8VS?PAVEFP 

 .�G?4>4 // ;5. � VEFBDVW 6VFK<;ASAB7B CD<DB8B;A46EF64. . 3
�.:!4G>B64 8G@>4. 3 1964. 3 %.61.  
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$���" $�� �&�� �$�("� 
,9D@4A �. �.  

�BA9J><= A4J<BA4?PAO= @98<J<AE><= GA<69DE<F9F 
 

RADIO LABELLING OF GRAPHS 
Abstract. The study of these aspects is continued in order to determine the 

necessary and sufficient conditions for the existence of the bound for the radio 
number of a binary tree. The radio number for G is the smallest integer ā so that 
there exists a function f, where f is injection from V(G) into {0, 1, 2, 3, & , ā}, 
meeting the condition that |Ā(ċ)3 Ā(Č)| g þÿ�ă(ÿ) 2 þ(ċ, Č) + 1  for any  
vertices  u and v of G. 

 
$48<B D4;@9F>4 3 QFB BEB5O= F<C D4;@9F>< 7D4H4, >BFBDO= 

D4;6<?ES >4> ECBEB5 <ECB?P;B64A<S F9BD<< 7D4HB6 > D9L9A<R 
CDB5?9@ 6 D48<BE9FSI. #9D6BA4K4?PAB 5O?4 66989A4 69DL<AA4S 
D4E>D4E>4 [1], 789 69DL<AO C?BE>B7B 7D4H4 A4 D4EEFBSA<< 1 
D4E>D4L9AO F4>, KFB5O J69F4 BF?<K4?<EP A9 @9A99 K9@ A4 Ć, 4 A4 
D4EEFBSA<< 2 3 A9 @9A99 K9@ A4 ć. 1FBF ECBEB5 D4;@9F>< 
@BF<6<DB64? �. )9=?4 6 1980 7B8G [2] D4EE@BFD9FP CDB5?9@G 
D4ECD989?9A<S D48<BK4EFBF 8?S F9?96<;<BAAOI < D48<B EF4AJ<= 
>4> ;484KG A4IB:89A<S D4;@9F>< 7D4H4. �E?< CD98EF46<FP 
EF4AJ<< >4> 69DL<AO A9>BFBDB7B 7D4H4, 4 CDBJ9EE A4;A4K9A<S 
>4A4?B6 >4> HGA>J<R, >BFBD4S EF46<F QF<@ 69DL<A4@ 
A9BFD<J4F9?PAO9 J9?O9 K<E?4 CB BCD989?9AAB@G CD46<?G, FB 
@B:AB A4;A4K<FP D48<BK4EFBFO F4>, KFB 5?<;?9:4M<9 EF4AJ<< 
>4> @<A<@G@ A4 D4EEFBSA<< 2 5G8GF CD<A<@4FP D4;AO9 >4A4?O 
59; CB@9I. #D< QFB@ D9L9A<9 ;484K< E6B8<FES > CBEFDB9A<R 
D48<B D4;@9F><, 789 8<4C4;BA <ECB?P;G9@OI K<E9? (K4EFBFAOI 
>4A4?B6) S6?S9FES @<A<@4?PAO@.  
&9D@<A «D48<B D4;@9F>4» 6C9D6O9 66989A �. +4DFD4A8B@, 

�. 1D6<AB@, #. +:4AB@ < (. )4D4D< 6 2001 7B8G. � 84AAB= 
D45BF9 D4EE@4FD<64RFES A<:A<9 BJ9A>< D48<B D4;@9F>< 8?S m-
4DAOI 89D96P96.  
#B8 7D4HB@ 5G89@ CBA<@4FP >BA9KAO= A9BD<9AF<DB64AAO= 

7D4H 59; >D4FAOI D959D < C9F9?P. #GEFP G=(V, E) 3 7D4H E 
@AB:9EF6B@ 69DL<A V(G) < @AB:9EF6B@ D959D E(G). 
$4EEFBSA<9@ @9:8G 86G@S 69DL<A4@< x < y E6S;AB7B 7D4H4 G 
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A4;O64RF 8?<AG >D4FK4=L9= J9C<, EB98<ASRM<= QF< 69DL<AO 
< B5B;A4K4RF d(x,y).  
"CD989?9A<9 1 [3].  48<B K<E?B@ ĈĄ(ÿ) 7D4H4 G A4;O649FES 

A4<@9APL99 J9?B9 K<E?B ā F4>B9, KFB EGM9EF6G9F HGA>J<S f, 789 
f 3 <AN9>J<S <; V(G) 6 @AB:9EF6B {0, 1, 2, 3, & , ā}, E GE?B6<9@, 
KFB  |Ā(ċ)3 Ā(Č)| g þÿ�ă(ÿ) 2 þ(ċ, Č) + 1  8?S ?R5OI 86GI 
69DL<A u < v 7D4H4 G. #D< QFB@ HGA>J<S f A4;O649FES D48<B 
D4;@9F>B= G.  

 �?S ?R5B= 69DL<AO � 89D964 T,  69E 89D964 T BF >BDAO  � 
BCD989?SRF >4>  
 �Ā(�) = 3 ÿ�(ċ)���(Ā) . &B784 69EB@ 89D964 T A4;O64RF 
A4<@9APL99 >B?<K9EF6B 6E9I 6B;@B:AOI 69EB6 BF >BDA9=: �(ÿ) = ăÿĄ{�Ā(�): � ∈ �(ÿ)}.   

 �9DL<AG �∗  89D964 T A4;O64RF J9AFDB@ FO:9EF< 89D964 
T, 9E?< �Ā(�∗) = �(ÿ). 
�4HA4 �9D-(9A �R 6 2008 7B8G D4EE@BFD9? A9B5IB8<@O9 < 

8BEF4FBKAO9 GE?B6<S EGM9EF6B64A<S A<:A9= BJ9A>< D48<B 
K<E?4 m-69DL<AAB7B 89D964.  
&9BD9@4 1 [3]. #GEFP 89D96B T S6?S9FES m-69DL<AAO@ 

89D96B@ 8<4@9FD4 d. &B784 ĈĄ(ÿ) g (ă 2 1)(þ + 1) + 1 2 2�(ÿ) 
6OCB?AS9FES FB784 < FB?P>B FB784, 9E?< 8?S ?R5B7B J9AFD4 
FS:9EF< �∗ EGM9EF6G9F D48<B D4;@9F>4 f c GE?B6<9@  Ā(ċ0) = 0 f Ā(ċ1) f ⋯ f Ā(ċÿ21), 789 0 f ÿ f ă 2 2, 789: 

1) 69DL<AO ċÿ < ċÿ+1 CD<A48?9:4F D4;AO@ 69F>4@ 
(84:9 9E?< B8A4 <; A<I EB89D:<F 69DL<AG �∗); 

2) {ċ0, ċÿ21}={�∗, Č}, 789 Č 3 69DL<A4 E  ÿ�∗(Č) = 1; 
3) Ā(ċÿ+1) =  Ā(ċÿ) + þ + 1 2  ÿ�∗(ċÿ) 2 ÿ�∗(ċÿ+1). 

�?S 8B>4;4F9?PEF64 F9BD9@O 1 5O?B 66989AB BCD989?9A<9 
HGA>J<< GDB6AO 89D964 T < 8B>4;4AB A9E>B?P>B 99 E6B=EF6, 
CD98EF46?9AAO9 6 F9BD9@9 2. 
"CD989?9A<9 2 [3]. �?S ?R5B= 69DL<AO � 89D964 T HGA>J<O 

GDB6AO � BCD989?ёAA4S A4 @AB:9EF69 69DL<A �(ÿ) A4;O649FES  ��(ċ, Č) = max {ÿ�(Ċ), 789 Ċ B5I<= CD98B> 69DH<A ċ < Č},  
789 ÿ�(ċ) = þ(č, ċ) 8?S ?R5OI 86GI 69DL<A u < v 89D964 T. 
&9BD9@4 2 [3]. #GEFP 89D96B  T <@99F >BD9AP  6 69DL<A9 �, 

FB784  8?S ?R5OI 86GI 69DL<A u < v: 
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1) ��(ċ, Č) = 0 FB784 < FB?P>B FB784, >B784 69DL<AO 
u < v CD<A48?9:4F D4;AO@ 69F>4@ 89D964 T;  

2) þ(č, ċ) = ÿ�(ċ) + ÿ�(Č) 2 2��(ċ, Č). 
#DB8B?:9AB <;GK9A<9 84AAB7B A4CD46?9A<S E J9?PR 

BCD989?9A<S A9B5IB8<@OI < 8BEF4FBKAOI GE?B6<= 
EGM9EF6B64A<S A<:A9= BJ9A>< D48<B K<E?4 8?S 5<A4DAOI 
89D96P96. 
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 �,�!!"�" !��+�!!3 

,<A74?B6 �.�.,  9?9L>B Є.�., �BEP>B �.�. 
&9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= 

GAV69DE<F9F 
 

Abstract. In this work, the research of data normalization methods for 
machine learning models was conducted. Considered why normalization is 
required for most machine learning algorithms. 

 
!BD@4?V;4JVS є @9FB8B@, K4EFB ;4EFBEB6G64A<@ G D4@>4I 

CV87BFB6>< 84A<I 8?S @4L<AAB7B A46K4AAS.  9F4 ABD@4?V;4JVW 
CB?S74є 6 FB@G, MB5 ;@VA<F< ;A4K9AAS K<E?B6<I EFB6CK<>V6 G 
A45BDV 84A<I A4 ;474?PAG L>4?G, A9 EF6BDRRK< 6V8@VAABEFV 6 
8V4C4;BA4I ;A4K9AP. �?S @4L<AAB7B A46K4AAS >B:9A A45VD 84A<I 
A9 6<@474є ABD@4?V;4JVW. *9 CBFDV5AB FV?P>< FB8V, >B?< B5'є>F< 
@4RFP DV;AV 8V4C4;BA<. 
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-B5 6<>BA4F< ABD@4?V;4JVR 84A<I, CBFDV5AB FBKAB ;A4F< 
@9:V ;@VA< ;A4K9AP 6V8CB6V8A<I ;@VAA<I (@VAV@4?PA9 V 
@4>E<@4?PA9 F9BD9F<KAB @B:?<6V ;A4K9AAS). &B8V W@ V 5G8GFP 
6V8CB6V84F< @9:V VAF9D64?G ABD@4?V;4JVW. �B?< FBKAB 6EF4AB6<F< 
@9:V ;@VA< ;@VAA<I A9@B:?<6B, 6BA< ;484RFPES ; GD4IG64AAS@ 
@VAV@4?PA<I V @4>E<@4?PA<I ;A4K9AP 6 A4S6AV= 6<5VDJV 84A<I. 
Є 89>V?P>4 CV8IB8V6 8?S ABD@4?V;4JVW 84A<I G 6<5VDJV: 
- %F4A84DF<;4JVO (Z-score Normalization) 3 J9 EFD4F97VS 

ABD@4?V;4JVW 84A<I, S>4 8B;6B?Sє GA<>AGF< CDB5?9@< 6V8><AGF<I 
;A4K9AP. (BD@G?4 8?S ABD@4?V;4JVW Z-54?V6 A46989A4 A<:K9: Ďÿ = Č�Ăċÿ2�� . 

89 μ - E9D98Aє ;A4K9AAS  B;A4><, 4 Ã- EF4A84DFA9 6V8I<?9AAS 
B;A4><. 3>MB ;A4K9AAS FBKAB 8BDV6ARє E9D98APB@G ;A4K9AAR 
6EVI ;A4K9AP B5'є>F4, FB 6BAB 5G89 ABD@4?<;B64AB 8B 0. 3>MB 6VA 
A<:K9 E9D98APB7B, FB J9 5G89 6V8'є@A9 K<E?B, 4 S>MB 6<M9 
E9D98APB7B, FB J9 5G89 CB;<F<6A9 K<E?B. $B;@VD J<I A974F<6A<I 
V CB;<F<6A<I K<E9? 6<;A4K4єFPES EF4A84DFA<@ 6V8I<?9AAS@ 
6<IV8ABW B;A4><. 3>MB A9ABD@4?<;B64AV 84AV @4?< 69?<>9 
EF4A84DFA9 6V8I<?9AAS, FB ABD@4?V;B64AV ;A4K9AAS 5G8GFP 
5?<:K9 8B 0. 

- !BD@4?V;4JVO A4 6V8DV;>G (Min-Max Normalization) є 
B8A<@ ; A4=5V?PL CBL<D9A<I ECBEB5V6 ABD@4?V;4JVW 84A<I. �?S 
>B:AB7B B5'є>F4 @VAV@4?PA9 ;A4K9AAS JPB7B B5'є>F4 
C9D9F6BDRєFPES 6 0, @4>E<@4?PA9 ;A4K9AAS C9D9F6BDRєFPES 6 1, 
4 >B:A9 VAL9 ;A4K9AAS C9D9F6BDRєFPES 6 89ESF>B6G 8DV5 @V: 0 V 
1. Ďÿ = Č�Ăċÿ 2 ăÿĄă�Ď 2 ăÿĄ . 
!BD@4?V;4JVS Min-Max @4є B8<A 8BE<FP ;A4KA<= A98B?V>: 

6BA4 A9 8G:9 8B5D9 B5DB5?Sє 6V8><AGFV ;A4K9AAS. !4CD<>?48, 
S>MB G 64E є 99 ;A4K9AAS @V: 0 F4 40, 4 B8A9 ;A4K9AAS 8BDV6ARє 
100, FB 6EV 99 ;A4K9AP 5G8GFP C9D9F6BD9AV G ;A4K9AAS @V: 0 F4 
0,4.  

- !9?VAV=A4 ABD@4?V;4JVO (Nonlinear Normalization) - B8<A 
V; @9FB8V6 A9?VAV=ABW ABD@4?V;4JVW ; 6<>BD<EF4AAS@ EV7@BV8AB= 
?B7VEF<KABW HGA>JVW 45B 7VC9D5B?VKAB7B F4A79AE4. #9D9IV8 6V8 
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FD48<JV=A<I B8<A<JP 6<@VDG 8B ABD@4?V;B64A<[ V A4;48 6 84AB@G 
6<C48>G ;8V=EARєFPES A4EFGCA<@ K<AB@: Ď�ÿā = 1ÿ2�(Ďÿā2Ďýÿ) + 1 ; ďĀā = ďýĀ 2 1� ln ( 1ď�Āā 2 1), 
89 xik, yik - i-9 6IV8A9 F4 j-9 6<IV8A9 ;A4K9AAS k-7B CD<>?48G 
6<IV8ABW 6<5VD>< 6 FD48<JV=A<I B8<A<JSI 6<@VDG, CD<=ASF<I 6 
DB;6'S;G64AV= ;484KV, x�ik, y�jk - 6V8CB6V8AV W@ ABD@4?V;B64AV 6IV8A9 
V 6<IV8A9 ;A4K9AAS; F4 xci ,yci 3 J9AFD< VAF9D64?V6, MB 
ABD@4?V;GRFPES 8?S 6IV8ABW F4 6<IV8ABW 69?<K<A 6V8CB6V8AB: Ďýÿ = Ďmin ÿ + Ďmax ÿ2 ; ďýĀ = ďăÿĄ Ā+ďă�Ď Ā2 . 

 
�?S A9?VAV=ABW ABD@4?V;4JVW ; 6<>BD<EF4AAS@ HGA>JVW 

7VC9D5B?VKAB7B F4A79AE4 C4D4@9FD4 a = 1,0. %?V8 ;4;A4K<F<, MB 
;5V7 ABD@4?V;B64AB7B ;A4K9AAS 6 B5BI 6<C48>4I @4є @VEJ9 ?<L9 
6 FBKJV, MB 6V8CB6V84є J9AFDG VAF9D64?G ABD@4?V;4JVW. 

- Demical Scaling Normalization 3 ABD@4?V;4JVS 
6V85G64єFPES L?SIB@ C9D9@VM9AAS 89ESF>B6BW >D4C>< ;A4K9AP 
84A<I. �?S ABD@4?V;4JVW 84A<I ;4 JVєR @9FB8<>BR 8V?<@B >B:A9 
;A4K9AAS 84A<I A4 @4>E<@4?PA9 45EB?RFA9 ;A4K9AAS 84A<I. 
�A4K9AAS 84A<I, vi, ABD@4?V;GєFPES A4 6V8DV;>G vi', 
6<>BD<EFB6GRK< HBD@G?G A<:K9: Čÿ′ = Čÿ10Ā. 
89 j - A4=@9AL9 JV?9 K<E?B, F4>9 MB max (| vi '|) <1. 
� 5474FPBI 6<C48>4I CDS@9 ;4EFBEG64AAS EF4A84DFA<I 

@9FB8V6 @4L<AAB7B A46K4AAS CD<;6B8<FP 8B 8BE<FP CB74A<I 
D9;G?PF4FV6. "8A4> E<FG4JVS @B:9 5GF< ?97>B 6<CD46?9A4 ;4 
8BCB@B7BR EC9JV4?PA<I @9FB8V6 ABD@4?V;4JVW 6IV8A<I ;@VAA<I. 
�<5VD >BD9>FG64AAS @9FB8G ;4?9:<FP 6V8 >B:AB7B >BA>D9FAB7B 
6<C48>G.  

 

 

�VF9D4FGD4 
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,<DB>BD48 �.�, �G@VA ". ., #?4IFV= �.�., �BDAVK �.�. 
�4JVBA4?PA<= #AV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 

%4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV �. �. �4D4;VA4 
 

SIGNAL PROCESSING IN SUBSURFACE 

RADIOLOCATION BY ARTIFICIAL NEURAL NETWORKS 

 
Abstract. The signal processing problem for identification of underground 

objects is considered. The source of signals is the ultra short impulse 
electromagnetic waves reflected from air-ground interface and underground 
objects and received by subsurface radar antenna system. The numerical 
simulation of the electromagnetic problem to find the electrical field strength in 
receiving points above the ground at some fixed height is carried out by Finite 
Difference Time Domain method. The received signals are processed by artificial 
neural networks for the object identification and classification of its position. The 
electrically small metal cylinder is used as an example of an object for the 
classification and recognition. The influence of the structure of an artificial neural 
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network and its training peculiarities on the precision of the classification is 
investigated.  

 

#DB5?9@4 6<S6?9AAS @VA ;4 8BCB@B7BR CD<EFDBW6 
6V884?9AB7B CBLG>G є 4>FG4?PABR F4 ;4FD95G64ABR. 
#DBF<CVIBFAV @VA< AB6<I CB>B?VAP @VEFSFP 6E9 @9AL9 @9F4?96<I 
89F4?9=, 5V?PL9 FB7B, є C9D98G@B6< 8?S CB6ABW 6V8@B6< 6V8 
6<>BD<EF4AAS @9F4?G. "EP KB@G ;4EFBEG64AAS FD48<JV=A<I 
ECBEB5V6 WI V89AF<HV>4JVW A4 BEAB6V ;@VA< @47AVFAB7B CB?S 
CB5?<;G @VA< EF4є GE>?48A9A<@. �?S 6<DVL9AAS CDB5?9@< 
6<>BD<EFB6GRFPES EC9JV4?PAV D484D<, S>V 6<CDB@VARRFP 
9?9>FDB@47AVFAV I6<?V 6 ;9@?R. �?S BFD<@4AAS VAHBD@4JVW CDB 
CV8;9@AV B5'є>F< F4 E9D98B6<M4 L?SIB@ 4A4?V;G 6V85<FB7B 
9?9>FDB@47AVFAB7B CB?S 6<>BD<EFB6GєFPES BCDB@VA9AAS I6<?P ;V 
EFGCVAK4EFBR A9EGKBR K4EFBFBR 45B 59; A9EGKBW K4EFBF<. 
%GK4EAV F9A89AJVW DB;6<F>G E<EF9@ DB;@VAG64AAS ECDS@B64AV A4 
46FB@4F<;4JVR CDBJ9EG, 6<>?RK4RK< ?R89= 8?S WI 59;C9><, 
6<>BD<EFB6GRK< LFGKA<= VAF9?9>F, ;B>D9@4, LFGKAV A9=DBAAV 
@9D9:V (,! ) [1], 8?S CB>D4M9AAS I4D4>F9D<EF<> E<EF9@. 
#BEF4AB6>4 ;484KV.  B89?P �DGAFG, MB @VEF<FP V894?PAB 

CDB6V8A<= @9F4?96<= J<?VA8D >VAJ96BW 6<EBF<, BCDB@VARєFPES ; 
69DIAPB7B A4CV6CDBEFBDG, MB E>?484єFPES ; CB6VFDS, C?BE>BR 
9?9>FDB@47AVFABR I6<?9R ; 74GEcB6BR ;4?9:AVEFR 6V8 K4EG. 
&D<64?VEFP V@CG?PEG CB?S - 0,6 AE.  B89?P �DGAFG 8?S K<E9?PA<I 
@B89?R64AAS S6?Sє EB5BR B8ABDV8AG D9KB6<AG ; CDBA<>AVEFR · 
= 9 F4 CDB6V8AVEFR Ã = 0,005 E/@. �V85<F4 I6<?S CD<=@4єFPES 
KBF<D@4 4AF9A4@< ; CB?SD<;4JV=ABR BDVєAF4JVєR F4 
6V8CB6V8A<@< >BBD8<A4F4@<. +4EB6V ;4?9:ABEFV BFD<@4AV 
K<E9?PA<@ @B89?R64AAS@ ;4 8BCB@B7BR @9FB8G E>VAK9AA<I 
DV;A<JP G K4EB6V= B5?4EFV (FDTD) [2], MB 8B;6B?Sє 
59;CBE9D98APB DB;6’S;G64F< ;484KG DB;EVR64AAS G K4EB6V= 
B5?4EFV. 
$B;6’S;B> 9?9>FDB@47AVFABW ;484KV 6 CBC9D98APB 

8<E>D9F<;B64A<I KBF<DPBI FBK>4I GF6BDRє A45VD 6IV8A<I 84A<I 
8?S ,! .  9FBR FD9AG64AP ,!  є CB84AAS E<7A4?G 
B8<A<KAB7B DV6AS A4 6<IB8V, MB 6V8CB6V84є AB@9DG 
8<E>D9F<;B64ABW 6V8EF4AV 8B B5'є>F4. �<IB8< ; K<E?4@< 6V8 1 8B 
41 CB>4;GRFP, MB J<?VA8D DB;F4LB64AB A4 6V8EF4AV 6V8 0 8B 40 E@ 
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8B J9AFDG CD<=@4RKBW 4AF9A<. ,!  5G?< 6<CDB5G64AV ;4 
8BCB@B7BR A45BDG 6IV8A<I 84A<I, DB;D4IB64A<I 8?S 6<C48>V6 
C9D9@VM9AAS B5'є>F4 A4 4 @@ 6;8B6: CB;8B6:APBW BEV F4 B>D9@B 
6 CBC9D9KAV= C?BM<AV 8?S CBEFV=ABW 7?<5<A<. &4>B: 42-= 6<IV8 
,!  6>4;Gє A4 A4S6AVEFP B5'є>F4 C9D98 4AF9AABR E<EF9@BR A4 
6V8EF4AV 6V8 0 8B 40 E@. "8<A<KA<= DV69AP 6V8B5D4:4є 
CD<EGFAVEFP J<?VA8D4 6 JPB@G D4=BAV, FB8V S> AG?PB6<= DV69AP 
89@BAEFDGє =B7B 6V8EGFAVEFP.  
 < CB5G8G64?< @9D9:V, S>V 6<>BAGRFP >?4E<HV>4JVR 

CB?B:9AAS J<?VA8D4 ;4 HBD@4@< K4EG 6IV8AB7B E<7A4?G. (GA>JVS 
Softmax 6 BEF4AAVI L4D4I 6<>BD<EFB6GєFPES 8?S ;5V?PL9AAS 
>BAFD4EFABEFV 6<IV8A<I E<7A4?V6 ;4 8BCB@B7BR EC9JV4?PABW 
ABD@4?V;GRKBW HGA>JVW ;5G8:9AAS. �?S ;4CB5V74AAS H9AB@9AG 
C9D9A46K4AAS 5G?B ;4EFBEB64AB @9FB8 dropout. (GA>JVW 4>F<64JVW 
?VAV=AV. 
#9DLV CD<>?48< ,!  5G?< A4FD9AB64AV A4 84A<I 8?S F<I 

6<C48>V6, >B?< J<?VA8D DB;F4LB64AB 6E9D98<AV 6G;P>BW B5?4EFV 
8B6:<ABR ?<L9 0-40 E@. $9;G?PF4F< C9D96VD>< 8?S ,!  ; 
B8A<@ CD<IB64A<@ L4DB@ (2000-100-42) CD98EF46?9AV A4 D<E. 1 
8?S 6<C48>G CB;8B6:APB7B F4 CBC9D9KAB7B ;EG6G B5'є>F4 A4 4 @@. 
 B:A4 CB54K<F< D94?PA9 CB?B:9AAS J<?VA8D4 A4 BEV 45EJ<E, 
FB8V S> DV6AV 6<IV8A<I E<7A4?V6 ;B5D4:9AV A4 BEV BD8<A4F. #B;<JVW 
B5’є>F4 CD46<?PAB >?4E<HV>B64AV ; B8AVєR A969?<>BR CB@<?>BR 
6 A4=5?<:KV= B5?4EFV (0-40 E@). �?9 5V?PL 6V884?9A9 CB?B:9AAS 
B5'є>F4, S>9 C9D96<MGє 40 E@, CB@<?>B6B 6<;A4єFPES 
A4=5?<:K<@ V A4=6V884?9AVL<@ B8ABK4EAB 45B A9 
>?4E<HV>GєFPES 6;474?V (53 E@ V 5V?PL9). 
"KV>GєFPES, MB 6<>BD<EF4AAS 5V?PL 5474FBL4DB6BW 

A9=DBAABW @9D9:V 8B;6B?<FP CB>D4M<F< D9;G?PF4F< 
DB;CV;A464AAS. "KV>G64AAS K4EF>B6B CV8F69D8<?<EP, S> 6<8AB A4 
D<E. 2 8?S ,!  2000-1000-200-100-42 ; FDPB@4 CD<IB64A<@< 
L4D4@<. 
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4) 
 

 
5) 

$<E. 1. �<IV8AV E<7A4?< Ш�� 2000-100-42 8?O DV;A<I 6V8EF4A9= 
8B J<?VA8D4 8?O 4) CB;8B6:APB7B F4 5) CBC9D9KAB7B ;EG6G 6 4 

@@. 
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4) 

 
5) 

$<E. 2. �<IV8AV E<7A4?< ,!  2000-1000-200-100-42 8?S DV;A<I 
6V8EF4A9= 8B J<?VA8D4 8?S 4) CB;8B6:A<I V 5)CBC9D9KA<I ;EG6V6 

G 4 @@. 
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3>GAVA4 �. �.  
�PBFA4 4>489@VO �4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 

 
APPLICATION OF NEURAL NETWORKS IN PROBLEMS 

OF THE AVIATION SEGMENT 

 
Abstract. The article discusses the basic properties of neural networks and 

provides the main types of neural networks that can be used to solve aviation 
problems. 

 
"8AVєR ; BEAB6A<I 6?4EF<6BEF9= A9=DBAA<I @9D9: є WI 

;84FAVEFP 8B A46K4AAS, FB5FB A9=DBAAV @9D9:V ;84FAV ;@VAR64F< 
E6BR 6AGFDVLAR @B89?P 6 ;4?9:ABEFV 6V8 EF4AG A46>B?<LAPB7B 
E9D98B6<M4. �@VA4 6AGFDVLAPBW @B89?V @B:9 6V85G64F<ES S> ;4 
GK4EFV ?R8<A<, F4> V E4@BEFV=AB 8?S ;459;C9K9AAS CD46<?PABW 
D94>JVW 8?S 8BES7A9AAS CBEF46?9ABW @9F<. �4A4 6?4EF<6VEFP 
8B;6B?Sє 5G8G64F< @B89?V 8<A4@VKABW CB6VFDSABW B5EF4AB6><, A9 
@4RK< CB6AB7B BC<EG H4>FBDV6, ?<L9 54;GRK<EP A4 BEAB6V 
9@CVD<KA<I V DB;D4IGA>B6<I 84A<I ; A4EFGCA<@ GFBKA9AAS@ J<I 
@B89?9= ;4 D9;G?PF4F4@< BFD<@4AAS AB6BW VAHBD@4JVW 6V8 
CB6VFDSAB7B EG8A4. 

!4EFGCABR 64:?<6BR 6?4EF<6VEFR A9=DBAA<I @9D9: є WI 
LG@B;4I<M9AVEFP. !46K9A4 @9D9:4 @B:9 5GF< EFV=>BR 8B 
89S><I 6V8I<?9AP 6IV8A<I 84A<I, MB 8B;6B?Sє W= DB;CV;A464F< 
>BD<EA<= E<7A4?, MB @VEF<FP DV;AV LG@< V ECBF6BD9AAS. *9 
6?4EF<6VEFP 8B;6B?Sє CB8B?4F< 6<@B7G EG6BDBW FBKABEFV, S>4 
6?4EF<64 4?7BD<F@VKA<@ E<EF9@4@, V 8B;6B?Sє C?4AG64F< 8VW 6 
G@B64I A9CB6ABF< V A96<;A4K9ABEFV VAHBD@4JVW CDB 8<A4@VKAG 
CB6VFDSAG B5EF4AB6>G. 

&4>B: A9=DB@9D9:V ;84FAV 6 >BDBF>V F9D@VA< 6<DVLG64F< 
;484KV 5474FB>D<F9DV4?PABW BCF<@V;4JVW CD4>F<KAB A9 ;4?9:AB 6V8 
DB;@VDABEFV C4D4@9FDV6. *9 8B;6B?Sє CD4>F<KAB 6 D9:<@V 
D94?PAB7B K4EG DB;CB8V?SF< D9EGDE< V ;4EB5< CB ;4684AAS@ V 
B5'є>F4@, ; B7?S8G A4 5474FB>D<F9DV4?PAVEFP V B5@9:9AAS 
A9;4?9:AB 6V8 DB;@VDABEFV @4FD<JV DB;CB8V?G. �4A4 6?4EF<6VEFP 
A9=DBAA<I @9D9: 8B;6B?<FP ;8V=EAR64F< 8<A4@VKA9 C?4AG64AAS 



 196 

CD4>F<KAB 6 D94?PAB@G D9:<@V K4EG 59; 6FD4F< B5�DGAFB64ABEFV, 
4 VAB8V V ; WW CV86<M9AAS@. 

�4EFBEG64AAS LFGKA<I A9=DB@9D9: 8B;6B?Sє D94?V;G64F< 
D4JVBA4?PA9 5474FB>DB>B69 C?4AG64AAS ; 69?<><@ K<E?B@ 
;@VAA<I V F<@K4EB6<I >DB>V6. 3>MB DB;7?S84F< ;4EFBEG64AAS 
84AB7B @4F9@4F<KAB7B 4C4D4FG 8?S 46V4JV=A<I ;484K, FB @B:A4 
;DB5<F< 6<EAB6B> CDB @B:?<6VEFP ;8V=EAR64F< C?4AG64AAS 8V= 
BC9D4FBDV6 49DBA46V74JV=ABW E<EF9@< 6 BEB5?<6<I 6<C48>4I 
CB?PBFG A9 FV?P>< A4 BEAB6V CBFBKABW 8<A4@VKABW CB6VFDSABW 
B5EF4AB6><, 4?9 V ; GD4IG64AAS@ CDB7AB;B64AB7B WW DB;6<F>G V 
6C?<6G A4 A9W ;B6AVLAVI H4>FBDV6. 

"F:9 A9=DBAAV @9D9:V 8BJV?PAB ;4EFBEB6G64F< 8?S ;484K 
DB;CV;A464AAS, CDB7AB;G64AAS F4 GCD46?VAAS. "8A4> VEAGє 
CDB5?9@4 6<5BDG D4JVBA4?PABW EFDG>FGD< A9=DBAABW @9D9:V F4 WW 
C4D4@9FDV6. !4 EPB7B8AVLAV= 89AP VEAGє 69?<>4 >V?P>VEFP 
DV;AB@4AVFA<I >BAHV7GD4JV= A9=DBAA<I @9D9: ; DV;AB@4AVFA<@< 
CD<AJ<C4@< HGA>JVBAG64AAS. $B;7?SA9@B 8B>?48AVL9 FV ; A<I, 
S>V A4=K4EFVL9 ;4EFBEB6GRFPES 8B DB;6’S;4AAS ;484K 46V4JV=AB7B 
ECDS@G64AAS. 

!9=DBAAV @9D9:V CDS@B7B CBL<D9AAS (feed forward neural 
networks, FF 45B FFNN) F4 C9DJ9CFDBA< (perceptrons, P). 
#9D984RFP VAHBD@4JVR V; 6IB8G A4 6<IV8. !4=CDBEFVL4 
A9=DBAA4 @9D9:4 @4є 864 6IB8< V B8<A 6<IV8 V 6<>BD<EFB6GєFPES 
6 S>BEFV @B89?V ?B7VKA<I 69AF<?V6. !46K4AAS A9=DBAABW @9D9:V 
6V85G64єFPES ;4 @9FB8B@ ;6BDBFAPBW CB@<?><, FB5FB @9D9:4 
BFD<@Gє @AB:<A< 6IV8A<I V 6<IV8A<I 84A<I. �@VEF ;6BDBFAPBW 
CB@<?>< CB?S74є G DV;A<JV @V8 6IB8B@ V 6<IB8B@. 3>MB @9D9:4 
@4є 8BEF4FAR >V?P>VEFP CD<IB64A<I A9=DBAV6, F9BD9F<KAB 6BA4 
;84FA4 ;@B89?R64F< 6;4є@B8VR @V: 6IV8A<@< V 6<IV8A<@< 
84A<@<. !4 CD4>F<JV F4>V @9D9:V 6 «K<EFB@G 6<7?S8V» A9 
;4EFBEB6GRFP, 6BA< E?G7GRFP 8?S >B@5VA4JVW ; VAL<@< F<C4@< 
A9=DBAA<I @9D9: 8?S BFD<@4AAS AB6<I. 

!9=DBAA4 @9D9:4 )BCHV?84 (Hopfield network, HN) 3 J9 
CB6AB;6’S;A4 A9=DBAA4 @9D9:4 ; E<@9FD<KABR @4FD<J9R 
;6’S;>V6. #V8 K4E BFD<@4AAS 6IV8A<I 84A<I >B:9A 6G;B? є 6IB8B@, 
S><= 6 CDBJ9EV A46K4AAS A9=DBAABW @9D9:V EF4є CD<IB64A<@, 4 
CBFV@ EF4є 6<IB8B@. �?S A46K4AAS @9D9:V ;A4K9AAS A9=DBAV6 
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6EF4AB6?RRFPES ; 54:4A<@ L45?BAB@, CBFV@ B5K<E?RRFPES 
647B6V >B9HVJVєAF<, S>V 6 CB84?PLB@G A9 ;4;A4RFP ;@VA. #VE?S 
A46K4AAS A4 B8AB@G K< >V?P>BI L45?BA4I, A9=DBAA4 @9D9:4 
;46:8< 5G89 ;6B8<F<EP 8B B8AB7B ; A<I, 4?9 A9 ;46:8< 8B 
BCF<@4?PAB7B.  9D9:V F4>B7B F<CG VAB8V A4;<64RFP @9D9:4@< ; 
4EBJV4F<6ABR C4@’SFFR, BE>V?P><, BFD<@46L< F45?<JR, 
A4CB?B6<AG ;4LG@?9AG, A9=DBAA4 @9D9:4 ;84FA4 6V8F6BD<F< WW 
8B CB6ABW. �4A4 6?4EF<6VEFP @9D9:V F4>B7B F<CG 8B;6B?Sє DB5<F< 
CDB7AB;< 6 G@B64I A9CB6ABF< V A96<;A4K9ABEFV VAHBD@4JVW, 
BEB5?<6B CD< 6<A<>A9AAV BEB5?<6<I 6<C48>V6 CB?PBFG. 

 

   

�9=DBAA4 
@9D9:4 CDO@B7B 

CBL<D9AAO 
 

�9=DBAA4 @9D9:4 
%BCHV?84 

�4L<A4 �B?PJ@4A4 

   

 B;DV8:9A<= 
46FB>B89D 

�4DV4JV=A<= 
46FB>B89D< 

ШG@BCB846?ONK<= 
46FB>B89D< 

 
$<E.1. !FDG>FGD4 89O><I F<CV6 A9=DBAA<I @9D9: 
 
 4L<A4 �B?PJ@4A4 (Boltzmann machine, BM) 8G:9 EIB:4 A4 

@9D9:G )BCHV?84, 4?9 6 AV= 89S>V A9=DBA< є 6IV8A<@<, 4 89S>V 3 
CD<IB64AV. #VE?S A46K4AAS 6IV8AV A9=DBA< EF4RFP 6<IV8A<@<. 
 4L<A4 �B?PJ@4A4 є EFBI4EF<KABR @9D9:9R. !46K4AAS 
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6V85G64єFPES @9FB8B@ ;6BDBFAPB7B DB;CB6ER8:9AAS CB@<?>< 
45B ;4 4?7BD<F@B@ CBDV6AS?PABW DB;5V:ABEFV.  

$B;DV8:9A<= 46FB>B89D (sparse autoencoder, SAE).  9D9:V 
84AB7B F<CG ;4EFBEB6GRFPES G 6<C48>4I 69?<>BW >V?P>BEFV 
8DV5A<I 6?4EF<6BEF9= A45BDG 84A<I. #D< A46K4AAV 84ABW @9D9:V 
B>DV@ @4E<6G 6IV8A<I 84A<I CB84RFP V EC9JV4?PA<= HV?PFD 
DB;DV8:9AABEFV, S><= CDBCGE>4F<@9 FV?P>< C96AV CB@<?><. 

�4DV4JV=AV 46FB>B89D< (variational autoencoder, VAE) 
A46K4RFP A45?<:9AAR =@B6VDAVEAB7B DB;CB8V?G 6IV8A<I ;D4;>V6. 
 9D9:4 84AB7B F<CG 59D9 8B G647< 6C?<6 A9=DBAV6, FB5FB, S>MB 
86V CB8VW 6V85G64RFPES 6 86BI DV;A<I @VEJSI, FB JV CB8VW A9 
B5B6’S;>B6B CB6’S;4AV @V: EB5BR V J9 64DFB 6D4IB6G64F<. 

,G@BCB846?SRKV 46FB>B89D< (denoising autoencoder, DAE) 3 
J9 F4>V A9=DBAAV @9D9:V 3 46FB>B89D<, S><@ A4 6IV8 CB84RFPES 
84AV 6 ;4LG@?9AB@G 6<7?S8V. �<IV8AV 84AV CBDV6ARRFPES ; 
;4LG@?9A<@<, FB@G @9D9:4 A46K4єFPES ;69DF4F< G647G A4 5V?PL 
L<DB>V 6?4EF<6BEFV. 

"F:9 LFGKAV A9=DBAAV @9D9:V є CBFG:A<@ ;4EB5B@ 
C4D4?9?PABW B5DB5>< 84A<I V @4RFP 6?4EF<6BEFV, S>V 8B;6B?SRFP 
6<DVLG64F< ;4684AAS, S>V 4?7BD<F@VKA<@< E<EF9@4@< 6<DVL<F< 
64:>B 45B 6;474?V A9@B:?<6B. �D4IB6GRK< 69?<>G 
DV;AB@4AVFAVEFP CB?PBFA<I E<FG4JV= V 8<HVJ<F K4EG A4 CD<=ASFFS 
DVL9AP, ;4EFBEG64AAS A9=DBAA<I @9D9: 8B;6B?Sє HBD@G64F< 
4?7BD<F@< A4=>D4MB7B 6<IB8G ; E<FG4JVW, S>V 6 FB= :9 K4E 
6B?B8VRFP 6<EB>BR L6<8>B8VєR. 

 
�VF9D4FGD4 
1. Van Veen, F. & Leijnen, S. (2019). The Neural Network Zoo 

[Electronic resourse] Mode of access: World Wide Web: 
https://www.asimovinstitute.org/neural-network-zoo/ (viewed on 
april 13, 2020). 3 Title from the screen. 

2. &<@BK>B �.�.  9FB8 BCD989?9A<S CBFD95AB7B A4DS84 
ED98EF6 6B;89=EF6<S 8?S GA<KFB:9A<S ;484AAB7B K<E?4 B5N9>FB6 
A4 BEAB69 A9K9F>B= A9=DBAAB= E9F<. !<EF9@< B5DB5>< 
VAHBD@4JVW. )4D>V6, 2013. 7 9 [116]. %.105-109. 

3. )4=><A %4=@BA !9=DBAAO9 E9F<: CB?AO= >GDE : #9D. E 
4A7?. 3  . : �;84F9?PE><= 8B@ «�<?PS@E», 2006. 3 1104 E. 

https://www.asimovinstitute.org/neural-network-zoo/
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APPLICATION OF FLOW GRAPHS METHOD FOR 

ANALYSING LINEAR SYSTEMS OF EQUATIONS 

Khaled Khattab 
Syria, Aleppo University 

 
Abstract. Our object is to develop an efficient algorithm based on basic theory 

of flow graphs. This algorithm depends on flow graphs given by Coates. 
Advantages of the proposed algorithm. SFG-Alg based on flow graph method are 
discussed. 
The studied algorithm shows how the Cramer9s rule is applied to directed flow 
graph for analysis of linear systems. 

 

The proposed algorithm SFG-Alg includes the following steps: 
Step 1: Finding All paths. 
Step 2: Finding All Loops. 
Step 3: Application of the Cramer's rule to compute the solution 

of the linear system B.x=b. 
- Theorem (1) 
Determinant of a graph 
 þÿĊ ÿ = (21)Ā 3  (21)�/Ā(/)/ ,  (1) 
 
h: 1-factor,  Lh: number of directed cycles. 
- Theorem (2) 

 Ďā = 3 (21)�/�(ÿ(�+1)ā)Ā(�+1)ā  3 (21)�/ �(/)/ , ā = 1,2, & , Ą  (2) 

 
 Ā(Ā+1)ā: is 1_ factor from the node  n+1 to k in ÿ��  ý�: the extended matrix 
 

 Ā(/) = {/ Ā(ÿ, Ā)    / b ∅(ÿ,Ā)∈/  0ąĊ/ÿĈčÿĉÿ .   (3) Ā(ÿ, Ā)  : weight of (ÿ, Ā)  
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Algorithm SFG-Alg 

1) Find det(A) 
(i) Calculate all of the cycles graph in GA as follows: 
(a) Calculate the Incoming degree of node i; i=1,2,&,n 
(b) Calculate all of the cycles graph that contain cycle i 
(ii) Delete duplicate directed cycles as follows: 
1. Assuming that numxloop is the number of cycles graph in GA  
2. Let F={1,2 ,&..,numxloop} 
3. We calculate the length of all the cycles graph in F 
4. For i∈F 
 For k=i+1 to numxloop  
  If length i = length k 
   If i replacement k then we delete the cycle k 
 
(iii) find the 1_factors 
 
1. Let numloop is the number of directed cycles after the 

repeated cycles are deleted. 
2. We define F ̂={1,2,&..,numloop} 
3. For i∈ F ̂ 

If i is 1_ factor then  
We calculate the value i 
    Else 
(a) S={i} 
(b) For k=1 to numloop 

  If S∩{k}=∅ then 
  (i)   S=S∪{k} 
  (ii) if S is 1_ factor then 

(a) We calculate the value S 
(b) S=S-{k} 

 
In the (2) calculate the coefficient of the element (n+1, k) from 

thematrix Au  ∆ÿĀ= (21)Ā21 ∑(21)�/Ā(ĀÿĀ),   ÿ b ĀÿÿĀ  
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Then we apply Kramer’s rule to calculate (1) according to the 
formula (2) as follows: 

(i) We calculate the paths from the node n+1 to k 
(ii) let F ̃ is the sum of paths from the node n+1 to k 
(iii) We define F=F ̃∪ F ̂ 
(iv) Numlenth=|F| 
(v) For  i∈F do 

If i  is 1_factor from the node  n+1 to  k then 
(i)  We calculate the value i 
(ii) We calculate the value of xk from (2) 

Else  
1. S={i} 
2. For k=1 to numlength 

If S∩{k}=∅ then 
(i)  S=S∪{k} 
(ii) If S is 1_factor then 

(a) We calculate the value S 
(b) We calculate the value of xk from (2) 
(c) S=S-{k}. 
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$��"�2*�3 

))��  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B E9@VA4DG 
«�B@5VA4FBDAV >BAHV7GD4JVW F4 WIAV ;4EFBEG64AAO» 

15 FD46AO 2020 D. 
 

'K4EA<>< ))��  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B 
E9@VA4DG «�B@5VA4FBDAV >BAHV7GD4JVW F4 WIAV ;4EFBEG64AAS», 
BD74AV;B64AB7B ;4 CV8FD<@><  VAVEF9DEF64 BE6VF< V A4G>< 
'>D4WA<, !4JVBA4?PA<@ GAV69DE<F9FB@ «�4CBDV;P>4 CB?VF9IAV>4» 
(>4H98DBR E<EF9@AB7B 4A4?V;G F4 B5K<E?R64?PABW @4F9@4F<><) 
F4 �PBFABR 4>489@VєR !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
(@.�DBC<6A<JP><=). 

� E9@VA4DV 5D4?< GK4EFP CD98EF46A<>< 6<M<I A46K4?PA<I 
;4>?48V6 F4 BD74AV;4JV=: 
÷ �AEF<FGF >V59DA9F<>< V@9AV �.  . �?GL>B64 !�! '>D4WA<  
÷ !4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F '>D4WA< 
«�<W6EP><= CB?VF9IAVKA<= VAEF<FGF V@9AV �7BDS %V>BDEP>B7B» 
÷ �<W6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV &4D4E4 
,96K9A>4 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F D48VB9?9>FDBAV>< 
÷ !4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F  
÷ �4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 
÷ *9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= 
GAV69DE<F9F 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F #B6VFDSA<I %<? 
V@9AV �.�B:98G54 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F @VEP>B7B 
7BECB84DEF64 V@9AV ".�9>9FB64 
÷ �# "�6K9A>B-#DB7D9E" 
÷ �V=EP>B6<= VAEF<FGF F9?9>B@GAV>4JV= F4 VAHBD@4F<;4JVW 
V@9AV �9DBW6 �DGF 
÷  V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 
÷ !4JVBA4?PA<= GAV69DE<F9F «�P6V6EP>4 CB?VF9IAV>4» 
÷ ��!� «�BA54EP><= 89D:46A<= C9847B7VKA<= 
GAV69DE<F9F» 
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÷ �4CBDV;P><= B5?4EA<= VAEF<FGF CVE?S8<C?B@ABW 
C9847B7VKABW BE6VF< 
÷ ':7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F 
÷ �BA9JP><= A4JVBA4?PA<= @98<KA<= GAV69DE<F9F 
÷ �AEF<FGF HV;<>< !�! '>D4WA< 
÷ �GJP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 
÷ �AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9ES 
�BAK4D4 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV �. !. 
�4D4;VA4 
÷ !4JVBA4?PA<= 49DB>BE@VKA<= GAV69DE<F9F 
V@9AV  . Є. �G>B6EP>B7B ")��" 
÷ !4JVBA4?PA<= GAV69DE<F9F 6B8AB7B 7BECB84DEF64 F4 
CD<DB8B>BD<EFG64AAS 
÷ �DB@48EP>4 BD74AV;4JVS «%<EF9@AV 8BE?V8:9AAS» 
÷ #B?F46EP><= GAV69DE<F9F 9>BAB@V>< V FBD7V6?V 
÷ *9AFD4?PABG>D4WAEP><= 89D:46A<= C9847B7VKA<= 
GAV69DE<F9F V@9AV �.�<AA<K9A>4 
÷ �AEF<FGF CDB5?9@ @4L<AB5G8G64AAS V@9AV �. . 
#V87BDAB7B !�! '>D4WA< 
÷ Warwick Business School, Great Britain 
÷ �V?BDGEP><= 89D:46A<= GAV69DE<F9F 
÷ �VD@9AEP><= 89D:46A<= C9847B7VKA<= GAV69DE<F9F V@9AV 
). �5B6SA4  
÷ ЄD964AEP><= 89D:46A<= GAV69DE<F9F 
÷ !4J<BA4?PAO= <EE?98B64F9?PE><= GA<69DE<F9F « �1&» 
÷ ��!�&� $�! 
÷ Aleppo University, Syria 
÷ KTH Royal Institute of Technology, Stockholm, Sweden 

'K4EA<>< E9@VA4DG DB;7?SAG?< A4=5V?PL 4>FG4?PAV 
C<F4AAS, CB6’S;4AV V; >B@5VA4FBDA<@< >BAHV7GD4JVS@< F4 WIAV@< 
;4EFBEG64AAS@< 8B 6<DVL9AAS EGK4EA<I CDB5?9@ @B89?R64AAS 
F4 CD<=ASFFS DVL9AP 6 GCD46?VAAV E>?48A<@< E<EF9@4@< DV;ABW 
CD<DB8< ;4 F4><@< A4CDS@4@<: 
1. �B@5VA4FBDAV DB;@VM9AAS, 7D4H< V ;484KV BCF<@V;4JVW A4 

A<I, 46FB@4F<, E>VAK9AAV 4?795D<, @4F9@4F<KA4 ?B7V>4 V F9BDVS 
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@AB:<A, F9BDVS V7BD V F9BDVS CD<=ASFFS DVL9AP F4 WIAV 
;4EFBEG64AAS 6 DV;A<I 74?G;SI; 
2. $94?V;4JVS @4F9@4F<KA<I @B89?9= A4 8<E>D9FA<I F4 

A9C9D9D6A<I @AB:<A4I (46FB@4F<;B64AV E<EF9@< >9DG64AAS, 
E<EF9@< 46FB@4F<;B64AB7B CDB9>FG64AAS, E<EF9@< CV8FD<@>< 
CD<=ASFFS DVL9AP); 
3. #DB7D4@A9 ;459;C9K9AAS E<AF9;G F4 4A4?V;G >B@5VA4FBDA<I 

>BAHV7GD4JV=; 
4. $B;CV;A464AAS B5D4;V6, A9=DB@9D9:V F4 @9FB8< @4L<AAB7B 

A46K4AAS; 
5. (D47@9AF4DAV EFDG>FGD<, 4?7BD<F@< F4 @9F496D<EF<><; 
6. &BCB?B7VS F4 VEFBDVS DB;6<F>G G>D4WAEP>BW A4G><; 
7. �B8G64AAS, VAHBD@4JV=A4 59;C9>4 F4 ;4I<EF VAHBD@4JVW. 
#DB5?9@4F<>4 >BAH9D9AJVW CD<69DAG?4 8B E959 G647G 

H4IV6JV6 V; DV;A<I 74?G;9= ;A4AP. ' A4G>B6B@G ;4IB8V 6;S?< 
GK4EFP 101 GK4EA<>, E9D98 S><I:  

29 8B>FBDV6 A4G> (HV;<>B-@4F9@4F<KA<I 3 14, F9IAVKA<I 3 
11, C9847B7VKA<I 3 3, 9>BAB@VKA<I 3 1);  

47 >4A8<84FV6 A4G> (HV;<>B-@4F9@4F<KA<I 3 26, F9IAVKA<I 
3 16, C9847B7VKA<I 3 1; 9>BAB@VKA<I 3 1; VEFBD<KA<I 3 1; 
@98<KA<I 3 1; RD<8<KA<I 3 1); 

8 6<>?484KV6 F4 A4G>B6JV6 59; A4G>B6B7B EFGC9AS;  
14 4ECVD4AFV6; 3 EFG89AF< F4 @47VEFD4AF<.  
%9D98 GK4EA<>V6 >BAH9D9AJVW 5G?< CD<EGFAV 

6<EB>B>64?VHV>B64AV A4G>B6JV, @B?B8V 6K9AV, 4ECVD4AF< F4 
@47VEFD4AF< ; 6<M<I A46K4?PA<I ;4>?48V6 @VEF '>D4WA<: 
�4CBDV::S, �DBC<6A<JP><=, �AVCDB, �<W6, �P6V6, )4D>V6, 
#B?F464, ':7BDB8, $V6A9, %?B6'SAEP>. &4>B: CD<=@4?< GK4EFP 
VAB;9@AV A4G>B6JV ; >D4WA: ,69JVS, �9?<>B5D<F4AVS, $BEVS, 
�V?BDGEP, %<DVS, �VD@9AVS. 

'K4EA<>< >BAH9D9AJVW B57B6BD<?< F4>V CDB5?9@AV 
C<F4AAS: 

÷ 6<DVL9AAS ;484K BCF<@4?PAB7B DB;@VM9AAS 
6<DB5A<JF64; 

÷ 4A4?V; @9FB8V6 DB;@VF>< 7D4HV6; 
÷ @9FB8< BJVA>< 9H9>F<6ABEFV 4?7BD<F@V6 @4L<AAB7B 

A46K4AAS; 
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÷ 6<DVL9AAS ;484K DV;A<I >?4EV6 B5K<E?R64?PAB7B 
VAF9?9>FG; 

÷ 6<DVL9AAS ;484KV CBLG>G V89AF<KA<I EFDG>FGD, ;B>D9@4 
IV@VKA<I ECB?G>; 

÷ ;484KV C9D9D4IG64AAS 7D4HV6 C96AB7B 6<8G; 
÷ ;4EFBEG64AAS A9=DB@9D9: 8B B5DB5>< E<7A4?V6 DV;AB7B 

DB8G; 
÷ HBD@4?V;4JVS CDBJ9EV6 CD<=ASFFS DVL9AP 6 G@B64I 

A96<;A4K9ABEFV; 
÷ @9FB8<>4 6<>?484AAS >B@5VA4FBDAB7B 4A4?V;G G 6<M<I 

A46K4?PA<I ;4>?484I; 
÷ VEFBDVS DB;6<F>G G>D4WAEP>BW A4G>< F4 G>D4WAEP>BW 

A4G>B6BW @B6<.  
'E6V8B@?RRK< DB?P V ;A4K9AAS DB;6<F>G 

HGA84@9AF4?PA<I V CD<>?48A<I 8BE?V8:9AP 6 74?G;SI A4G><, 89 
L<DB>B 6<>BD<EFB6GRFPES >B@5VA4FBDAV >BAHV7GD4JVW, GK4EA<>< 
>BAH9D9AJVW 664:4RFP ;4 A9B5IV8A9:  

1. #DB8B6:<F< A4G>B6V 8BE?V8:9AAS ;4 B5D4A<@< 
A4CDS@4@<. �V8;A4K<6L< 6<EB>G 9H9>F<6AVEFP 8<EF4AJV=ABW 
HBD@< CDB6989AAS ))��  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B 
E9@VA4DG «�B@5VA4FBDAV >BAHV7GD4JVW F4 WIAV ;4EFBEG64AAS», 
D9>B@9A8G64F< 6 @4=5GFAPB@G CBє8AG64F< 8<EF4AJV=AG HBD@G 
DB5BF< E9@VA4DG D4;B@ ; FD48<JV=ABR BKABR CD<EGFAVEFR (;4 
@B:?<6VEFR). 

2. #BL<DR64F< A4G>B6V ;6’S;>< ; 6VFK<;ASA<@< F4 
;4>BD8BAA<@< CDB6V8A<@< 6<M<@< A46K4?PA<@< ;4>?484@< 8?S 
BD74AV;4JVW V D94?V;4JVW ECV?PA<I A4G>B6<I F4 BE6VFAVI CDB9>FV6. 
$9>B@9A8G64F< 8?S CDB6989AAS A4EFGCA<I E9@VA4DV6 CV87BFB6>G 
@4F9DV4?V6 A4 4A7?V=EP>V= @B6V. 

3. $9>B@9A8G64F< HBD@G64AAS E9>JV= ;4 B>D9@<@< 
A4CDS@4@< ; B7?S8G A4 DV;ABC?4AB6VEFP JPB7BDVKA<I 8BCB6V89=, 
A9B5IV8AVEFP 5V?PL 7?<5B>B7B WI B57B6BD9AAS F4 ; @9FBR 
;4?GK9AAS AB6<I GK4EA<>V6. 

4. $B;L<D<F< 79B7D4HVR CDB6989AAS E9@VA4DG 6 A4EFGCAV 
DB><, ;@VARRK< @VEJ9 =B7B CDB6989AAS (�DBC<6A<JP><=, 
�4CBDV::S, VALV CDBCB;<JVW ;4 DVL9AAS@ BD7>B@VF9FG). 

5. $B;@VEF<F< VAHBD@4JVR CDB CDB6989A<= E9@VA4D A4 
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E4=FV  VAVEF9DEF64 BE6VF< V A4G>< '>D4WA< F4 BCG5?V>G64F< 
D9;B?RJVR >BAH9D9AJVW V ;5VDA<> @4F9DV4?V6 A4 E4=F4I 
!4JVBA4?PAB7B GAV69DE<F9FG «�4CBDV;P>4 CB?VF9IAV>4», �PBFABW 
4>489@VW !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
(@.�DBC<6A<JP><=), *9AFD4?PABG>D4WAEP>B7B A4JVBA4?PAB7B 
F9IAVKAB7B GAV69DE<F9FG. 
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	Abstract. The statement considered the task queueing system management with variable ìntensivnostâmi input stream requirements and maintenance. The following tasks are used in economy, IT-technology, and military affairs. When the queueing system seen...
	Вивчається задача керування системою масового обслуговування (СМО) з змінними інтенсивностями обслуговування вхідного потоку вимог. Такі задачі знаходять застосування в економіці [1], ІТ-сфері, військовій справі. Зокрема при моделюванні захисних, або ...
	Звичайно [1, 2] СМО вивчають при сталих інтенсивностях потоків вимог. При цьому для дослідження застосовують марківський підхід [1, 2] і аналізують граничний (  ) режим, для якого знаходять експлуатаційні характеристики СМО.
	При плануванні захисних, або активних дій СМО розглядається на скінченому проміжку часу, змінними в часі параметрами можуть бути інтенсивності вхідного потоку, або потоку обслужених вимог. Також наявними є вимоги на використані ресурси, якість обслуго...
	Далі розглянемо СМО з відмовами і n лініями обслуговування. Нехай     – інтенсивність вхідного потоку вимог, µ(t) – інтенсивність обслуговування однієї вимоги однією лінією. Нехай  Е0, Е1, Е2, …, Еn  стани марківського ланцюга, що моделює роботу СМО [...
	,(1)
	де  – заданий вектор ймовірностей станів від 0-го до n-го в момент часу t=0. Крім того обмежена малим  >0 ймовірність відмови в обслуговуванні   , а також інтенсивності   і µ(t):
	,  0≤µ(t) ≤ ,𝜇-0.  ,    . (2)
	Мета операції полягає в мінімізації сукупних витрат за час Т, де  c(t) враховує вартість використання ресурсу на обслуговування однієї вимоги в одиницю часу в момент t. Тоді за час [0,Т] буде використана така кількість ресурсу, що мінімізується:
	(3)
	На µ(t) можливі додаткові обмеження. 3адача (1) – (3)  є задачею керування [3]. Управлінням є функція інтенсивності обслуговування µ(t) , функція  є заданою [4].
	Розв'язання задачі керування (1) – (3) здійснюється чисельно [4]. Для цього переходимо до дискретного часу t  на сітці  . Інтеграл (3) замінюємо за формулами  чисельного інтегрування (методи прямокутників, трапецій, Сімпсона тощо). Систему диференціал...
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