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BOUNDARIES OF THE ASSORTATIVITY INDEX FOR SCALE-

FREE NETWORKS 
Shergin V.L.1, Chala L.E.1, Udovenko S.G.2 

1Artificial Intelligence dept. NURE, Kharkov, Ukraine, 
2Informatics and Computer Technics dept. KhNUE, Kharkov, Ukraine 

 
Abstract 4 Assortativity coefficient is a measure of the tendency of nodes 

in networks to connect with similar in some way, or dissimilar ones. The 
assortativity coefficients for most of the real-world networks are close to zero 
and far from the theoretical bounds ±1. Thus, one might think that this property 
is not very characteristic of complex networks. But the point is, that 
assortativity properties should not be studied apart of the distribution of nodes 
by degrees. Most complex networks are scale-free, so the nodes follow an 
asymptotically power-law distribution. Fixing the distribution of the degree of 
nodes forms an essential constraint both on the network structure and on the 
boundaries of the assortativity coefficient. The problem of estimating the 
bounds of assortativity coefficients for scale-free networks were solved. It was 
found, that these boundaries are narrowing with increasing the network size. 

Keywords4 Assortativity Boundaries, Scale-Free Networks, Power 
Distribution, Barabasi-Albert Model. 

 
It is widely known, that most of the complex real-world networks are 

scale-free (SF), i.e. the degree of their nodes is distributed by some power law 
family of distribution (such as Yule-Simon, Benford, zeta etc.), at least 
asymptotically [1]-[2]. 

Despite the importance of the nodes degree distribution, it is not an 
exhaustive characteristic of networks. While degree distribution is a first order 
graph metric, the assortativity [3], that is, the tendency of nodes to link with 
similar or dissimilar ones, is a second order one. Assortativity is also an 
important property of networks. It is known [1], [3]-[4], that social networks 
are positively assortative, while biological, technical and cognitive ones are 
disassortative. 
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Despite the large number of studies of scaling and assortativity, these 
characteristics are most often studied separately that is considered as an 
essential disadvantage of the current state of the complex networks theory. 
While the structure of SF-networks with extreme assortativity is widely known 
[6]-[8], the bounds of assortativity coefficient for the SF-networks with known 
power exponent are unknown. Estimating this bounds forms the goal of current 
research. 

An assortativity coefficient is defined as correlation coefficient of the 
nodes by their degrees [1] and in general case is in the range 1 1r2 ó ó . More 
convenient form of this coefficient is given in [4]: 

 
2

3 2 1
2

3 2 1

/

/

N S S
r

S S S

2
=

2
,  (1) 

where 

1

n
k

k i
i

S d
=

=õ ,     3
1 1

n n
T

ij i j
i j

N d Ad A d d
= =

= =õõ ,               (2) 

 

A  is adjacency matrix of the network, id  is node degrees. 

Without loss of generality, we can assume that the nodes are ordered by 

a decreasing degree, so index number i  of the node id  is its range. 

As it follows from (1)-(2), network assortativity coefficient ( r ) depends 

on degree distribution id , so networks mixing cannot be studied apart from 

scaling. If the distribution of nodes by degree follows to a power law, then the 
range distribution of nodes asymptotically also follows to a power-family 
distribution: 

 

id c i2òû ÷ ,     
1
2

1óò ü .  (3) 

 
Let9s fix the network size and the values of nodes degree. Then, the 

structure of SF-network with extreme assortativity can be found by greedy 
algorithms of simple structure [6]-[8]. Links are distributed starting from the 
richest node. Network is extremely disassortative if on each step current node 
links with as poorest one as possible. Likewise, while creating an extremely 
assortative network, current node links with as richest one as possible. 

The structure of SF-network with extreme assortativity is shown on Fig.1. 
As one can see, an extremely disassortative network is tends to be bipartile [8], 
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while in opposite case (extreme assortative mixing) network is close to be a set 
of almost isolated clusters, all but the largest of which are almost regular. 

 

 
 
Fig.1 An adjacency matrix of extremely assortative (blue) and disassortative 
(black) BA-network of size n=64 
 

The terms 1 2 3, ,S S S  in (1) does not depends on mixing properties (i.e. 

on adjacency matrix A ), but only on network size n  and scaling factor ò . 

For SF-model having degree distribution (3) this terms are: 
 

1 2
1

c n
S L

÷
= =

2ò
,   2 2 2

2 ( )S O L n ò2= ÷ ,   3 3 3
3 ( )S O L n ò2= ÷  (4) 

 
where L is total number of links. 

In disassortative case according to generative algorithm the minimum 

value of 3N  (2) is 

3min
3

2
2 1

cN n2òò2û .  (5) 
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By substituting (4) and (5) into (1), we get an asymptotic estimate of the 
lower bound of assortativity coefficient: 

 
(1 )

min ( )r O n2 2ò= 2 .  (6) 

 

In the extremely assortative case the contribution to 3N  of clusters of 

<arrow body= is much less than that of <arrow-head= which is equal to 
 

21 4 31 1
2

31 3
1 1 1

( )
1 (1 )

idc c

i j i
i j i

c c
N d d d

+ 2 ò+ò+ +
2ò

= = =
= û û

2ò 2ò
õ õ õ . (7) 

 
In accordance with (4) and (7), the upper bound of assortavitity 

coefficient (1) can be estimated as 
 

21 3
max (( ) )r O cnò 2 ò+ò= . (8) 

 
It can be noted that the obtained estimates of the boundaries of the 

assortativity index can also be used to normalize the <self-similarity index= [9], 
which is closely related to the assortativity one. 

Obtaining more accurate estimates for the model of elastic SF-networks 
is treated as a direction for further research. 
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Abstract 4 LUPI is the game in which players choose positive integers. 

Winner is the player who picks the lowest unique number. LUPI is the simplest 
extreme congestion game, in which even one other player9s choice of the same 
number reduces one's payoff to zero. This primitive lottery is used as a model 
of some auctions, patent races etc. Poisson-Nash equilibrium strategies for this 
game are known, but the desired exact probabilities are an implicit function of 
the game parameters. Finding explicit estimates of these probabilities, as well 
as an estimate of the threshold value, forms the goal of the current research. 

Keywords 4 LUPI game, Poisson-Nash equilibrium, logint function 

 
In the Least Unique Positive Integer (LUPI) game players, choose 

integers from 1 to � simultaneously, and the lowest unique number wins a 
payoff of 1, while all others earn 0 [1]. In the simplest form of this lottery, the 
number of players is considered to be a random variable having a Poisson 
distribution with mean n . The Poisson assumption proves to be easier to work 
with than a fixed n  because of the environmental equivalence (��) property 
[2]. LUPI game used as the model of asymptotic case for Lowest Unique Bid 
Auctions (LUBA) [3]. 

Due to the symmetry of the game, all players use the same mixed strategy 

1 2( , ,..., )Kp p p=p , where kp  is the desired probability of choosing k . 

Let Pr( ( ) )X k i=  is the probability that the number of players who pick k  

in equilibrium is exactly i . According to the above assumption, this 
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probability follows a Poisson distribution. Hence, the the expected payoffs kv  

when choosing the number k are equal to probabilities ( )kð  of k  being the 

winning number: 
 

( )
1 1

1 1

( ) Pr( ( ) 0) Pr( ( ) 1) 1k i

k k
np np

k i
i i

v k X k X i e np e
2 2

2 2

= =
= ð = = ÷ ù = 2õ õ

. 
 (1) 

 
It was shown [1], that the Nash equilibrium p  has full support, i.e. 

0kp þ  over all 1 k Kó ó . According to the basic condition of the Nash 

equilibrium, the expected payoffs must be equal to each other: 

1 2 ... Kv v v v= = = = . 

A detailed study of the properties of the Nash equilibrium for the LUPI 
game was provided by Östling et.al [1]. In particular, they shown that the 

sequence kp  is strictly decreasing. Moreover, this sequence may have super-

exponential cutoff kú  [3], such that (exp( 2 ))k
kp O= 2  for k kúþ . If so, 

then probabilities for k kúþ  being the winning number are negligible and 
such numbers can be discarded despite of full support. 

Estimation this cutoff value ( , )k n Kú  as function on number of players 

( n ) and the maximum number allowed ( K ) is the first interest of current 
paper. 

According to (1), the desired values kp  can be found sequentially and 

are fully determined by the initial value 1p . Therefore, these probabilities can 

be easily found by any simple numerical method as a solution to the 

normalization condition ( 1kp =õ ) w.r.t 1p . However, for large values of 

K , this approach is associated with both a large amount of calculations and 
the accumulation of a computational error. This fact forms the main interest of 

current research: estimating the desired probabilities ( , )kp n K  as explicit 

functions, i.e. without loops and without numerical solution of nonlinear 
equation. 

If we denote  
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1exp( ) ln( )k k k kn

z np p z= û = ,  (2) 

 
then the sequence (1) can be rewritten as recurrence relation 
 

1 ln( )k k kz z z+ = 2 . (3) 

 
It should be noted that the exact solution of the recurrence (3) cannot be 

written in an explicit form. In [3], the original difference equation is 

approximated by a differential one ( ln( )dz
dk

z= 2 ), the solution of which has 

the form 
 

 li( )k c z= 2 ,

 
 
  (4) 
 
where li( )z  is a logarithmic integral function (also called as <logint=), c  is 

an integration constant. As a result, the estimate of cutoff value has the form 

li( 1)k c nú = + + . 

Despite the rather high accuracy of such approximation, this approach 
has significant limitations: firstly, the uncertainty of the constant c , and 

secondly, the impossibility of obtaining an inverse relationship (i.e., ( )z k ) in 

an explicit form. 
We propose to estimate the cutoff as the point at which the curvature of 

the curve ( )z k  is maximum. Hence, the second (central) difference of this 

recurrent sequence should be maximum: 
 

(2)
1 1 1 1 1( ) ( ) ln ln( ln )k k k k k k k kz z z z z z z z+ 2 2 2 2ô = 2 2 2 = 2 2     (5) 

 

The maximum of function (5) is reached at 1kz e2 = , so 

1.7181kz e= 2 û . Therefore, cutoff is the solution of 1
k

z eú = 2 . 

Then we found, that sequence (3) can be approximated much more simply 
than (4), namely as 
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2 3, 0.116465577755347k kk k a z z aú 2 = ÷ + 2 û . (6) 

 
In fact, (6) is an approximation of the logint function li( )y  based on the 

interval [ 1;10000]k k eú 2 þ 2 . 

Using (6), it is easy both to find the cutoff kú  and to approximate 
explicitly all values of the array z . 

According to (3), the normalization condition can be transformed into a 
telescopic series: 

 

1 1 1
1 1 1

ln( ) ( )
K K K

k k k k K
k k k

n n p z z z z z+ +
= = =

= = = 2 = 2õ õ õ . (7) 

 

Suppose that k Kú ü . Then 1 1Kz + = , so, 1 1z n= + , and as per (6): 

 

1 12 2k a z zú = ÷ + 2 . (8) 

Since min 1z = , and given that k  is an integer, the maximum allowable 

value of k , for which estimate (6) is applicable, is 
 

max 1k k aúù ù= + 2ú ú . (9) 

 

Thus, if the value of maxk  (9) does not exceed K , then all elements of 

kz  for maxk kþ  can be set to unity. Moreover, the remaining elements can 

be expressed as an explicit function of k : 
 

 

2
*1 1 (3 )

k
a k k

z
a

ö ö2 + + + 2÷ ÷=
÷ ÷
ø ø

,   max1,...,k k= . (10) 

 

In the opposite case ( maxk Kþ ), value of 1z  can be evaluated as: 
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22

1 2

n b
z

b

ö ö+
= ÷ ÷÷ ÷
ø ø

,   where   ( ) / 2b K a n= 2 ÷ .        (11) 

 

The value of kú  is still evaluated by (8), maxk  is set to K , hence all 

elements of the array z are estimated by (10). 
In both cases, after calculating the auxiliary array z, the probabilities of 

Poisson-Nash equilibrium strategies can be obtained from (2): 
 

ln k
k

z
p

n
= . (12) 

 
According to numeric simulations, the proposed algorithm for estimating 

the probabilities of equilibrium provides high accuracy. 
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AIRCRAFT ONBOARD EQUIPMENT COMPLEX 
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Abstract. The authors have presented the features of the formation and 
maintenance of the functional stability properties of aircraft onboard 
equipment complex under the influence of destabilizing factors. 
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Let9s consider the complex of onboard equipment of the aircraft as a 
distributed intelligent system of the form: 

 

( ) û ý û ý ,,...,2,1,,,,, njilLvVLVG iji ===   (1) 

 

where the set of vertices V  of the graph ),( LVG  corresponds to the set of 

information (intelligent) modules of the complex of on-board equipment with 

dimension n , the set of edges L  corresponds to the set of connections ijl  

between information modules ),( ji .  

We present a graph of the model of the onboard equipment complex in 
the form of an adjacency matrix [1]: 

 

û ý ,,...,2,1,, NjiaA ij ==     (2)
 

 

where ija 3 elements of the adjacency matrix of the diagnostic graph, which 

have a value of 1, if there is an edge: 
 

û ý ,,, Lvvl jiij þ=    (3)
 

 

and 0 3 if the edge does not exist; iv , jv  3 modules of the distributed system 

of the onboard equipment complex, connected by information communication 

lines ijl .  

The space of parameters P  of the onboard equipment complex is 

represented as FLV ,, , where the set of vertices V  of the graph  

( )LVG ,  corresponds to the set of information (intelligent) modules of the 

on-board equipment complex, the set of edges L
 
corresponds to the set of 

connections ijl  between information modules ( )ji, , F  3 the set of functions 

of information (intelligent) modules of the onboard equipment complex and 
connections between them.  
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We will assume that the functioning of the on-board equipment complex 

is determined by a set of parameters p flv ,, , where the subset Vvý , 

Vv ó , the subset Ll ý , Ll ó , and the subset Ff ý , Ff ó . 

Accordingly, the parameter p f,l,v  3 is an element of the set of parameter 

spaces P FLV ,, . The change in the internal state of the on-board 

equipment complex over time ( )ptw ,  depends on p . Thus, Ttþ , where 

T  3 a time interval of functioning of aircraft onboard equipment.  
The strategy for implementing the principles of functional stability of the 

onboard equipment complex is as follows. At the construction stage, the 
provision of functional stability is carried out by introducing structural, 
hardware, software and time redundancy. For this purpose, the optimal 
(according to the criterion of maximum of functional stability) structure of the 
aircraft on-board equipment complex, characterized by structural and hardware 
redundancy, is determined. The main failures and errors in the operation of the 
onboard equipment complex are parried by software. To do this, software and 
temporal redundancy are introduced into the software to control, diagnose and 
decrypt diagnostic information. Then for the functional stability of the on-
board equipment complex, as the property of a complex system will be fair: 

 

, min,max, öùôôýò vvvVv
 

, min,max, öùôôýò lllLl
 

,min,max, öùôôýò fffFf  

where 

,minmaxmin,max vvvvvv ÷=ôø=  

,minmaxmin,max llllll ÷=ôø=  

,minmaxmin,max ffffff ÷=ôø=  

 

where maxmaxmax, ,, flv  3 maximum subsets in terms of capacities, 

respectively, of elements, lines of communication, functions of elements of the 
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aircraft on-board equipment complex, for which the conditions are fair: 

,max Vv = ,max Ll =  Ff =max , 

minminmin ,, flv  3 minimum subsets in terms of capacities, 

respectively, of elements, lines of communication, functions of elements of the 
aircraft on-board equipment complex, for which the conditions are fair: 

, <min Vv , <min Ll  , <min Ff  

flv ôôô ,, 3 formal description of redundancies, respectively, of 

elements, lines of communication, functions of elements of the aircraft on-
board equipment complex. 

Provision of the functional stability of the on-board equipment complex 
includes stages of self-diagnosis, failure prediction by verification of the 
distributed knowledge base, failure parrying, restoration of the structure of the 
on-board equipment complex without significant restructuring of verification 
means [2, 3, 4].  

But to provide the functional stability of the on-board equipment 
complex, it is necessary to take into account the rapid parrying of failures, or 
the resumption of work in a minimum of time. Therefore, the functional 
stability of the on-board equipment complex describes a family of probabilities 
of many probable indicators that ensure operation under the influence of 
disturbance, perhaps with some estimates of characteristics, but the ability to 
resume work in a given minimum time: 

 

û ýû ý,),,,,()(
1

ô
ôô ô Aavionicsavionics GtflvtwFPFP þó=

 
(4)

 
 

where )( ôavionicsFP  3 the set of probabilistic indicators of functional 

stability; 

),,,( flvtw  3 the internal state of the system, which is an element of 

the phase space P;  
p  3 a parameter that determines the duration of the effects of 

destabilizing factors and the moments of their effects;  
v  3 the set of elements of the system model;  

l  3 the set of model connections;  

f 3 the set of functions of elements and connections of the system; 
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A  3 the set of system model resources flva ,,= ; 

ô
1AG  3 the set of values of all functions of the complex of onboard 

equipment for the model of its operation under the influence of destabilizing 
factors over time ô. 

In this case, the functional stability of the aircraft on-board equipment 
complex is provided using the principle of synergistic regenerative control in 
some minimum of time.  
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for synchronization actions of all operators, to support and timely predicting of 
human-operator actions in the emergence. Models are used in the Decision 
Support Systems of aviation personnel in emergencies. 

 
Introduction. Analysis of aviation events shows that the cause of more 

than 80% of them is the human factor. Moreover, most aviation specialists are 
sufficiently trained as professionals. The occurrence of an emergency situation 
in flight is characterized by incompleteness and uncertainty of information, 
decision-making (DM) takes place in conditions of acute shortage of time and 
significant psycho-physiological load, which is one of the reasons for violations 
[1]. Finding the best solution in such conditions requires processing much more 
information than under normal flight conditions. The development of 
emergency decision-making models is relevant to improving existing Decision 
Support Systems (DSS). 

The work is dedicated to the problem of developing emergency situation 
(ES), called "Pilot incapacitation". The data shows that the cause of 
approximately three accidents per thousand (15 per 1,000 deaths) is the result 
of pilot incapacitation. DM modeling by aviation specialists in conditions of 
certainty, risk, and uncertainty, the main causes of the accident are considered, 
a systematic analysis of the situation (decomposition of operational procedures) 
using the method of expert assessments determined the average time of 
procedures and consistency of experts) [1]. The deterministic DM model of an 
aircraft pilot in case of an emergency situation such as "Pilot incapacitation" 
was created. 

Main part. Pilot incapacitation is defined as any condition which affects 
the health of a crew member during the performance of duties - associated with 
the duty/position assigned to him which renders him incapable of performing 
the assigned duties. The definition includes either total or partial incapacitation 
which does not allow the fulfilment of duties in the "normal" way. 

Iincapacitation occurs frequently compared with other routinely trained 
non-normal conditions. It has occurred in all age groups and during all phases 
of flight. Incapacitation occurs in many forms ranging from sudden death to 
subtle, partial loss of mental or physical performance. Subtle incapacitations are 
the most dangerous and they occur the most frequently. Incapacitation effects 
can range from loss of function to unconsciousness or death. The key to early 
recognition of pilot incapacitation is the regular use of crew resource 
management concepts during flight deck operation. 

Proper crew coordination involves checks and crosschecks using verbal 
communications. Routine adherence to standard operating procedures and 
standard profiles can aid in detecting a problem. Suspicion of some degree of 
gross or subtle incapacitation should also be considered when a crewmember  
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Tab. 1. Structural and temporal table <Captain incapacitation at V1= 
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does not respond to any verbal communication associated with a significant 
deviation from a standard procedure or standard flight profile. Failure of any 
crewmember to respond to a second request or a checklist response is cause for 
investigation. 

In process of DM modeling in case of emergency "Pilot incapacitation" 
was used the recommendations of the Flight Crew Training Manual "Two 
communication rule" [2 - 4]. Take-off is the most critical case when pilot 
incapacitation requires immediate decision and prompt actions. 

Proper crew coordination and use of standard call-outs are vital. Failure of 
crew members to timely respond and/or act on <80 Knots= and <V1= call-outs 
will require the following immediate actions from any pilot. DM Modeling in 
the event of an emergency is considered at the second stage of takeoff at a 
decision speed V1. Decomposition of the emergency "Captain incapacitation", 
the list and the average time of the pilot's actions are given in tab. 1. 

According to the structural and temporal table, a DM deterministic model 
in the emergency situation is constructed in the form of a network graph, the 
critical time of execution of all actions by the pilot (Tcr = 988 s), critical path is 
determined (Fig. 1). 

Conclusions. The paper considers the emergency situation "Pilot 
incapacitation", conducted a systematic analysis of the pilot's actions, created a 
DM deterministic model, determined the critical time for parrying the existing 
emergency situation. In the future it is planned to analyze the DM of specialists 
involved in the process of solving the emergency situation (Air traffic 
controller, medical services, emergency services, etc.), construction of 
deterministic and stochastic joint DM models for integrated DMSS [5; 6]. 
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7D4H4  , 4 CV87D4H  -A4;<64TFPES FBDJ96<@ CV87D4HB@ JPB7B 
7D4H4 [1]. 

�BA8 A4;<64TFPES k-5BA8B@, S>MB ; 7D4H 
 FB8V A4;<64TFPES FBDJ96<@ k-CV87D4HB@ 7D4H4 , 4 @AB:<A4  

69DL<A 7D4H4 6V8CB6V8AB A4;<64TFPES  k -FBDJ96BR CV8@AB:<ABR. 
 VAV@4?PAG CB 6>?RK9AAR   k -FBDJ96G CV8@AB:<AG A4;69@ CD<@VF<6ABR. 
$95DB  A4;69@B E<A7G?SDA<@, S>MB 6BAB A4?9:<FP  89S>B@G 
CD<@VF<6AB@G k-5BA8G, 4?9 A9 A4?9:<FP :B8AB@G A9 CD<@VF<6AB@G 
5BA8G. 

�4G64:<@B, MB 8?S K<E?4   k-5BA8V6 k-D959DAB ;69S;AB7B 
7D4H4 6V8B@V A4EFGCAV BJVA>< [2]: 
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&5>@5<0 1. 3>MB  - 3-D959DAB ;69S;A<= 7D4H A4 n 69DL<A4I,        

FB  
 

 . 

 

�>2545==O. �4G64:<@B ECBK4F>G, MB 8BEF4FAPB DB;7?SAGF< FV?P>< 
>D<F<KAV 3-D959DAB ;69S;AV 7D4H<, FB5FB F4>V 7D4H<, G S><I 6<84?9AAS 
5G8P-S>B7B D95D4 CD<;6B8<FP 8B ;@9AL9AAS D959DABW ;69S;ABEFV. �7V8AB ; 
?9@BR 3 6 >D<F<KA<I 7D4H4I VEAGT F4>9 D95DB u, MB 7D4H  5G89 
3-D959DAB ;69S;A<@.  �6V8>< 6<C?<64T A9DV6AVEFP: 

 

, 
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ON THE RELATION BETWEEN GRAPH ISOMORPHISM AND 

PARALLEL SEQUENCING PROBLEMS 

 
Abstract. The paper investigates the possibility of constructing a 

complete graph invariant based on lengths of optimal sequencings obtained 
for different values of the sequencing width. It is shown that such an invariant 
will have a number of impractical limitations. Nonetheless, they may give rise 
to a new direction of research considering finding the length of an optimal 
sequencing. 

 
"8A<@ ; 6V8B@<I CD<>?48V6 ;484K F9BDVW DB;>?48V6 T ;484K4 

BCF<@4?PAB7B GCBDS8>G64AAS 69DL<A BDVTAFB6A<I 7D4HV6. ,<DB>9 
8BE?V8:9AAS JVTW ;484KV CBK4?BES G E9D98<AV @<AG?B7B EFB?VFFS V 5G?B 
CB69S;4A9 ; G8BE>BA4?9AAS@ >BA69TDV6 46FB@B5V?PAB7B 6<DB5A<JF64 
L?SIB@ BCF<@V;4JVW CBDS8>G 6<>BA4AAS DB5VF A4 A<I. �AFGWF<6A<= 
CB?VAB@V4?PA<= DB;69S;B> HBD@4?V;B64ABW ;484KV 6<S6<6ES BCF<@4?PA<@, 
MB 84?B CV8EF46< ECB8V64F<ES, MB = G ;474?PAB@G 6<C48>G ;484K4 T 
DB;69S;ABR ;4 CB?VAB@V4?PA<= K4E. 

#B84?PLV ;GE<??S 8BE?V8A<>V6 5G?< ECDS@B64AV A4 DB;DB5>G FBKA<I 
@9FB8V6, ;4EAB64A<I A4 EI9@4I A4CD46?9AB7B C9D95BDG, F4 CBLG> 
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CV8>?4EV6 ;484K, 8?S S><I VEAGRFP CB?VAB@V4?PAV 4?7BD<F@< ;A4IB8:9AAS 
FBKA<I DB;69S;>V6. &4>V 4?7BD<F@< ;A4IB8SFP E6BT ;4EFBEG64AAS 6 
DV;AB@4AVFA<I EH9D4I: G CDBJ9EBD4I F4 CDB7D4@AB@G ;459;C9K9AAV 
B5K<E?R64?PA<I E<EF9@, 6<DB5A<KV= F4 ECB:<6KV= EH9D4I, 
CD<?48B5G8G64AAV, FBMB. 

$B;7?SA9@B >?4E<KAG CBEF4AB6>G ;484KV BCF<@4?PAB7B 
GCBDS8>G64AAS. !9I4= @4T@B � ;4684AP, CBDS8B> 6<>BA4AAS S><I @4T 
CV8CBDS8>B6G64F<EP 89S><@ A4S6A<@ 6<DB5A<K<@ ;4?9:ABEFS@. 
 4F9@4F<KAG @B89?P F4>BW ;484KV CD<DB8AB CB8464F< G 6<7?S8V 
BDVTAFB6AB7B 7D4HG �(�, �), G S>B@G 69DL<A< 6V8CB6V84RFP ;4684AAS@, 4 
8G7< 3 6<DB5A<K<@ ;4?9:ABEFS@. � >?4E<KAV= CBEF4AB6JV 664:4TFPES, MB 
6EV 6<>BA46JV GAV69DE4?PAV F4 6<FD4F< K4EG A4 6<>BA4AAS >B:AB7B 
;4684AAS B8A4>B6V. 

"7=0G5==O 1. #4D4?9?PA<@ GCBDS8>G64AAS@ 69DL<A BDVTAFB6AB7B 
7D4HG � = (�, �) A4;<64TFPES F4>9 GCBDS8>G64AAS =B7B 69DL<A CB 
@VEJSI, DB;F4LB64A<I G ?VAVR, CD< S>B@G ; FB7B, MB C4D4 (ÿ, �) * � 
6<C?<64T, MB 69DL<A4 ÿ DB;F4LB6GTFPES 6 GCBDS8>G64AAV þ ?V6VL9 
69DL<A< �, FB5FB ; FB7B, MB (ÿ, �) * � ' (ÿ * þ[�], � * þ[�]) 6<C?<64T, MB � < �. 

"7=0G5==O 2. �B6:<ABR � GCBDS8>G64AAS þ A4;<64TFPES K<E?B 
A9CBDB:AVI @VEJP 6 APB@G: �(þ) = 3 sign|þ[ÿ]|�ÿ=1 , 89 þ[ÿ] 3 @AB:<A< 
9?9@9AFV6, MB ;A4IB8SFPES 6 GCBDS8>G64AAV þ A4 @VEJV ÿ. 

"7=0G5==O 3. ,<D<ABR / GCBDS8>G64AAS þ A4;<64TFPES 69?<K<A4, 
MB 8BDV6ART A4=5V?PLV= >V?P>BEFV 9?9@9AFV6, MB DB;F4LB64AV A4 B8AB@G 
@VEJV: /(þ) = maxÿ |þ[ÿ]|, 89 ÿ = 1, & , �. 

�040G0 1 (:;0A8G=0). #B ;484A<@ 7D4HG � V ;A4K9AAR L<D<A< / 
CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS @VAV@4?PABW 8B6:<A<. 

�040G0 2 (C7030;L=5=0). #B ;484A<@ 7D4HG � V 69>FBDG ;A4K9AAP 
L<D<A< /ÿ , ÿ = 1, & , � CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS 
@VAV@4?PABW 8B6:<A<, 6 S>B@G A4 ÿ-B@G @VEJV 5G89 EFBSF< A9 5V?PL9 /ÿ 
69DL<A. 

�<S6<?BEP, MB G ;474?PAB@G 6<C48>G JS ;484K4 T NP-64:>BR. &BKAV 
4?7BD<F@< CB?VAB@V4?PABW E>?48ABEFV 6V8B@V ?<L9 8?S 89S><I 
EC9JV4?PA<I 6<8V6 7D4HG � F4 / = 2. 

"8AVTR ; A4=64:?<6VL<I ;484K F9BDVW 7D4HV6 T C9D96VD>4 C4D< 7D4HV6 
A4 V;B@BDHAVEFP. 

"7=0G5==O 4. �64 BDVTAFB6AV 7D4H< � F4 � T V;B@BDHA<@<, S>MB @V: 
@AB:<A4@< WI 69DL<A VEAGT 6;4T@B B8AB;A4KA4 6V8CB6V8AVEFP, MB ;59DV74T 
EG@V:AVEFP 69DL<A F4 BDVTAF4JVR 8G7. 

"7=0G5==O 5. �A64DV4AFB@ 7D4HG � A4;<64TFPES 89S>4 
I4D4>F9D<EF<>4 7D4HG, A4=K4EFVL9 K<E?B64, CB69S;4A4 V; 7D4HB@ �, S>4 
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;59DV74TFPES 8?S 5G8P-S>B7B 7D4HG, MB T V;B@BDHA<@ �. #D<>?484@< 
VA64DV4AFV6 T >V?P>VEFP 69DL<A K< 8G7 G 7D4HV. 

!4 D4;V A96V8B@B K< A4?9:<FP JS ;484K4 8B >?4EG ÿ 45B �ÿ-CB6A<I, 
FB@G 6BA4 6V8A9E9A4 8B B>D9@B7B >?4EG E>?48ABEFV ��. 

$B;7?SA9@B C<F4AAS 6;4T@B;69S;>G J<I ;484K. &4> G DB5BFV [1] 5G?B 
8BE?V8:9AB 6C?<6 C9D96VD>< V;B@BDHV;@G 7D4HV6 A4 L6<8>VEFP ;5V:ABEFV 
4?7BD<F@G @9FB8G 7V?B> F4 @9: 8?S F4><I ;484K.  9FBR CB84?PL<I 
8BE?V8:9AP EF46 ;6BDBFAV= ;69S;B>. 

&4>, BE>V?P>< E>?48AVEFP ;484KV C9D96VD>< 7D4HV6 A4 V;B@BDHAVEFP, 
6;474?V >4:GK< A9 C9D96<MGT E>?48ABEFV ;484KV BCF<@4?PAB7B 
GCBDS8>G64AAS, FB JV>46BR T CD<A4=@AV F9BD9F<KA4 @B:?<6VEFP CB5G8B6< 
CB6AB7B VA64DV4AFG A4 BEAB6V DB;69S;4AAS 4A4?B7VKA<I ;484K 
GCBDS8>G64AAS 69DL<A 8?S 7D4HV6. 

 B:A4 B8D4;G ;DB5<F< DS8 ECBEF9D9:9AP. #B-C9DL9, ;DB;G@V?B, MB 
8B6:<A< GCBDS8>G64AP 8?S V;B@BDHA<I 7D4HV6 CD< DB;69S;4AAV S> 
>?4E<KA<I, F4> V G;474?PA9A<I ;484K, T VA64DV4AF4@< ;4 5G8P-S><I ;A4K9AP / F4 /ÿ. #B-8DG79, S>MB DB;7?SA9@B FD<6V4?PAG ;484KG ; / = 1, FB 
BFD<@4AV 8B6:<A< 5G8GFP 8BDV6AR64F< >V?P>BEFV 69DL<A G 7D4H4I, FB5FB 
J9= VA64DV4AF 8B84F>B6B C9D96VDSF< A9 CBFDV5AB. #B-FD9FT, 6V8B@B, MB 
FD4A;<F<6AV 8G7< G 7D4HV A9 6C?<64RFP A4 8B6:<A< BFD<@4A<I 
GCBDS8>G64AP, 4 BF:9 A9 ;@B:9@B 6V8DV;A<F< 7D4H<, MB 6V8DV;ASRFPES 
?<L9 A4S6AVEFR F4><I 8G7. #B-K9F69DF9, 8?S >?4E<KABW ;484KV ;@VA4 
BDVTAF4JVW 6EVI 8G7 A4 CDBF<?9:AV A9 CD<;6B8<FP 8B ;@VA< BCF<@4?PABW 
8B6:<A<, FB@G 8?S CB5G8B6< VA64DV4AFG A9B5IV8AB DB;7?S84F< F4>B: 
G;474?PA9AV ;484KV. 

�D4IB6GRK< CBC9D98AV ECBEF9D9:9AAS, 8BE?V8<@B F9C9D @B:?<6VEFP 
C9D96VD>< ECV6C48VAAS >V?P>BEFV 8G7 G 7D4H4I, S>MB E9D98 A<I A9@4T 
FD4A;<F<6A<I. 

 

 
$<E.1. %CV6C48VAAO 7D4HV6 ; DV;ABN >V?P>VEFN 8G7 

 

$B;7?SA9@B 7D4H< ; D<E. 1. �D4H< �1 F4 �3 @B:A4 6V8DV;A<F<, S>MB 
CB5G8GT@B WI DB;69S;>< 8?S ;484KV ; /ÿ = {1,2,1,1}. �97>B CB54K<F<, MB 
8?S 7D4HG �1 8B6:<A4 BCF<@4?PAB7B GCBDS8>G64AAS E>?484T 3, 4 8?S 
7D4HG �3 3 4. 3>MB DB;7?SA9@B F9C9D C4DG 7D4HV6 �1 F4 �2, FB CB54K<@B, 
MB 8B6:<A< WI BCF<@4?PA<I GCBDS8>G64AP 8?S F4>BW ;484KV ECV6C484RFP. 
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�V?PL FB7B, 6BA< ECV6C48GFP 8?S 5G8P-S><I ;A4K9AP /ÿ. � JPB@G @B:A4 
C9D9>BA4F<ES ;4EFBEG646L< A4EFGCAV @VD>G64AAS. !9I4= /1 = 2, FB8V 
@B:9@B DB;@VEF<F< A4 C9DL9 @VEJ9 ?<L9 69DL<A< 1 F4 2, CVE?S KB7B 6 
B5BI 6<C48>4I BFD<@4T@B V;B@BDHAV 7D4H<, 4 BF:9 6BA< 5G8GFP @4F< 
B8A4>B6G 8B6:<AG GCBDS8>G64AAS ;7V8AB C9DLB7B ECBEF9D9:9AAS. 
�A4?B7VKAB, S>MB /1 = 1, FB8V, DB;@VEF<6L< A4 JPB@G @VEJV 69DL<AG 1, 
F4>B: BFD<@4T@B V;B@BDHAV 7D4H<, 4 BF:9 = B8A4>B6V 8B6:<A< 
BCF<@4?PA<I GCBDS8>G64AP. �A4?B7VKAB @B:A4 C9D9>BA4F<ES, MB A9 
;@B:9@B 6V8DV;A<F< JV 7D4H< CD< ;4EFBEG64AAV 5G8P-S><I C9D9F6BD9AP, 
MB A9 6C?<64RFP A4 V;B@BDHV;@. 

� CBC9D98APB7B CD<>?48G 6<C?<64T A9B5IV8AVEFP C9D96VD>< >V?P>BEFV 
8G7 G 7D4HV B>D9@B. �4?<L4TFPES C9D96VD<F< @B:?<6VEFP 6V8DV;A<F< 
7D4H<, S>MB 6BA< @4RFP B8A4>B6G >V?P>VEFP 8G7 F4 A9 @4RFP 
FD4A;<F<6A<I 8G7. 

 

 
$<E.2. %CV6C48VAAO 7D4HV6 ; B8A4>B6BN >V?P>VEFN 8G7 
 

$B;7?SAG6L< 7D4H< �2, �3 F4 �4 ; D<E. 2 F4 ;4EFBEG646L< 8B A<I 
CBC9D98AV @VD>G64AAS, C9D9>BA4T@BES, MB 6BA< F4>B: 5G8GFP 6EV @4F< 
B8A4>B6V 8B6:<A< BCF<@4?PA<I GCBDS8>G64AP 8?S 8B6V?PA<I /ÿ. �V?PL 
JPB7B, JV 8B6:<A< ECV6C484F<@GFP ; BCF<@4?PA<@< 8B6:<A4@< 8?S 7D4HG �1 8?S F<I E4@<I ;A4K9AP /ÿ. 

� GEPB7B ;4;A4K9AB7B @B:A4 ;DB5<F< 6<EAB6B>, MB CB5G8G64F< 
CB6A<= VA64DV4AF A4 BEAB6V DB;69S;4AAS ;484K BCF<@4?PAB7B 
GCBDS8>G64AAS, S>MB V @B:?<6B, FB ;4 69?<>BW >V?P>BEFV A9CD4>F<KA<I 
B5@9:9AP A4 8BE?V8:G64AV 7D4H<. 

� VALB7B 5B>G, JV>46<@ T CB84?PL9 8BE?V8:9AAS @B:?<6BEFV 
6<8V?9AAS 8G7, S>V A9 6C?<64RFP A4 8B6:<AG GCBDS8>G64AAS, 8?S 
ECDBM9AAS 7D4HV6, MB T EGFFT6<@ 8?S ;484K 69?<>BW DB;@VDABEFV. 
 

�VB5@0BC@0 
1. �4D464T6 �.�., &GDK<A4 �.�. �A4?V; 6C?<6G 46FB@BDHV;@G 7D4HG 

A4 EI9@< A4CD46?9AB7B C9D95BDG. 3 #<F4AAS CD<>?48ABW @4F9@4F<>< V 
@4F9@4F<KAB7B @B89?R64AAS. �AVCDB, 2021 D. 3 %. 94-104. 
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 �&"� "&���� !� ($�� �!&�$!"� %&$'�&'$� ��/ 
����+� $�� �-�!�/ #$"���"�%&�� 

�B;<A �.�., �??B@B6 �.�. 
�4CBDB:E><= A4J<BA4?PAO= GA<69DE<F9F, '>D4<A4 
 'D79AKE><= 7BEG84DEF69AAO= GA<69DE<F9F, ';59><EF4A 

 
ANNEALING METHOD ON A FRAGMENTAL STRUCTURE FOR 

THE PROBLEM OF PRODUCTION LOCATION 

 
Abstract. The problem of placing production with restrictions on 

production volumes is considered. To search for suboptimal solutions to the 
problem, an algorithm is proposed based on the annealing method on a 
fragmental structure. 

 
$4EE@4FD<649FES >?4EE<K9E>4S ;484K4 D4;@9M9A<S CDB<;6B8EF64 

[1] 6 E?98GRM9= CBEF4AB6>9: ;484AB @AB:9EF6B û ý1 2, ,..., nU u u u=  

CGA>FB6 6B;@B:AB7B D4;@9M9A<S CDB<;6B8EF64 < @AB:9EF6B 
û ý1 2, ,..., mV v v v=  >?<9AFB6, >BFBDO9 @B7GF B5E?G:<64FPES 6 QF<I 

CGA>F4I. �?S >4:8B= C4DO i-= CGA>F CDB<;6B8EF64, j-= >?<9AF BCD989?9AO 
;4FD4FO ijñ  A4 B5E?G:<64A<9 >?<9AF4 6 EBBF69FEF6GRM9@ CGA>F9 
CDB<;6B8EF64. �4:8O= >?<9AF 8B?:9A B5E?G:<64FPES 6 B8AB@ < FB?P>B 6 
B8AB@ CGA>F9 CDB<;6B8EF64. �?S >4:8B7B CGA>F4 CDB<;6B8EF64 i 

BCD989?9AO ;4FD4FO ib  A4 EB89D:4A<9 QFB7B CGA>F4. �484K4 EBEFB<F 6 
FB@, KFB5O BCD989?<FP, >4><9 CGA>FO CDB<;6B8EF64 8B?:AO 5OFP 
BF>DOFO (CB >D4=A9= @9D9 B8<A) < >4>B6B D4ECD989?9A<9 >?<9AFB6 @9:8G 
QF<@< CGA>F4@<. 

 

( )

û ý û ý

1 1 1

1 1

, min

1; 1, 1,2,...,

0,1 , 0,1 , 1,2,..., ; 1, 2,...,

n n m

i i ij ij
i i j

n n

ij ij i
i i

ij i

F x y y b x

x x y j m

x y i n j m

ñ
= = =

= =

= + ³

= = =

þ þ = =

õ õõ

õ õ  

 
�?S D9L9A<S CBEF46?9AAB= ;484K< CD98?4749FES <ECB?P;B64FP 

HD47@9AF4DAGR @B89?P [2].  AB:9EF6B@ Q?9@9AF4DAOI HD47@9AFB6 
S6?S9FES @AB:9EF6B E6S;9= CGA>F B5E?G:<64A<S 3 >?<9AF U Vô , 
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Q?9@9AFO >BFBDB7B AG@9DGRFES K<E?4@< 1,2,...,nm . (D47@9AF4DAO= 
4?7BD<F@ D4;@9M9A<S ;4>?RK49FES 6 E?98GRM9@:  

4) EBEF46?S9FES EC<EB> Q?9@9AF4DAOI HD47@9AFB6(E6S;9=) 
GCBDS8BK9AAO= 6 EBBF69FEF6<< E A9>BFBDB= C9D9EF4AB6>B= K<E9? 
1,2,...,nm ; 

5) 6O5<D49FES BK9D98AB= CB CBDS8>G HD47@9AF ( )ij  <; EC<E>4. 
�?<9AF E AB@9DB@ j ;4>D9C?S9FES ;4 CGA>FB@ B5E?G:<64A<S E AB@9DB@ i; 

6) 6E9 E6S;< >?<9AF4 j E 8DG7<@< CGA>F4@< B5E?G:<64A<S 
G84?SRFES <; EC<E>4; 

7) 4?7BD<F@ ;4>4AK<649F D45BFG, >B784 EC<EB> EF4A9F CGEFO@. 
$9;G?PF4FB@ D45BFO HD47@9AF4DAB7B 4?7BD<F@4 5G89F 

D4ECD989?9A<9 >?<9AFB6 @9:8G CGA>F4@< B5E?G:<64A<S, >BFBDB9 
S6?S9FES 8BCGEF<@O@ D9L9A<9@ D4EE@4FD<649@B= ;484K<. 

#B>4;4AB, KFB ?R5B9 8BCGEF<@B9 D9L9A<9 ;484K< D4;@9M9A<S 
@B:9F 5OFP CB?GK9AB CGF9@ A48?9:4M97B 6O5BD4 C9D9EF4AB6>< 
Q?9@9AF4DAOI HD47@9AFB6. 

�?S CB<E>4 BCF<@4?PAB7B D9L9A<S ;484K< CD98?4749FES 
<ECB?P;B64FP @9FB8 <@<F4J<< BF:<74 [3] A4 HD47@9AF4DAB= EFDG>FGD9.  
�?7BD<F@ @9FB84 <@<F4J<< BF:<74 8?S QFB= ;484K< 5G89F EBEFBSFP <; 
E?98GRM<I L47B6: 

,47 0. !4 QFB@ L479 ;4849FES >BQHH<J<9AF BI?4:89A<S 

, 69?<K<A4 @4>E<@4?PAB= F9@C9D4FGDO  V @4>E<@4?PAB9 K<E?B 
L47B6 K 4?7BD<F@4. �O5<D49FES E?GK4=AO@ B5D4;B@ A4K4?PA4S 
C9D9EF4AB6>4, >BFBD4S ;4849F EBBF69FEF6GRM99 D9L9A<9 ;484K< 

< 6OK<E?S9FES ;A4K9A<9 J9?96B= HGA>J<< .  

,47 k( ). %?GK4=AO@ B5D4;B@ 6O5<D4RFES 869 CB;<J<< s 

< t 6 F9>GM9= C9D9EF4AB6>9  F4><9, KFB . 

(BD@<DG9FES AB64S C9D9EF4AB6>4 

, 6 >BFBDB= Q?9@9AFO 

 C9D9EF46?SRFES 6 B5D4FAB@ CBDS8>9. �OK<E?S9FES 

;A4K9A<9 J9?96B= HGA>J<<  A4 C9D9EF4AB6>9 . �OK<E?S9FES 

AB6B9 ;A4K9A<9 F9@C9D4FGDO . �E?< , FB 

CB?4749@  < C9D9IB8<@ > BK9D98AB@G  L47G 4?7BD<F@4. �E?< 

(0,1)ò þ

0 0T þ

1 2* ( , ,..., )nx i i i= ( *)xú
1 k Kó ó

1 2* ( , ,..., )nx i i i= 1 s t nó ü ó

1 2 1 1 1( , ,.. , , ... , ,..., ')k
s t t s t nx i i i i i i i i2 2 +=

1 1, ,..., ,s s t ti i i i+ 2

( )kxú kx

1k kT Tò 2= ( ) ( *)kx xú úó

* kx x=
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, FB 6OK<E?S9@ 69DBSFABEFP . 

�E?< , 789  - HGA>J<S, >BFBD4S 6B;6D4M49F 
D46AB@9DAB D4ECD989?9AAB9 E?GK4=AB9 K<E?B 6 8<4C4;BA9 [0,1], FB 

CB?4749@  < C9D9IB8<@ >B BK9D98AB@G L47G. � CDBF<6AB@ E?GK49 
CDBEFB C9D9IB8<@ > L47G E AB@9DB@ k + 1. �?7BD<F@ ;4>4AK<649F D45BFG, 
>B784 CDB6989AB ;484AAB9 K<E?B L47B6 K. &9>GM4S C9D9EF4AB6>4 , 
>BFBD4S BCD989?9A4 A4 CBE?98A9@ L479 59D9FES 6 >4K9EF69 
EG5BCF<@4?PAB7B D9L9A<S ;484K<. 

 
�8B5@0BC@0 
1. �9D9EA96 �. �. 1>EFD9@4?PAO9 ;484K< EF4A84DF<;4J<< / �. �. 

�9D9EA96, 1. ). �<@48<, �. &. �9@9AFP96. 3 !B6BE<5<DE>: !4G>4, 1978. 3 
333 E. 

2. I. V. Kozin, N. K. Maksyshko,V. A. Perepelitsa Fragmentary 
Structures in Discrete Optimization Problems, Cybernetics and Systems 
Analysis November 2017, Volume 53, Issue 6, P 9313936.  
https://doi.org/10.1007/s10559-017-9995-6 

3.   �BC4F<A �.%.,  9FB8 BF:<74,/�.%.�BC4F<A // %FBI4EF<K9E>4S 
BCF<@<;4J<S 6 <AHBD@4F<>9. %#5. : �;8-6B %#5�', 2005. �OC. 1. %. 1333
149. 

 
 
 

#$O&"�"� "� �!' #"���" ��!!/ � !� "%!"�� 
��!��!�) ('!�*��  � "#�$�&"$�� 

�D<6<= %.�., !BDF@4A 2.". 
�<W6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV &4D4E4 ,96K9A>4 

�<W6, '>D4WA4 
 
       �ABF4JVO. #DBCBAGTFPEO CDBFB>B? B5@VAG VAHBD@4JVTN 74 BEAB6V 
6?4EF<6BEF9= ?VAV=A<I HGA>JV= V BC9D4FBDV6 ; D94?V;4JVTN A4 @B6V 
CDB7D4@G64AAO Java. 
 
 PROTOCOL FOR EXCHANGE INFORMATION ON THE BASE OF 

LINEAR FUNCTIONS AND OPERATORS 

 

( ) ( *)kx xú úþ
1

( *) ( )
expk

k

x x
p

T

ò ò

2

ö ö2
= ÷ ÷

ø ø
()kp randþ ()rand

* kx x=

*x

https://link.springer.com/journal/10559
https://link.springer.com/journal/10559
https://link.springer.com/journal/10559/53/6/page/1
https://doi.org/10.1007/s10559-017-9995-6
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Abstract.   A protocol for exchange  information  on the base of linear 
function and non degenerate linear operators is proposed. This protocol  is 
realized in programming language Java.  

 
1. #@>B>:>; >1<V=C ?>2V4><;5==O<8 

#DBCBAB64A<= CDBFB>B? B5@VAG CB6V8B@?9AAS@< �DGAFGTFPES A4 
6?4EF<6BEFSI BC9D4FBDV6 G ?VAV=AB@G CDBEFBDV V E>?48ABEFV 4?7BD<F@V6 
DB;69S;4AAS E<EF9@ ?VAV=A<I A9B8ABDV8A<I 8VBH4AFB6<I DV6ASAP 6 
@AB:<AV A4FGD4?PA<I K<E9?. �<>BD<EFB6GRK< 89S>G CBE?V8B6AVEFP F4><I 
6V8B5D4:9AP ;V ;EG64@< A4 89S>V ;484AV 69>FBD<, 8VEF4T@B @B:?<6VEFP ;4 
D9;G?PFGRK<@ ;A4K9AAS@ BC9D4FBD4 ;A4=F< =B7B CBK4F>B69 ;A4K9AAS. � 
CDBFB>B?V 6EPB7B KBF<D< >DB><, S>V BC<EGRFP 6;4T@B8VR @V: �?VEBR V 
�B5B@. 

 
�@>: 0. �?VE4 V �B5 CDBESFP �:BA4 ;79A9DG64F< 8?S A<I ECV?PA<= 

>?RK E 3 JV?9 8B84FA9 K<E?B 45B 69>FBD F4><I K<E9? ;484ABW DB;@VDABEFV. 
#VE?S BFD<@4AAS F4>B7B >?RK4, 6<>BAGTFPES F4><= CDBFB>B?. 

�@>: 1. 1) �?VE4  5G8GT E<EF9@G ?VAV=A<I 6<D4;V6 Ax, 89 � @4FD<JS 
DB;@VDABEFV p×q (p < q),  A9  6<DB8:9AV @4FD<JV DB;@VDABEFV p×p B0, B1,&, 
Bs V 69>FBD< b0, b1,&, bs, b, 89  b, bi 3 CD<64FAV  69>FBD<  ;EG6G ; JV?<@< 
>BBD8<A4F4@<, i=1,2,&,s; 
      2) �G8GT E<EF9@G 6<D4;V6 
              D(x)= Bs(Bs-1(&B1(B0(A(x))+b0)+b1)&) +bs-1)+bs)+b  45B  

   D(x)= Bs(Bs-1(&B1(B0(A(x)+b0)+b1)&)+bs-1)+ bs)+b; 
      3) �<E<?4T �B5G 6<D4;<  AI, V D(I) 6V8>D<F<@ >4A4?B@.  

�@>: 2. 1) �B5 B5<D4T 8B6V?PA<= 69>FBD I DB;@VDABEFV 1×q  V 
B5K<E?RT ;A4K9AAS AI=v,  S>9 T CD<64FA<@; 
      2) "5K<E?RT ;A4K9AAS D(I)=d V 6<E<?4T �?VEV ;A4K9AAS d9= d +E          
          6V8>D<F<@ >4A4?B@. 

�@>: 3.  1) �?VE4 ;4 ;A4K9AAS@ d9  B5K<E?RT ;A4K9AAS 
 B0

-1(B1
-1(&(Bs-1(Bs

-1(d9-E)-b)-bs)-bs-1))&-b1) -b0=�(x) 
           ;4 8BCB@B7BR B59DA9A<I @4FD<JP 8B @4FD<JP Bi. 
 

!48V9=VABL =46989=>7> ?@>B>:>;C �DGAFGTFPES A4 E9>D9FAB@G 
>?RKV E F4 E>?48ABEFV DB;69S;4AAS E<EF9@< ?VAV=A<I 8VBH4AFB6<I DV6ASAP 
6 @AB:<AV A4FGD4?PA<I K<E9?, FB5FB A4 >D<CFB7D4HVKAV= HGA>JVW fE: DI+E 
= d9. "E>V?P>< E4@9 CB6V8B@?9AAS 6 CDBJ9EV B5@VAG A9 HV7GDGT, FB 
BK96<8A<@< 8VS@< 8?S =B7B ;A4IB8:9AAS T DB;69S;4AAS E<EF9@< DV6ASAP 
6<7?S8G DI+c = d9. �?9 6 D9;G?PF4FV F4>B7B DB;69S;4AAS ;?B6@<EA<> 
BFD<@GT 69>FBD-DB;69S;B> y, S><= A9 @4T AVS>B7B 6V8ABL9AAS 8B D94?PAB7B 
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CB6V8B@?9AAS.. "E>V?P>< ;A4K9AAS 69>FBD4 I V E ;?B6@<EA<>G A96V8B@9, FB 
;A4=F< ;A4K9AAS  �I 6VA A9 @B:9. 

%>?48AVEFP DB;69S;4AAS E<EF9@< ?VAV=A<I 8VBH4AFB6<I DV6ASAP (4 
FBKAVL9, CB5G8B6< 7V?P59DFB6B7B 54;<EG @AB:<A< 6EVI DB;69S;>V6 
E<EF9@<) 6 @AB:<AV A4FGD4?PA<I K<E9? 6 ;474?PAB@G 6<C48>G A4?9:<FP 
>?4EG E>?48ABEFV #NP[1]. �?B6@<EA<> @B:9 DB;69S;4F< 6V8CB6V8AG 
E<EF9@G, 4?9 CBFV@ A9B5IV8AB CV8V5D4F< ;A4K9AAS >?RK4 E, ;4 S><@ 
;A4IB8<FPES S6A<= F9>EF, MB 6<7?S84T 8BE<FP CDB5?9@4F<KA<@ A4 
CV8EF46V A9E>VAK9AABEFV ECBEB5V6 6<5BDG 69>FBD4 E. &4><@ K<AB@, 6 
84AB@G CDBFB>B?V 6<>BD<EFB6GTFPES >D<CFB7D4HVKA4 HGA>JVS ; E9>D9FB@ 
fE=D(x)+E, 89 E9>D9FB@ 6<EFGC4T 69>FBD E. 

%>?48AVEFP B5K<E?9AP 6 A46989AB@G CDBFB>B?V A9 6<EB>4 V T8<A9, MB 
CBFD95GT ;4FD4F K4EG 3 J9 B5K<E?9AAS CBE?V8B6ABEFV 8B5GF>V6 @4FD<JP V  
B59DA9A<I 8B A<I @4FD<JP, A4 CV8EF46V S><I 5G8GTFPES 6<D4; D.  �?9 V; 
A46989AB7B 6<M9 BC<EG CDBFB>B?G V B5K<E?9AP 6<C?<64T, MB @B:A4 
B5V=F<ES 86B@4-FDPB@4 @4FD<JS@<, BE>V?P>< CBE?V8B6AVEFP 8B5GF>V6 A9 
6<DB8:9A<I @4FD<JP 5G89 @4FD<J9R V WW @B:A4 ;A4=F< ;4 @4FD<JS@< A V 
D. &B@G 8BE<FP @4F< 86V-FD< @4FD<JV V 8?S A<I ;A4IB8<F< B59DA9AV 
@4FD<JV. #DB5?9@G B5K<E?9AAS B59DA9ABW @4FD<JV ?97>B DB;69S;4F<, S>MB 
6<5<D4F< @4FD<JV EC9JV4?PA<@ K<AB@. �B5D9 6V8B@B [2], MB 8?S @4FD<JV 
6<7?S8G 
 

0

0

0 0

n

n

n

I A

M I B

I

ö ö
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÷ ÷
ø ø  

B59DA9A4 @4FD<JS @4T 6<7?S8 

1 0

0 0

n

n

n

I A AB
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I
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÷ ÷= 2÷ ÷
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*9 84T @B:?<6VEFP  >B:AB7B D4;G B5<D4F< DV;AV @4FD<JV 6 CDBJ9EV 

CB5G8B6< D. 
 
2. "1<V= =0?5@54 7040=8<8 ?>2V4><;5==O<8 

�<SEA<@B, S><@ K<AB@ @B:A4 B5@VASF<ES ;484A<@ CB6V8B@?9AAS@ 
v, BE>V?P>< 6 D94?PAV= E<FG4JVW v A9 ;46:8< @B:9 5GF< DB;69S;>B@ E<EF9@< 
Ax=v. �?S FB7B MB5 B5@VASF<ES CB6V8B@?9AAS@ v BC<E4A<@ CDBFB>B?B@, 
CBFDV5A4 EG@VEAVEFP  E<EF9@< Ax = v. *9 CBFD95GT 8B84F>B6<I 86BI 
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C9D9E<?4AP @V: 45BA9AF4@< ; @9FBR 6<5BDG @4FD<JV � 8?S ;459;C9K9AAS 
EG@VEABEFV E<EF9@< Ax = v. 3>MB F4>9 G;7B8:9AAS 6V85G?BES, FB 84?V 6E9 
=89 ;4 BC<E4A<@ CDBFB>B?B@. 
 B:?<6<= V VAL<= ECBEV5 F4>B7B G;7B8:9AAS 59; 8B84F>B6<I 

C9D9E<?4AP. &4>G @B:?<6VEFP 84T 6<5VD B5?4EFV, A48 S>BR DB;69S;GTFPES 
E<EF9@4 Ax = v. 3>MB �?VE4 V �B5  6<5D4?< E>VAK9AA9 CB?9 Gn, S>9 
V;B@BDHA9 CB?R ?<L>V6 Zn ;4 @B8G?9@ 69?<>B7B CDBEFB7B K<E?4 n V 
E<EF9@G Ax = v, E9D98 DV6ASAP S>BW A9@4T ?VAV=AB ;4?9:A<I, FB F4>4 
E<EF9@4 5G89 ;46:8< EG@VEABR A48 J<@ CB?9@. �DV@ FB7B, 6 JPB@G 
6<C48>G TSS-4?7BD<F@ [3] 5G8GT 54;<E @AB:<A< 6EVI DB;69S;>V6 E<EF9@<. 
"F:9,  F4><@ ECBEB5B@ @B:A4 C9D98464F< CB6V8B@?9AAS 8B6V?PABW 
8B6:<A<.  

�4G64:<@B, MB E>?48AVEFP DB;69S;4AAS E<EF9@ ?VAV=A<I DV6ASAP 6 
CB?V ?<L>V6 ;4 @B8G?9@ CDBEFB7B K<E?4 A4?9:<FP CB?VAB@V4?PAB@G >?4EG 
E>?48ABEFV [2]. 

 
3. #@0:B8G=0 G0AB8=0  
�?S D94?V;4JVW CDBFB>B?G 5G?4 B5D4A4 @B64 CDB7D4@G64AAS Java 11, 

BE>V?P>< 6BA4 T C?4FHBD@B-A9;4?9:ABR, 4 F4>B: ;DGKABR 8?S 
6<>BD<EF4AAS. �<IV8A<= >B8 CDB7D4@< >B@CV?RTFPES V >BA69DFGTFPES G 
54=F>B8, S><= @B:9 5GF< ;4CGM9A<= A4 5G8P-S>B@G CD<EFDBW, 89 
6EF4AB6?9A4 6VDFG4?PA4 Java @4L<A4 (JVM) 59; A9B5IV8ABEFV 
C9D9>B@CV?SJVW F4 6A9E9AAS ;@VA G CBK4F>B6<= >B8. "E>V?P>< 6 CDB9>FV 
6<>BD<EFB6GRFPES ;B6AVLAV 5V5?VBF9><, F4>V S> HD9=@6BD> ?B7G64AAS 
Log4J F4 >?VTAF 8?S 5DB>9D4 CB6V8B@?9AP RabbitMQ, FB 5G?B 6<DVL9AB 
6<>BD<EFB6G64F< E<EF9@G ;5VD>< Maven 69DEVW 3.8.1. �AHBD@4JVS 8?S 
;5VD>< @VEF<FPES G H4=?V pom.xml, S><= ;A4IB8<FPES G >BD9AV CDB9>FG. 

�4:?<6G DB?P G A48V=ABEFV CDBFB>B?G 6V8V7D4T 6<5VD K<E?4 p, S>9 @4T 
5GF< 69?<><@ CDBEF<@ K<E?B@. &B@G G D94?V;4JVW 6<>BD<EFB6GTFPES F<C 
BigInteger ; C4>9FG java.math, S><= CV8FD<@GT JV?BK<E9?PAV ;A4K9AAS 6 
8V4C4;BAV 6V8 -2Integer.MAX_VALUE 8B  2Integer.MAX_VALUE [4]. �A4K9AAS 
Integer.MAX_VALUE T >BAEF4AFBR V 8BDV6ART 2147483647. �DV@ FB7B, 
84A<= >?4E A484T 7BFB6<= ;DGKA<= HGA>JVBA4? BC9D4JV= 8?S DB5BF< A48 
K<E?4@< 6 CB?V ?<L>V6 Fp, F4><= S> ;A4IB8:9AAS @G?PF<C?V>4F<6AB7B 
B59DA9AB7B 8B K<E?4 a, MB 5G89 6<>BD<EFB6G64F<ES CD< D94?V;4JVW 
4?7BD<F@G [5]. 

 
�VB5@0BC@0 
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    2005.31290 E. 
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�AF9DE9D6VE. 3 2021.3 260 E  
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[�?9>FDBAA<= D9EGDE] // 0-9-1. 3 2008. 3 $9:<@ 8BEFGCG 8B D9EGDE4: 
https://www.rabbitmq.com/resources/specs/amqp0-9-1.pdf. 
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 �&"� #$"�$� !"�" � �&�*��!"�"  "���.��!!/ 
$��" �!��*��!"� %�%&� �  � ���"$�%&�!!/  

�$�("�"� ���� ��!�) NEO4J 
 9?9L>B �.�., 

*9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F,  
@. �DBC<6A<JP><= 

 
A METHOD OF COMPUTER SIMULATION MODELING  OF A 

RECOMMENDATION SYSTEM USING THE GRAPH DATABASE 

NEO4J 

 
Abstract. A method of computer simulation modeling of user and bot 

behavior in a recommendation system, which allows generating datasets for 
testing the algorithms for generating recommendations, was proposed. The 
developed method makes it possible to simulate the behavior of both ordinary 
users and bots, which makes it possible to create datasets for testing the 
robustness of recommender systems to information attacks, as well as for 
testing the effectiveness of methods for detecting and neutralizing botnets. The 
structure of relations between users and objects of the recommender system 
was modeled using the theory of complex networks. Information attacks of 
bots were modeled on the basis of known models of profile-injection attacks 
on recommender systems. 

 
' JV= DB5BFV 5G?B EF6BD9AB CDB7D4@AG V@VF4JV=AG @B89?P CB698VA>< 

>BD<EFG64KV6 D9>B@9A84JV=ABW E<EF9@< 8?S F9EFG64AAS @9FB8V6 79A9D4JVW 
EC<E>V6 D9>B@9A84JV=, A4CD., ; @9FBR 6<;A4K9AAS F4 CBDV6ASAAS 
CB>4;A<>V6 FBKABEFV F4 EFV=>BEFV DV;A<I @9FB8V6. 

�?S @B89?R64AAS EFDG>FGD< ;69S;>V6 G EBJV4?PAB@G 7D4HV 

https://www.rabbitmq.com/resources/specs/amqp0-9-1.pdf
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D9>B@9A84JV=ABW E<EF9@< 5G?B 6<DVL9AB 6;SF< ;4 BEAB6G, 4?9 
@B8<HV>G64F< ; 6D4IG64AAS@ EC9J<HV>< ;484KV, CD<AJ<C<, A4 S><I 
54;GTFPES @B89?P �4D454L<-�?P59DF [1] (4 E4@9, «DVEF» F4 «54:4A9 
CD<T8A4AAS»), F4> S> 6BA4 CDBEF4 6 D94?V;4JVW F4 8B;6B?ST EF6BD<F< 
EFBI4EF<KA<= 7D4H ; 6?4EF<6BEFS@< EBJV4?PA<I @9D9:. �F4C< 
;4CDBCBAB64AB7B @9FB8G 79A9D4JVW EFDG>FGD< EBJV4?PAB7B 7D4HG 
D9>B@9A84JV=ABW E<EF9@< DB;7?SAGFV G DB5BFV [2]. !4EFGCA<@ 9F4CB@ 5G?B 
@B89?R64AAS CB698VA>< >BD<EFG64KV6 F4 5BFV6 D9>B@9A84JV=ABW E<EF9@<. 
 B89?P 6<DVL9AB DB;DB5<F< F4><@ K<AB@, MB5 B89D:G64F< A45VD 84A<I 
EIB:<= A4 MovieLens datasets [3] ;4 EFDG>FGDBR F4 EF4F<EF<KA<@< 
6?4EF<6BEFS@<. 

�F4C< @9FB8G CDB7D4@AB7B V@VF4JV=AB7B @B89?R64AAS ;6<K4=A<I 
>BD<EFG64KV6 F4 5BFV6 G D9>B@9A84JV=AV= E<EF9@V: 

1 5B0?. �AVJV4?V;4JVS C4D4@9FDV6 E<EF9@<, ;B>D9@4, 6<5VD >V?P>BEFV 
>BD<EFG64KV6 F4 B59T>FV6, >V?P>BEFV @B:?<6<I 6?4EF<6BEF9= G A<I, 
CDBJ9AFG 4>F<6A<I >BD<EFG64KV6, CDBJ9AFG CBCG?SDA<I B59T>FV6, 
>V?P>BEFV K4EB6<I VF9D4JV=, CVE?S S><I @B89?P ;469DL<FP E6BR DB5BFG 
FBMB. #D< A9B5IV8ABEFV @B89?R64F< VAHBD@4JV=AG 4F4>G B5<D4TFPES F<C 
4F4><, >V?P>VEFP 5BFV6 F4 >V?P>VEFP JV?9= 4F4><. �V85G64TFPES EF6BD9AAS 
A45BDG @B:?<6<I 6?4EF<6BEF9= 8?S 9?9@9AFV6 E<EF9@<, D94?V;B64A<I G 
@B89?V CD<IB64A<@< H4>FBD4@<, F4 79A9D4JVS L45?BAV6 >?4EF9DV6 
9?9@9AFV6 A4 BEAB6V J<I 6?4EF<6BEF9=. 

2 5B0?. %F6BD9AAS «�9DA4» EBJV4?PAB7B 7D4HG D9>B@9A84JV=ABW 
E<EF9@< 3 8B 7D4HG 8B84TFPES CBK4F>B64 >V?P>VEFP >BD<EFG64KV6 F4 
B59T>FV6, 89S>V= >V?P>BEFV B59T>FV6 6<EF46?SRFPES BJVA>< (>V?P>VEFP 
BJVAB> ;4?9:<FP 6V8 6<5D4ABW MV?PABEFV 7D4HG). #BK4F>B64 >V?P>VEFP 
>BD<EFG64KV6, CBK4F>B64 >V?P>VEFP B59T>FV6 F4 MV?PAVEFP 7D4HG 3 
A4?4LFB6G64AV C4D4@9FD<. �B:AB@G AB6B@G >BD<EFG64KG F4 B59T>FG 
E<EF9@< CD<6?4EARTFPES ;A4K9AAS ;@VM9AAS, C96A<= >?4EF9D F4 
6V8CB6V8A<= =B@G 69>FBD ;A4K9AP CD<IB64A<I H4>FBDV6, MB 6<;A4K4T 
EFGCVAP =B7B CD<A4?9:ABEFV 8B >B:ABW ; @B:?<6<I 6?4EF<6BEF9= 8?S 
9?9@9AFV6 E<EF9@<. ' «�9DAV» CDBHV?V 5BFV6 6V8EGFAV, 6BA< CBK<A4RFP 
CD<T8AG64F<ES 8B @9D9:V A4 3 9F4CV. 

3 5B0?. !4 >B:AV= VF9D4JVW K4EG @B89?V 8B 7D4HG CD<T8AGTFPES C96A4 
>V?P>VEFP >BD<EFG64KV6 F4 B59T>FV6. *S >V?P>VEFP 6<;A4K4TFPES 6<C48>B6<@ 
K<AB@ F4 ?9:<FP G @9:4I 6V8 0 8B N, 89 N @9AL9 ;474?PABW >V?P>BEFV 
9?9@9AFV6 E<EF9@< 6V8CB6V8AB7B F<CG. &4>B: A4 >B:AV= VF9D4JVW K4EG 
@B89?V 6V85G64TFPES 6<5VD 89S>BW >V?P>BEFV C4D >BD<EFG64KV6 F4 B59T>FV6 
8?S 6<EF46?9AAS BJVAB>. �@B6VDAVEFP C9D97?S8G B59T>FG >BD<EFG64K9@ 
6<;A4K4TFPES ;4 HBD@G?BR (1): 
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qqq

qqq
 = P

j
jjj

iii
i õ ++

++
)( 321

321

,  (1) 

89 q1i 3 >V?P>VEFP C9D97?S8V6 G i-7B B59T>FG, q2i 3 >V?P>VEFP BJVAB> G i-7B 
B59T>FG, q3i 3 >V?P>VEFP >B@9AF4DV6 G i-7B B59T>FG. 

4 5B0?. �GC<A>4 DB5BF< V@VF4JV=ABW @B89?V, ;59D9:9AAS 
;79A9DB64AB7B A45BDG 84A<I G H4=? 8?S CB84?PLB7B 6<>BD<EF4AAS G 
@9FB84I HBD@G64AAS F4 F9EFG64AAS EC<E>V6 D9>B@9A84JV=.  

�9A9D4JVS BJVA>< 8?S ;6<K4=AB7B >BD<EFG64K4 D9>B@9A84JV=ABW 
E<EF9@< ;8V=EARTFPES A4 BEAB6V «CD<IB64A<I H4>FBDV6» 6V8CB6V8AB7B 
B59T>F4 F4 >BD<EFG64K4. "JVA>4 8?S C4D< >BD<EFG64K-B59T>F 6<;A4K4TFPES 
;4 A4EFGCA<@< HBD@G?4@<: 

 

 ,
,,

,
n

ff

d

n

i
imiu

mu

õ 2
= =0

 (2) 

 ( ),,, mumumu bbdr ++ù= 5  (3) 

 
89 du,m 3 8<EF4AJVS @V: >BD<EFG64K9@ u F4 B59T>FB@ m G 5474FB@VDAB@G 
CDBEFBDV CD<IB64A<I H4>FBDV6, @B:9 CD<=@4F< ;A4K9AAS 6V8 0 8B 1; n 3 
>V?P>VEFP CD<IB64A<I H4>FBDV6 G E<EF9@V; fu,i  3 i-F<= CD<IB64A<= H4>FBD 
>BD<EFG64K4 u; fm,i 3 i-F<= CD<IB64A<= H4>FBD B59T>FG m; bu  3 ;EG6 
>BD<EFG64K4 6 BJVAR64AAV B59T>FV6 (DV69AP 6<@B7?<6BEFV 8B >BAF9AFG); bm 
3 ;EG6 B59T>FG G B89D:4AAV BJVAB> (DV69AP S>BEFV >BAF9AFG); «()  3 
HGA>JVS, MB C9D9F6BDRT B89D:4A9 8DB5B69 K<E?B G 8<E>D9FA9 K<E?B ; 
A45BDG BJVAB>. 

�?S 79A9D4JVW BJVAB> 5BFV6 5G?B 6<>BD<EF4AB 3 6V8B@V @B89?V 4F4> A4 
D9>B@9A84JV=AG E<EF9@G VA9T>JVTR CDBHV?V6 [4-8]: 6<C48>B64, E9D98AS F4 
CBCG?SDA4 4F4><. �9A9D4JVS BJVA>< 8?S C4D 5BF-B59T>F ;8V=EARTFPES ;4 
HBD@G?BR (4): 

 

 
,

""',.

""'Pattern(),
,

þ
ý
ü

2
2

=
FV;L>689T:F>5O:M>

768G49=89T:F>5O:M>attack
r mu 05  (4) 

 

89 Pattern()attack  3 HGA>JVS, MB 79A9DGT BJVA>< 8?S A9JV?PB6<I B59T>FV6 
6V8CB6V8AB 8B F<CG B5D4ABW @B89?V 4F4><.  

#DB7D4@A4 V@VF4JV=A4 @B89?P D9>B@9A84JV=ABW E<EF9@< 5G?4 
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DB;DB5?9A4 A4 @B6V CDB7D4@G64AAS Python F4 ; 6<>BD<EF4AAS@ 7D4HB6BW 
%'�� Neo4j [9]. %'�� Neo4j @4T A4EFGCAV EFDG>FGDAV 9?9@9AF<, MB 
84RFP ;@B7G CB5G8G64F< EBJV4?PA<= 7D4H: node 3 6G;B? 7D4H4, relation 3 
D95DB 7D4H4, node label 3 @VF>4 6G;?4, relation identirfier 3 @B:GFP @VEF<F< 
DV;AV 84AV, node ID 3 GAV>4?PA<= V89AF<HV>4FBD 6G;?4. #9D96474@< %'�� 
Neo4j T 7AGK>4 @B89?P 84A<I, 4A4?V; 6 D94?PAB@G K4EV, @B:?<6BEFV 
CDBEFB7B CBLG>G F4 HV?PFD4JVW 84A<I, @4ELF45B64AVEFP F4 A48V=AVEFP, 
A4S6AVEFP 6V;G4?PAB7B VAF9DH9=EG, 4 F4>B: VEAG64AAS 8B84F>G Neo4j Aura 
8?S ;4EFBEG64AAS G 6<7?S8V I@4DAB7B E9D6VEG. "F:9, %'�� Neo4j A484T 
6EV A9B5IV8AV VAEFDG@9AF< 8?S EF6BD9AAS CDB7D4@ABW V@VF4JV=ABW @B89?V 
EBJV4?PAB7B 7D4HG, MB @B:A4 6 CB84?PLB@G ;4EFBEB6G64F< 8?S 
@B89?R64AAS F4 8BE?V8:9AAS CB698VA>< >BD<EFG64KV6 F4 5BFV6 G 
D9>B@9A84JV=A<I E<EF9@4I. 

�G?B CDB6989AB E9DVR 9>EC9D<@9AFV6 8?S C9D96VD>< CD4J9;84FABEFV 
DB;DB5?9ABW CDB7D4@ABW V@VF4JV=ABW @B89?V. ' IB8V 9>EC9D<@9AFV6 5G?B 
;79A9DB64AB @AB:<AG A45BDV6 84A<I. �B:9A A45VD 84A<I 5G?B DB;8V?9AB 
A4 DB5BKG F4 F9EFB6G 6<5VD>G. !4 BEAB6V F9EFB6BW 6<5VD>< C9D96VDS?4ES 
FBKAVEFP CDB7AB;G64AAS 6CB8B54AP. $9;G?PF4F< CDB6989A<I 
9>EC9D<@9AFV6 CB>4;4?<, MB 8:<FF9D 8BE?V8:G64A<I ;A4K9AP FBKABEFV, 
CB6ABF< F4 RMSE CDB7AB;G64AAS 6CB8B54AP G 5V?PLBEFV CD4>F<KA<I 
6<C48>V6 6C96A9AB 6>?484TFPES 6 8BCGEF<@V @9:V >B?<64AP, 4 BF:9 
CB698VA>4 >BD<EFG64KV6 G CDB7D4@AV= @B89?V A9 5G?4 6<C48>B6BR, 4 
V@VFG64?4 CB698VA>G D94?PA<I >BD<EFG64KV6 ; C96A<@< 6CB8B54AAS@<. *9 
CV8F69D8:GT 8BEFB6VDAVEFP DB;DB5?9ABW CDB7D4@ABW V@VF4JV=ABW @B89?V 
D9>B@9A84JV=ABW E<EF9@<. 
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 VI46 �.�.,  9?9L>B �.�., 3><@9A>B  .%., 
�4M9A>B �.�. 

*9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F,  
@. �DBC<6A<JP><= 

 
RESEARCH METHODS OF DATA STORING OF A 

RECOMMENDATION SYSTEM BASED ON LINKED LISTS 

 
Abstract. In the work, research was carried out of various data structures 

that can be used to store information of the recommender system. In particular, 
such as linked list, unrolled linked list, hash table, B-tree, B+-tree and binary 
decision diagram. To carry out experiments comparing the effectiveness of 
using various data structures in terms of time and memory costs, a computer 
model of a simplified recommendation system was developed, in which three 
main entities were distinguished - an agent, a session, and an object. The best 
results were obtained with data storing methods using unrolled and inverted 
unrolled linked lists. Therefore, it was decided to also conduct an additional 
series of experiments with these data structures for different sizes of the list 
block. The unrolled list showed the best results in terms of memory used and 
session generation time. The inverted unrolled list showed an advantage in the 
generation of recommendations. 

 
�G?B CDB6989AB 8BE?V8:9AAS DV;A<I EFDG>FGD 84A<I, S>V @B:A4 

6<>BD<EF4F< 8?S EF6BD9AAS 54;< 84A<I D9>B@9A84JV=ABW E<EF9@< [1, 2], 4 
E4@9 A<:K9A46989A<I. 

�29O7=89 A?8A>: (linked list) 3 EFDG>FGD4 84A<I, G S>V= >B:9A 
9?9@9AF @VEF<FP CB?S 84A<I F4 6>4;V6A<> A4 A4EFGCA<= 9?9@9AF. "EAB6A4 
C9D96474 JVTW EFDG>FGD< CB?S74T G EF4?B@G K4EV 8B8464AAS AB6B7B 
9?9@9AFG. #DBF9 8?S >B:AB7B 9?9@9AFG CBFDV5AB 6<8V?SF< AB6<= 5?B> 

https://doi.org/10.1007/978-0-387-85820-3
https://neo4j.com/docs/
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C4@9SFV, FB@G @9A98:9D C4@9SFV ECD<K<AST ;A4KAV ;4FD<@>< F4 A4>?48AV 
6<FD4F< C4@9SFV 6 CDBJ9EV DB5BF<.  

$>73>@=CB89 729O7=89 A?8A>: (unrolled list) 3 ;69S;A<= EC<EB>, 
>B:9A 9?9@9AF S>B7B @VEF<FP @4E<6 ?B7VKA<I 9?9@9AFV6. *9 8B;6B?ST 
B59T8A4F< C9D9647< @4E<6V6 F4 ;69S;A<I EC<E>V6. "59T8A4AAS 5?B>V6 
?B7VKA<I 9?9@9AFV6 G EC<EB> 8B;6B?ST 8B8464F< AB6V 9?9@9AF< 59; ;@VA< 
DB;@VDG 5?B>G C4@9SFV, 9>BAB@<F< C4@9SFP A4 6>4;V6A<>4I F4 9H9>F<6AVL9 
6<>BD<EFB6G64F< >9L CDBJ9EBD4 ;468S>< CBE?V8B6AB@G DB;F4LG64AAR 
9?9@9AFV6. #D< CBE?V8B6AB@G ;4CB6A9AAV EC<E>G 74D4AFGTFPES, MB 
A9;4CB6A9A<@ ?<L<FPES A9 5V?PL9 B8AB7B 5?B>G 9?9@9AFV6. 

)5H-B01;8FO (hash map) 3 EFDG>FGD4 84A<I, G S>V= CBLG> 9?9@9AFG 
;8V=EARTFPES A4 BEAB6V =B7B >?RK4. !4 DB;F4LG64AAS 9?9@9AF4 G I9L-
F45?<JV 6>4;GT I9L-;A4K9AAS =B7B >?RK4. 3>MB 89>V?P>4 9?9@9AFV6 @4RFP 
B8A4>B6<= I9L, FB 6<A<>4T >B?V;VS. �EAGT 864 @9FB8< DB;69S;4AAS >B?V;V= 
3 ;4>D<F4 F4 6V8>D<F4 48D9E4JVW. #D< ;4>D<FV= 48D9E4JVW >B:9A 9?9@9AF 
F45?<JV 3 J9 ;69S;A<= EC<EB>, V GEV 9?9@9AF< ; B8A4>B6<@ I9L9@ 
8B84RFPES 8B B8AB7B EC<E>G. *9 T A4=CDBEFVL<@ ECBEB5B@ DB;69S;4AAS 
>B?V;V=, 4?9 6<@474T 6<>BD<EF4AAS 8B84F>B6BW C4@9SFV 8?S 6>4;V6A<>V6 V A9 
8B;6B?ST 6<>BD<EFB6G64F< C9D9647< >9LG64AAS CD< B5IB8V 9?9@9AFV6 
I9L-F45?<JV. #D< 6V8>D<FV= 48D9E4JVW G 6<C48>G >B?V;VW B5<D4TFPES AB64 
CB;<JVS 9?9@9AFG. !B64 CB;<JVS @B:9 B5<D4F<ES S> ;4 8BCB@B7BR 
8B84F>B6BW I9L-HGA>JVW, F4> V L?SIB@ ;@VM9AAS CB;<JVW A4 89>V?P>4 
9?9@9AFV6. #BLG> 9?9@9AFG CB6FBDRTFPES, 8B>< A9 5G89 8BES7AGFB 
CBDB:APB7B ;4C<EG G F45?<JV. �V8>D<F4 48D9E4JVS 6<>BD<EFB6GT 
HV>EB64A<= B59T@ C4@9SFV V A9 CBFD95GT 8B84F>B6<I 6>4;V6A<>V6, 4?9 8?S 
9H9>F<6ABEFV BC9D4JV= 6EF46>< V CBLG>G F45?<JS @4T 5GF< ;4CB6A9A4 A9 
5V?PL, AV: A4 50%, FB: J9 ECD<K<AST 8B84F>B6V 6<FD4F< C4@9SFV. 

B-45@52> (b-tree) 3 EFDG>FGD4 84A<I CD98EF46?9A4 ;54?4AEB64A<@ F4 
E<?PAB DB;74?G8:9A<@ 89D96B@ CBLG>G. �B:9A 6G;B? �-89D964, >DV@ 
?<EF>V6, T GCBDS8>B64A<@ EC<E>B@, G S>B@G K9D7GRFPES >?RKV V 
6>4;V6A<>< A4 CBFB@>V6. �?RKV 6G;?4 6>4;GRFP VAF9D64?, G S>B@G 
;A4IB8SFPES >?RKV CBFB@>G. �+-45@52> (B+-tree) 6V8DV;ASTFPES F<@, MB 
6BAB ;59DV74T GEV ;A4K9AAS G ?<EF>B6<I 6G;?4I, 4 ?<EF>B6V 6G;?< @4RFP 
CBE<?4AAS A4 EGEV84, ;468S>< KB@G @B:A4 B5V=F< GEV ;A4K9AAS 59; B5IB8G 
6EPB7B 89D964. �468S>< 69?<>V= DB;74?G:9ABEFV 89D964 CV8FD<@GTFPES 
=B7B @4?4 6<EBF4, MB 8B;6B?ST C9D97?S84F< A969?<><= B59T@ 84A<I ;4 
B8<A CDBIV8, 4 ;468S>< CD46<?4@ CB5G8B6< ;A4K9AAS ;59DV74RFPES G 
CBDS8>G ;DBEF4AAS >?RK4. 

�V=0@=V 4V03@0<8 @VH5=L (BDD) 3 9>BAB@A4 HBD@4 CD98EF46?9AAS 
5G?96<I HGA>JV= G 6<7?S8V BDVTAFB64AB7B 4J<>?VKAB7B 7D4HG. �9DL<A< 
7D4HG CD98EF46?SRFP 4D7G@9AF< HGA>JVW, ?<EF>< 3 WW 86V=>B6V ;A4K9AAS. 
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�?S 8B8464AAS V 6<?GK9AAS D959D F4 ;@VA< 647< D959D A9B5IV8AB @4F< 
@B:?<6VEFP D9847G64F< 84AV 7D4HG. ��$ 84RFP @B:?<6VEFP ;59DV74F< 84AV 
G EF<EA9AB@G 6<7?S8V F4 L6<8>B BFD<@G64F< ;A4K9AAS HGA>JVW ;4 WW 
C4D4@9FD4@<, 4?9 D9847G64AAS ��$ 6<@474T E>?48A<I B5K<E?9AP. #D< 
CD98EF46?9AAV 5G?96<I HGA>JV= G HBD@V ��$ EF4?B @B:?<6<@ 
DB;69S;G64F< 5474FB CDB5?9@, S>V CD< FD48<JV=A<I CD98EF46?9AASI 
EFDG>FGD A9DB;69S;AV K9D9; ;A4KAG DB;@VDAVEFP F4><I CD98EF46?9AP V 
E>?48AVEFP BC9D4JV= A48 A<@<. 

�?S CDB6989AAS 9>EC9D<@9AFV6 ; CBDV6ASAAS 9H9>F<6ABEFV 
;4EFBEG64AAS DV;A<I EFDG>FGD 84A<I ;4 ;4FD4F4@< K4EG F4 C4@9SFV 5G?B 
DB;DB5?9AB CDB7D4@AG V@VF4JV=AG @B89?P ECDBM9ABW D9>B@9A84JV=ABW 
E<EF9@<, 6 S>V= 5G?B 6<8V?9AB FD< BEAB6AV EGFABEFV 3 479AF, E9EVS F4 
CD98@9F [1, 2]. �?S HBD@G64AAS D9>B@9A84JV= 5G?B 6<>BD<EF4AB 
>B?45BD4F<6AG HV?PFD4JVR F<CG user-based [3]. �>EC9D<@9AF< 
CDB6B8<?<ES A4 >B@C9RF9DV ; CDBJ9EBDB@ AMD Ryzen 5 3600 F4 32 �5 
BC9D4F<6ABW C4@9SFV.  

#DB7D4@A4 V@VF4JV=A4 @B89?P D9>B@9A84JV=A4BW E<EF9@< BFD<@GT 
A4EFGCAV C4D4@9FD<: na 3 >V?P>VEFP 479AFV6, ns 3  >V?P>VEFP E9EV=, ni 3 
>V?P>VEFP CD98@9FV6, nal 3 @4>E<@4?PA4 >V?P>VEFP 6CB8B54AP 479AF4, nsl 3 
@4>E<@4?PA<= DB;@VD E9EVW.  

$9>B@9A84JV=A4 E<EF9@4 G DB;DB5?9AV= CDB7D4@AV= V@VF4JV=AV= 
@B89?V CD4JRT ;4 A4EFGCA<@ 4?7BD<F@B@: 

1. �?S >B:AB7B ; na 479AFV6 6<C48>B6<@ K<AB@ 79A9DGTFPES 6V8 1 8B 
nal 6CB8B54AP. #D< JPB@G GAV>4?PAVEFP 6CB8B54AP A9 C9D96VDSTFPES, FB@G 
D94?PA4 >V?P>VEFP 6CB8B54AP @B:9 6<S6<F<ES @9AL9. 

2. %F6BDRTFPES ns E9EV=. �B >B:ABW E9EVW ;4>DVC?RTFPES 6<C48>B6<@ 
K<AB@ B5D4A<= 479AF. #BFV@ E9D98 6CB8B54AP JPB7B 479AF4 6<C48>B6<@ 
K<AB@ B5<D4TFPES 6V8 1 8B min(nal, nsl) 6CB8B54AP, S>V >BCVRRFPES 8B E9EVW. 

3. �<C48>B6<@ K<AB@ B5<D4TFPES >BAFDB?PA4 E9EVS, 8?S S>BW 5G89 
EHBD@B64AB D9>B@9A84JVR. 

4. �<;A4K4RFPES GEV CD98@9F<, S>V A4?9:4FP 8B >BAFDB?PABW E9EVW. 
5. �8V=EARTFPES CBLG> GEVI E9EV=, 6CB8B54AAS S><I @4RFP C9D9F<A 

V; 6CB8B54AAS@< >BAFDB?PABW E9EVW. !4 JPB@G 9F4CV T @B:?<6VEFP 
6V8HV?PFDG64F< E9EVW ;4 DB;@VDB@ C9D9F<AG. 

6. �<;A4K4RFPES CD98@9F<, S>V 5G89 D9>B@9A8B64AB. �8V=EARTFPES 
CBLG> GEVI CD98@9FV6, S>V A4?9:4FP IBK4 5 B8AV= ; 6V8V5D4A<I E9EV=, 4?9 
A9 A4?9:4FP 8B >BAFDB?PABW E9EVW. !4 JPB@G 9F4CV T @B:?<6VEFP 
6V8HV?PFDG64F< CD98@9F< ;4 >V?P>VEFR ;4>DVC?9A<I E9EV=. 

!4=>D4MV D9;G?PF4F< CB>4;4?< @9FB8< ;59DV74AAS 84A<I ; 
6<>BD<EF4AAS@ DB;7BDAGFB7B F4 VA69DFB64AB7B DB;7BDAGFB7B ;9S;A<I 
EC<E>V6. &B@G 5G?B 6<DVL9AB F4>B: CDB69EF< 8B84F>B6G E9DVR 
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9>EC9D<@9AFV6 ; J<@< EFDG>FGD4@< 84A<I 8?S DV;AB7B DB;@VDG 5?B>G 
EC<E>G. $B;7BDAGF<= EC<EB> CB>4;46 >D4MV D9;G?PF4F< ;4 
6<>BD<EFB6G64ABR C4@9SFFR 6 E9D98APB@G 6 1,54 D4;< F4 ;4 K4EB@ 79A9-
D4JVW E9EV= 6 E9D98APB@G 6 1,68 D4;V6. �A69DFB64A<= DB;7BDAGF<= EC<EB> 
CB>4;46 C9D9647G ;4 K4EB@ 79A9D4JVW D9>B@9A84JV= 6 E9D98APB@G 6 1,43 
D4;V6. +4E 79A9D4JVW ?4=>V6 B5<864 @9FB8< CB>4;4?< CD<5?<;AB 
B8A4>B6<@. 

 
�VB5@0BC@0 
1.  VI46 �.�.,  9?9L>B �.�., 3><@9A>B  .%. (2020)  9FB8 
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EBJV4?PABW @9D9:V. &9IAV>4 6 EV?PEP>B7BECB84DEP>B@G 6<DB5A<JF6V, 
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 "����"%&� ��%&"%'��!!/ �" ��!�&"$!�) 
�"!(��'$�*�� ��/ "#&� ���*�� �!("$ �*��!�) 

%�%&�  
(#� 93&� %.�"�" ��) 

$V;A<> �.�. 
 

Abstract. This report devotes to the 90- birthday of Solomon Wolf Golomb 
(1932-2016) - famous American mathematician, engineer, and professor of 
electrical engineering.  The historical parallels of <Golomb rulers= and <Ideal 
Ring Bundles=(IRBs) as conceptual models for finding optimal solutions of 
scientific and technological problems examined. At present-day knowledge of 
information technologies as model of intelligent manifold system of axes, based 
on the idea of <perfect= combinatorial constructions with remarkable 
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properties is regarded. These properties 
provide competitive advantages of the system 
with respect to an ability to reproduce the 
maximum number of combinatorial varieties 
in the system, using IRBs, namely the concept 
of <perfect= relationships of complementary 
asymmetries implanted into rotational 
symmetry.  

 
�BCB6V8P CD<E6SK9A4 C4@9SFV 

%B?B@BA4 �B?PH �B?B@54 (31.05.1932- 
01.05.2016) 3 6E9E6VFAPB 6V8B@B7B 
4@9D<>4AEP>B7B 6K9AB7B, EC9JV4?VEF4 6 

B5?4EFV F9?9>B@GAV>4JVW, J<HDB6BW 9?9>FDBAV><, >?VF>B6<I 46FB@4FV6 V 
F9BDVW VAHBD@4JVW. �VA 5G6 E6VFB6<@ ?V89DB@ G ;4EFBEG64AAV >B@5VA4FBDABW 
@4F9@4F<>< 6 F9BDVW >B8G64AAS F4 D48VBHV;<JV. %.�B?B@5 5G6 
6<A4IV8A<>B@ >B8G64AAS �B?B@54, HBD@< 9AFDBCV=AB7B >B8G64AAS, 
?VAV=>< �B?B@54, S>V 6<>BD<EFB6GRFPES 6 4EFDBAB@VW F4 L<HDG64AAV 
84A<I, F4>B: A4;64AV A4 =B7B K9EFP, S> V B8<A ; BEAB6A<I @9FB8V6 
79A9D4JVW @4E<6V6 �BEF4E4, @9FB8 79A9D4JVW �9@C9?S-�B?B@54 [1]. �VAV=>< 
�B?B@54 664:4RFPES «6V8>D<F<@<» �. �95>B>B@ G 1953 DBJV [2], S><= 
8BE?V8:G646 VAF9D@B8G?SJV=AV ECBF6BD9AAS 6 D48VB8V4C4;BA4I FD9FPB7B V 
C'SFB7B CBDS8>G, 6<S6<6L<, MB DB;@VM9AAS >B:ABW C4D< >4A4?V6 G 
K4EFBFAB@G EC9>FDV A4 C96AV= 6V8EF4AV ECBF6BD9AAS FD9FPB7B CBDS8>G 
5G?B GEGAGFB, 4 ECBF6BD9AAS C9SFB7B CBDS8>G 5G?B ;A4KAB ;@9AL9AB. 
�BEFD<= DB;G@ %.�B?B@54 8BCB@V7 =B@G 6<>BD<EF4F< J9 S6<M9 8?S 
DB;DB5>< @4F9@4F<KAB7B 4?7BD<F@G, MB5 CB?VCL<F< E<EF9@G ;69S;>G V 
>B8G64AAS, 4 =B7B 9AFG;V4;@ 6 B5?4EFV DB;64:4?PABW @4F9@4F<>< 8B;6B?<6 
CBL<D<F< JR V89R A4 CBCG?SDAV V7D<. %. �B?B@5 DB;7BDAG6 V89R 
6<>BD<EF4AAS C9D9647 5474FB5VFB6<I D97VEFDV6 ;EG6G ;V ;54?4AEB64A<@ 
K<E?B@ 0 V 1, 45B 00, 01, 10, 11, 6<S6<6L< 6 A<I 6V8EGFAVEFP 46FB>BD9?SJVW, 
MB 84?B ;@B7G 68BE>BA4?R64F< E<EF9@< >B8G64AAS - 89>B8G64AAS 
E<7A4?V6 ; 6<CD46?9AAS@ CB@<?B> ;4 8BCB@B7BR CBE?V8B6ABEF9=, 
79A9DB64A<I D97VEFD4@< ;EG6G. %. �B?B@5 ;4EFBEG646 69DEVW J<I 
CBE?V8B6ABEF9= (>B8V6 $V84 - %B?B@BA4) 8?S >B8G64AAS 6V89B ;B5D4:9AP 
 4DE4, G >B@VD>B6<I F9?9HBA4I CDMA (Cod9 Division Multiple Access) ; 
@AB:<AA<@ 8BEFGCB@ V >B8B6<@ DB;8V?9AAS@ >4A4?V6 ;69S;>G. � 1956 DBJV 
6VA CBEFGC<6 A4 DB5BFG 6  49DB>BE@VKAG >B@C4AVR Glenn L. Martin 
Company, S>4 ;7B8B@ EF4?4 B5BDBAA<@ CV8DS8A<>B@. *<@ CBSEARTFPES 
6ES =B7B CB84?PL4 A4G>B64 8VS?PAVEFP ;4 G@B6 EFDB7BW E9>D9FABEFV, 
DB;DB5?SRK< 6V=EP>B6V F4 >BE@VKAV >B@GAV>4JVW. #DB8B6:GRK< 

https://en.wikipedia.org/wiki/Golomb_coding
https://en.wikipedia.org/wiki/Entropy_encoding
https://en.wikipedia.org/wiki/Golomb_ruler
https://en.wikipedia.org/wiki/Costas_array
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8BE?V8:9AAS CBE?V8B6ABEF9= A4 D97VEFD4I ;EG6G 8?S 68BE>BA4?9AAS 
E<EF9@ D48VB->9DG64AAS D4>9F4@<, %. �B?B@5 ;4 8BCB@B7BR 85-HGFB6BW 
D48VB4AF9A< �B?EFBGA, DB;@VM9ABW 6 CGEF9?V  BI469, GFBKA<6 84AV CDB 
6V8EF4AV �9@?S-�9A9D4 V �9@?S 3 %BAJ9. �9A9DB64AV D97VEFD4@< ;EG6G 
CBE?V8B6ABEFV 8B;6B?<?< GFBKA<F<  6V8EF4AP 8B �9A9D< ;4 8BCB@B7BR 
E<EF9@< D484DV6. ' 1985 DBJV %.�B?B@5 BFD<@46 CD9@VR ,9AABA4 
&B64D<EF64 F9BDVW VAHBD@4JVW IEEE, 4 ;7B8B@ - @984?P �79AFEF64 
A4JVBA4?PABW 59;C9>< %,�. �VA F4>B: 5G6 ?4GD94FB@ @984?V 
�B@BABEB64 $BEV=EP>BW 4>489@VW A4G>  V @984?V �4CVJ< $BEV=EP>BW 4>489@VW 
CD<DB8A<K<I A4G>. ' 2000 DBJV %.�B?B@5 5G6 A47BDB8:9A<= 
@984??R IEEE $VK4D84 �. )9@@VA74 ;4 =B7B 6<ASF>B6<= 6A9EB> 6 
VAHBD@4JV=AV A4G>< F4 E<EF9@BF9IAV>G.  ' 2016 DBJV 6VA 5G6 
A47BDB8:9A<= @984??R �9A8:4@VA4 (D4A>?VA4 6 74?G;V 9?9>FDBF9IAV>< 
;4 AB64FBDEP>G DB5BFG 6 74?G;V >BE@VKAB7B ;6'S;>G F4 B5DB5>< J<HDB6<I 
E<7A4?V6, 59;C9KA9 C9D9E<?4AAS 84A<I, 68BE>BA4?9AAS @9FB8V6 
DB;L<HDG64AAS >D<CFB7D4HVKA<I F9>EFV6, E<EF9@ A46989AAS D4>9F, 
EFV?PA<>B6B7B ;6'S;>G, D484DV6, 7V8DB?B>4FBDV6, GPS [1].  

' 1996 DBJV %. �B?B@5 CV8FD<@46 CDBCB;<JVR �P6V6EP>B7B 
89D:46AB7B CB?VF9IAVKAB7B VAEF<FGFG CDB ECV6CD4JR ; #V689AAB - 
�4?VHBDAV=EP><@ GAV69DE<F9FB@ (CDB6V8A<= 8BE?V8A<> CDBH. %. �B?B@5) 
;4 CDB9>FB@ =Researches and Applications of the Combinatorial 
Configurations for Innovative Devices and Process Engineering<, S><= 5G6 
A48VE?4A<= 8B (BA8G J<6V?PA<I 8BE?V8:9AP F4 DB;6<F>G %,� Civilian 
Research & Development Foundation (CRDF). *S A9>B@9DJV=A4 BD74AV;4JVS 
5G?4 ;4EAB64A4 6 1995 DBJV !4JVBA4?PA<@ A4G>B6<@ HBA8B@ %,� ;7V8AB 
; DVL9AAS@ �BA7D9EG %,� ; @9FBR ECD<SAAS @V:A4DB8AB@G A4G>B6B-
F9IAVKAB@G ECV6DB5VFA<JF6G ; A484AAS@ 7D4AFV6, F9IAVKA<I D9EGDEV6, 
CDB6989AAS A46K4AAS 8?S A4G>B6JV6 F4 8BE?V8A<>V6. �V85<FB> F<FG?PABW 
EFBDVA>< JPB7B CDB9>FG A46989AB A4 D<E. 1. !4 JV= EFBDVAJV %. �B?B@5 
6?4EABDGKA<@ CV8C<EB@ ;4E6V8K<6 84FG E6B7B 8AS A4DB8:9AAS 31.05.1932, 
4 A9 30.05.1932, S> 6>4;4AB G �V>VC98VW [1]. %. �B?B@5 6V8D9847G646 F9>EF 
CDB9>FG, @BF<6GRK< C9D9647< ;4CDBCBAB64A<I >B@5VA4FBDA<I 
>BAHV7GD4JV= ; >V?PJ96BR FBCB?B7VKABR EFDG>FGDBR A48 ?4AJR7B6<@< 
CBE?V8B6ABEFS@<. �?S CBDV6ASAAS B5BI >BAHV7GD4JV= 6 BC<EV CDB9>FG 
5G?< A46989AV HBD@G?< 8?S B5K<E?9AAS @4>E<@4?PABW >V?P>BEFV ECBEB5V6  
CBE?V8B6AB7B 8B8464AAS 9?9@9AFV6. ' ?VAV=JV V >V?PJV ; n 9?9@9AF4@< 
>V?P>VEFP 6EVI F4><I @B:?<6<I ECBEB5V6  6<;A4K4TFPES ;4 HBD@G?4@< (1) V 
(2) 6V8CB6V8AB: 

C(n) = 1+ 2+ &+ n = n (n + 1)/2 ,                  (1) 
 
  

https://en.wikipedia.org/wiki/National_Security_Agency
https://en.wikipedia.org/wiki/National_Security_Agency
https://en.wikipedia.org/wiki/Russian_Academy_of_Science
https://en.wikipedia.org/wiki/Russian_Academy_of_Natural_Sciences
https://en.wikipedia.org/wiki/Russian_Academy_of_Natural_Sciences
https://en.wikipedia.org/wiki/IEEE_Richard_W._Hamming_Medal
https://en.wikipedia.org/wiki/Benjamin_Franklin_Medal_(Franklin_Institute)
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 S(n) = n (n - 1) + 1   (2) 
 
#BDV6ARRK< (1) V (2), ?97>B 54K<F<, MB 6 >V?PJ96V= EI9@V >V?P>VEFP 

BFD<@4A<I EG@  @4=:9 686VKV 5V?PL4 8?S F4>B7B : K<E?4 n 9?9@9AFV6 G 
?4AJR7B6V= CBE?V8B6ABEFV.  

!4CD<>?48, V894?PA9 K<E?B69 >V?PJ9 (�deal Numerical Ring) ; C9SF< 
(n=5) 9?9@9AFV6 79A9DGT 6EV K<E?4 A4FGD4?PAB7B DS8G 6V8 1 8B 21 A4 
>V?PJ96V= CBE?V8B6ABEFV (1, 3, 10, 2, 5):  1=1, 2=2, 3=3, 4=1+3, 5=5, 6=5+1, 
7=2+5, &, 21=1+3+10+2+5. 

3>MB JV K<E?4 CDB8B6:G64F< 8B8464F<, B5IB8SK< >V?PJ9 5V?PL9 
B8AB7B D4;G, K<E?B6<= DS8 @B:A4 CDB8B6:G64F<: 22=1+3+10+2+5+1, 
23=2+5+1+3+10+2, V F.8. 

 � ;474?PAB@G 6<C48>G V894?PA9 K<E?B69 >V?PJ9 79A9DGT >B:A9 K<E?B 
A4FGD4?PAB7B DS8G 6V8 1 8B M FBKAB R D4;V6, ;4 6<ASF>B@ ;A4K9AAS  M+1  
(EG@4 6EVI n K<E9?): 

 
M= n (n - 1) / R                                           (3)  
 
!4CD<>?48, 8?S   n= 4  V  R=2,  M=6  VEAGT V894?PA9 K<E?B69 >V?PJ9  

(1, 1, 2, 3), 8?S S>BW 6EV GF6BD9AV EG@< T F4><@<: 1, 1, 2, 3;     1 + 1 = 2, 1 + 
2 = 3, 2 + 3 = 5, 3 + 1 = 4;   

1 + 1 + 2 = 4, 1 + 2 + 3 = 6, 2 + 3 + 1 = 6, 3 + 1 + 1 = 5, 1 + 1 + 2 = 4, 1 
+ 1 + 2 + 3 = 7.  

&GF >B:A4 «>V?PJ964 EG@4» 6V8 1 8B 6 ;GEFDVK4TFPES FBKAB 86VKV, 4 JS 
>BAHV7GD4JVS  BC<EGTFPES C4D4@9FD4@< n=4, R=2. �7V8AB 6<EAB6>G 
CDB9>FG ;4CDBCBAB64AV >B@5VA4FBDAV >BAHV7GD4JVW  B>D9E?RRFP, CB-EGFV, 
>BAJ9CFG4?PAB AB6V @B89?V F9IAVKA<I E<EF9@, 6?4EF<6BEFV V EFDG>FGDA4 
8BE>BA4?VEFP S><I 84T ;@B7G 6V8F6BDR64F< @4>E<@4?PAG DV;AB@4AVFAVEFP 
E<EF9@< ; B5@9:9A<@ K<E?B@ 9?9@9AFV6 V ;69S;>V6, MB 84T ;@B7G 
CB?VCLG64F< S>VEAV CB>4;A<>< F9IAVKA<I CD<EFDBW6 V F9IAB?B7VKA<I 
CDBJ9EV6 8?S WI ;4EFBEG64AAS 6 DV;A<I 74?G;SI A4G>< V C9D98B6<I 
F9IAB?B7VSI, 6V8F4> 8BE>BA4?VEFP, >D4E4 V 74D@BAVS VEAGT A9 ?<L9 6 
45EFD4>FA<I @B89?SI, 4?9 F4>B: = G D94?PAB@G E6VFV  [3]. 

�4 CDBCB;<JVTR %.�B?B@54 G>D4WAEP>V= 7DGCV 8BE?V8A<>V6 G JPB@G 
CDB9>FV 8BDGK4?<ES F4>V ;4684AAS: F9BD9F<KA9 8BE?V8:9AAS V894?PA<I 
>B@5VA4FBDA<I >BAHV7GD4JV= (V894?PA<I K<E?B6<I 69S;4AB>), S> 
@B8<HV>4JV= >B@5VA4FBDA<I 5?B>-EI9@ (VEAG64AAS, C9D9?V>, 
>?4E<HV>4JVS); J<>?VKAV DV;A<J96V @AB:<A<, J<>?VKAV 7DGC< CB?V6 �4?G4; 
>BAEFDGR64AAS ���-EI9@ ; 6<>BD<EF4AAS@ >BAHV7GD4JV= �deal Numerical 
Ring (�NR) F4 ?VAV=B> �B?B@54, 4 F4>B: ;6BDBFAV ;484KV; CDB7D4@A9 
DVL9AAS CB5G8B6< ���-EI9@ ; 6<>BD<EF4AAS@ ���; >B@CV?SJVS ;474?PAB7B 
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>4F4?B7G �NR F4 ?VAV=B> �B?B@54; DB;DB5?9AAS EI9@ 8?S 
6<EB>BCDB8G>F<6A<I VAHBD@4JV=A<I F9IAB?B7V= >B8G64AAS V @B8G?SJVW; 
CD<>?48AV 8BE?V8:9AAS F4 VA:9A9DA9 CDB9>FG64AAS >BA>D9FA<I 
VAAB64JV=A<I CD<EFDBW6 F4 F9IAB?B7V= A4 BEAB6V >B@5VA4FBDABW F9BDVW, V 
89S>V CDB5?9@< 74D@BAVW F4 BCF<@V;4JVW E<EF9@. 

 

 



52 

 

$<E.1   &<FG?PA4 EFBDVA>4 CDB9>FG =Researches and Applications of 
the Combinatorial Configurations for Innovative Devices and Process 
Engineering< 

 
�DGCV %,� A4?9:4?B ;8V=EA<F< F9BD9F<KA9 8BE?V8:9AAS ?VAV=B> 

�B?B@54 V WI ;6'S;B> ; DV;A<J96<@< @AB:<A4@< (VEAG64AAS, C9D9?V>, 
>?4E<HV>4JVS); >BAEFDGR64AAS DV;A<J96<I @AB:<A V ?VAV=B> �B?B@54; 
DB;DB5?9AAS ;474?PAB7B >4F4?B7G ?VAV=B> �B?B@54; DB;DB5?9AAS EI9@ 8?S 
6<EB>BCDB8G>F<6A<I F9IAB?B7V= 8?S >B8G64AAS VAHBD@4JVW V 
>B@GAV>4JV=A<I E<7A4?V6; CD<>?48AV 8BE?V8:9AAS F4 VA:9A9DA9 
CDB9>FG64AAS VAAB64JV=A<I CD<EFDBW6 V F9IAB?B7V= A4 BEAB6V 
>B@5VA4FBDABW F9BDVW; 6<>BD<EF4AAS >B@5VA4FBDA<I DB;DB5B> 8?S 
BFD<@4AAS CBE?V8B6ABEF9= ; 8B5D<@< >BD9?SJV=A<@< 6?4EF<6BEFS@<. 

�?S 6<>BA4AAS JPB7B CDB9>FG 6<@474?BES CBT8A4F< 8BES7A9AAS 
F9BDVW ?VAV=B> �B?B@54  V F9BDVW V894?PA<I 69S;4AB> 8?S DB;L<D9AAS EH9D< 
CD4>F<KA<I ;4EFBEG64AP ; @9FBR 8BES7A9AAS >B@9DJV4?V;4JVW CDB8G>FV6.  

�DGC4 G>D4WAEP><I 8BE?V8A<>V6 CB6<AA4 5G?4 DB;6<AGF< BEAB6< 
F9BDVW 69S;4AB> S> AB6G @B8<HV>4JVR >B@5VA4FBDA<I >BAHV7GD4JV= A4 
7D4H4I, 6>?RKAB ; F9BDVTR ?VAV=B> �B?B@54,  MB5 ;4CDBCBAG64F< AB6<= 
CV8IV8 8B E<AF9;G F9IAVKA<I CD<EFDBW6 F4 C9DEC9>F<6ABW VA:9A9DABW 
F9IAB?B7VW. �DGC4 %,� CB6<AA4 5G?4 DB;6<AGF< BEAB6< F9BDVW ?VAV=B> 
�B?B@54 V ;4CDBCBAG64F< EH9D< @B:?<6<I ;4EFBEG64AP.  

       �DGC4 G>D4WAEP><I 8BE?V8A<>V6 V 7DGC4 8BE?V8A<>V6 %,� 
CB6<AAV 5G?< >BBD8<AG64F< 6CDB648:9AAS CDB9>FG MB@VESKAB CDBFS7B@ 
86BI DB>V6, 6<>BD<EFB6GRK< H4>E V 9?9>FDBAAG CBLFG.  

       %CV6CD4JS DB;CBK4?4ES ; CG5?V>4JVW M9 6 E9DCAV 1996 DB>G 
ECV?PABW EF4FFV «�B@5VA4FBDA4 F9BDVS BCF<@V;4JVW C9D9F6BD9AAS E<7A4?V6 
69>FBDA<I 84A<I V BCD4JR64AAS E<7A4?V6» ; VAF9DA4JVBA4?PA<@ E>?48B@ 
46FBDV6 [4]. "8A4> 6:9 6BE9A< FB7B : DB>G %.�B?B@5G = @9AV A48V=L?< 
?<EF< 6V8 CRDF CDB 6V8@B6G HVA4AEB6BW CV8FD<@>< A4LB7B CDB9>FG.   

�EFBDVS 6<A4=89AAS ��� CB69S;4A4 ; 6<DVL9AAS@ VA:9A9DAB-
F9IAVKABW ;484KV CDB DB;L<D9AAS 8V4C4;BAG K4EB6<I ;4FD<@B> 6 5?B>4I 
;4CV;A9AAS, CD<;A4K9A<I 8?S @B89?R64AAS %�$ A4 9?9>FDBAA<I 
4A4?B7B6<I @4L<A4I.  4F9@4F<KA4 ;484K4 CB?S74?4 6 ;4>DVC?9AAV A4 
DBFBDV >V?PJ96B7B >B@GF4FBD4 4-I >BAF4>FA<I MVFB> ; DV;A<@< 6V8ABEA<@< 
>GFB6<@< ;EG64@< 6 C?BM<AV WI B59DF4AAS ; @B:?<6VEFR BFD<@4AAS 
S>B@B74 L<DLB7B 8V4C4;BAG K4EB6<I ;4FD<@B> A4 @AB:<AV 
>B@5VA4JV=A<I 64DV4AFV6  B5D4AAS 6V8CB6V8ABW C4D< MVFB>, B8A4 ; S><I 
CB6<AA4 CV86B8<F< F9>GK9 ;A4K9AAS A4CDG7< 8B ;4C4@9SFB6G64?PAB7B 
9?9@9AF4, 4 8DG74 - ;K<FG64F< J9 E4@9 ;A4K9AAS ; ;4FD<@>BR 6 K4EV CVE?S 
CB6BDBFG DBFBD4 >B@GF4FBD4 A4 6V8CB6V8A<= >GF [5].   
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       �V8B@B, MB A4 6V8@VAG 6V8 FDPBI A4S6A<I BCF<@4?PA<I V 
8BE>BA4?<I ?VAV=B> �B?B@54, E9D98 S><I A9FD<6V4?PA4 3 FV?P>< T8<A4 
?VAV=>4 4-7B CBDS8>G 8B6:<ABR 6 [6], VEAGT 4CDVBDV A9E>VAK9AAB 5474FB 
@AB:<A V894?PA<I >V?PJ96<I 69S;4AB> (���), CBFG:AVEFP EV@9= S><I 
A45?<:4TFPES 4CDVBDV 8B A9E>VAK9AABEFV ;V ;5V?PL9AAS@ WI CBDS8>G n  
6V8CB6V8AB 8B ;A4K9AAS HGA>JVW �=?9D4 Ç(S) F4>, MB 6:9 8?S ��� 30-7B 
CBDS8>G VEAGT 132, 8?S 270-7B 3 10800, 8?S 984-7B 3 FBKAB 159630 DV;A<I 
64DV4AFV6 CBE?V8B6AB 6CBDS8>B64A<I K<E9? ���, V F.8. [7], CBDB8:9A<I 
CDBEFBDB6<@ CB?9@ B59DFB6BW E<@9FDVW [8].    

       &4><@ K<AB@, @B89?V BCF<@4?PA<I E<EF9@ ; >V?PJ96BR 
EFDG>FGDBR 6<7V8AB 6V8DV;ASRFPES 6V8 ?VAV=B> �B?B@54 A9E>VAK9AAB 
69?<><@ K<E?B@ 9?9@9AFV6 8BE>BA4?B BD74AV;B64A<I V894?PA<I 
>B@5VA4FBDA<I >BAHV7GD4JV=, 5474FB@4AVFAVEFR VA64DV4AFV6, GAV>4?PAVEFR 
4AE4@5?V6 FBA>BW EFDG>FGD< ���, 4 F4>B: @B:?<6VEFR 6;4T@AB 
B8AB;A4KAB7B C9D9F6BD9AAS B8AB6<@VDA<I ��� 6 V894?PAV >BAHV7GD4JVW 
6<M<I 6<@VDV6. (GA84@9AF4?PAV F4 CD<>?48AV 8BE?V8:9AAS 69>FBDA<I 
>B@5VA4FBDA<I >BAHV7GD4JV= 8BJV?PAB CDB8B6:G64F< �DGAFGRK<EP A4 
D94?PAB VEAGRKB@G ;4>BAV «9?974AFAB7B» DB;5<FFS  B59DFB6BW E<@9FDVW A4 
86V 4E<@9FD<KAV K4EF<A<, MB EF4AB6<FP VAHBD@4JV=A<= 54;<E 8?S 
DB;5G8B6< 6;4T@BCB69S;4A<I B59DFB6BR E<@9FDVTR S37B CBDS8>G 
>B@C?9@9AF4DA<I ���, CBDB8:9A<I JVTR E<@9FDVTR. ' E6BR K9D7G, >B:A4 
; J<I K4EF<A EF4AB6<FP 54;<E 8?S >BAEFDGR64AAS 69>FBDA<I ���, 
C9D9F6BDRRK<EP G @AB:<A< EV@9= 86B- K< 5474FB6<@VDA<I CDBEFBDB6<I 
>B@5VA4FBDA<I >BAHV7GD4JV= G 6<7?S8V FBDG K< @AB7B6<8G 6V8CB6V8ABW 
DB;@VDABEFV ;V ;484A<@< DB;@VD4@< EVF>< >BBD8<A4F, S>4 B>D<64T WIAR 
CB69DIAR ; ECV?PABR FBK>BR 6V8?V>G [8]. "CD4JR64AAS @4E<6V6 84A<I G 
F4><I E<EF9@4I >BBD8<A4F B8ABK4EAB ;4 >V?P>B@4 >4F97BDVS@< 4FD<5GFV6 
6V8>D<64T C9DEC9>F<6< 8?S DB;6<F>G 69>FBDA<I VAHBD@4JV=A<I 
F9IAB?B7V=. �V ;5V?PL9AAS@ CBDS8>G B59DFB6BW E<@9FDVW EFDV@>B ;DBEF4T 
>V?P>VEFP CBDB8:9A<I JVTR E<@9FDVTR 9?974AFA<I 4AE4@5?V6 CDBEFBDB6<I 
>B@5VA4FBDA<I >BAHV7GD4JV=, A4CB6ARRK< 7D4A8VB;ABR >D4EBR, 
8BE>BA4?VEFR V 74D@BAVTR K4DV6A<= E6VF 5474FB6<@VDABW >B@5VA4FBD<><. 
&9BD9F<KAB VEAGT A9E>VAK9AAB 5474FB 54;<EV6, S>V CBDB8:GRFP K<E?9AAV 
DV;AB6<8< @AB:<A >BBD8<A4F 5474FB6<@VDA<I CDBEFBDV6, MB 6V8>D<64T 
C9DEC9>F<6< 8?S DB;6<F>G 69>FBDA<I VAHBD@4JV=A<I F9IAB?B7V= A4 
BEAB6V @VAV@V;4JVW 54;B6BW EFDG>FGD< E<EF9@ BCD4JR64AAS CBFB>V6 
VAHBD@4JVW [9].  

 
�VB5@0BC@0 
1. https://uk.wikisko.ru/wiki/Golomb_coding 

https://uk.wikisko.ru/wiki/Golomb_coding
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%4D84> ".�., %45<DB6 �.$. 
�4CBDB:E><= A4J<BA4?PAO= GA<69DE<F9F, '>D4<A4 

'D79AKE><= 7BEG84DEF69AAO= GA<69DE<F9F, ';59><EF4A 
 

JUMPING FROG ALGORITHM FOR THE PROBLEM OF 

RECTANGULAR CUTTING 
 

Abstract.. The problem of integer packing of rectangles into a 
rectangular matrix is considered. It is shown that this problem can be 
considered as an optimization problem on a fragmentary structure. A variant 
of the jumping frogs algorithm for this problem is proposed. 

 
�484K4 J9?BK<E?9AAB7B CDS@BG7B?PAB7B D4E>DBS S6?S9FES B8AB= <; 

>?4EE<K9E><I ;484K 8<E>D9FAB= BCF<@<;4J<<. �484K4 BFABE<FES > K<E?G 
NP-FDG8AOI ;484K. #BQFB@G 8?S QFB= ;484K< BCD4684AB CD<@9A9A<9 
D4;AB7B DB84 @9F4Q6D<EF<>. %GM9EF6G9F @AB:9EF6B @9FB8B6 CB<E>4 
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EG5BCF<@4?PAOI D9L9A<= QFB= ;484K< A4 BEAB69 D4;?<KAOI CB8IB8B6 [1]. 
$4EE@BFD<@ @9FB8, >BFBDO= S6?S9FES >B@5<A4J<9= HD47@9AF4DAB7B 
4?7BD<F@4 < 4?7BD<F@4 C9D9@9L4AAOI CDO74RM<I ?S7GL9>. 

(D47@9AF4DAB= EFDG>FGDB= [2] ( , )X E  A4 >BA9KAB@ @AB:9EF69 X 

[2] A4;O649FES E9@9=EF6B 97B CB8@AB:9EF6 û ý1 2, ,..., nE E E E=  F4>B9, 

KFB iE Eò þ , E ù ö  û ý: \i ie E E e Eô þ þ . 1?9@9AFO <; @AB:9EF64 
� 5G89@ A4;O64FP 8BCGEF<@O@< HD47@9AF4@<. 

&4><@ B5D4;B@, 8?S ?R5B7B 8BCGEF<@B7B HD47@9AF4 iE  EGM9EF6G9F 

AG@9D4J<S 97B Q?9@9AFB6 û ý1 2, ,...
ii i i isE e e e=  F4>4S, KFB 

û ý1 21,2,... , ,...i i i ikk s e e e Eò = þ . "8ABQ?9@9AFAO9 @AB:9EF64, 
>BFBDO9 S6?SRFES 8BCGEF<@O@< HD47@9AF4@<, 5G89@ A4;O64FP 
Q?9@9AF4DAO@< HD47@9AF4@<. (D47@9AF, 5G89@ A4;O64FP @4>E<@4?PAO@, 
9E?< BA A9 S6?S9FES CB8@AB:9EF6B@ A<>4>B7B 8DG7B7B HD47@9AF4. 

 4>E<@4?PAO= HD47@9AF @B:9F 5OFP CBEFDB9A E CB@BMPR 
E?98GRM97B ":48AB7B" (HD47@9AF4DAB7B) 4?7BD<F@4: 

4) Q?9@9AFO @AB:9EF64 X ?<A9=AB GCBDS8BK<64RFES; 
5) A4 A4K4?PAB@ L479 6O5<D49FES CGEFB9 @AB:9EF6B ;0X =ö  

6) A4 L479 E AB@9DB@ k + 1 6O5<D49FES C9D6O= CB CBDS8>G Q?9@9AF 
\ ,x X Xkþ  F4>B=, KFB û ý ;X x Ek þ  

7) 4?7BD<F@ ;4>4AK<649F D45BFG, 9E?< A4 BK9D98AB@ L479 A9 G84?BEP 
A4=F< Q?9@9AF \x X Xkþ  E FD95G9@O@ E6B=EF6B@. 

$9;G?PF4F CD<@9A9A<S HD47@9AF4DAB7B 4?7BD<F@4 BCD989?S9FES 
;484AAO@ ?<A9=AO@ CBDS8>B@ A4 @AB:9EF69 X. &4><@ B5D4;B@, ?R5B= 
@4>E<@4?PAO= HD47@9AF @B:9F 5OFP BC<E4A A9>BFBDB= C9D9EF4AB6>B= 
Q?9@9AFB6 @AB:9EF64 X.  

�484KG J9?BK<E?9AAB7B CDS@BG7B?PAB7B D4E>DBS 5G89@ 
D4EE@4FD<64FP 6 E?98GRM9= CBEF4AB6>9: 

�484A4 CDS@BG7B?PA4S @4FD<J4-BEAB64 D4;@9DABEF< H Wô , 789 
H,W 3 J9?O9 CB?B:<F9?PAO9 K<E?4 3 6OEBF4 < L<D<A4 @4FD<JO BEAB6O. 
�484AB @AB:9EF6B CDS@BG7B?PAOI ;47BFB6B>, EFBDBAO >BFBDOI F4>:9 
6OD4:4RFES J9?O@< K<E?4@<. &D95G9FES D4;@9EF<FP CDS@BG7B?PAO9 
;47BFB6>< A4 @4FD<J9-BEAB69 F4><@ B5D4;B@, KFB5O C?BM48P K4EF< 
BEAB6O, A9 ;4ASFB= ;47BFB6>4@< 5O?4 @<A<@4?PAB=. �47BFB6>< @B7GF 
C9D9E9>4FPES ?<LP CB 7D4A<J9. #D<@9D F4>B7B D4;@9M9A<S CD<6989A A4 
D<E1. %9DO@ J69FB@ 6O89?9A4 A9;4ASF4S K4EFP BEAB6O. #GEFP @AB:9EF6B 
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;47BFB6B> ;484AB 6 6<89 A45BD4 C4D {( , )}i ih w , 789 ,i ih w  - 6OEBF4 < 
L<D<A4 EBBF69FEF6GRM9= ;47BFB6><, i=1,2,,,N, 789 N 3 K<E?B ;47BFB6B>. 
�BCGEF<@B9 D9L9A<9 ;484K< @B:AB CD98EF46<FP A45BDB@ FDB9> 

1{( , , )}N
i i i it lô = . �89EP 

 

1,  9A;8 -O 747>B>6:4 6E>88B 6 ?>:@OB89
0,  9A;8 -O 747>B>6:4 =9 6E>88B 6 ?>:@OB89i

i

i
ô

ü
= ý
þ

, 

 
ti,li 3 EBBF69FEF69AAB >BBD8<A4FO ?96B7B 69DIA97B G7?4 ;47BFB6>< 
BFABE<F9?PAB @4FD<JO BEAB6O. 

�484K4 C?BE>B7B CDS@BG7B?PAB7B D4E>DBS @B:9F 5OFP 
EHBD@G?<DB64A4 >4> ;484K4 BCF<@<;4J<< A4 HD47@9AF4DAB= EFDG>FGD9. 
�4:8O= Q?9@9AF4DAO= HD47@9AF CD98EF46?S9FES ;47BFB6>B= < 
>BBD8<A4F4@< 99 ?96B7B 69DIA97B G7?4 A4 @4FD<J9 BEAB69. 'E?B6<9 
CD<EB98<A9A<S 3 D4;@9M49@4S A4 @4FD<J9 BEAB69 ;47BFB6>4 A9 
CD<A48?9:<F > @AB:9EF6G G:9 6O5D4AAOI ;47BFB6B> < A9 C9D9E9>49FES E 
G:9 D4;@9M9AAO@< A4 @4FD<J9 ;47BFB6>4@<.  

&4><@ B5D4;B@, ;484K4 CDS@BG7B?PAB7B D4E>DBS @B:9F 5OFP E6989A4 
> ;484K9 BCF<@<;4J<< A4 C9D9EF4AB6>4I Q?9@9AF4DAOI HD47@9AFB6. 

%GM9EF6GRF CD<@9DO, >B784 @9FB8 D4;@9M9A<S ;47BFB6B> 6 
E6B5B8AB@ 69DIA9@ ?96B@ G7?9 @4FD<JO BEAB6O A9 CD<6B8<F > 
BCF<@4?PAB@G D9L9A<R CD< ?R5B@ 6O5BD9 C9D9EF4AB6>< Q?9@9AF4DAOI 
HD47@9AFB6. "8A4>B QFBF A98BEF4FB> @B:AB <ECD46<FP CGF9@ 8B546?9A<S 
> @AB:9EF6G HD47@9AFB6 A9E>B?P><I 6<DFG4?PAOI >?9FB> [3].    

�?S CB<E>4 EG5BCF<@4?PAOI D9L9A<= ;484K< 5O? CD<@9A9A 64D<4AF 
C9D9@9L4AAOI CDO74RM<I ?S7GL9> A4 C9D9EF4AB6>4I [4]. 

$9;G?PF4FO K<E?9AAOI Q>EC9D<@9AFB6 A4 5B?PLB= 54;9 F9EFB6OI 
CD<@9DB6 CB>4;4?<, KFB F4>B= CB8IB8 @B:9F QHH9>F<6AB <ECB?P;B64FPES 
>4> Q6D<EF<K9E><= 4?7BD<F@ CD< D9L9A<< BCF<@<;4J<BAAOI ;484K 
J9?BK<E?9AAB7B CDS@BG7B?PAB7B D4E>DBS. #D<K9@ >4K9EF6B 4?7BD<F@4 
5G89F 6B;D4EF4FP CD< G69?<K9A<< DS84 C4D4@9FDB6 @9FB84 CDO74RM<I 
?S7GL9> F4><I >4>, 69?<K<A4 CBCG?SJ<<, K<E?B 7DGCC, >B?<K9EF6B 
CDO:>B6. 

 

�8B5@0BC@0 
1. Lodi A., Martello S., Monaci M. Two-dimensional packing 

problems: A survey. European Journal of Operation Research. 2002. Vol. 141. 
P. 241-252. 
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2. I. V. Kozin, N. K. Maksyshko, V. A. Perepelitsa Fragmentary 
Structures in Discrete Optimization Problems, Cybernetics and Systems 
Analysis November 2017, Volume 53, Issue 6, P 9313936.  
https://doi.org/10.1007/s10559-017-9995-6 

3. Kozin, I.V., Batovskyi, S.E. Fragmentary Structures in a Two-
Dimensional Strip Packing Problem. Cybern Syst Anal 55, 9433948 (2019) 
doi:10.1007/s10559-019-00204-w 

4. Narimani M.R. (2011) A New Modified Shuffle Frog Leaping 
Algorithm for NonSmooth Economic Dispath. World Applied Sciences 
Journal. $. 8033814 
 
 
 
#$" "��! �� %#"%"��� ��!�$�*�� �$�*�"�!�) ��$�� � 

��$��  �!,�) #"$/���� 
%9@9ARF4  .(. 

�PBFA4 4>489@VO !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
 

ABOUT ONE OF THE WAYS OF GENERATION OF 

GRACIOUS TREES FROM TREES OF SMALLER ORDERS 

 
Abstract. We have presented a new method of constructing a graceful tree 

from isomorphic trees of smaller orders. 
 

�4EAB6A<>B@ F9BDVW DB;@VFB> 664:4TFPES �. $BE4, S><= 6 1967 DBJV 
;4CDBCBAG646 89>V?P>4 F<CV6 DB;@VFB>, S> VAEFDG@9AF 8?S DB;>?48G 
CB6AB7B 7D4H4 A4 V;B@BDHAV CV87D4H<. �4 8BCB@B7BR J<I DB;@VFB> 
8BES7AGFB ;A4KA<I D9;G?PF4FV6 G DB;69S;>G ;484K VEAG64AAS, CB5G8B6<, 
C9D9?V>G DB;>?48V6 7D4HV6. �. $BE4 CD<=LB6 8B 7VCBF9;<, MB 6EV 89D964 
7D4JVB;AV [1]. *S 7<CBF9;4 6V8>D<F4 V A48<I4T A4 EF6BD9AAS AB6<I @9FB8V6 
CB5G8B6< 7D4JVB;A<I 89D96. 

%>?48AVEFP CB5G8B6< 7D4JVB;ABW DB;@VF>< 8B6V?PAB7B 7D4H4 CB?S74T 
6 FB@G, MB A9 >B:AV= =B7B 69DL<AV @B:A4 CBEF46<F< G 6V8CB6V8AVEFP 
@VF>G 0. �A4>L9 5474FB >?4EV6 7D4HV6 CBDB8:G64?<ES 5 VA8G>F<6AB ; 7D4HV6 
@9AL<I CBDS8>V6. *9 CD<;69?B 8B 6<A<>A9AAR A9FD<6V4?PA<I @9FB8V6 
79A9D4JVW 7D4JVB;A<I 7D4HV6 ; 7D4HV6 @9AL<I CBDS8>V6. 

� 84AV= DB5BFV CD98EF46?9AB @B8<HV>B64A<= @9FB8B@ ô-CB5G8B6< 
7D4JVB;ABW DB;@VF>< 8?S C96AB7B >?4E4 89D96, BEAB64A<= A4 @9FB8V, 
;4CDBC4AB64AB@G G [2]. 

!9I4= T 389D96B CBDS8>G p. 

https://link.springer.com/journal/10559
https://link.springer.com/journal/10559
https://link.springer.com/journal/10559/53/6/page/1
https://doi.org/10.1007/s10559-017-9995-6
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1. #B5G8GT@B ?VE: nT= i

n

i
T

1=
õ , 89 Ti 3 V;B@BDHAV >BCVW 89D964 T, i=1,2, 

&, n. 
2. "5<D4T@B 8B6V?PA<@ K<AB@ 69DL<AG v 6 89D96V T. �9DL<A4 vi 6 

89D96V Ti T V;B@BDHA<@ B5D4;B@ v ; T. 

2. �B84T@B 8B 7D4H4 nT, D95D4 v1v2, v1v3, &, v1vn. !B6<= 7D4H i

n

i
T

1=
õ

+v1v2+v1v3+&+v1vn CB;A4K<@B T *, 6VA T 89D96B@ CBDS8>G np. 
"C<L9@B @9FB8 ;A4IB8:9AAS 69DL<AA<I @VFB> 8?S 7D4JVB;ABW 

DB;@VF>< T *. 
1. !9I4= 89D96B T CBDS8>G p @4T 7D4JVB;AG DB;@VF>G f ; f(v)=p 31, 

89 vþV(T). $B;7?S84T@B T S> 86BK4EF>B6<= 7D4H. �?S JPB7B 6<>BA4T@B 
DB;5<FFS @AB:<A< =B7B 69DL<A A4 86V CV8@AB:<A< A, B A4EFGCA<@ 
K<AB@: 
1.1) ;A4=89@B 6V8EF4AP 6V8 69DL<A< v 8B 6EVI VAL<I 69DL<A us 89D964 

T; 

1.2) S>MB )( sud  3 8BDV6ART AG?R 45B C4DA9 K<E?B, FB usþA, VA4>L9 
usþB. 

2. #B5G8GT@B ?VE nT= i

n

i
T

1=
õ  ; 89D96 Ti, MB T V;B@BDHA<@< B5D4;4@< 

89D964 T, 89 i=1,2, &, n. �9DL<A< us
i, viþV(T *) T V;B@BDHA<@< B5D4;4@< 

69DL<A us, vþV(T), 6V8CB6V8AB, V us
iùvi 8?S 5G8P-S><I i=1,2, &, n, sþû1, 2, 

&, pý. 

3. �?S @VFB> 69DL<A i

n

i
T

1=
õ  6<>BD<EF4T@B DB;@VF>G ú, MB 

6<;A4K4TFPES ; HBD@G?: 
 

þ
ý
ü

þ222+
þ22÷

=
,),(1)1(

,),(1
)(

BuO:M>ufpin

AuO:M>ufpi
u

ss

ssi
s

ú   (1) 

ú(vi)=(i31)p.    (2) 
 

4. �7V8AB F9BD9@< 2 [3] ú T 7D4JVB;ABR DB;@VF>BR 89D964 T *= i

n

i
T

1=
õ

+v1v2+v1v3+&+v1vn. 
$B5BFG A46989AB7B @9FB8G CDB89@BAEFDB64AB 6 CD<>?48V 1. 
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#@8:;04 1. $B;7?SA9@B 89D96B S , ;B5D4:9A9 A4 D<E. 1 ; 
7D4JVB;ABR DB;@VF>BR f , G S>B7B 61)( =2= pvf . �9DL<A< 

BFBFB:ART@B ; WI @VF>4@<. �D4H i
i

S
3

1=
õ  T 8<;9RA>F<6A<@ B59T8A4AAS@ 

V;B@BDHA<I B5D4;V6 iS  89D964 S . !9I4= 69DL<A4 )( ii SVv þ  T 

V;B@BDHA<@ B5D4;B@ )(SVvþ , i=1, 2, 3. 

#B5G8GT@B 7D4H 433221

3

1

* vvvvvvSS i
i

+++=
=
õ  (D<E. 1). �B7B 

7D4JVB;A4 DB;@VF>4 ;A4=89A4 ; HBD@G? 1, 2 V CD98EF46?9A4 A4 D<E. 1. 
"FD<@4AV D9;G?PF4F< DB;L<DRRFP >?4E 7D4JVB;A<I 7D4HV6. 
 
�VB5@0BC@0 
1. A. Rosa On certain valuations of the vertices of a graph, Theory of 

Graphs (Internat. Symposium, Rome, July 1966), Gordon and Breach, N. Y. 
and Dunod Paris (1967) 349-355. 

2. Stanton R., Zarnke C. Labeling of balanced trees. // Proc. 4th 
Southeast Conf. Combin., Graph Theory, Comput. - 1973. - P. 479 - 495. 

3. %9@9ARF4  .(. +4EF<AAV 6<C48>< ;484KV 7D4JVB;ABEFV 7D4HV6. 
�B@C9RF9DA4 @4F9@4F<>4. 2015. 72. %. 96 - 102. 

 

 
 
 

$8E.1. �D4FV>7=4 D>7<VF>4 45D564 S* 

0                                  7                                   14 

20                               13                                  6 

17                                 10                                  3 
19                                   12                                   5 

16                                  9                                   2 

1        4                        8        11                        15     18 
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!��$" �$�����  "���0 ��/ %' �%!"�" #$��!/&&/ 
$�,�!0 ����*��!�  #�$%"!��"  #$� ���"$� 

��#�%!"�" ��$"�$" ' � #"��,&�&!�� %�&'�*�� 
%V>VD84 2.�., ,@9?PB64 &.(. 

�PBFA4 4>489@VO !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
!4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F 

 
NETWORK MODEL FOR COLLABORATIVE DECISION MAKING 

BY THE AVIATION PERSONNEL DURING CHOOSING AN 

ALTERNATE AERODROME IN EMERGENCY 

 
Abstract. For improving Collaborative Decision Making by the aviation 

personnel during choosing an alternate aerodrome in emergency, a five-layer 
recurrent neural network with biases was developed. The use of neural network 
will ensure the synchronization of the aviation specialists9 decisions, the 
prompt exchange of correct information between them, the effective balance 
between safety and cost in consolidated decisions. 

 
�ABC?. #V8 K4E C?4AG64AAS F4 6<>BA4AAS CB?PBFV6 ;459;C9K9AAS@ 

59;C9>< ;4=@4RFPES F4>V H4IV6JV, S> ?PBFAV 8<EC9FK9D<, ?PBFAV 9>VC4:V, 
46V48<EC9FK9D<, B5E?G7B6GRK<= C9DEBA4?, A4;9@A<= C9DEBA4? FBMB. 
�B:9A ; A<I 6V8V7D4T 64:?<6G DB?P A4 DV;A<I 9F4C4I, BE>V?P>< 59;C9KA<= 
CB?VF CBK<A4TFPES A9 FV?P>< ; 6<?PBFG ?VF4>V6. �6V4JV=AV EC9JV4?VEF< 
EG6BDB 8BFD<@GRFPES CBEV5A<>V6 F4 CD46B6<I 8B>G@9AFV6, ;4F69D8:9A<I 
G EH9DV WI CDBH9EV=ABW 8VS?PABEFV. �G:9 K4EFB E>?48AVEFP, ;@VEF, 
BEB5?<6BEFV 8B>G@9AFV6, S>V D97G?RRFP 8VS?PAVEFP >B:AB7B 46V4JV=AB7B 
H4IV6JS, DV;AV, MB A9 8B;6B?ST DB;DB5<F< ;474?PA<= 4?7BD<F@ 8V= 8?S 
6EPB7B 46V4JV=AB7B C9DEBA4?G 8?S >BA>D9FA<I G@B6, BEB5?<6B 6 
CB;4LF4FA<I E<FG4JVSI, >B?< @4RFP @VEJ9 A96<;A4K9AVEFP, 5D4> 
VAHBD@4JVW F4 K4EG A4 CD<=ASFFS DVL9AP (#$). &B@G 6<A<>4T >BAH?V>F @V: 
DVL9AAS@< F4 8VS@< ;4?GK9AB7B C9DEBA4?G, S><= ECV?PAB CD<=@4T 
DVL9AAS [1].  

�D4IB6GRK< 6;4T@B8VR 46V4JV=AB7B C9DEBA4?G, A9B5IV8AB DB;G@VF< 
=B7B DB?V F4 B5B6'S;><. �PBFA<= 8<EC9FK9D 6V8CB6V84T ;4 C?4AG64AAS 
CB?PBFG, CV?BF 59;CBE9D98APB 6V8CB6V84T ;4 59;C9KA9 6<>BA4AAS JPB7B 
CB?PBFG, 46V48<EC9FK9D ;459;C9KGT B5E?G7B6G64AAS CB6VFDSAB7B DGIG, 
VAHBD@G64AAS F4 8BCB@B7G 9>VC4:4@. &B@G, CD<=@4RK< DVL9AAS, 6BA< 
4A4?V;GRFP ;474?PAG 7DGCG H4>FBDV6, BE>V?P>< BEAB6ABR @9FBR T 
6<>BA4AAS ;4684AAS (CB?VF ; CGA>FG � 6 CGA>F �), 4?9 ; DV;A<I FBKB> ;BDG. 
�?9 BEF4FBKA9 DVL9AAS 6 CB?PBFV CD<=@4T CV?BF. �?S D4JVBA4?PAB7B 
EG@VEAB7B CD<=ASFFS DVL9AP (Collaborative Decision  aking 3 %D ) 
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>B:A<= BC9D4FBD CB6<A9A CDB4A4?V;G64F< F4 6D4IG64F< CBFBKAG 
E<FG4JVR. &B@G 4>FG4?PA<@ ;4684AAS@ T DB;DB5>4 EGK4EA<I @9FB8V6 F4 
489>64FA<I @B89?9= 8?S G8BE>BA4?9AAS %D  46V4JV=A<@ C9DEBA4?B@ 6 
CB;4LF4FA<I E<FG4JVSI, ;4EFBEG64AAS S><I G E>?48V VAF9?9>FG4?PA<I 
E<EF9@ CV8FD<@>< #$ 8B;6B?<FP CV86<M<F< 9H9>F<6AVEFP =B7B 8VS?PABEFV 
6 G@B64I A9CB6ABF< F4 A96<;A4K9ABEFV VAHBD@4JVW. �6FBD4@< DB;DB5?9AB 
B59T>F<6AB-EG59T>F<6A<= @9FB8 EG@VEAB7B #$ G D4;V A96<;A4K9ABEFV F4 
D<;<>G F4 VAF97D4JVW EFBI4EF<KA<I V 89F9D@VAB64A<I @B89?9= #$ CD< 
A9B8AB;A4KABEFV CBK4F>B6<I DVL9AP GK4EA<>V6 [2].  

#DBCBAGTFPES A9=DB@9D9:964 @B89?P 8?S BFD<@4AAS ECV?PAB7B, 
VAF97DB64AB7B DVL9AAS 6EVI GK4EA<>V6, A4CD<>?48 F4><I, S> CV?BF, 
?PBFA<= 8<EC9FK9D F4 46V48<EC9FK9D, A4 CD<=ASFAB@G DV6AV 9H9>F<6ABEFV 
G D4;V #$ 6 CB;4LF4FA<I E<FG4JVSI. 

"A=>2=0 G0AB8=0. �?S G8BE>BA4?9AAS CDM 46V4JV=A<@ C9DEBA4?B@ 
CD< 6<5BDV ;4C4EAB7B 49DB8DB@G (��) 6 CB;4LF4FAV= E<FG4JVW (A4CD<>?48, 
A9ECDB@B:ABEFV CDB8B6:<F< CB?VF 8B 49DB8DB@G CD<;A4K9AAS K9D9; 
CB7VDL9AAS CB7B8A<I G@B6 ;4 @4DLDGFB@) DB;DB5?9AB 5474FBL4DB6G 
D9>GD9AFAG LFGKAG A9=DBAAG @9D9:G (,! ) ;V ;EG64@<, S>4 @4T C'SFP 
L4DV6, FD< ; S><I EIB64AV (D<E. 1). �474FBL4DB64 ,!% @B:9 
4CDB>E<@G64F< 5G8P-S>G HGA>JVBA4?PAG ;4?9:AVEFP ;4 D4IGAB> EIB64A<I 
L4DV6 A9=DBAV6 F4 ;84FA4 8B A46K4AAS. �<A4@VKAVEFP D9>GD9AFA<I @9D9: 
T 64:?<6BR 6?4EF<6VEFR 8?S E>?48ABW EBJVBF9IAVKABW 49DBA46V74JV=ABW 
E<EF9@<, F4> S> ;468S>< ;6BDBFAV@ ;6'S;>4@ ;@VARRFPES 6IB8< A9=DBAV6, 
MB CD<;6B8<FP 8B ;@VA< EF4AG ,!  [3]. 

#9DL<= L4D ,!  (6IV8A<=). �IB8< s1, s2, &, s5 6V8CB6V84RFP 6<8G 
CB?PBFABW E<FG4JVW, S>4 CBFD95GT 6V8IB8G CB6VFDSAB7B EG8A4 A4 
��/CBE48>B6<= @4=84AK<> (þ): ABD@4?PAa, GE>?48A9Aa, E>?48Aa, 464DV=Aa, 
>4F4EFDBHVKAa. 

�DG7<=, FD9FV= F4 K9F69DF<= L4D< ,!  (EIB64AV). "JVA>< 6C?<6G 
B5'T>F<6A<I H4>FBDV6 A4 #$ MB8B 6<5BDG �� CV?BFB@ (�), 

46V48<EC9FK9DB@ (ÿ) F4 ?PBFA<@ 8<EC9FK9DB@ (») 6V8CB6V8AB,  �, �, ÿ = 1,8: f1, l1, »1 3 ;4C4E C4?<64 A4 5BDFG ?VF4>4 (;46:8< 
>BAFDB?PB64A<=); f2, l2, »2 3 @9F9BDB?B7VKA4 E<FG4JVS (A4 49DB8DB@4I 
6<?PBFG, CD<;A4K9AAS, ;4C4EA<I F4 CB @4DLDGFG); f3, l3, »3 3 @B:?<6BEFV 
?VF4>4 (A4S6A9 B5?48A4AAS A4 5BDFG, BEB5?<6BEFV MEL, VEAGRKV 
9>EC?G4F4JV=AV B5@9:9AAS); f4, l4, »4 3 @B:?<6BEFV 49DB8DB@G (D48VB- F4 
E6VF?BF9IAVKAV E<EF9@< ;4IB8G A4 CBE48>G, F9IAVKAV I4D4>F9D<EF<>< 
;?VFAB-CBE48>B6<I E@G7 F4 DG?V:A<I 8BDV:B>, B5@9:9AAS DB5BKB7B K4EG, 
>4F97BDVS 49DB8DB@G, >4F97BDVW CB:9:ABW F4 CBLG>B6B-DSFG64?PABW 
E?G:5<, 464DV=A<I E?G:5); f5, l5, »5 3 @B:?<6BEFV 9>VC4:G (@VAV@G@< 
9>VC4:G, K4E DB5BF< 9>VC4:G); f6, l6, »6 3 DB;F4LG64AAS C9D9L>B8 G 
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E9>FBD4I ;4IB8G, 6V8IB8G A4 8DG79 >B?B F4 6<?PBFG; f7, l7, »7 3 CB6VFDSA4 
B5EF4AB6>4 (VAF9AE<6AVEFP E9>FBDG GCD46?VAAS CB6VFDSA<@ DGIB@, 
C9D964AF4:9AAS D48VBK4EFBF); f8, l8, »8 3 >B@9DJV=AV H4>FBD< (49DBCBDFB6V 
;5BD<, 6V8EF4AP 6V8 49DB8DB@G CD<;A4K9AAS, A4S6AVEFP >BAFD4>FV6 ; 
I9A8?VA7B6<@< E?G:54@<, A4S6AVEFP @<FABW E?G:5<, E?G:5< 
CD<>BD8BAAB7B F4 @V7D4JV=AB7B >BAFDB?R FBMB). 

�B84F>B6<= 6IV8 Bias » I4D4>F9D<;GT 6C?<6 EG5'T>F<6A<I H4>FBDV6.  
#'OF<= L4D ,!  (6<IV8A<=). $9;G?PF4F< u1, u2, &, u5 EG@VEAB7B #$ 

MB8B 6<5BDG �� CV?BFB@, 46V48<EC9FK9DB@, ?PBFA<@ 8<EC9FK9DB@ 
(CBF9AJV=A<= ;5<FB>/BKV>G64A<= D<;<>) (�): 8G:9 @4?<=, @4?<=, 
E9D98AV=, 69?<><=, 8G:9 69?<><= CBF9AJV=A<= ;5<FB>.  

�<IV8AV 69>FBD< 8DG7B7B, FD9FPB7B F4 K9F69DFB7B L4DV6 ,!  (1): �, ÿ, » = �(net 2 ») = �(�{þ, �, ÿ} 2 »), (1) 

89 � 3 647B6V >B9HVJVTAF< � = {
ÿ�}; » 3 ;EG6 BJVAB> B5'T>F<6A<I 
H4>FBDV6 ;468S>< 6C?<6G EG5'T>F<6A<I H4>FBDV6. 

�<IV8A<= 69>FBD C'SFB7B (6<IV8AB7B) L4DG (2): � = �(�, ÿ).    (2) 
 
�484RFPES A4EFGCAV 6<IV8AV E<7A4?< 69>FBDV6 L4DV6 A9=DBAV6 (3): 
 

   �, ÿ, », � = {1; ÿ� �(�{þ, �, ÿ} 2 »), �(�, ÿ) > 0 0; ÿ� �(�{þ, �, ÿ} 2 »), �(�, ÿ) f 0 , (3) 

 
89 f 3 A9?VAV=A4 HGA>JVS 4>F<64JVW. 

�4 8BCB@B7BR A9=DBC4>9FG NeuroSolutions 69DEVW 7.1.1.1 (DB;DB5>4 
NeuroDimension, Inc.) 5G6 CB5G8B64A<= F4 A46K9A<= ; 6K<F9?9@ 
CDBJ98GDBR B59DA9AB7B CBL<D9AAS CB@<?>< 5474FBL4DB6<= 
CDS@BA4CD46?9A<= C9DE9CFDBA ;V ;EG64@< 8?S CDM 46V4JV=A<@ 
C9DEBA4?B@ CD< 6<5BDV �� 6 CB;4LF4FAV= E<FG4JVW.  

�IV8AV, CDB@V:AV F4 6<IV8AV >B@CBA9AF< ,!  ;484AB ;7V8AB 
EF4F<EF<KA<@ 84A<@ ;4 CBC9D98AV= 10-DVKA<= C9DVB8 F4 9>EC9DFA<@ 
BJVA>4@ 46V4JV=A<I H4IV6JV6, 8B84F>B6V 6IB8< 3 ;EG6< » G@B6AB CD<=ASFB 
DV6A<@< B8<A<JV. !46K4AAS ,!  6V85G64?BEP L?SIB@ @B8<HV>4JVW 
647B6<I >B9HVJVTAFV6 ;69S;>V6 @V: A9=DBA4@< 8B @B@9AFG, >B?< CB@<?>4 
8BES74T @VAV@4?PAB7B ;A4K9AAS = C9D9EF4T ;@9ALG64F<EP. �BEF4FAV@ 
6<S6<?BEP 1000 J<>?V6 A46K4AAS. 

&9EFG64AAS ,!  A4 CD<>?484I, S>V A9 6IB8<?< 8B A46K4?PABW 
6<5VD><, CB>4;4?B 6<EB>G FBKAVEFP 6<;A4K9AAS ;5<F>G (CB@<?>4 � @V: 
8V=EABR F4 BFD<@4ABR ;4 8BCB@B7BR A9=DB@9D9:V BJVA>BR CBF9AJV=AB7B 
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;5<F>G E>?484T A9 5V?PL9 5% 6V8 8V4C4;BAG ;@VA< =B7B ;A4K9AP), MB 
CV8F69D8:GT 8BEFB6VDAVEFP ;4CDBCBAB64ABW @B89?V. 

 

 
$<E. 1. !9=DB@9D9:964 @B89?P 8?O CDM 46V4JV=A<@ C9DEBA4?B@ CD< 
6<5BDV �� 6 CB;4LF4FAV= E<FG4JVW 
 

�8A=>2>:. ' CB;4LF4FA<I E<FG4JVSI 64:?<6B ;459;C9K<F< 
@B:?<6VEFP ECV?PAB7B, VAF97DB64AB7B DVL9AAS 6EVI GK4EA<>V6, A4CD<>?48 
F4><I, S> CV?BF, ?PBFA<= 8<EC9FK9D F4 46V48<EC9FK9D, A4 CD<=ASFAB@G 
DV6AV 9H9>F<6ABEFV. *9 8BES74TFPES CB6ABFBR V FBKAVEFR A4S6ABW 
VAHBD@4JVW, 4 F4>B: ;?47B8:9ABR 6;4T@B8VTR 46V4JV=AB7B C9DEBA4?G, 
=B7B KVF><@ V CD46<?PA<@ DB;G@VAAS@ E?G:5B6<I B5B69S;>V6 F4 E6BTW DB?V 
6 CDBJ9EV 6<>BA4AAS ECV?PAB7B ;4684AAS. �<>BD<EF4AAS ,!  G 
A96<;A4K9A<I (CB;4LF4FA<I) E<FG4JVSI ;459;C9K<FP E<AIDBAV;4JVR CDM 
46V4JV=A<@< H4IV6JS@<, BC9D4F<6A<= B5@VA >BD9>FABR VAHBD@4JVTR @V: 
A<@<, 9H9>F<6A9 54?4AEG64AAS @V: 59;C9>BR F4 64DFVEFR 6 
>BAEB?V8B64A<I DVL9AASI. 

 
�VB5@0BC@0 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

»1 & »8 

»03 

 
l1 & l8 

»02 

 
f1 & f8 

4 L4@ (AE>64=89)  

wij 

3 L4@ (AE>64=89)  

 

�8EV8 

u1 & 5 L4@ (68EV8=89)  u5 

wij 

wij 

2 L4@ (AE>64=89) 

»01 wij 

s1 & s5 

ýýþý = min þÿ   

1 L4@ (6EV8=89)  ý ý ÿ   ü
 

�EV8 
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%@VDAB64 &.�., %@VDAB6 %.�., %@VDAB6 ".�. 
*9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
OPTIMAL TECHNOLOGY OF CONSTRUCTION OF CLOUD 

INFORMATION AND COMMUNICATION SYSTEM OF 

AUTOMATION OF PRODUCTION PROCESSES 

 
Abstract. This work is devoted to the improvement of existing and 

development of new methods of building a modern cloud information and 
communication infrastructure of enterprises in order to further use it to 
automate production processes 

!4G>B6B B5�DGAFB64A9 C?4AG64AAS = BCF<@V;4JVS VAHBD@4JV=A<I 
@9D9:, S>V ;459;C9KGRFP A484AAS ;4C<FG64A<I CBE?G7 V; ;484A<@< 
CB>4;A<>4@< 9H9>F<6ABEFV HGA>JVBAG64AAS, T 8G:9 E>?48ABR A4G>B6B-
F9IAVKABR = 9>BAB@VKABR CDB5?9@BR, 59; 6<DVL9AAS S>BW A9@B:?<69 
EF6BD9AAS I@4DABW VAHBD@4JV=ABW VAHD4EFDG>FGD< CV8CD<T@EF64, MB 
6V8CB6V84T 6EV@ CBFD954@ F4 EHBD@B64A<@ 6<@B74@ [1-3]. &B@G, 84A4 
DB5BF4 CD<E6SK9A4 E4@9 G8BE>BA4?9AAR VEAGRK<I F4 DB;DB5JV AB6<I 
@9FB8V6 CB5G8B6< EGK4EABW I@4DABW VAHBD@4JV=AB->B@GAV>4JV=ABW 
VAHD4EFDG>FGD< CV8CD<T@EF6 ; @9FBR WW CB84?PLB7B 6<>BD<EF4AAS 8?S 
46FB@4F<;4JVW 6<DB5A<K<I CDBJ9EV6. 

�H9>F<6AVEFP VAHBD@4JV=AB->B@GAV>4JV=ABW @9D9:V 3 J9 WW ;84FAVEFP 
8BES74F< CBEF46?9ABW @9F< G ;484A<I G@B64I HGA>JVBAG64AAS  ; C96A<@ 
DV6A9@ S>BEFV, FB5FB J9 I4D4>F9D<EF<>4, MB 6V8B5D4:4T EFGCVAP 

https://www.amazon.in/s/ref=dp_byline_sr_book_1?ie=UTF8&field-author=Satish+Kumar&search-alias=stripbooks
https://en.wikipedia.org/wiki/New_York_City
https://en.wikipedia.org/wiki/New_York_City
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6V8CB6V8ABEFV @9D9:V E6BT@G CD<;A4K9AAR, F9IAVKAG 8BE>BA4?VEFP F4 
9>BAB@VKAG 8BJV?PAVEFP [4]. #BASFFS 9H9>F<6ABEFV CB6'S;4AV ; 
BFD<@4AAS@ 89S>B7B >BD<EAB7B D9;G?PF4FG 3 9H9>FG 6<>BD<EF4AAS 
VAHBD@4JV=AB->B@GAV>4JV=A<I @9D9:, S><= 8BES74TFPES JVABR 6<FD4F 
C96A<I D9EGDEV6, FB@G 9H9>F<6AVEFP @9D9:V @B:A4 DB;7?S84F< S> 
ECV66V8ABL9AAS @V: 9H9>FB@ (6<7D4L9@) V 6<FD4F4@<. 

�G89@B 6<;A4K4F< CB>4;A<> 9H9>F<6ABEFV VAHBD@4JV=ABW @9D9:V 
CDBJ9EB@ WW HGA>JVBAG64AAS F4 6V8CB6V8AB HGA>JVBA4?B@ 6V8 JPB7B 
CDBJ9EG. �474?B@ W = W(t, L>, L&#, L�, L�, L'), 89 W 3 @AB:<A4 CB>4;A<>V6 
9H9>F<6ABEFV @9D9:V, t 3 K4E; L>, L&#, L�, L�, L' 3 @AB:<A4 C4D4@9FDV6 
6V8CB6V8AB 8B 6IV8A<I CBFB>V6 ;4C<FV6 A4 B5E?G7B6G64AAS >BD<EFG64KV6 
(L>), F9IAVKA<I F4 CDB7D4@A<I ;4EB5V6 @9D9:V (L&#), 4?7BD<F@V6 B5DB5>< 
F4 C9D984KV VAHBD@4JVW 6 @9D9:V (L�), 8VS?PABEFV >BD<EFG64KV6 (L�), G@B6 
HGA>JVBAG64AAS @9D9:V (L'). � E6BR K9D7G 3 L� = {L&, L& , L!}, 89 L&, L& , 
L! 3 @AB:<A4 6<IV8A<I CB>4;A<>V6 8VS?PABEFV 6G;?V6 VAHBD@4JV=ABW 
@9D9:V 6V8CB6V8AB 8B FBKAVEA<I (L&), K4EB6<I (L& ), A48V=AVEA<I (L!). 
�A4K9AAS >B@CBA9AFV6 @AB:<A L&, L& , L! 6<;A4K4RFPES >BA>D9FA<@< 
CDBJ9E4@< 8VS?PABEFV 6G;?V6 G DB;7?SAGFV= VAHBD@4JV=AB->B@GAV>4JV=AV= 
@9D9:V, ;4EB54@<, S>V T 6 WIAPB@G DB;CBDS8:9AAV 8?S 6<>BA4AAS E6BWI 
HGA>JV= F4 G@B64@< DB5BF<. 

�V8CB6V8AB 8B >BA>D9F<;4JVW CBASFFS 9H9>F<6ABEFV, CB>4;A<>< 
@AB:<A< @B:A4 DB;8V?<F< A4 FD< 7DGC<: W = {W*, W&, W�}, 89 
W* 3 CB>4;A<>< JV?PB6BW 9H9>F<6ABEFV VAHBD@4JV=AB->B@GAV>4JV=ABW 
@9D9:V 45B 9H9>F<6ABEFV 6<>BD<EF4AAS (JV?PB6B7B ;4EFBEG64AAS) JVTW 
@9D9:V, J9 >V?P>VEA<= CB>4;A<> 6V8CB6V8ABEFV @9D9:V E6BT@G 
CD<;A4K9AAR; W& 3 CB>4;A<>< F9IAVKABW 9H9>F<6ABEFV VAHBD@4JV=AB-
>B@GAV>4JV=ABW @9D9:V, J9 >V?P>VEA4 @VD4, MB 6V8B5D4:4T F9IAVKAG 
8BE>BA4?VEFP @9D9:V; W� 3 CB>4;A<>< 9>BAB@VKABW 9H9>F<6ABEFV 
VAHBD@4JV=AB->B@GAV>4JV=ABW @9D9:V, J9 >V?P>VEA<= CB>4;A<> 
9>BAB@VKABW 8BJV?PABEFV DB;7BDF4AAS @9D9:V. 

�<IB8SK< ; D9;G?PF4FV6 5474FB>D<F9DV4?PAB7B 4A4?V;G CB>4;A<>V6 
9H9>F<6ABEFV BJVAR64A<I F9IAB?B7V=, @B:A4 ;DB5<F< 6<EAB6>< CDB F9, 
MB EH9D4 6<>BD<EF4AAS F9IAB?B7V= EGK4EA<I 59;CDB6B8B6<I @9D9: T 
8BE<FP HD47@9AFB64ABR. #D< JPB@G, ?V8<DGRKG CB;<JVR CBEV84T 
F9IAB?B7VS 5G, 4?9 :B8A4 F9IAB?B7VS CV8>?RK9AAS A9 @4T CB6ER8A9 
CB>D<FFS F4 ;84FA4 6<DVL<F< 6EV CDB5?9@< 8?S 6EVI CBF9AJV=A<I  
69DF<>4?PA<I 6<C48>V6 6<>BD<EF4AAS. �B:9A 64DV4AF CV8>?RK9AAS 8B 
@9D9:V C9D9854K4T >B@CDB@VE @V: ECB:<64ABR CBFG:AVEFR, 8V4C4;BAB@ 
F4 E@G7BR CDBCGE>4AAS.  

� CB84?PLB@G F9IAB?B7VS 5G, S>4  A4JV?9A4 A4 D94?V;4JVR 8B84F>V6 ; 
A<;P>BR ;4FD<@>BR V 6<EB>BR CDBCGE>ABR ECDB@B:AVEFR, 
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EF4AB6<F<@GFP 5V?PLG K4EF<AG 69?<K9;AB7B CDBEFBDG IoT, BKB?R64AB7B 
BC9D4FBD4@< @B5V?PAB7B ;6'S;>G, BC9D4FBD4@< A9?VJ9A;B64AB7B EC9>FDG 
F4 CV8CD<T@EF64@< K9D9; 6?4EAV CD<64FAV @9D9:V. 

#D< JPB@G, B8AVTR ; >?RKB6<I F9IAB?B7V=, MB @B:9 5GF< 
6<>BD<EF4A4 6 @9D9:4I 5G 8?S ;459;C9K9AAS 6<DB5A<K<I CDBJ9EV6 T MEC 
(Mobile Edge Computing). MEC [4] C9D9854K4T DB;@VM9AAS �&-
HGA>JVBA4?G F4 CB6'S;4AB7B HGA>JVBA4?G I@4DA<I B5K<E?9AP.  

#9D<H9DV=AV E9D69D< @B:GFP CV86<M<F< CDB8G>F<6AVEFP F4 
;@9AL<F< ;4FD<@>G 6 5G8P-S>B@G >BAF9>EFV, @4>E<@4?PAB A45?<;<6L< 
B5K<E?R64?PAV F4 VALV D9EGDE< 8B @VEJS, 89 6BA< CBFDV5AV. "E>V?P>< 
5G 3 J9 6<EB>4 L6<8>VEFP F4 A<;P>4 ;4FD<@>4, JV 86V F9IAB?B7VW 8B5D9 
CBT8AGRFPES. �V?PL9 FB7B, 6;4T@B;6'S;B> @V: A<@< A45474FB 7?<5L<=: 
L<DB>4 8BEFGCAVEFP @9D9: 5G, 69?<K9;A4 >V?P>VEFP B5?48A4AAS F4 #�, S>9 
CV8>?RK4F<@9FPES 8B J<I @9D9:, A9 B5V=8GFPES 59; MEC. 

' CBT8A4AAV ; 4DIVF9>FGDBR C9D<H9DV=A<I B5K<E?9AP 5G ;4;6<K4= 
DB;7?S84TFPES S> F9IAB?B7VS, S>4 6<DVL<FP B8AG ; A4=A474?PAVL<I 
CDB5?9@ @9D9:ABW ;4FD<@>< CD< B8ABK4EAB@G ;459;C9K9AAV 6<EB>BW 
CDBCGE>ABW ;84FABEFV. 

&4><@ K<AB@, ;4EFBEG646L< 5474FB>D<F9DV4?PA<= 4A4?V; 8B 84A<I, 4 
F4>B: CDB4A4?V;G646L< CBFD95< CV8CD<T@EF6, A4 S><I A9B5IV8AB 
CDB6B8<F< CV8FD<@>G CDBJ9EV6 46FB@4F<;4JVW 6<DB5A<K<I CDBJ9EV6, 
@B:A4 ;DB5<F< 6<EAB6B>, MB BCF<@4?PA<@ DVL9AAS@ 8?S 69?<><I 
CV8CD<T@EF6 T DB;7BDF4AAS @9D9:V 5G. 

�B:A9 6<DB5A<K9 CV8CD<T@EF6B CB6<AAB BKV>G64F< BFD<@4AAS 
@4>E<@4?PAB7B 9H9>FG 6V8 6>?484AAS 6?4EA<I >BLFV6 G E6BW 6?4EAV 
CDB9>F< VAHBD@4F<;4JVW. �9?<K<AG JPB7B 9H9>FG @B:A4 6V8B5D4;<F< A4 
69?<K<AV CD<5GF>G CV8CD<T@EF64 6V8 D94?V;4JVW CDB9>FG VAHBD@4F<;4JVW. 
�<IB8SK< V; J<I F69D8:9AP, @B:A4 CDB6B8<F< 6<5VD BCF<@4?PAB7B 
CDB9>FAB7B DVL9AAS, 6<>BD<EFB6GRK< >D<F9DV= BCF<@4?PABEFV �4=9E4-
�4C?4E4 (BL->D<F9DV=). �BJV?PAB F4>B: B5�DGAFG64F< 6<>BD<EF4AAS, S> 
BJVABKABW HGA>JVW BCF<@4?PABEFV 3 K<EFB7B CD<6989AB7B 9H9>FG ;4 
CDB9>FB@ VAHBD@4F<;4JVW, S> VAF97D4?PAB7B CB>4;A<>4 9H9>F<6ABEFV 
CDB9>FA<I DVL9AP. 

�4 4A4?V;B@ D9;G?PF4FV6 @B:A4 ;DB5<F< 6<EAB6B> CDB A9B5IV8AVEFP 
DB;7BDF4AAS A4 CV8CD<T@EF64I E4@9 @V>DBEFV?PA<>B6BW EFDG>FGD< @9D9:V 
V; 6<>BD<EF4AAS@ D48VBK4EFBF G 8V4C4;BA4I 700, 800 45B 2600  �J. 

�8A=>2:8. �BE?V8:9AAS, CDB6989AV 6 84AV= DB5BFV 8B;6B?<?< 
CDB69EF< 4A4?V; F4 ;8V=EA<F< 6V8CB6V8A<= 6<5VD BCF<@4?PABW F9IAB?B7VW 
8?S 6<>BD<EF4AAS WW ; @9FBR BCF<@V;4JVW 6<DB5A<K<I CDBJ9EV6. �?S JPB7B 
5G?B DB;DB5?9AB @B89?P 5474FB>D<F9DV4?PABW BCF<@V;4JVW, 6<;A4K9AB CG? 
>B@GAV>4JV=A<I F9IAB?B7V=, S>V @B:GFP 5GF< 6<>BD<EF4AV 8?S BCF<@V;4JVW 
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6<DB5A<K<I CDBJ9EV6. � D9;G?PF4FV, CDB6989A<= 5474FB>D<F9DV4?PA<= 
4A4?V; 8B;6B?<6 6C96A<F<EP 6 8BJV?PABEFV DB;7BDF4AAS EFV?PA<>B6<I 
@9D9: 5G 8?S 46FB@4F<;4JVW 6<DB5A<K<I CDBJ9EV6. &4>B: 5G?B 
;4CDBCBAB64AB @9FB8<>G 6<5BDG BCF<@4?PA<I CDB9>FA<I DVL9AP 
F9IAB?B7V= @B5V?PAB7B ;69S;>G 5G. 
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1%F9JR> #.�., 2$B@4AB64 &.�, 1)B@9S> ". . 
1�AEF<FGF >V59DA9F<>< V@9AV �. . �?GL>B64 !�! '>D4WA< 

2�AEF<FGF CDB5?9@ @4L<AB5G8G64AAO V@9AV �. . #V87BDAB7B !�! 
'>D4WA< 

 
ON USING BARON SOLVER FOR BALANCED CIRCULAR 

PACKING PROBLEM 

 
Abstract. The paper addresses a packing problem of unequal circles in a 

larger circle of minimum radius so that the gravity center of the family of 

 
1 $>5>F4 ?V4FD8<4=4 Volkswagen Foundation (7D4=F 7 97775) 
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circles coincides with the outer circle center. Two formulations of the balanced 
circular packing problem as multiextremum nonlinear programming models 
are provided. The first formulation uses quadratic constraints while the second 
one employs radical functions for describing the non-overlapping of circles 
and their containment into the outer circle. The global minima of both 
problems were found by solver BARON for the benchmark instance with five 
unequal circles. 

!9I4= ;484AB EV@9=EF6B >DG7V6 iS  ; D48VGE4@< ir  V 6474@<  

iw , = 1, ,i m . *9AFD FS:VAAS >DG74 iS  ;A4IB8<FPES 6 =B7B J9AFDV. 

�54?4AEB64ABR GC4>B6>BR EV@9=EF64 >DG7V6 iS , = 1, ,i m , 6 >DG7 S  

A4;<64RFP F4>G WI GC4>B6>G, MB5 D48VGE >DG74 S  5G6 @VAV@4?PA<@ V J9AFD 
FS:VAAS EV@9=EF64 >DG7V6 iS , = 1, ,i m , ;5V746ES ; J9AFDB@ 
;B6AVLAPB7B >DG74 S , S><= ;A4IB8<FPES 6 CBK4F>G E<EF9@< >BBD8<A4F. 
#B;A4K<@B ( , )i ix y  3 A96V8B@<= J9AFD >DG74 iS , r  3 A96V8B@<= D48VGE 

;B6AVLAPB7B >DG74 S . �B>D9@4 6<;A4K<@B 
=1

= /
m

i i jj
w wü õ , 

= 1, ,i m , 
=1, ,

= maxlow i
i m

r r . 

�484KV ;54?4AEB64ABW GC4>B6>< EV@9=EF64 >DG7V6 iS , = 1, ,i m , 

6V8CB6V84RFP 86V 5474FB9>EFD9@4?PAV ;484KV A9?VAV=AB7B CDB7D4@G64AAS 
[1, 2]. #9DL4 ; A<I (;484K4 A) @4T F4><= 6<7?S8: 

 

, ,
= min

r x y
r rú     (14) 

CD< B5@9:9AASI 
 

2 2 2( ) , = 1, , ,i i ix y r r i m+ ó 2    (24) 
2 2 2( ) ( ) ( ) , 1 < ,i j i j i jx x y y r r i j m2 + 2 ó + ó ó   (34) 

=1 =1

= 0, = 0,
m m

i i i i
i i

x yü üõ õ     (44) 

lowr ró .     (5a) 

 
�DG7G ;484KG (;484K4 B) EHBD@G?PB64AB G F4><= ECBEV5: 
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, ,
= min

r x y
r rú     (1b) 

CD< B5@9:9AASI 
 

2 2 , =1, , ,i i ix y r r i m+ ó 2    (2b) 

2 2( ) ( ) , 1 < ,i j i j i jx x y y r r i j m2 + 2 ó + ó ó   (3b) 

=1 =1

= 0, = 0.
m m

i i i i
i i

x yü üõ õ     (4b) 

 
*V?PB6V HGA>JVW (14), (1b) T ?VAV=A<@< HGA>JVS@< i CB6'S;4AV ; 

@VAV@V;4JVTR D48VGE4 ;B6AVLAPB7B >DG74 S . �648D4F<KAV B5@9:9AAS (24) 
F4 B5@9:9AAS (2b), MB @VEFSFP D48<>4?<, B;A4K4RFP, MB >B:A<= >DG7 iS

, = 1, ,i m , A4?9:<FP >DG7G S . �648D4F<KAV B5@9:9AAS (34) F4 
B5@9:9AAS ; D48<>4?4@< (3b) 74D4AFGRFP, MB AVS>V 864 >DG7< V; EV@9=EF64 
>DG7V6 iS , = 1, ,i m  A9 C9D9F<A4RFPES. �VAV=AV B5@9:9AAS (44), (4b) 

B;A4K4RFP, MB J9AFD 647< >DG7V6 iS , = 1, ,i m , ;A4IB8<FPES 6 CBK4F>G 
>BBD8<A4F. "5@9:9AAS (54) ;459;C9KGT 8B84FAT ;A4K9AAS r , CBFDV5A9 8?S 
>BD9>FABEFV B5@9:9AP (24). �484K4 B 6V?PA4 6V8 4A4?B74 8?S B5@9:9AAS 
(5a), FB@G MB B5@9:9AAS (2b) 46FB@4F<KAB 6D4IB6GT 8B84FAVEFP 
;@VAABW r . 

�4 8BCB@B7BR ?47D4A:96<I 86BWEF<I BJVAB> 8?S >648D4F<KABW 
@B89?V ;484KV A 6 EF4FFV [2] B5�DGAFB64AB BCF<@4?PAG ;54?4AEB64AG 
GC4>B6>G 8?S 5m = , 1 = 0.1r , 2 = 0.2r , 3 = 0.3r , 4 = 0.5r , 5 = 0.8r , 

1 = 0.0785w , 2 = 0.314w , 3 = 0.7065w , 4 =1.9625w , 5 = 5.024w

. $B;7?SA9@B D9;G?PF4F< DB;69S;4AAS JVTW : ;484KV EB?69DB@ BARON 
(Branch-And-Reduce Optimization Navigator), S><= 8B;6B?ST ;A4=F< 
7?B54?PAV 9>EFD9@G@< ;484K A9?VAV=AB7B CDB7D4@G64AAS [3, 4]. 

!4 D<E. 1 A46989AB BCF<@4?PAV ;54?4AEB64AV GC4>B6>< C9SF< >DG7V6 
8?S ;484KV A (D<E. 15 F4 18) F4 ;484KV B (D<E.16 F4 19), BFD<@4AV ; 86BI 
EF4DFB6<I FBKB> (D<E.14 F4 17 G @4ELF45V  1.31623:10). �@ 6V8CB6V84T 
@VAV@4?PA<= D48VGE 	7 = 1.31623. 

�?B54?PAV @VAV@G@< ;484K A F4 � 8?S C9DLBW EF4DFB6BW FBK>< (D<E. 
14, 15 F4 16) A46989AB 6 F45?. 1. �B:9A V; A<I @B:A4 BFD<@4F< ; VALB7B ;4 
8BCB@B7BR CB6BDBFG BEF4AAPB7B A4 89S><= >GF 6V8ABEAB J9AFD4 >DG74 S



70 

 

. *PB7B A9@B:?<6B ;DB5<F< ; 7?B54?PA<@<  @VAV@G@4@< ;484K A F4 �, 
BFD<@4A<@< 8?S 8DG7BW EF4DFB6BW FBK><. 

 

 
 
$<E. 1. BARON: 7?B54?PAV @VAV@G@< 8?S 86BI EF4DFB6<I FBKB>  

 
 

&45?<JS 1 3 $B;69S;>< ;484K 3 EF4DFB64 FBK>4 	0 = 	7 = 1.31623 
 %F4DFB64 FBK>4 $B;69S;B> ;484KV A $B;69S;B> ;484KV B 

i  
ix  iy  ix  iy  ix  iy  

1 0.28749 -0.8164 0.125172 -1.20975 -0.610319 -1.05201 
2 1.11061 1.20344 -0.954181 -0.579238 -1.11239 0.09249 
3 -

1.03791 
0.56363 0.512519 -0.877528 -0.101387 -1.01116 

4 0.13566 -0.62354 -0.279779 -0.766786 -0.677155 -
0.455748 

5 -
0.39591 

-0.24417 0.094896 0.478047 0.357832 0.330878 

 
� F45?.2 A46989AB ;4FD4F< EB?69D4 BARON 8?S DB;69S;4AAS ;484K � 

F4 B: >V?P>VEFP VF9D4JV= V K4E (6 E9>GA84I) 8?S A<:AVI 7D4A<JP A4 
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@VAV@4?PA<= D48VGE rú . �; F45?<JV 6<8AB, MB 8?S ;484KV � FBKA4 A<:AS 
7D4A<JS 8?S 	7 = 1.31623 8BES74TFPES 686VKV L6<8L9 8?S C9DLBW 
EF4DFB6BW FBK><, AV: 8?S 8DG7BW EF4DFB6BW FBK><. 

 
&45?<JS 2 3 $9;G?PF4F< DB5BF< BARON4: 69DIAS  
7D4A<JS 1.31623 

�484K4 � 
(C9DL4 EF4DFB64 FBK>4) 

�484K4 � 
(C9DL4 EF4DFB64 FBK>4) 

Iteration Time (s) Lower 
bound 

Iteration Time (s) Lower 
bound 

19442 105.47 0.800000 17795 124.64 1.07820 

39507 225.48 0.881865 31588 224.62 1.24300 
60531 315.50 1.18031 44142 314.63 1.26828 

87983 435.51 1.27354 60428 434.63 1.28566 

107956 540.60 1.31623 77108 554.66 1.29411 

   97593 708.28 1.31623 

�484K4 � 
(8DG74 EF4DFB64 FBK>4) 

�484K4 � 
(8DG74 EF4DFB64 FBK>4) 

Iteration Time 
(s) 

Lower 
bound 

Iteration Time (s) Lower 
bound 

24431 215.19 0.800000 26506 211.30 1.02077 
43623 432.20 0.885228 53778 421.35 1.17284 
60285 616.76 1.12001 80561 631.40 1.26184 
77345 831.48 1.24381 107086 841.42 1.29292 
88026 985.51 1.27344 116293 911.78 1.31623 

99580 1148.45 1.31623    
 
 

�VB5@0BC@0 
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4. Sahinidis N.V., BARON 21.1.13: Global Optimization of Mixed-
Integer Nonlinear Programs, User's manual, 2021. 
 
 
 

��!� ��� $"��"$&�!!/ �"��$�( �+!�) %#�$���� 
' #$�$"�� 
&<@BHVT64 !. �. 

 V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 

 
DYNAMICS OF LOGARITHMIC SPIRAL DEVELOPMENT IN 

NATURE 

 

Abstract. Representation of biological space as a sign combinatorial 
allows to explain various phenomena in nature, in particular the formation of 
logarithmic spirals during the growth of shells of some species of mollusks, 
galaxy sleeves, spirals of rose petals, etc. The dynamics of their formation is 
explained by the finite sequences that take place during the deployment of the 
agreed spaces and which are presented geometrically using polar coordinates. 

 
�ABC?. #D< DB;7BDF4AAV ;A4>B6<I >B@5VA4FBDA<I (5VB?B7VKA<I) 

CDBEFBDV6, GF6BDRRFPES >B@5VA4FBDAV K<E?4, ;B>D9@4 K<E?4 (V5BA4KKV 
[1], K9D9; S>V 6 :<6V= CD<DB8V @B:A4 CBSEA<F< A4S6AVEFP ?B74D<H@VKA<I 
ECVD4?9=. *V ECVD4?V GF6BDRRFPES ;468S>< E>VAK9AA<@ CBE?V8B6ABEFS@, 
S>V @4RFP @VEJ9 CD< DB;7BDF4AAV B7B6BD9A<I CDBEFBDV6 V S>V CB84RFPES 
79B@9FD<KAB ; 6<>BD<EF4AAS@ CB?SDA<I >BBD8<A4F. 

#>AB0=>2:0 7040GV. 'F6BD9AAS ?B74D<H@VKABW ECVD4?V 79B@9FD<KAB 
CB84TFPES K9D9; <;B?BF<= CDS@B>GFA<>=, 6 S>B7B B8A4 EFBDBA4 8B6L4 6 
1.618 D4;V6 («;B?BF9» K<E?B 45B ;B?BF<= C9D9F<A) [2]. #D<EGFAVEFP 
;B?BFB7B C9D9F<AG 6 CD<DB8V CDBS6?STFPES K9D9; K<E?4 (V5BA4KKV, S>V 
GF6BDRRFPES ; 4D<H@9F<KAB7B FD<>GFA<>4. "EF4AAV= ;9S6?STFPES CD< 
DB;7BDF4AAV >B@5VA4FBDA<I CDBEFBDV6 V; GF6BD9A<I E>VAK9AA<I 
CBE?V8B6ABEF9=. �468S>< J<@ CBE?V8B6ABEFS@ @B:A4 CDBE?V8>G64F< 
8<A4@V>G GF6BD9AAS ?B74D<H@VKA<I ECVD4?9=.   

#V4EV4, I> ?@>?>=CTBLAO. �<>BD<EFB6GRK< E>VAK9AAV 
CBE?V8B6ABEFV, S>V GF6BDRRFPES CD< DB;7BDF4AAV ;A4>B6<I >B@5VA4FBDA<I 
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CDBEFBDV6 F4 CD98EF46?9AAS WIAVI 9?9@9AFV6 G CB?SDA<I >BBD8<A4F4I, 
CB84AB 8<A4@V>G GF6BD9AAS  ?B74D<H@VKA<I ECVD4?9= G CD<DB8V.  

�=0;V7 >AB0==VE 4>A;V465=L B0 ?C1;V:0FV9 70 B5<>N. "C<E4AV 6 
?VF9D4FGDV >B@5VA4FBDAV CDBEFBD<, S> CD46<?B, ;6B8SFP 8B @9FD<KA<I. 
�9S>V 46FBD< 664:4RFP, MB FBK>4@< >B@5VA4FBDAB7B CDBEFBDG T 
D9>GDE<6AV HGA>JVW. � ?VF9D4FGDV F4>B: BC<E4AB 96>?V8B6V >B@5VA4FBDAV 
CDBEFBD<. �?9 BEB5?<6VEFR ;A4>B6<I >B@5VA4FBDA<I CDBEFBDV6 T A9 
CDBEFB VEAG64AAS ;484ABW @AB:<A< FBKB> >B@5VA4FBDAB7B I4D4>F9DG, @V: 
S><@< G6989AB 6V884?P, 4 GF6BD9AAS WI ; 9?9@9AFV6 B8AVTW 45B >V?P>BI 
54;B6<I @AB:<A ; 6<>BD<EF4AAS@ C96ABW E<EF9@< CD46<?. �?S ;484AAS 
>B@5VA4FBDAB7B CDBEFBDG 8BEF4FAPB G69EF< B8AG 45B >V?P>4 54;B6<I 
@AB:<A, V; 9?9@9AFV6 S><I HBD@GRFPES =B7B FBK><, F<C >B@5VA4FBDABW 
>BAHV7GD4JVW F4 E<EF9@G CD46<?, ;4 8BCB@B7BR S><I 6VA DB;7BDF4TFPES. 

'B2>@5==O A:V=G5==8E ?>A;V4>2=>AB59 ?@8 @>73>@B0==V 
7=0:>28E :><1V=0B>@=8E ?@>AB>@V2. )4D4>F9DABR BEB5?<6VEFR 
;A4>B6<I >B@5VA4FBDA<I CDBEFBDV6 T GF6BD9AAS ;484ABW @AB:<A< FBKB> 
>B@5VA4FBDAB7B I4D4>F9DG V; 9?9@9AFV6 B8AVTW 45B >V?P>BI 54;B6<I 
@AB:<A ; 6<>BD<EF4AAS@ C96ABW E<EF9@< CD46<? [1]. �?S ;484AAS 
;A4>B6B7B >B@5VA4FBDAB7B CDBEFBDG 8BEF4FAPB G69EF< B8AG 45B >V?P>4 
54;B6<I @AB:<A, V; 9?9@9AFV6 S><I HBD@GRFPES =B7B FBK><, F<C 
>B@5VA4FBDABW >BAHV7GD4JVW F4 E<EF9@G CD46<?, ;4 8BCB@B7BR S><I 6VA 
DB;7BDF4TFPES. &BK>4@< J<I CDBEFBDV6 T >B@5VA4FBDAV >BAHV7GD4JVW DV;A<I 
F<CV6.  

� [1] A46989AB 4>EVB@< ;A4>B6<I >B@5VA4FBDA<I CDBEFBDV6 V 
CB>4;4AB, MB CD<DB8AV CDBEFBD< @4RFP >B@5VA4FBDAG CD<DB8G, S>MB 8?S 
A<I 6<>BAGRFPES JV 4>EVB@<. � 5VB?B7VW VEAGRFP S6<M4, CB69S;4AV ; 
>B@5VA4FBDA<@< K<E?4@<. #D< HBD@G64AAV EGJ6VFFS 89S><I >6VFV6, ?GE>< 
L<LB>, DB;@VM9AAV ?<EFS 89D96 F4 VAL<I DBE?<A GF6BDRRFPES CD46<?PAV 
ECVD4?V, K<E?B DS8V6 S><I ;5V74TFPES ; K<E?4@< (V5BA4KKV, CBE?V8B6AVEFP 
S><I @4T F4><= 6<7?S8: 1, 1, 2, 3, 5, 8, 13, 21, 34, 55,&. *9 7B6BD<FP CDB F9 
MB 5VB?B7VKAV CDBEFBD< @4RFP >B@5VA4FBDAG CD<DB8G.  

#D< 79A9DG64AAV : @AB:<A< DB;5<FFV6 K<E?4 45B @AB:<A< DB;5<FFV6 
n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A< ; 6<>BD<EF4AAS@ 6?4EF<6BEFV 
C9DVB8<KABEFV B89D:4AV K<E?B6V CBE?V8B6ABEFV, S>V ;484RFP G A<I 
>V?P>VEFP >B@5VA4FBDA<I >BAHV7GD4JV=, @VEFSFP K<E?4 (V5BA4KKV. 
!4CD<>?48, 8?S DB;5<FFS A4FGD4?PAB7B K<E?4 8?S 7=n  GF6BD9A4 
E>VAK9AA4 CBE?V8B6AVEFP, S>4 ;484T >V?P>VEFP DB;5<FFV6 G WIAV= @AB:<AV, 
@4T 6<7?S8 1, 3, 4, 3, 2, 1, 1, 89 BEF4AAV KBF<D< J<HD< 3 K<E?4 (V5BA4KKV. 

#D< DB;7BDF4AAV ;A4>B6B7B >B@5VA4FBDAB7B CDBEFBDG ; 
6<>BD<EF4AAS@ 6?4EF<6BEFV C9DVB8<KABEFV [3], FBK>BR S>B7B T ECB?GK9AAS 
59; CB6FBD9AP 45B DB;5<FFS n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A<, 
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B89D:4AV K<E?B6V CBE?V8B6ABEFV, S>V ;484RFP G A<I >V?P>VEFP 
>B@5VA4FBDA<I >BAHV7GD4JV=, GF6BDRRFP >B@5VA4FBDAV K<E?4 F4 S6?SRFP 
EB5BR 5VAB@V4?PAV >B9HVJVTAF<, MB GF6BDRRFP 4D<H@9F<KA<= FD<>GFA<>. 
%HBD@G?RT@B F4>V F9BD9@<. 

&5>@5<0 1. �A4K9AAS CBE?V8B6ABEFV, S>V ;484RFP >V?P>VEFP ECB?GK9AP 
59; CB6FBD9AP w  G WIAV= @AB:<AV W , MB GCBDS8>B64A4 ; 
6<>BD<EF4AAS@ D9>GD9AFAB-C9DVB8<KAB7B @9FB8G 79A9DG64AAS 
>B@5VA4FBDA<I >BAHV7GD4JV=, GF6BDRRFP 4D<H@9F<KA<= FD<>GFA<> F4 T 
HV7GDA<@< K<E?4@<. 

#V8@AB:<AG WW üø  A4;69@B CV8@AB:<ABR V;B@BDHA<I 

>B@5VA4FBDA<I >BAHV7GD4JV= ),...,( 1 ø= www , S>MB WW 9?9@9AF< 3 

V;B@BDHAV >B@5VA4FBDAV >BAHV7GD4JVW; },...,1{ nþø  3 >V?P>VEFP 9?9@9AFV6 

G w  45B CV8@AB:<A ww j ü .   

&5>@5<0 2. �A4K9AAS CBE?V8B6ABEF9=, S>V ;484RFP >V?P>VEFP 
DB;5<FFV6 n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A< G WIAV= CV8@AB:<AV 

øW  8?S 2=ø , MB GCBDS8>B64A4 ; 6<>BD<EF4AAS@ D9>GD9AFAB-
C9DVB8<KAB7B @9FB8G 79A9DG64AAS >B@5VA4FBDA<I >BAHV7GD4JV=, 
GF6BDRRFP 4D<H@9F<KA<= FD<>GFA<> F4 T HV7GDA<@< K<E?4@<. 

�B6989AAS F9BD9@ 1, 2 A46989AB 6 [1].  
� D9;G?PF4FV 8B6989AAS F9BD9@ BFD<@GT@B F4>V CBE?V8B6ABEFV: 

1, 2, 3, 4, 5, 6, ...; 1, 3, 6, 10, 15, 21, ...; 1, 4, 10, 20, 35, 56,&. 
�EAGRFP DB5BF<, 6 S><I 9?9@9AF< E>VAK9AA<I CBE?V8B6ABEF9= K<E9? 

CB84AB K9D9; CB?SDAV >BBD8<A4F< [4]. �IAT CD98EF46?9AAS A4 CB69DIAV 
GF6BDRT ?B74D<H@VKAV ECVD4?V. �; A46989A<I F9BD9@ 6<8AB, MB CD< 
DB;7BDF4AAV ;A4>B6<I >B@5VA4FBDA<I CDBEFBDV6 GF6BDRRFPES E>VAK9AAV 
CBE?V8B6ABEFV. #D98EF46?9AAS 9?9@9AFV6 J<I CBE?V8B6ABEF9= 6 CB?SDA<I 
>BBD8<A4F4I CBSEART, S> GF6BDRRFPES ?B74D<H@VKAV ECVD4?V 6 CD<DB8V.  

�?S 9?9@9AFV6 CBE?V8B6ABEFV 1, 2, 3, 4, 5, 6,... 6<;A4K<@B CB?SDAV 
>BBD8<A4F<: 8?S 1: (1,1), 89 C9DL9 K<E?B 3 6V8EF4AP 6V8 CBK4F>G >BBD8<A4F 
8B ;484ABW FBK><, 8DG79 3 >GFB64 >BBD8<A4F4 6 D48V4A4I; FB5FB 8BDV6ART 1 
D48V4A, 8?S 2, 3, 4, 5, 6 6V8CB6V8AB >BBD8<A4F<: (2,2), (3,3), (4,4), (5,5), (5,5). 
3>MB A4A9EF< FBK>< ; J<@< >BBD8<A4F4@< A4 C?BM<AG CDBF< 
7B8<AA<>B6BW EFDV?>< F4 ;9T8A4F< WI ?VAVTR, FB BFD<@4T@B ECVD4?P 
�DIV@984.  

#BE?V8B6ABEFV 1, 3, 6, 10, 15, 21, ...; F4 1, 4, 10, 20, 35, 56,..., ;484@B G 
CB?SDA<I >BBD8<A4F4I: (1, 1), (3,2), (6,3), (10, 4), (15,5), (21, 6), F4 (1, 1), 
(4,2), (10, 3), (20, 4), (35,5), (56, 6).3>MB CB5G8G64F< >D<6V A4 C?BM<AV CB 
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7B8<AA<>B6V= EFDV?JV, FB 6BA< A45?<:4RFPES 8B ?B74D<H@VKABW ECVD4?V.  
�8A=>2>:. "F:9, CD< DB;7BDF4AAV ;A4>B6<I >B@5VA4FBDA<I 

CDBEFBDV6, ;B>D9@4 5VB?B7VKA<I, V; ;7BDAGFB7B GF6BDRRFPES E>VAK9AAV 
CBE?V8B6ABEFV, 9?9@9AF< S><I ;484RFP >V?P>VEFP >B@5VA4FBDA<I 
>BAHV7GD4JV= G WIAVI @AB:<A4I (45B CV8@AB:<A4I V;B@BDHA<I 
>B@5VA4FBDA<I >BAHV7GD4JV=). �<A4@V>4 GF6BD9AAS ?B74D<H@VKA<I 
ECVD4?9= CDBE?V8>B6GTFPES ;468S>< J<@ CBE?V8B6ABEFS@, 9?9@9AF< S><I 
CB84AB 6 CB?SDA<I >BBD8<A4F4I. 

 

�VB5@0BC@0  
1. &<@BHVT64 !.�. �A4>B6V >B@5VA4FBDAV CDBEFBD< F4 LFGKA<= 

VAF9?9>F. ,FGKA<= VAF9?9>F. 2015.  132(67368). %.180 3189. 
2. (9DA4A8B �BD54?4A. �B?BFB9 E9K9A<9.  4F9@4F<K9E><= S;O> 

>D4EBFO.  <D @4F9@4F<><: 6 40 F. #9D. E 4A7?.  .: �9 �7BEF<A<, 2014. & 
1. 160 E. 

3. &<@BHVT64 !.�. &9BD9F<>B-K<E?B6V @9FB8< DB;6'S;4AAS ;484K 
>B@5VA4FBDABW BCF<@V;4JVW. �6FBD9H. 8<E... 8B>F. F9IA. A4G>. 3 �A-F 
>V59DA9F<>< V@. �. . �?GL>B64 !�! '>D4WA<, �<W6. 3 2007. 3 32 E. 

4. #BK9@G CDBEFO9 K<E?4 B5D4;GRF EC<D4?<? 
https://www.youtube.com/watch?v=DxntHp7-wbg (84F4 ;69DA9AAS: 
5.05.2021).   

 
 
 
#�$����0!� '#"$/��'��!!/ ��/ #"�!�) 

��"�"�0!�) �$�(�� 
&GDK<A4 �. �., �B64?9A>B �. ". 

�AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9EO �BAK4D4 
 

PARALLEL SEQUENCINGS FOR COMPLETE BIPARTITE 

GRAPHS 

 

Abstract. This research considers the problems of parallel sequencing for 
graphs of special structure, known as complete bipartite graphs. The cases 
where interruptions can significantly affect the solutions' optimality were 
investigated. The dependence between the given parameters and graphs' 
structure for cases when such influence is insignificant was received. Issues 
that need to be investigated further are presented. 

 
�484KV C4D4?9?PAB7B GCBDS8>G64AAS 69DL<A BD7D4HV6 6 >?4E<KAV= 

CBEF4AB6JV @4RFP 864 HBD@G?R64AAS: 45B CB ;484AB@G 7D4HG G=(V,U) F4 

https://www.youtube.com/watch?v=DxntHp7-wbg
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;484AV= L<D<AV GCBDS8>G64AAS h CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS 
S @VAV@4?PABW 8B6:<A< l, 45B CB ;484AV= 8B6:<AV GCBDS8>G64AAS l 
CB5G8G64F< GCBDS8>G64AAS @VAV@4?PABW L<D<A< h [1]. $B;7?SA9@B C9DLG 
;484KG 8?S 6<C48>G CB6A<I 86B8B?PA<I 7D4HV6, FB5FB 7D4HV6 �m,r, m,r ÷ N, 
89 m F4 r 4 >V?P>VEFP 69DL<A G C9DLV= F4 8DG7V= 8B?SI 6V8CB6V8AB. 
�64:4F<@9@B, MB 647< 69DL<A 7D4H4 DV6AV F4 CD<=@9@B WI ;4 1. 
$B;7?SA9@B ;4?9:AVEFP 8B6:<A< BCF<@4?PAB7B GCBDS8>G64AAS 6V8 
>V?P>BEFV 69DL<A 6 8B?SI 7D4H4 F4 L<D<A<. 3>MB m = r (FB5FB 7D4H �m,m), 
4 h = m-1, FB l(S*) = 4. 

 

 
$<E.1. �D4H �m,m 
 
�V=EAB, 6 JPB@G 6<C48>G EI9@4F<KAB BCF<@4?PA9 GCBDS8>G64AAS 

@B:A4 CD98EF46<F< G A4EFGCAB@G 6<7?S8V: 
 

 
$<E.2. %I9@4 DB;CB8V?G 69DL<A 7D4H4 �m,m 59; C9D9D<64AP 
 
�V8B@B, MB 6 ;484K4I GCBDS8>G64AAS 8BE?V8:9AAS 6C?<6G 

C9D9D<64AP A4 BCF<@4?PAVEFP ;4E?G7B6GRFP BEB5?<6BW G647< [2,3]. 
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�<A<>4T C<F4AAS, 4 K< A9 @B:A4 ;@9AL<F< 8B6:<AG, 8B;6B?<6L< 
C9D9D<64AAS CD< DB;CB8V?V 69DL<A, FB5FB 6<IB8<F< ; CD<CGM9AAS, MB 
6<>BA4AAS F<I DB5VF, S><@ G 6V8CB6V8AVEFP CBEF46?9AV 69DL<A<, @B:GFP 
C9D9D<64F<ES V; CB84?PL<@ CBAB6?9AAS@ WI 6<>BA4AAS. *V?>B@ 
;DB;G@V?B, MB C9DL ;4 6E9 F4>V C9D9D<64AAS CB6<AAV EFBEG64F<ES 69DL<A 
C9DLBW 8B?V 86B8B?PAB7B 7D4H4, 4 E4@9 K< @B:A4 ;@9AL<F< ;4 D4IGAB> 
C9D9D<64AP >V?P>VEFP @VEJP, S>V 6BA< ;4=@4RFP. $B;7?SA9@B K4EF>B6<= 
6<C48B> 86B8B?PAB7B 7D4H4, 4 E4@9 7D4H K4,4 F4 h = 3. 

 

 
 
$<E.3. �D4H �4,4 
�?S JPB7B 7D4H4, S> 6<8AB V; D<E.2, 8B6:<A4 BCF<@4?PAB7B 

GCBDS8>G64AAS l = 4.  
�B;6B?<6L< C9D9D<64AAS CD< 6<>BA4AAV 2-BW F4 4-BW DB5BF<, S><@ 

6V8CB6V84RFP 69DL<A< 2 V 4 C9DLBW 8B?V, 8B6:<A4 FVTW K4EF<A< 
GCBDS8>G64AAS, A4 S>V= DB;@VMGRFPES 69DL<A< C9DLBW 8B?V, @B:9 5GF< 
E>BDBK9A4 A4 2/3. &4>9 : E>BDBK9AAS @< BFD<@4T@B V CD< DB;F4LG64AAV 
69DL<A 8DG7BW 8B?V. 
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$<E.4. %I9@4 DB;CB8V?G 69DL<A 7D4H4 �4,4 ; C9D9D<64AAO@< 
 
#B;A4K<@B l* 8B6:<AG BCF<@4?PAB7B GCBDS8>G64AAS 59; C9D9D<64AP 

4 
*
�l  8B6:<AG BCF<@4?PAB7B GCBDS8>G64AAS ; C9D9D<64AAS@<. 

�DB;G@V?B, MB 
* *
�l ló . &B8V 6<7D4L 6V8 C9D9D<64AP @B:A4 BJVA<F< 

A4EFGCA<@ K<AB@: 
*

*
1 100%�lW

l

ö ö
= 2 ÷÷ ÷
ø ø

, 

�?S 7D4H4 K4,4 BFD<@GT@B 6<7D4L 33%W û , 8?S �5,5 F4 h = 4 
6<7D4L 38%. ' ;474?PAB@G 6<C48>G 8?S 7D4HV6 �m,m (m > 2) BFD<@GT@B: 

1
1

1
1 100%

2
m

W

ö öö ö+÷ ÷÷ ÷2ø ø÷ ÷= 2 ÷
÷ ÷
÷ ÷
ø ø

 . 

�A4?V;GRK< ;4?9:AVEFP 6<7D4LV6 6V8 ;A4K9AP m, @B:A4 6V8@VF<F<, 
MB ; C96AB7B >DB>G 6V85G64TFPES EF45V?V;4JVS J<I ;@VA. 

�D4HV>, A46989A<= A4 D<E. 5, V?REFDGT S> CDBIB8<FP JS EF45V?V;4JVS. 
 

 
$<E.5. �4?9:AVEFP 6<7D4LG W 6V8 >V?P>BEFV 69DL<A CD< h=m-1 
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�A4?V;GRK< 6<7D4LV, S>V @B:A4 8BES7F< 8B;6B?<6L< C9D9D<64AAS, 
6<A<>4RFP A4EFGCAV C<F4AAS: 

1. 3>V 6<7D4LV 5G8GFP 8464F< C9D9D<64AAS CD< m > r 45B m < r? 
2. 3> ;4?9:<FP 6<7D4L 6V8 L<D<A< GCBDS8>G64AAS h CD< 8B6V?PA<I 

m F4 r? 
3. 3> @B:A4 @VAV@V;G64F< >V?P>VEFP C9D9D<64AP A9 CB7VDLGRK< 

;A4K9AAS JV?PB6BW HGA>JVW? 
 

�VB5@0BC@0. 
1. �B64?9A>B �. "., &GDK<A4 �. �. �A4?V; 6C?<6G EFDG>FGD< 7D4HV6 

A4 BCF<@4?PAVEFP DB;69S;>G ;484K C4D4?9?PAB7B GCBDS8>G64AAS ; 
C9D9D<64AAS@<. #<F4AAS CD<>?48ABW @4F9@4F<>< V @4F9@4F<KAB7B 
@B89?R64AAS: ;5. A4G>. CD. 3 �AVCDB, 2021. 3 �<C. 21. 3 %. 130-137. 

2. P. Brucker, S. Heitmann, and J. Hurink. How useful are preemptive 
schedules? Operations Research Letters 31, 31:129-136, 2003. 

3. P. Baptiste On preemption redundancy. Technical Report, IBM T.J. 
Watson ResearchCenter, Yorktown Heights, NY, 2002. 
 
 
 
%&�������*�/ �"���!� '#"$/��'��!!/ &� �!���� 
�#���' � �! #"+�&�"��) ��!�) !� "#&� ��0!�%&0 

&GDK<A4 �.�.,  4?VTA>B ".". 
�AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9EO �BAK4D4 

 
STABILIZATION OF ORDER LENGTH AND ANALYSIS OF THE 

INFLUENCE OF CHANGES IN INITIAL DATA ON THE 

OPTIMALITY 

 
The paper considers the known problems of parallel ordering of vertices 

of oriented graphs for the case of certain restrictions. The concept of 
stabilization of length and conditions of its occurrence is introduced. For 
stabilized optimal ordering, the issues of influencing the optimality of changes 
in the initial data related to the simplification of technological constraints and 
the reduction of time constraints are investigated. It is shown that in these 
cases the so-called anomalies also occur. 

 
$S8 CD4>F<KA<I ;484K4I, MB CB69S;4AV ; 6<;A4K9AAS@ BCF<@4?PAB7B 

DB;CB8V?G K4EF>B6B 6CBDS8>B64A<I DB5VF @V: HV>EB64ABR >V?P>VEFR 
D9EGDEV6, ;6B8<FPES 8B 6V8B@<I BCF<@V;4JV=A<I ;484K A4 7D4H4I. "8A4 V; 
F4><I ;484K [1] DB;7?S84TFPES 6 84AV= DB5BFV.  
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�484AB BD7D4H G=(V,U), L<D<A4 GCBDS8>G64AAS h, EC<EB> 
CDVBD<F9FV6 L=(i1, &, in), 647< 69DL<A T=(Ç1, &, Çn) [2]. !9B5IV8AB 
CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS L<D<A< h, S>9 ;48B6B?PAST 
EC<EB> CDVBD<F9FV6  F4 @4T @VAV@4?PAG 8B6:<AG [3]. 

�DB;G@V?B, MB @VAV@4?PA9 ;A4K9AAS 8B6:<A< GCBDS8>G64AAS A9 
@B:9 5GF< @9AL9 8B6:<A< >D<F<KAB7B L?SIG G 7D4HV. 

"7=0G5==O. �G89@B >4;4F<, MB 8B6:<A4 BCF<@4?PAB7B 
GCBDS8>G64AAS EF45V?V;B64A4, S>MB 6BA4 8BDV6ART 8B6:<AV >D<F<KAB7B 
L?SIG. 

$B;7?SA9@B S> 6C?<64T ;A4K9AAS L<D<A< A4 EF45V?V;4JVR 8B6:<A<. 
#D<>?48 1. !9I4= ;484AB 7D4H G (D<E.1), h=3 L=(1,2,3,4,5,6,7,8,9,10), 

T=(5,3,3,2,8,8,7,4,2,9). 
 

 
$<E.1 �D4H G 
 
�A4=89@B BCF<@4?PA9 GCBDS8>G64AAS F4 =B7B 8B6:<AG. 
 

&45?<JS 1. 
"CF<@4?PA9 GCBDS8>G64AAS 69DL<A 7D4H4 G CD< h=3 

1 1 1 1 1 5 5 5 5 5 5 5 5 8 8 8 8   

2 2 2 4 4 6 6 6 6 6 6 6 6 9 9     

3 3 3 1
0 

1
0 

1
0 

1
0 

1
0 

1
0 

1
0 

1
0 

1
0 

7 7 7 7 7 7 7 

 
�B6:<A4 l=19. �5V?PL<@B >V?P>VEFP 6<>BA46JV6. !9I4= h=5. 

"FD<@4T@B GCBDS8>G64AAS (F45?. 2) ; 8B6:<ABR l=12. 
 

&45?<JS 2. 
"CF<@4?PA9 GCBDS8>G64AAS 69DL<A 7D4H4 G CD< h=5 

1 1 1 1 1 8 8 8 8 9 9  

2 2 2 5 5 5 5 5 5 5 5  
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3 3 3 6 6 6 6 6 6 6 6  

4 4  7 7 7 7 7 7 7   

   10 10 10 10 10 10 10 10 10 

 
�A4?V;GRK< D9;G?PF4F<, BFD<@4AV CD< ;5V?PL9AAV L<D<A< 

GCBDS8>G64AAS, @B:A4 ;DB5<F< 6<EAB6B>, MB A4 89S>B@G >DBJV 
6V85G64TFPES EF45V?V;4JVS, FB5FB, BFD<@GT@B BCF<@4?PA9 GCBDS8>G64AAS, 
8B6:<A4 S>B7B 8BDV6ART 8B6:<AV >D<F<KAB7B L?SIG. 

#BEF4T C<F4AAS K< 5G8GFP @4F< @VEJ9 4AB@4?VW CVE?S EF45V?V;4JVW 
8B6:<A< GCBDS8>G64AAS. $B;7?SA9@B A4 CD<>?48V 1 CB>D4M9AAS VAL<I 
G@B6. #BE?45<@B B5@9:9AAS, MB EFBEGTFPES F9IAB?B7VKAB7B CBDS8>G. 
"FD<@4T@B 7D4H G9 (D<E. 2). 

 

 
$<E.2 �D4H G9 
�4@VEFP BKV>G64ABW 8B6:<A< l=12, S> 6<8AB V; F45?. 3, 8B6:<A4 l=13. 

&B5FB, CBE?45?9AAS  F9IAB?B7VKA<I B5@9:9AP CB7VDL<?B ;A4K9AAS 
JV?PB6BW HGA>JVW. 

 
&45?<JS 3. 
"CF<@4?PA9 GCBDS8>G64AAS 69DL<A 7D4H4 G9 CD< h=5 

1 1 1 1 1 9 9       

2 2 2 5 5 5 5 5 5 5 5   

3 3 3 6 6 6 6 6 6 6 6   

4 4  7 7 7 7 7 7 7    

8 8 8 8 10 10 10 10 10 10 10 10 10 

 
#B7VDL9AAS @B:9@B BFD<@4F< V S>MB ;@9AL<@B K4E 6<>BA4AAS 

DB5VF. #D< Ç19=3 BFD<@4T@B BCF<@4?PA9 GCBDS8>G64AAS (F45?. 4), 8B6:<A4 
S>B7B l=14. 
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&45?<JS 4. 
"CF<@4?PA9 GCBDS8>G64AAS 69DL<A 7D4H4 G CD< h=5, Ç19=3 

1 1 1 5 5 5 5 5 5 5 5    

2 2 2 6 6 6 6 6 6 6 6    

3 3 3 7 7 7 7 7 7 7     

4 4  8 8 8 8        

   9 9 10 10 10 10 10 10 10 10 10 

 
�AFGWF<6A9 CB>D4M9AAS CBK4F>B6<I G@B6 ;AB6G CD<;69?B 8B 

CB7VDL9AAS D9;G?PF4FG A4 16,7%. 
&4><@ K<AB@, CD<IB8<@B 8B 6<EAB6>G, MB V G 6<C48>4I EF45V?V;4JVW 

8B6:<A< BCF<@4?PAB7B GCBDS8>G64AAS, 4AB@4?VW @4RFP @VEJ9. 
#B84?PLB7B 8BE?V8:9AAS CBFD95GRFP C<F4AAS, CB69S;4AV ; 

BFD<@4AAS@ G@B6, CD< S><I 6V85G64TFPES EF45V?V;4JVS, F4 6EF4AB6?9AAS@ 
4A4?VF<KA<I ;4?9:ABEF9=, S>V 5G8GFP 74D4AFG64F< 6V8EGFAVEFP 4AB@4?V= 
8?S GCBDS8>G64AP EF45V?V;B64ABW 8B6:<A<. 

 
�VB5@0BC@0 
1. �GD8R> �.3. �?7BD<F@O C4D4??9?PAB7B GCBDS8BK9A<S: 'K95AB9 

CBEB5<9 / �.3. �GD8R>, �.�. &GDK<A4. 3 �.: ��', 1985. 3 84E.  
2. +9?C4AB64 ".". ';474?PA9AAS 4AB@4?PA<I 6<C48>V6 G ;484K4I 

GCBDS8>G64AAS. / ".". +9?C4AB64, �.�. &GDK<A4. // #<F4AAS CD<>?48ABW 
@4F9@4F<>< F4 @4F9@4F<KAB7B @B89?R64AAS: ;5. A4G>. CD. �AVCDB, 2021. 3 
�<C. 21. 3 %. 220-226. 

3. Graham R. L. Bounds on multiprocessing timing anomalies // SIAM 
J. Appl. Math., 1969. V. 17. P. 4163429. 
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OPEN SCIENCE AND REPRODUCIBLE RESEARCH 

Olexandr Konovalov 
University of St Andrews 

 
OPEN SCIENCE AND REPRODUCIBLE RESEARCH 

 
Abstract. I will talk about of open science practices in computational 

research and present some novel ways of sharing reproducible computational 
experiments using Jupyter notebooks. Furthermore, there will be a discussion 
of associated technical skills, needed for modern collaborative research, and of 
training opportunities offered by the Carpentries (https://carpentries.org/). 

 
�V8>D<F4 A4G>4 F4 6V8F6BDR64AV 8BE?V8:9AAS 
(*S 8BCB6V8P DB;CB6VEFP CDB 89S>V 4EC9>F< 6V8>D<FBW A4G><, S>V 

@4RFP 6V8ABL9AAS 8B 8BE?V8:9AP ;4 8BCB@B7BR B5K<E?R64?PA<I 
@9FB8V6.  B64 CV89 CDB EGK4EAV CD4>F<>< DB;DB5>< F4 DB;CB6ER8:9AAS 
A4G>B6B7B CDB7D4@AB7B ;459;C9K9AAS ; 6V8>D<F<@ >B8B@, S>V ECD<SRFP 
A4G>B6B@G ECV6DB5VFA<JF6G F4  6V8F6BDR64ABEFV 8BE?V8:9AP, 4 F4>B: CDB 
F9, S> W@< B6B?B8VF<. #D<>?48< 5G8GFP 6<>BD<EFB6G64F< ABGF5G>< Jupyter 
; 6<>BD<EF4AAS@ Python F4 R, 4?9 CBC9D98AT ;A4=B@EF6B ; A<@< @4F< A9 
B5B6'S;>B6B. 
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1. "'>D4WA4 CD<T8A4?4EP 8B >D4WA �%, MB @4RFP ;4F69D8:9A<= 
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https://doi.org/10.54677/UTCD9302   

8. Y. Yehudi, S. Aragon S and O. Konovalov. Code is science 
manifesto. F1000Research 2018, 7 (ISCB Comm J):1582 
(poster). https://doi.org/10.7490/f1000research.1116166.1 

 
 
 

GAMMA-TETA ALGORITHM FOR GRAPHS 

PLANARIZATION 

Sergey Sgadov 
National University "Zaporizhzhia Polytechnic" 

 
Abstract . In this paper, one considers a way for modifying the thread method 
algorithm for checking the graph for planarity. The system of graph isometric 
cycles obtained as a result of the algorithm induces the rotation of vertices to 
describe the topological pattern of a planar graph for the purposes of 
subsequent visualization. The presented algorithm is based on the 
rearrangement of the reference cycle and the construction of a list of reverse 
routes. The basis of the calculation is the construction of a matrix of 
fundamental cycles based on the construction of the spanning tree of the graph 
by the depth-first search method. Based on the matrix of fundamental cycles, 
the chains that form the routes are selected. To obtain a system of isometric 
cycles, routes are embedded using a modified gamma algorithm. An adapted 
version of the gamma algorithm in the application of the thread method makes 
it possible to embed path-forming chains into graph cycles and simplifies the 
task of finding suitable cycles for this. Adaptation of the gamma algorithm 
includes an additional predictive index to determine the possibility of 
embedding subsequent paths in a given cycle. Graph planarization is the most 
important subtask in solving many relevant applied problems, such as 
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designing complex products and systems, flat constructs, analyzing social 
networks, etc. 

 
Introduction. Placing planar graphs on the plane and checking graphs 

for planarity - an important subtask that arises when solving applied problems 
in many areas. In the work [1] presented a method of controlling the planarity 
of graphs by simultaneously constructing mathematical structures describing 
topological patterns of graphs for visualization purposes. The method is based 
on the construction of isometric cycles [2] by embedding chains in the DFS 
support cycle -of the graph tree [1], rotating the vertices of the graph [3]. In 
[5], a modified string method for determining planarity and building a vertex 
rotation list with a computational complexity comparable to the Hopcroft-
Tarian algorithm [4] was investigated. It is based on the method of reshaping 
DFS -trees and backpaths, as well as on the recursive method of constructing 
hoops. This paper proposes a modification of the thread method [1] using the 
principles underlying the gamma algorithm [6] for embedding chains into 
cycles.  

The original version of the gamma algorithm [6] is that a set of segments 
is built first; 

 for each segment, a value �(þ), that equals to the number of cycles in 
which all vertices of the segment þ placed, is calculated; 

 then the segment with the minimum number �(þ) > 0 must be selected;  
in selected segment, the chain between two contact vertices is selected 3 

so,this chain fits into any face containing this segment. 
The disadvantage of the gamma -algorithm in this form is, apparently, the 

fact that, unlike the thread method, the segment can be not only a chain, but 
also a much larger component of connectivity, which also separately arises to 
planarize. 

Problem formulation. Let G be a given arbitrary graph. Sequentially 
reviewing all the vertices of the graph, we will remove the "hanging" loops. 
Let it be inseparable - i.e. such that it is a connected undirected graph without 
loops and multiple edges, without bridges and points of articulation, without 
vertices with a local degree less than or equal to two. In the future, we will 
consider non-separable undirected graphs. A topological pattern of a planar 
graph is the equally directed rotation of all its vertices, which induces a set of 
isometric cycles of the graph that satisfies the McLain planarity criterion [5]. 

Thus, the task is to obtain an algorithm that will check a given inseparable 
graph G and construct its topological drawing, first in the form of a system of 
isometric cycles, and then it will be possible to obtain a list of rotations of 
vertices from them. 
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Description of the algorithm. As a basis, one will take the thread method 
algorithm given in [5] and modify it as shown below. 

1. Construction of the DFS -tree of the graph and formation of the matrix 
of fundamental cycles (MFC). 

2. We select the cycle of the maximum length of the reference cycle from 
the MFC -and extend it. 

3. Construction of reverse routes. The edges of the cycles that are not 
included in the reference cycle and the corresponding chords are writen out 
from the MFC. Then one leave the longest ones unchanged and process the list 
so that there will be anyone common edges. 

4. Embedding reverse routes. Using the gamma -algorithm approach, we 
consistently search for suitable routes, simultaneously determine the cycles on 
which the ends of the routes lie and embed them in these cycles. 

5. If the embedding of the reverse routes was successful, it is concluded 
that the graph is planar, and then a list of rotations is built according to the 
obtained system of isometric cycles. 

In [5] the operation of including an edge (route) in a loop was introduced 
when the content of the loop is divided into a part where the end vertices of the 
edge participate in the formation of routes. Then, following the sequence, arcs 
are joined to the selected parts. 

Using the concept of the operation of including a route in a cycle, we will 
build an algorithm for embedding reverse routes from the list W into graph 
cycles, modifying a similar one [1, 5]: 

1. Let the list C be a list of isometric cycles. 
Because the reference cycle divides the surface R 2 into inner and outer 

regions, for initialization we will add the reference cycle in the forward and 
reverse directions to the list C. 

2. Let's review the list W and for each i calculate �(Wÿ)on the set C . 
Where value �(þ)equal to the number of faces (cycles) in which all vertices of 
the segment lie þ. Let's find ÿ�ÿ�something that corresponds to min �(Wÿ). 

3. If min �(Wÿ) = 1, then the path is found Wÿÿÿ�and there is an element 
of the cycle list %�, such that it includes the initial and final vertices of the route Wÿÿÿ� . Then we include the route Wÿÿÿ�in the loop %�, which generates the 
loops C�2and C�22. We replace the cycle %�with these two new cycles C�2and C�22. 

4. If min �(Wÿ) g 2, then this means that the route claims more than one 
face and there exists a set of cycles ÿ * %such that Wÿÿÿ�can be embedded in 
any -cycle from this set. Then we introduce an additional criterion ÿÿ� = ÿ  
for the route Wÿ3 the number of elements of the list W , the ends of which lie 
both on Wÿand on the given cycle �� * ÿ. 
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If ÿÿ� = 0, then it is clear that -it is impossible to insert more routes into 
j and the cycle. Therefore, let's calculate ÿÿ�for all elements�� * ÿ and find j 
such that ÿÿ�it is maximal. Then, using this criterion for, Wÿÿÿ�we will find the 
cycle into which we can mount the route, without fearing that in subsequent 
iterations of the algorithm, a situation will arise when it will not be possible to 
mount routes that lie on the given Wÿÿÿ� . 

5. We successively embed the routes from the W list until they are 
completely exhausted. If it turns out that it is impossible to achieve the 
exhaustion of the list W , that is, if at some step a segment S was encountered 
for which there is no containing face, then the graph is nonplanar 

If the graph G is planar, then the algorithm constructs its planar 
arrangement in the form of a system of isometric cycles C . 

6. Based on the system of isometric cycles C, we will construct lists of 
rotations for this graph using data algorithms, for example, in work [8]. 

Conclusions. The paper presents an algorithm obtained by a modification 
of the thread method [5], which uses an improved way of embedding routes 
with the use of additional criteria, which allows avoiding incorrect selection of 
cycles at the final stage of the algorithm. An approach to modifying the gamma 
algorithm for chain embedding is also obtained. Thus, it is proposed to evaluate 
using not only the gamma -criterion for paths, but the theta criterion to allow 
situations where a route claims multiple cycles. The obtained system of 
isometric cycles of the graph induces the rotation of the vertices to describe the 
topological pattern of the planar graph. Obtaining the rotation of the vertices 
of the graph immediately solves the two most important tasks of graph theory: 
the task of checking the graph for planarity and the task of constructing a 
topological drawing of a planar graph. 
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Abstract. The general technique of decision-making by the operators in 

flight emergencies is developed. It includes: analysis of flight emergency as a 
complex situation, construction of the algorithm of the pilot actions in flight 
emergency, modeling of decision-making by the pilot in flight emergency, 
modeling and synchronization of decision-making for all collaborative 
decision-making participants in flight emergency, and evaluation of the 
effectiveness of the decisions. The designed deterministic, stochastic, and non-
stochastic models can be used both for the informational support and 
professional training of the air navigation system operators. 

 
Introduction. Aviation is the safest mode of transport. This is a generally 

accepted fact, which is confirmed by statistics. In 2014-2019, there were 107 
accidents in the world, during which 3245 people died. Whereas in 2018 alone, 
airlines around the world carried nearly 4.5 billion passengers on about 45 
million flights [1]. 2017 was the safest year in the history of commercial 
airlines: a total of 10 crashes were registered, of which only half were 
passenger aircraft (ACFT). In 2018, according to the Aviation Safety Network 
[2], the number of accidents rose sharply to 18, killing 561 people. 

ACFT crashes are very rare, about 200 times less common than car 
accidents. Civil aviation statistics over the past six decades show a downward 
trend in tragic events and increased security. But taking into account the 
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registered accidents in 2019, these indicators are above the average for the last 
five years [1; 2].  

The reasons for aviation accidents are human factors (68%), technical 
factors (18%), and environmental factors (14%) [3].  

According to a Boeing study [4], 11% of aviation accidents with human 
casualties occur during a flight at cruising altitude, 2% 3 during the descent 
phase, 2% 3 during the initial approach to landing, 29% 3 at the stage of the 
final approach to landing, 24% 3 during landing. At the beginning of the flight, 
according to statistics, there are fewer problems: 12% of ACFT crashes occur 
during take-off and initial climbing (before removing the flaps), 13% 3 during 
climbing and another 7% 3 on the ground during towing, taxiing, loading / 
unloading, etc. 

The most frequent incident is the announcement of an emergency (39%), 
in the second place 3 the risk of collision / violation of the intervals between 
ACFT (18%). A significant share is occupied by engine failure (13%), the 
smallest share 3 in collisions between aircraft (1%) [5]. 

The distribution of aviation accidents and incidents that occurred on the 
territory of Ukraine in the period from 2013 to 2017 with civilian Ukrainian 
and foreign aircraft by category [6] indicates that incidents most often occur 
due to technical, bird collisions, and engine failures, and these trends do not 
change significantly over the years.  

In the work [7] is provided a fragment of the network graph describing 
the collaborative work of the ACFT crew (pilot-in-command 3 co-pilot) from 
the moment of engine failure during take-off to the issuance by the captain to 
continue or reject take-off. The critical time of actions of the ACFT crew and 
performance of works by the air traffic controller (ATCO) in case of engine 
failure during take-off in deterministic and stochastic conditions is obtained. 
With the help of network planning the analysis of joint actions of the ACFT 
crew (Pilot Flying and Pilot Monitoring) in the case of flight emergency (FE) 
<Power supply problems= is conducted, the time for operational procedures 
with using the method of expert assessments is determined, structurally-time 
table and network graph are built, a critical time of work by two pilots (Pilot 
Flying and Pilot Monitoring) is obtained [7]. Deterministic, stochastic, non-
stochastic, and neural network models of the collaborative decision-making 
(CDM) by ACFT pilot/unmanned aerial vehicle9s remote pilot and ATCO in 
FE for maximum synchronization of operators9 technological procedures are 
developed [8; 9]. 

The purposes of this work is developing the general technique of decision-
making (DM) by the operators in FE. 

Main part. The general technique of DM by the operators in FE is 
presented in Fig. 1. 



90 

 

 
Fig. 1 3 The general technique of DM by the operators in FE 
 

The general technique of DM by the operators in FE includes next steps. 
1. Analysis of situation as a complex situation: identification of causal 

relationships. 
2. Building an algorithm for the pilot9s actions in FE. 
3. Modeling of DM by the pilot in the case of rejected take-off as an 

emergency. 
3.1. Models of DM under uncertainty conditions: determination of the 

alternatives {A} and factors {F} that influence the choice of the optimal 
solution (tool 3 decision matrix) (Table 1). 

 
Table 1 
Decision-making matrix in uncertainty 

Alternative 
solutions 

{�} Factors influencing decision-making in emergency 

f1 f2 & fj & fn 
�1 U11 U12 & U1j & U1n 
�2 U21 U22 & U2j & U2n 
& & & & & & &. 
�i Ui1 Ui2 & Uij & Uin 
& & & & & & & 
�m Um1 Um2 & Umj & Umn 

 
3.2. Models of DM under risk conditions: evaluation of risk R for different 

solutions (tool 3 decision tree). Each stage of DM is characterized by solutions 
(A = {A1; A2; &, An}), a time t of situation development on some stage, and 
additional value ³, that depends on the stage of the situation development and 
DM in time for parry a situation (Figure 6). When solving the problem of 

 

 1 Analysis of FE as a 

complex situation  

(causal analysis) 

2 Building an algorithm 

for the pilot9s actions in 

FE 

3 Modeling of DM by the pilot in FE: 

- under uncertainty conditions; 

- under risk conditions; 

- under certainty conditions 

4 Modeling and synchronization of DM 

for all CDM participants in FE: 

- under uncertainty conditions; 

- under risk conditions; 

- under certainty conditions 

5 Evaluating the effectiveness of the 

decisions  
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minimizing risks at each stage, additional risks arise (+³k), the threats are 
increasing with time t (1): ý� = �� 3 �ÿ�ÿ�ÿ=1 ± ÿ�,   

 (1) 
where ti  3 is a time of stage k;  
³k 3 is an additional risk on stage k; 
pi 3 are the probabilities of situation development, 3 �ÿ�ÿ=1 = 1; 
ui  3 are the expected outcomes (losses/profit). 
The model of DM under risk is shown in Fig. 2. Step-by-step correction 

of the decision matrix is carried out in risk assessment. 

 
Fig. 2 3 The stages of situation development and DM in the decision tree 

 
3.3. Models of DM under certainty conditions: determination of the 

optimal solution by the criterion of minimizing the critical time of pilot actions 
in FE T, development of instructions for the pilot actions in the FE (tool 3 
network planning). 

4. Modeling and synchronization of DM for all CDM participants in FE 
(ACFT crew, ATCO, ground handling agents, rescue service, aerodrome 
service, production and dispatch service, etc.). 

4.1. Under uncertainty conditions: determination of the alternatives {A} 
and factors {F} that influence the choice, determination of the optimal solution 
by the criterion of minimizing potential loss U (tool 3 decision matrix). 

4.2. Under risk conditions: determination of alternatives A and 
probabilities of influence the factors P(F), determination of the optimal 
solution by the criterion of minimizing potential risk R (tool 3 decision tree); 

4.3. Under certainty conditions: determination of the optimal solution by 
the criterion of minimizing the critical time of collaborative actions in the FE 
T, development of instructions for joint actions of the operators in the FE (tool 
3 network planning). 
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So, for example, stochastic and non-stochastic uncertainty, neural, and 
dynamic models can be integrated into deterministic models. When analyzing 
a critical situation in a team decision (A1, A2, A3), each operator determines his 
actions to solve the problem (S1, S2, and S3). In a deterministic model, some 
actions are ambiguous, multi-alternative (S1, S2, and S3). For ambiguous 
actions, optimal solutions are found using stochastic DM models under risk or 
uncertainty conditions (Fig. 3).  

 
Fig. 3 3 The deterministic models with ambiguous actions (S1 and S2) of 
operators (A1, A2, A3)  

 
After determining the minimum risks and maximum safety an integrated 

simplified model (S1, S2, S3) is an aggregated deterministic model with 
included stochastic models (Fig. 4). 

 
Fig. 4 3 The deterministic models with decisions A1, A2, A3 
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When analyzing and synthesis of situations emergency by several 
operators each operator determines his actions to solve problems of ensuring 
the safety of flights. For example, when need to build the CDM models for the 
pilot, air traffic controller, flight dispatcher, and technical personal, for 
choosing optimal actions and synchronization actions of operators in the case 
of rejected take-off. 

5. Evaluating the effectiveness of the decisions. 
Currently, the concept of Airport CDM (A-CDM) implements specific 

solutions that can unite the interests of partners (airport operators, aircraft 
operators, ground handling agents, and air traffic services) in joint work, to 
create the basis for effective DM through more accurate and timely information 
that provides all partners at the airport a single operational picture of air traffic 
[10]. The A-CDM system is expected to increase situational awareness and 
reduce the risks of unauthorized ground maneuvering, and economically 
improve punctuality and reduce operating costs by reducing land delays and 
thus saving fuel by reducing taxiing time. 

Conclusion. The general technique of DM by operators in FE is 
developed. It includes: analysis of FE as a complex situation, construction of 
the algorithm of the pilot actions in FE, modeling of DM by the pilot in FE, 
modeling and synchronization of DM for all CDM participants in FE, and 
evaluation of the effectiveness of the decisions. 

Step-by-step correction of the decision matrix with the help of 
computational systems / information technologies is carried out in risk 
assessment. After determining the minimum risks and maximum safety, an 
integrated simplified model is an aggregated deterministic model with included 
stochastic models. The integration of stochastic and non-stochastic models of 
DM to deterministic models based on a posteriori analysis of FE development 
will serve to correct existing and develop new instructions for pilot actions. 
The designed deterministic, stochastic, and non-stochastic models can be used 
both for the informational support and professional training of the air 
navigation system operators. 

The direction of further research is working out models of DM for all 
CDM participants within the Airport CDM (A-CDM) concept that can unite 
the interests of partners (airport operators, aircraft operators, ground handling 
agents, and air traffic services) in joint work, to create the basis for effective 
DM through more accurate and timely information that provides all partners at 
the airport a single operational picture of air traffic. 
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 At this time, a war is going on in Ukraine, the enemy is striking at 
critical infrastructure, the energy system of which is the main goal. After 
strikes, it is necessary to restore the power system as soon as possible, and then 
carry out rolling blackouts for repairs, and in these cases it is optimal to use 
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metaheuristics. Modern network structures are complex territorially extensive 
systems with a heterogeneous structure. As a result of the complexity and 
multidimensionality of modern network structures, which in turn are 
multivariate and multicriteria, and have different options when choosing 
solutions, the problem of justifying the optimization of network structures in 
the form of a general research task turns out to be very cumbersome and from 
a practical point of view has no solution. Given the complexity of the problem, 
it is advisable to consider its solution with the help of fragmentary models and 
evolutionary algorithms. 
The developed genetic algorithm has fast convergence (about 12 iterations for 
a scheme of 17 nodes). Differs in high accuracy (found the solution differs 
from the global optimum by 8.1%. Also works correctly with various network 
schemes, generation and load structures. Besides, it allows you to determine 
the optimal network topology, the level of total loss in which is 31% lower 
than in the original topology. The algorithm can be used in conjunction with 
RES generation forecasting systems for the day ahead when planning operating 
modes power associations in order to minimize the costs of covering losses 
electricity and improve the quality of supplied electricity. 
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is also one of the means of checking the adequacy of an ontology and the 
purpose of its creation as a knowledge base. The subjectivity of the ontology 
design process creates problems of formalizing competence requests and 
checking the completeness of their set. The paper considers an example of 
generating queries for the ontology of the decision-making process on the 
application of fertilizers for sunflower cultivation. 
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?B7V><, 4 4>EVB@< 6<;A4K4RFP E9@4AF<>G 54;B6<I F9D@VAV6. !4 ;469DL9AAS 
CB5G8B6< BAFB?B7VW 6 84AV= @9FB8B?B7VW D9>B@9A8B64AB B5�DGAFG64AAS 
E<EF9@< ;4C<FV6 ;4 8BCB@B7BR F9BD9@ CDB WW CB6ABFG. � A<I 6<;A4K4RFPES 
G@B6< ;48B6B?9ABEFV 6V8CB6V89= A4 ;4C<F< >B@C9F9AJVW. �DGAVA79D F4 
(B>E [1] EHBD@G?R64?< >D<F9DVW CB6ABF< @AB:<A< ;4C<FV6 >B@C9F9AJVW, 
MB CB?S74RFP 6 A4EFGCAB@G. 

1.  AB:<A4 ;4C<FV6 T >BD9>FABR, S>MB >B:9A ;4C<F 6V8ABE<FPES 8B 
C96A<I BEB5?<6BEF9= BAFB?B7VW. 

2. %<EF9@4 ;4C<FV6 664:4TFPES CB6ABR, S>MB 9>EC9DF< EF69D8:GRFP, 
MB W@ A96V8B@V 8B84F>B6V ;4C<F<. 

3.  AB:<A4 ;4C<FV6 6AGFDVLAPB A9EGC9D9K?<64, S>MB @V: A<@< 
6V8EGFAV >BAH?V>F<. 

4.  AB:<A4 ;4C<FV6 CV884TFPES C9D96VDJV, S>MB VEAGT E>VAK9A<= 
CDBJ9E C9D96VD><, K< ;48B6B?PAST BAFB?B7VS >B:9A ;4C<F, ; DB;G@ABR 
64DFVEFR. 

5. %<EF9@4 ;4C<FV6 T ;DB;G@V?BR, S>MB >B:9A ; A<I T ;DB;G@V?<@ 
>BD<EFG64K4@. 

6.  AB:<A4 ;4C<FV6 T B8AB;A4KABR, S>MB >B:9A ;4C<F A9 8BCGE>4T 
EG@AV6V6 V A9CBDB;G@VAP. 

7.  AB:<A4 ;4C<FV6 T >BDBF>BR, S>MB >B:9A ;4C<F T D9?964AFA<@ F4 
A9 VEAGT 8G5?RRK<I ;4C<FV6. 

&4><= CV8IV8 ;84TFPES A48V=A<@, 4?9 DB;DB5>4 BAFB?B7VW T 
VF9D4F<6A<@ CDBJ9EB@, BF:9 E<EF9@4 ;4C<FV6 >B@C9F9AJV= @B:9 CBEFV=AB 
;@VAR64F<ES. *9 T B8ABR ; CD<K<A FB7B, LB A4 CD4>F<JV F4><= EG6BD<= 
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HBD@4?V;@ 6<>BD<EFB6GRFP A9 K4EFB, A4CD<>?48, 6 DB5BFV [2] 
B5@9:GRFPES HBD@4?V;4JVTR ;4C<FV6 F4 CV8D4IGA>B@ F<I ;4C<FV6, A4 S>V 
BAFB?B7VS ;@B7?4 84F< CD46<?PAV 6V8CB6V8V A4 8G@>G 9>EC9DFV6.  

�DV@ FB7B VEAGRFP DV;AB@4AVFAV VAEFDG@9AF< 8?S BJVA>< BAFB?B7V=, 
A4CD<>?48, 8?S D984>FBD4 Protégé VEAGT C?47VA Ontology Evaluation. 
%F4A84DFB@ @9FB8B?B7VKAB7B EGCDB6B8G 8?S Protégé T «101 Ontology» [3]. 
�?S CB5G8B6< ;4C<FV6 6 Protégé 6<>BD<EFB6GRFP 6V8:9F Queries. 

$B;7?SA9@B HD47@9AF HBD@G64AAS ;4C<FV6 A4 CD<>?48V @B89?V 
BAFB?B7VW HELIANTHUS [4], S>4 5G?4 DB;DB5?9A4 46FBD4@< A4 BEAB6V 
VAHBD@4JVW, MB A484A4 9>EC9DF4@< ; �AEF<FGFG "?V=A<I >G?PFGD !��! 
'>D4WA<. (D47@9AF BAFB?B7VW CB>4;4A<= A4 D<E.1.  9FBR EF6BD9AAS 
BAFB?B7VW T CV8FD<@>4 54;< ;A4AP, MB ;V5D4AV A4G>B6JS@< 6 74?G;V 
6<DBMG64AAS EBASLA<>V6 ;4 5474FB DB>V6 CD4>F<>< F4 CB84?PL9 
;4EFBEG64AAS 6 E<EF9@4I CV8FD<@>< CD<=ASFFS DVL9AP.  

 

 
 
$<E.1. 3 HD47@9AF BAFB?B7VW HELIANTHUS 
 
�?S CB5G8B6< BAFB?B7VW HELIANTHUS 9>EC9DF4@< CB84AB 5G?B 

5474FB ;4C<FV6 >B@C9F9AJVW A4 CD<DB8AV= @B6V, ; S><I DB;59D9@B 864, MB 
CB69S;4AV @V: EB5BR >BAJ9CFB@ «EF4A �DGAFG» F4 6V8CB6V84RFP CDBJ9EG 
CD<=ASFFS DVL9AAS CDB 6A9E9AAS 8B5D<6: 

1. 3> @B:A4 6<;A4K<F< EF4A DB8RKBEFV �DGAFG CV8 GDB:4= 
EBASLA<>G? 

2. %>V?P>< V >B?< 6ABE<F< 8B5D<6 A4 79>F4D EBASLA<>G? 
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�?S HBD@4?V;4JVW ;4C<FV6 A4 @B6V 89E>D<CF<6ABW ?B7V>< A4 @AB:<AV 
>?4EV6 BAFB?B7VW 66989@B A4EFGCAV CB;A4K9AAS: 

y 3 C96A4 @9FB8<>4 F9EFG64AAS �DGAFG, 
x 3 C96A<= ;D4;B> �DGAFG, A4 S>B@G 6<>BAGTFPES F9EFG64AAS, 
t 3 K4E ;45BDG ;D4;>4 �DGAFG, 
d 3 C96A4 D9>B@9A84JVS, 
f 3 >V?P>VEFP C96AB7B 8B5D<64 A4 79>F4D EBASLA<>G. 
 
�?4E< BAFB?B7VW, MB CD<=@4RFP GK4EFP G ;4C<F4I >B@C9F9AJV= 

CD<>?48G: 
SoilTest 3 @9FB8<>< F9EFG64AAS �DGAFG, 
Chemical_Composition 3 IV@VKA<= E>?48 �DGAFG, 
Water-holding_Capacity 3 6B8B GFD<@GRK4 ;84FAVEFP �DGAFG,  
Living Component 3 :<6V >B@CBA9AF< �DGAFG, 
Mechanical Composition 3@9I4AVKA<= E>?48 �DGAFG, 
Decision 3 D9>B@9A8B64A9 DVL9AAS, 
Genotype 3 79ABF<C EBASLA<>G (EBDF 45B 7V5D<8), 
Amount() 3 >V?P>VEFP() A4 79>F4D EBASLA<>G. 
 
#9D9?V> 5VA4DA<I 6V8ABL9AP @V: >?4E4@< BAFB?B7VW G A46989A<I 

;4C<F4I >B@C9F9AJV=: 
isSoilTest(y,x) 3 8?S ;D4;>4 �DGAFG x 6<>BD<EFB6GTFPES @9FB8 
F9EFG64AAS y;  
isTestedChemical_Composition (x,y) 3 F9EFG64AAS IV@VKAB7B E>?48G 
;D4;>4 �DGAFG x @9FB8B@ F9EFG64AAS y; 
isTestedWater-holding_Capacity(x,y) - F9EFG64AAS 6B8B GFD<@GRKBW 
;84FABEFV ;D4;>4 �DGAFG x @9FB8B@ F9EFG64AAS y;  
isTestedMechanical_Composition(x, sand, clay, humus) - F9EFG64AAS 
@9I4AVKAB7B E>?48G ;D4;>4 �DGAFG x @9FB8B@ F9EFG64AAS y; 
isDecision(Application, Time t) 3 CD<=ASFFS DVL9AAS CDB 6A9E9AAS 
8B5D<6 (F4>, K< AV) 6 K4E ;45BDG ;D4;>4 �DGAFG t; 
isNitrogenRich(f, y) 3 F9EF y 6<S6<6 8BEF4FAVEFP 4;BFG 6 8B5D<6V f;  
isBoronRich(f, y) - F9EF y 6<S6<6 8BEF4FAVEFP 5BDG 6 8B5D<6V f;  
isBacteriaRich(f, y) - F9EF y 6<S6<6 8BEF4FAVEFP 54>F9DV= 6 8B5D<6V f;  
isMostlySuitableFor(f, y) - F9EF y 6<S6<6 8BEF4FAR 6B8B GFD<@GRKG 
;84FAVEFP �DGAFG 8?S 8B5D<64 f. 
 
&B8V HBD@4?V;B64A<= C9DL<= ;4C<F >B@C9F9AJV= @4T 6<7?S8: 
ôt ôy (1m31.5m) òx AND ChemicalComposition(NPK OR minor 

elements (boron, zinc, magnesium, selenium, etc.)) AND Water-holding 
Capacity ((aggregate) state, colloidality) OR LivingComponentSoil (bacteria, 
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worms, symbionts, etc.) OR Mechanical Composition of soils (sand, clay, 
humus, etc.)³isDecision (Application (YES/NO) AND Time t). 

 
(BD@4?V;B64A<= ;4C<E 8DG7B7B ;4C<FG >B@C9F9AJV=: 
ôd ôf òGenotype (ôy (1m31.5m) òx (Chemical Composition(NPK OR 

minor elements (boron, zinc, magnesium, selenium, etc.)) AND 
LivingComponentSoil (bacteria, worms, symbionts, etc.) ³ Amount(f; litter 
OR NPK OR urea). 

 
"F:9, BAFB?B7VS T D9;G?PF4FB@ 8B6V?PABW HBD@4?V;4JVW EG59T>F<6A<I 

;A4AP H4IV6JS 6 CD98@9FAV= B5?4EFV. &B@G 69D<HV>4JVS BAFB?B7VW T 
A9B5IV8ABR, 4?9 E<EF9@4 ;4C<FV6 A9 @B:9 5GF< 6<K9DCABR. (BD@G64AAS 
;4C<FV6 >B@C9F9AJV= 6V85G64TFPES S> A4 9F4CV DB;DB5>< BAFB?B7VW 
(6<;A4K9AAS WW EFDG>FGD< F4 B5ES7G), F4> V 6 CDBJ9EV CD<=ASFFS DVL9AP. 
"8A<@ ; C9DEC9>F<6A<I A4CDS@V6 DB;6<F>G @9FB8B?B7VW CDBT>FG64AAS 
BAFB?B7V= F4 HBD@G64AAS ;4C<FV6 >B@C9F9AJV= T 7D4H< ;A4AP [5], MB T 
@9FBR CB84?PL<I 8BE?V8:9AP. 

 
�VB5@0BC@0 
1. Methodology for the Design and Evaluation of Ontologies: 
Proceedings of the Workshop on basic Ontological Issues in Knowledge 
Sharing3IJCAI-95* M Gruninger, M Fox - Montreal, Canada, 1995 
2. E. F. Aminu, I. O. Oyefolahan, M. B. Abdullahi, M. T. Salaudeen, 
MaCOnto: A robust maize crop ontology based on soils, fertilizers and 
irrigation knowledge, Intelligent Systems with Applications, Volume 
16(2022). https://doi.org/10.1016/j.iswa.2022.200125. 
3. Natalya F. Noy and Deborah L. McGuinness. Ontology Development 
101: A Guide to Creating Your First Ontology. // Stanford Knowledge 
Systems Laboratory Technical Report KSL-01-05 and Stanford Medical 
Informatics Technical Report SMI-2001-0880, 2001. 
4. Ontological Model of Helianthus Cultivation in Ukrainian Conditions 
/ Anna Bakurova, Kateryna Vedmedeva, Stanyslav Vedmedev, Elina 
Tereschenko  https://ceur-ws.org/Vol-3396/paper10.pdf. 
5. Nicolas Hubert, Armelle Brun, Davy Monticolo. New Ontology and 
Knowledge Graph for University Curriculum Recommendation. ISWC 
2022 - The 21st International Semantic Web Conference, Oct 2022, 
Hangzhou / Virtual, China. ffhal-03768154v2f 
https://climbtheladder.com/knowledge-graph-interview-questions/ 
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�679A �DB6K9A>B 
�V8>D<F<= @V:A4DB8A<= GAV69DE<F9F DB;6<F>G ?N8<A< «'>D4WA4», �<W6 

 
PROTECTION OF UNSTRUCTURED INFORMATION ON MOBILE 

 
Abstract. It is difficult to imagine a modern person without a mobile 

phone or tablet, which has almost continuous and unlimited access to the 
Internet or the worldwide global network. The nature and importance of this 
information may vary, but protection is a priority. The future of protecting 
unstructured information on mobile devices will be based on a combination of 
technological innovations and increased user awareness of cybersecurity 
issues. Some areas of development include the use of artificial intelligence and 
machine learning; biometric authentication, improvements in biometric 
authentication technologies, such as facial recognition, fingerprints, can 
provide more reliable protection of unstructured information; application of 
blockchain technologies; development of quantum-resistant encryption 
algorithms; privacy by design; user education and awareness; development of 
the legislation and regulatory framework, improvement of the legislation and 
regulatory framework in the field of cyber security will contribute to the 
creation of a reliable environment for the protection of unstructured 
information. Securing unstructured information on mobile devices will rely on 
a combination of technological advances, user education, and collaboration 
between various parties such as developers, service providers, and lawmakers. 

 
�AHBD@4JV=AV F9IAB?B7VW (�&) F4 B5K<E?R64?PAV E<EF9@< ; >B:A<@ 

8A9@ 6E9 5V?PL9 EF4RFP A96V89T@ABR K4EF<ABR :<FFS EGK4EABW ?R8<A<, 
A9;4@VAA<@< CB@VKA<>4@<. $B;6<FB> �& 6V85G64TFPES ;V L6<8>VEFR 
5?<E>46>< F4 @4T 69?<><= 6C?<6 A4 A4L9 EGECV?PEF6B, >B:A<= 89AP @< 
@4T@B @B:?<6VEFP ECBEF9DV74F< AB6V F9IAVKAV F4 VA:9A9DAV 6<ABIB8<. 
#D<KB@G J9 @B:9 5GF< S> C96A4 VAF97D4JVS G DB5BK<= CDBJ9E 3 
46FB@4F<;4JVS CB6ES>89AABW DGF<A<, F4> V K4EF<A4 8B;6V??S 3 ECV?>G64AAS 
F4 DB;647<, FBMB. �9EP >B@C?9>E F9IAB?B7V= F4 E<EF9@ CB?VCLGRFP F4 
ECDBLGRFP 6<>BA4AAS CB6ES>89AA<I ;484K, 6V8>D<64RFP AB6V @B:?<6BEFV 
F4 CD<5<D4RFP >BD8BA<. �4:>B GS6<F< EB5V EGK4EAG ?R8<AG 59; @B5V?PAB 
F9?9HBAG K< C?4AL9FG, MB @4T @4=:9 59;C9D9D6A<= F4 59;?V@VFA<= 
8BEFGCB@ 8B �AF9DA9FG K< 6E9E6VFAPB 7?B54?PABW @9D9:V. %PB7B8AV 
@B5V?PA<= CD<EFDV= @4T C96A<= E4>D4?PA<= E9AE, 6VA @B:9 @VEF<F< 5474FB 
DV;AB@4AVFABW VAHBD@4JVW K< 84A<I. #D<DB84 F4 64:?<6VEFP JVTW 
VAHBD@4JVW @B:9 5GF< DV;ABR, 4?9 ;4I<EF @4T CDVBD<F9FA9 ;A4K9AAS. � 
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6D4IB6GRK< 8<A4@V>G DB;6<FG F4 A96<;A4K9AVEFP 89S><I CDBJ9EV6, C9D98 
VA:9A9D4@< F4 DB;DB5A<>4@< EFBWFP 64:>9 F4 64:?<69 ;468464AAS CB 
;4I<EFG VAHBD@4JV=A<I E<EF9@ F4 ;459;C9K9AAR A48V=ABW DB5BF<. �B 
C96ABW @VDV @B5V?PA<= CD<EFDV= @B:A4 664:4F< A4=5V?PL 
CDB5?9@4F<KABR E>?48B6BR. *9= CD<EFDV= @4T DS8 C9D9647 F4 
BEB5?<6BEF9= 3 6?4EA9 J9 =  DB5?SFP =B7B GD4;?<6<@  C9D98 CBF9AJV=A<@< 
;?B6@<EA<>4@< F4 = 8VW >BD<EFG64K4 @B:GFP ECD<K<A<F< DS8 CDB5?9@. 
�BCB6V8P CD<E6SK9A4 CDB5?9@4F<JV 6<>BD<EF4AAS @B5V?PA<I CD<EFDBW6 
F4 ;4I<EFG A9EFDG>FGDB64ABW VAHBD@4JVW. �4I<EF A9EFDG>FGDB64ABW 
VAHBD@4JVW A4 @B5V?PAB@G CD<EFDBW T 64:?<6<@ ;4684AAS@ ; FBK>< ;BDG 
>V59D59;C9><. !9EFDG>FGDB64A4 VAHBD@4JVS @B:9 5GF< G 6<7?S8V 
F9>EFB6<I 8B>G@9AFV6, 9?9>FDBAA<I ?<EFV6, HBFB7D4HV=, 6V89B, ;4C<EV6 
7B?BEG F4 VALB7B >BAF9AFG, S><= ;59DV74TFPES A4 @B5V?PA<I CD<EFDBSI. �B 
BEAB6A<I CDB5?9@ @B:A4 6V8A9EF<:  6FD4F4 45B >D48V:>4 @B5V?PAB7B 
CD<EFDBR; 6D4;?<6BEFV BC9D4JV=ABW E<EF9@< F4 CDB7D4@AB7B 
;459;C9K9AAS; A98BEF4FAV= DV69AP L<HDG64AAS F4 A98BEF4FAV= DV69AP 
E>?48ABEFV C4DB?V6; A9IFG64AAS >V59D7V7VTABR. �EAGRK< VA:9A9DAB-
4DIVF9>FGDAV DVL9AAS A9 ;46:8< 6<>BAGRFP CBEF46?9AG ;484KG F4 @B:GFP 
@4F< CDB5?9@< ; VAF97D4JVTR. !9 E?V8 ;45G64F< = CDB 9>BAB@VKAG 
E>?48B6G. �A4?V; CD<>?48ABW B5?4EFV F4 D9;G?PF4F< 8BE?V8:9AAS 7B6BDSFP 
CDB F9 MB ;4I<EF VAHBD@4JVW 6 JV?B@G T 64:?<6<@ F4 T CBC<F A4 L6<8>V F4 
9H9>F<6AV DVL9AAS MB8B 59;C9>< VAHBD@4JV=A<I E<EF9@ 6 JV?B@G F4 
@B5V?PAB7B CD<EFDBR ;B>D9@4. �<L9 >B@C?9>EA<= CV8IV8 @B:9 
;459;C9K<F< 9H9>F<6A9 DVL9AAS. 

!9EFDG>FGDB64A4 VAHBD@4JVS - J9 84AV, S>V A9 @4RFP KVF>BW EFDG>FGD< 
45B A9 6V8CB6V84RFP C96AB@G HBD@4FG, MB GE>?48ART WI B5DB5>G F4 
4A4?V;. �BA4 @B:9 6>?RK4F< F9>EFB6V 8B>G@9AF<, 9?9>FDBAAV ?<EF<, 4G8VB- 
F4 6V89BH4=?<, ;B5D4:9AAS, 695-EFBDVA><, EBJV4?PAV @9D9:V F4 VALV HBD@< 
84A<I. ' CBDV6ASAAV ;V EFDG>FGDB64ABR VAHBD@4JVTR, S>4 ;4;6<K4= 
;59DV74TFPES G D9?SJV=A<I 54;4I 84A<I 45B F45?<JSI, A9EFDG>FGDB64AV 
84AV A9 CV8CBDS8>B6GRFPES C96AB@G EI9@V 45B @B89?V. "8A4> 64:?<6<@ 
4EC9>FB@ T ;4I<EF A9EFDG>FGDB64ABW VAHBD@4JVW, BE>V?P>< JV 84AV @B:GFP 
@VEF<F< >BAHV89AJV=AG 45B KGF?<6G VAHBD@4JVR, S>4 CB6<AA4 ;4?<L4F<ES 
6 59;C9JV. �B>D9@4, A4 @B5V?PA<I CD<EFDBSI A9EFDG>FGDB64A4 VAHBD@4JVS 
@B:9 5GF< BEB5?<6B 6D4;?<6BR 8B >D48V:>< F4 ;?B@G K9D9; 6V8ABEAB 
A<;P><= DV69AP 59;C9>< J<I CD<EFDBW6 CBDV6ASAB ;V EF4JVBA4DA<@< 
>B@C'RF9D4@<. &B@G DB;DB5>4 F4 6CDB648:9AAS 9H9>F<6A<I @9FB8V6 
;4I<EFG T 8G:9 64:?<6BR. 

�B BEAB6A<I ;47DB; @B:A4 6V8A9EF<: 6FD4F4 CD<EFDBR, ;?B@ 
4>4GAFV6, L>V8?<69 CDB7D4@A9 ;459;C9K9AAS, A959;C9KAV @9D9:V Wi-Fi, 
HV;<KA<= 8BEFGC, 6V884?9A<= 8BEFGC, EG@AV6AV I@4DAV E9D6VE<. 
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 9FB8< ;4I<EFG: L<HDG64AAS 84A<I, 46F9AF<HV>4JVS >BD<EFG64KV6, 
D9;9D6A9 >BCVR64AAS V 6V8AB6?9AAS 84A<I, BAB6?9AAS CDB7D4@AB7B 
;459;C9K9AAS, 6EF4AB6?9AAS 4AF<6VDGEAB7B #�, 5?B>G64AAS A959;C9KA<I 
8B84F>V6, 6<>BD<EF4AAS ;4I<M9A<I @9D9:, GCD46?VAAS 8BEFGCB@ 8B 
8B84F>V6,  ;4EFBEG64AAS CB?VF<> 59;C9><, 6V884?9AAS GCD46?SAAV 84A<@<. 
&4>B: T 64:?<6<@ 6<>BD<EFB6G64F< CDB7D4@AV DVL9AAS 8?S ;4I<EFG 
A9EFDG>FGDB64ABW VAHBD@4JVW: 4AF<6VDGE<, H4=D6B?<, CDB7D4@< 8?S 
L<HDG64AAS F4 GCD46?VAAS C4DB?S@<. �B @B:?<6<I CD<>?48V6 @B:A4 
6V8A9EF< A4EFGCA9: L<HDG64AAS 84A<I: CDB7D4@< 8?S L<HDG64AAS 84A<I, 
F4>V S> VeraCrypt, AxCrypt, 45B BitLocker, 8B;6B?SRFP L<HDG64F< H4=?< 
F4 F9>< A4 CD<EFDBW, ;459;C9KGRK< ;4I<EF VAHBD@4JVW 6V8 
A9E4A>JVBAB64AB7B 8BEFGCG; 6VDFG4?PAV CD<64FAV @9D9:V (VPN): 
6<>BD<EF4AAS VPN-E?G:5, F4><I S> ExpressVPN, NordVPN 45B 
CyberGhost, 8B;6B?ST ;459;C9K<F< 4ABAV@AVEFP BA?4=A-4>F<6ABEFV, 
L<HDG64F< C9D984KG 84A<I F4 B5@9:<F< 8BEFGC 8B KGF?<6BW VAHBD@4JVW; 
;4I<EF 6V8 6VDGEV6 F4 L>V8?<6B7B #�: 4AF<6VDGEAV CDB7D4@<, F4>V S> Norton 
45B McAfee, ;459;C9KGRFP ;4I<EF 6V8 6VDGEV6, FDBSAEP><I >BA9=, 
LC<7GAEP>B7B F4 L>V8?<6B7B CDB7D4@AB7B ;459;C9K9AAS; @9A98:9D< 
C4DB?V6: @9A98:9D< C4DB?V6, F4>V S> LastPass, Dashlane 45B 1Password, 
8BCB@474RFP ;59DV74F< F4 79A9DG64F< E>?48AV C4DB?V, ;459;C9KGRK< 
;4I<EF DV;A<I 4>>4GAFV6 >BD<EFG64K4; D9;9D6A9 >BCVR64AAS 84A<I: 
DVL9AAS 8?S D9;9D6AB7B >BCVR64AAS 84A<I, F4>V S> Acronis, Veeam 45B 
Carbonite, 8B;6B?SRFP EF6BDR64F< D9;9D6AV >BCVW 64:?<6BW VAHBD@4JVW, 
;459;C9KGRK< 6V8AB6?9AAS 84A<I 6 D4;V 6FD4F< 45B CBL>B8:9AAS; 
GCD46?VAAS 8BEFGCB@ F4 ECV6CD4JS: DVL9AAS 8?S GCD46?VAAS 8BEFGCB@ F4 
ECV6CD4JV, F4>V S> Microsoft Azure Information Protection, Box 45B Google 
Workspace, 8B;6B?SRFP >BAFDB?R64F< 8BEFGC 8B KGF?<6BW VAHBD@4JVW, 
A4?4LFB6G64F< 8B;6B?< F4 ECV6CD4JR64F< A48 8B>G@9AF4@< 6 59;C9KAB@G 
E9D98B6<MV . *V CDB7D4@AV DVL9AAS 8BCB@474RFP ;459;C9K<F< ;4I<EF 
A9EFDG>FGDB64ABW VAHBD@4JVW A4 @B5V?PA<I CD<EFDBSI F4 >B@C'RF9D4I, 4 
F4>B: 8BCB@474RFP >BD<EFG64K4@ >BAFDB?R64F< 8BEFGC 8B E6BWI 84A<I. 
�<5VD 6V8CB6V8AB7B DVL9AAS 8?S ;4I<EFG VAHBD@4JVW ;4?9:<FP 6V8 
>BA>D9FA<I CBFD95 >BD<EFG64K4 F4 =B7B E9D98B6<M4 DB5BF<. 

!9 E?V8 ;45G64F< CDB DB?P >BD<EFG64K4: DB;G@VAAS 64:?<6BEFV 
;4I<EFG 84A<I, 6<>BD<EF4AAS E<?PA<I C4DB?V6, D97G?SDA9 BAB6?9AAS #� 4 
7B?B6A9 BE6VF4 ; C<F4AP 59;C9><. 

 4=5GFAT ;4I<EFG A9EFDG>FGDB64ABW VAHBD@4JVW A4 @B5V?PA<I 
CD<EFDBSI 5G89 ;4EAB64A9 A4 CBT8A4AAV F9IAB?B7VKA<I AB6B66989AP F4 
CV86<M9AAV B5V;A4ABEFV >BD<EFG64KV6 ; C<F4AP >V59D59;C9><. �9S>V 
A4CDS@>< DB;6<F>G 6>?RK4RFP: �4EFBEG64AAS LFGKAB7B VAF9?9>FG (AI) F4 
@4L<AAB7B A46K4AAS: AI @B:9 8BCB@B7F< 6 DB;DB5JV DB;L<D9A<I 



103 

 

@9I4AV;@V6 ;4I<EFG, MB 46FB@4F<KAB 6<S6?SRFP 4AB@4?PAV 45B CV8B;DV?V 
8VW F4 5?B>GRFP CBF9AJV=AV ;47DB;<. �VB@9FD<KA4 46F9AF<HV>4JVS: 
CB>D4M9AAS F9IAB?B7V= 5VB@9FD<KABW 46F9AF<HV>4JVW, F4><I S> 
DB;CV;A464AAS B5?<KKS, 6V85<F>V6 C4?PJV6, @B:GFP ;459;C9K<F< 5V?PL 
A48V=A<= ;4I<EF A9EFDG>FGDB64ABW VAHBD@4JVW. �4EFBEG64AAS 5?B>K9=A-
F9IAB?B7V=: 5?B>K9=A @B:9 6V8V7D464F< 64:?<6G DB?P G ;459;C9K9AAV 
59;C9>< VAHBD@4JVW, BE>V?P>< 6VA 8B;6B?ST ;59DV74F< 84AV DB;CB8V??9AB F4 
;4I<M9AB 6V8 ;@VA. $B;6<FB> >64AFB6B-EFV=><I 4?7BD<F@V6 L<HDG64AAS: ; 
DB;6<F>B@ >64AFB6<I >B@C'RF9DV6 EF6BDRTFPES CBFD954 6 AB6<I 
4?7BD<F@4I L<HDG64AAS, S>V @B:GFP 6<FD<@4F< CBFG:AVEFP >64AFB6B7B 
;?B@G. #D<64FAVEFP ;4 ;4@B6KG64AAS@ (Privacy by Design): CDB9>FG64AAS 
@B5V?PA<I CD<EFDBW6 F4 ;4EFBEGA>V6 ; 6D4IG64AAS@ CD<64FABEFV 
>BD<EFG64KV6 ECD<SF<@9 ;4I<EFG A9EFDG>FGDB64ABW VAHBD@4JVW A4 
@B5V?PA<I CD<EFDBSI. "E6VF4 F4 B5V;A4AVEFP: CV86<M9AAS B5V;A4ABEFV 
>BD<EFG64KV6 MB8B >V59D59;C9>< F4 A46K4AAS WI 9H9>F<6A<@ @9FB84@ 
;4I<EFG VAHBD@4JVW A4 @B5V?PA<I CD<EFDBSI 8BCB@B:9 ;@9AL<F< D<;<> 
6<A<>A9AAS VAJ<89AFV6, CB6'S;4A<I ; 59;C9>BR. $B;6<FB> ;4>BAB846EF64 
F4 ABD@4F<6ABW 54;<: 68BE>BA4?9AAS ;4>BAB846EF64 F4 ABD@4F<6ABW 54;< 
G 74?G;V >V59D59;C9>< ECD<SF<@9 EF6BD9AAR A48V=AB7B E9D98B6<M4 8?S 
;4I<EFG A9EFDG>FGDB64ABW VAHBD@4JVW. �4I<EF A9EFDG>FGDB64ABW 
VAHBD@4JVW A4 @B5V?PA<I CD<EFDBSI 54;GTFPES A4 >B@5VA4JVW 
F9IAB?B7VKAB7B CDB7D9EG, A46K4AAS >BD<EFG64KV6 F4 ECV6CD4JV @V: 
DV;A<@< EFBDBA4@<, F4><@< S> DB;DB5A<><, CBEF4K4?PA<>< CBE?G7 F4 
;4>BAB846JV. �459;C9K9AAS 59;C9>< F4 CD<64FABEFV 84A<I 6 J<HDB6B@G 
E6VFV ;4?<L4TFPES CDVBD<F9FB@, BE>V?P>< >V?P>VEFP @B5V?PA<I CD<EFDBW6 F4 
WI 6<>BD<EF4AAS CDB8B6:GRFP ;DBEF4F<. %GK4EAV= >BD<EFG64K @B5V?PA<I 
CD<EFDBW6 @4T C96AV 6<@B7< MB EC4DRRFPES A4 9D7BAB@V>G F4 DV69AP 
VAHBD@4JV=ABW B5V;A4ABEFV. $B;6<FB> 74?G;V 6 JV?B@G 6<@474T L6<8><I, 
A48V=A<I F4 9H9>F<6A<I DVL9AP MB CBFD4C?SRFP A9 ?<L9 6 9>BAB@VKAG 
C?BM<AG 4 = C?BM<AG >V59D59;C9><. �<>BD<EF4AAS @B5V?PA<I CD<EFDBW6 
@B:9 484CFG64F<ES 8B L6<8><I EGK4EA<I CBFD95 59;C9>< BD74AV;4JVW F4 
@B:9 5GF< ?97>B A4?4LFB64A<= 6V8CB6V8AB 8B >BA>D9FA<I 6<@B7. 
 B5V?PA<= CD<EFDV= T ;DGKA<@ V 8BEFGCA<@ 8?S 5474FPBI >BD<EFG64KV6, 
6VA ;4;6<K4= ;A4IB8<FPES CBDGK ; >BD<EFG64K9@ V @B:9 
6<>BD<EFB6G64F<ES S> 8B84F>B6<= 9?9@9AF 59;C9><. 
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�#��� &$�!��&��!�) �'� �$�(� !� "#&� ��0!�%&0 � 
'�����0!�!�� ����+� #�$����0!"�" '#"$/��'��!!/ 

#B?VA4 �4E<?P>B6<K, �4?9AF<A4 &GDK<A4 
�AVCDBC9FDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9EO �BAK4D4 

 
INFLUENCE OF TRANSITIVE GRAPH ARCS ON OPTIMALITY IN 

THE GENERALIZED PARALLEL ARRANGEMENT PROBLEM 

 

Abstract. The work considers one of the well-known problems of parallel 
ordering of the vertices of a digraph. These tasks emerge with determining the 
optimal order of execution of a finite set of tasks, when certain technological 
restrictions are imposed on the order. Some cases are considered for the well-
known distribution algorithm when the presence of transitive arcs affects the 
accuracy of the obtained result. Also, the rule for adding such arcs to the graph 
is proposed. 

 
� 84AV= DB5BFV DB;7?S8TFPES B8A4 ; 6V8B@<I ;484K, MB 6<A<>4RFP CD< 

CD<;A4K4AAV CD4JV6A<>V6 A4 E>VAK9AG @AB:<AG DB5VF ;4 A4S6ABEFV 
F9IAB?B7VKA<I B5@9:9AP A4 CBDS8B> WI 6<>BA4AAS F4>, MB5 ;474?PA<= K4E 
6<>BA4AAS 5G6 @VAV@4?PA<@. �DGKA<@< VAEFDG@9AF4@<, MB ;484RFP 
K4EF>B6<= CBDS8B>, @B:GFP 5GF< BDVTAFB64AV 4J<>?VKAV 7D4H<. 

#D< DB;69S;4AAV ;484K 6 >?4E<KAV= CBEF4AB6JV 6<IB8SFP ; 
CD<CGM9AAS, MB 5G8P-S>9 ;4684AAS @B:9 6<>BAG64F< 5G8P-S><= 
6<>BA469JP, 4 K4E 6<>BA4AAS >B:AB7B ;4684AAS B8A4>B6<= [1]. 

$B;7?S84TFPES A4EFGCA9 G;474?PA9AAS B8AVTW V; >?4E<KA<I ;484K 
CB5G8B6< BCF<@4?PA<I GCBDS8>G64AP [2]. 
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#B ;484AB@G 7D4HG G = {V, U} V 69>FBDG h = (h1, &, hr), r f n, 
CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS S @VAV@4?PABW 8B6:<A< F4>9, MB 
|S[i]| f hi, i = 1,r, V A9 CBDGLG64?<EP F9IAB?B7VKAV B5@9:9AAS. 

*S ;484K4, S> V >?4E<KAV ;484KV, 6V8ABE<FPES 8B >?4EG NP-CB6A<I [3]. 
%9D98 FBKA<I @9FB8V6, MB @4RFP CB?VAB@4?PAG E>?48AVEFP, 8?S 

>?4E<KABW ;484KV, MB 6V8CB6V84T 6<C48>G, >B?< 6EV ;A4K9AAS hi = 2 
9H9>F<6A<@ T 4?7BD<F@ ;4EAB64A<= A4 ?9>E<>B7D4HVKAB@G CB@VKG64AAV 
69DL<A [4]. �?9 6 JPB@G 6<C48>G CD< A4S6ABEFV FD4A;<F<6A<I 8G7 6 7D4HV 
DB;69S;B> @B:9 5GF< A45?<:9A<@. *9 CDBV?REFDB64AB A4 A4EFGCAB@G 
CD<>?48V ; D<E. 1. 

&B5FB @< 54K<@B, MB 6<?GK9AAS FD4A;<F<6ABW 8G7<, S>4 8?S 84ABW 
CBEF4AB6>< ;484KV A9 T VAHBD@4F<6ABR, BE>V?P>< F9IAB?B7VKAV B5@9:9AAS 
A4 CBDS8B> A9 CBDGLGRRFPES, 6C?<64T A4 FBKAVEFP DB;69S;>G. 

�<A<>4T C<F4AAS K< 5G8GFP FD4A;<F<6AV 8G7< 6C?<64F< A4 
BCF<@4?PAVEFP DB;69S;>G V 8?S G;474?PA9ABW ;484KV, S>G @< DB;7?S84T@B. 

!4S6AVEFP FD4A;<F<6A<I 8G7 A9 6C?<64T A4 CBDS8B>, 4?9 @B:9 
6C?<64F< A4 @VF><, MB BFD<@GRFP 69DL<A< 7D4HG. 

 

 
$<E. 1 3 #D<>?48 1. !9BCF<@4?PA9 GCBDO8>G64AAO CVE?O 8B8464AAV 

B8AVTW FD4A;<F<6ABW 8G7< CD< h = 2 
 
�AB8V G 7D4H4I A4 9F4CV DB;F46?9AAS CB@VFB>, 6<A<>4T 

A9B8AB;A4KAVEFP 6<5BDG 8?S 89>V?P>BI 69DL<A B8AB7B DV6AS. 3> 
6<S6<?BES, 8?S G;474?PA9ABW ;484KV 8B8464AAS FD4A;<F<6A<I 8G7 8B;6B?ST 
CB;5GF<ES JVTW A9B8AB;A4KABEFV F4 BFD<@4F< BCF<@4?PA9 GCBDS8>G64AAS 
CD< FV= E4@V= EFD4F97VW CB@VKG64AAS 69DL<A. 

$B;7?SA9@B 7D4H V; D<E. 2 CD< h = (1,3,1,1,1). 
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$<E. 2 3 #D<>?48 2. #B5G8B64 BCF<@4?PAB7B GCBDO8>G64AAO CD< 

8B8464AAV B8AVTW FD4A;<F<6ABW 8G7< 
 
%CDB5GT@B CDBE?V8>G64F< ;4?9:AVEFP G F4><I 6<C48>4I. 
!4 CD<>?48V 2 (D<E. 2) h2 = 3. #D<;A4K<F< FD< 69DL<A< (2, 3, 4) A4 

8DG79 @VEJ9 @B:A4 FV?P>< S>MB A4 C9DL9 @VEJ9 6EF4AB6<F< 69DL<AG CV8 
AB@9DB@ 1, 4?9 G 7D4HV 59; FD4A;<F<6A<I 8G7 A4 J9 @VEJ9 EFAB6<FPES 
69DL<A4 2, BE>V?P>< @4T 5V?PLG CB@VF>G. &4>4 E<FG4JVS 6<A<>4T K9D9; F9, 
MB 69DL<A< 4 F4 5 @4RFP B8A4>B6V ?9>E<>B7D4HVKAV CBE?V8B6ABEFV. 
�B8464AAS B8AVTW FD4A;<F<6ABW 8G7< ; 69DL<A< 4 8B 69DL<A< 7 8B;6B?ST 
GA<>AGF< A9B8AB;A4KAVEFV 6<5BDG CB@VFB>. 

 

 
$<E. 3 - #D<>?48 3. �B8464AAO 86BI FD4A;<F<6A<I 8G7 CD<6B8<FP 8B 

BCF<@4?PAB7B GCBDO8>G64AAO 
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$B;7?SA9@B M9 B8<A CD<>?48 F4>B7B 6C?<6G FD4A;<F<6A<I 8G7. !4 

D<E. 3 @B:A4 CB54K<F<, MB 8B8464AAS B8AVTW FD4A;<F<6ABW 8G7< 5G?B 5 
A98BEF4FAV@ 8?S FB7B, MB5 CB;5GF<ES A9B8AB;A4KABEFV. &GF h1 = 2 V, MB5 
CB5G8G64F< BCF<@4?PA9 GCBDS8>G64AAS, A9B5IV8AB CBEF46<F< 69DL<A< 2 
V 3 A4 C9DL9 @VEJ9, FB@G A9B5IV8AB 8B84F< 86V FD4A;<F<6AV 8G7<, MB 
6<IB8SFP ; 69DL<A 6 V 9. 

&9C9D, 6<IB8SK< ; J<I CD<>?48V6, A46989@B 89S>V ECBEF9D9:9AAS F4 
G;474?PA9@B WI G 6<7?S8V CD46<?4. 

#V8 DV6A9@ 5G89@B 664:4F< G@B6AG ?VAVR, MB 6<;A4K4T CB?B:9AAS 
@AB:<A< 69DL<A, A4 AV= DB;F4LB64A<I, 6V8ABEAB >D<F<KA<I L?SIV6 
7D4HG. 

' 7D4HV CB6<AAB 5GF< A9 @9AL9 4 DV6AV6. #9DL<= ; A<I 5G89@B 
CB;A4K4F< ?VF9DBR �, 4 V1 3 @AB:<A4 69DL<A A4 APB@G. !4 APB@G 
DB;F4LB64AV 69DL<A<, CBDS8B> CD<;A4K9AAS A4 @VEJS S><I 5G89 EGFFT6B 
6C?<64F< A4 BCF<@4?PAVEFP GCBDS8>G64AAS. �DG7<= DV69AP � V89 B8D4;G ;4 
C9DL<@, V2 3 @AB:<A4 69DL<A DV6AS. !4 DV6AV B B>DV@ 69DL<A, MB ?9:4FP 
A4 >D<F<KA<I L?SI4I, CB6<AAB 5GF< |V2| - |V1| 69DL<A, S>V A9 @4RFP 
6<IV8A<I 8G7 V 6 S>V 6IB8SFP 8G7< ; 69DL<A DV6AS �. &D9FV= 3 %, J9 DV69AP 
A4 S>B@G DB;F4LB6GRFPES 69DL<A<, 8?S S><I 6<A<>4T A9B8AB;A4KAVEFP 
6<5BDG CB@VFB>. �4G64:<@B, MB DV6AV B V % @B:GFP ECV6C484F<. !4 
K9F69DFB@G DV6AV D CB6<AA4 5GF< 69DL<A4, G S>G 6IB8SFP 8G7< ; 69DL<A 
DV6AS %, 8?S S><I VEAGT A9B8AB;A4KAVEFP 6<5BDG. !4 BEF4AAPB@G DV6AV E 
EFBSFP 69DL<A<, G S>V 6IB8SFP FD4A;<F<6AV 8G7<. &4>B: ;4G64:<@B, MB 
@V: B V % F4 D V E @B:GFP EFBSF< M9 89>V?P>4 VAL<I DV6AV6. �; JPB7B 
6<C?<64T A4EFGCA9 CD46<?B. 

#@028;> 1. 
!9I4= 6 GCBDS8>G64AAV A4 @VEJ9 i CBFDV5AB CBEF46<F< hi 69DL<A ; 

DV6AS � (hi < |V1|, hi < hi+1), 4 A4 i+1 @VEJ9 |V1| - hi 69DL<A DV6AS �, |V2| - |V1| 
69DL<A DV6AS �, MB A9 @4RFP 6<IV8A<I 8G7, F4 hi 69DL<A DV6AS �, MB 
EFBSFP A4 >D<F<KA<I L?SI4I, (hi+1 = |V1| - hi + |V2| - |V1| + hi = |V2|). �4 F4><I 
G@B6, @B:9 6<A<>AGF< E<FG4JVS, >B?< hi 69DL<A DV6AS � CB6<AAV @4F< 
CDVBD<F9FAVEFP A48 VAL<@< 69DL<A4@< JPB7B DV6AS, MB5 6V8>D<F< L?SI< 
8?S |V2| - |V1| + hi 69DL<A DV6AS B. *R CDVBD<F9FAVEFP W@ ;459EC9K<FP 
8B8464AAS hi FD4A;<F<6A<I 8G7 ; 69DL<A DV6AS % 8B 69DL<A DV6AS �, MB 
EFBSFP A4 F<I E4@<I L?SI4I, MB V 69DL<A<, CBDS8B> CD<;A4K9AAS A4 @VEJS 
S><I 5G89 EGFFT6B 6C?<64F< A4 BCF<@4?PAVEFP GCBDS8>G64AAS. 

#B69DA9@BEP 8B CD<>?48G 2. !4 DV6AV � EFBSFP 69DL<A< 1 V 2, i = 1, hi 

= 1, |V1| = 2, |V2| = 3, hi+1 = 3. $V6AV � F4 % ECV6C484RFP. �?S FB7B, MB5 
6V8>D<F< L?SI 8B 69DL<A< 3, MB A9 @4T 6<IV8A<I 8G7, F4 69DL<A< 4 DV6AS 
B, MB ?9:<FP A4 >D<F<KAB@G L?SIG, FD954 ;459;C9K<F< CDVBD<F9FAVEFP 
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69DL<A< 1, ;459EC9K<6L< W= C9DL9 @VEJ9. *9 @B:A4 ;DB5<F< 8B846L< 
FD4A;<F<6AG 8G7G ; 69DL<A< DV6AS %, MB EFBWFP A4 B8AB@G L?SIG ; 
69DL<ABR 1, 8B DV6AS �. &4>BR 69DL<ABR T 69DL<A4 4. 

' CD<>?48V 3 4A4?B7VKAB CDVBD<F9FAVEFP 69DL<A 1 V 4 6EF4AB6?RTFPES 
8B8464AAS@ 8G7 ; 69DL<A 6 V 9, MB EFBSFP A4 F<I E4@<I L?SI4I. 

� A4EFGCAB@G CD<>?48V E<FG4JVS T @9AL CDB;BDBR. 
!4 CD<>?48V  4 (D<E. 4) @B:A4 ECBEF9DV74F<, S> 8?S 6EF4AB6?9AAS 

CDVBD<F9FABEFV 69DL<A 8B69?BES ;4EFBEG64F< CD46<?B 1 864 D4;<.  4T@B 
A4EFGCA<= 69>FBD h = (2, 5, 1, 4, 1, 1, 1, 1). &4> CD< i = 1, h1 = 2, 
6EF4AB6?RTFPES CDVBD<F9FAVEFP 86BI 69DL<A JPB7B DV6AS, B8AVTR ; S><I 
B5B69S;>B6B T 69DL<A4 3. �?S i = 3, h3 = 1, 6EF4AB6?RTFPES CDVBD<F9FAVEFP 
69DL<A< 5. 

�4G64:<@B, MB 8?S >B:ABW FD4A;<F<6ABW 8G7< DV6AV 6<;A4K4RFPES 
B>D9@B. �B?B6A9, A4 MB FD954 ;69DAGF< G647G, T F9, MB >V?P>VEFP 8B84A<I 
FD4A;<F<6A<I 8G7 G 7D4HV 5G89 DV6ABR EG@V hi, S>V B5<D4RFPES CD< 
>B:AB@G ;4EFBEG64AAV CD46<?4 1 (h1 + h3 = 3). 

&4><@ K<AB@, ECD4698?<69 A4EFGCA9 F69D8:9AAS: 
3>MB 6 GCBDS8>G64AAV A4 @VEJ9 i CB6<AAB EF4F< hi 69DL<A ; DV6AS � 

(hi < |V1|, hi < hi+1), 4 A4 i+1 @VEJ9 |V1| - hi 69DL<A DV6AS �, |V2| - |V1| 69DL<A 
DV6AS �, MB A9 @4RFP 6<IV8A<I 8G7, F4 hi 69DL<A DV6AS �, MB EFBSFP A4 
>D<F<KA<I L?SI4I, FB VEAGT F4>9 8B8464AAS FD4A;<F<6A<I 8G7 @V: 
6V8CB6V8A<@< DV6AS@<, S>9 6C?<A9 A4 CDVBD<F9FAVEFP 69DL<A CBC9D98AVI 
DV6AV6 F4 6V8CB6V8AB A4 BCF<@4?PAVEFP GCBDS8>G64AAS. 

 

 
 

$<E. 4 - #D<>?48 4. �4EFBEG64AAO CD46<?4 1 ;459EC9KGT CB5G8B6G 
BCF<@4?PAB7B GCBDO8>G64AAO 
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' CB84?PLB@G CBFD95GT 8BE?V:89AAS C<F4AAS 6C?<6G 6?4EF<6BEF9= 

B5@9:GRKBW CBE?V8B6ABEFV h A4 >V?P>VEFP FD4A;<F<6A<I 8G7, S>V 
CB>D4MGRFP A45?<:9AV DB;69S;><. 

 
�VF9D4FGD4. 
1. �4E<?P>B6<K #. "., &GDK<A4 �. �. �?7BD<F@< CB5G8B6< 

C4D4?9?PA<I GCBDS8>G64AP, ;4EAB64AV A4 4A4?V;V EFDG>FGD< 
7D4HV6. International scientific journal «Grail of Science». 2022. 
712-13. %. 3003306. 

2. �GD8R>, �. 3., &GDK<A4 �. �. �?7BD<F@O C4D4??9?PAB7B 
GCBDS8BK9A<S: 'K95AB9 CBEB5<9. �A9CDBC9FDB6E>: ��', 1985. 85 
E. 

3. Ullman J. D. NP-complete scheduling problems. J. Comput. Systems 
Sci., 1975. P. 3843 393. 

4. Computer and job-shop scheduling theory / ed. by E.G. Coffman. 
John Wiley & Sons, 1976. 336 p. 
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�?GIB6 ".�. 
glukhov07@gmail.com, 

 
!4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F 

 
ON THE CONNECTIVITY OF QUASI-RANDOM GRAPHS 

 

Abstract. In this paper, we consider a new approach to estimating the 
connectivity of quasi-random graphs based on the concept of a multispanner 
and of graph 

 
�207V28?04:>2V 3@0D8. 
�64;V6<C48>B6V 7D4H< T @B89?S@< 8<E>D9FA<I E<EF9@, EFDG>FGD4 

S><I @B:9 ;@VAR64F<EP 6A4E?V8B> 6<C48>B6B7B DB;D<6G K4EF<A<  ;69S;>V6 
[1-2]. 

"7=0G5==O 1. !9I4=  nG G=   - ;69S;A<= 7D4H A4  n  69DL<A4I ; 

@AB:<ABR 69DL<A 0G  V @AB:<ABR D959D  1
nG  ,  |G0 | =n , |G1| =m, 

>64;V6<C48>B6<@ 7D4HB@ A4 BEAB6V 7D4H4G  A4;<64TFPES 7D4H ( )G p ; 

mailto:glukhov07@gmail.com
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@AB:<ABR 0 0( )G p G=   69DL<A V ; 6<C48>B6BR @AB:<ABR 1( )U G p=  

D959D 8?S S>BW 6<>BAGRFPES G@B6<: 
 

1( ) ,Prob u U p O:M> u Gþ = þ ; 
1( ) 0,Prob u U O:M> u Gþ = ÿ . 

 
�G89@B DB;7?S84F< ;484KG BJVA>< =@B6VDABEFV ;69S;ABEFV 

>64;V6<C48>B6B7B 7D4H4 ( )G p  CB5G8B64AB7B A4 BEAB6V - 3-D959DAB 
;69S;A<= 7D4H4G . 

 

 C;LB8:0@:0A8 3@0D0 V C-?>;V=><8. 
!9I4=  G   - ;69S;A<= 7D4H, 1U Gý  - 89S>4 @AB:<A4 =B7B D959D, 

K9D9; [ ]G U  5G89@B CB;A4K4F< @VAV@4?PA<= CV87D4H 7D4H4 G  ; 

@AB:<ABR D959D 1( [ ])G U U= . 

"7=0G5==O 2.  G?PF<>4D>4EB@ 7D4H4 G 5G89@B A4;<64F< EV@9=EF6B 
@AB:<A 1{ }s

j jE = , S>9 ;48B6B?PAST A4EFGCA<@ G@B64@: 
 

(1) 1
jj E Gò ý  

 
(2) 3>MB @AB:<A4W  D959D 7D4H4G  ;48B6B?PAST G@B6V

jj W Eò ÷ ùö , FB 7D4H [ ]G W  5G89 ;69S;A<@ H4>FBD7D4HB@ 7D4H4 G  

( ;69S;A<@ CV87D4HB@, S><= @VEF<FP GEV 69DL<A< 84AB7B 7D4H4). 
 

�5<01. %V@9=EF6B @AB:<A 1{ }s
j jM E == 5G89 @G?PF<>4D>4EB@ 7D4H4 G  

FB8V V FV?P>< FB8V, >B?< 8?S 5G8P-S>B7B D959DAB7B DB;DV;4 U ;A4=89FPES 
F4>9 kE , MB jE Uý . 

"7=0G5==O 3.  !9I4= 1{ }s
j jM E ==  -  89S><= @G?PF<>4D>4E 7D4H4 G , 

( ) | : | | |k M E M E kø = þ = . C-CB?VAB@B@  45B ;69S;AVEFA<@ CB?VAB@B@ 

@G?PF<>4D>4E4 7D4H4 G   A4;69@B CB?VAB@, 6<;A4K9A<= A4EFGCA<@ 
K<AB@: 
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( , , ) k
k

k

C G M x xø=õ . 

 
#D<>?48< @G?PF<>4D>4EV6. 
!9I4= G  -;69S;A<= 7D4H, T - =B7B BEFB6A9 89D96B (>4D>4E) ; @AB:<ABR 

D959D 1 1 0
1{ } ( | |)n

kT u n G2= = . &B8V BK96<8AB, MB
1

1{ } , { },n
k k kM E E u2= = T @G?PF<>4D>4EB@ 7D4H4 G . 

�AL<= CD<>?48 @G?PF<>4D>4E4. 1{ }s
kM U=  , 89 1{ }s

kU  @AB:<A4 GEVI 
=B7B 5BA8V6 (@VAV@V?PA<I CB 6>?RK9AAR D959DA<I DB;DV;V6) ;69;AB7B 
7D4H4G  . 
�4:?<6VEFP  C - CB?VAB@4 6<C?<64T ; A4EFGCAB7B F69D8:9AAS. 
&5>@5<0 1. 3>MB G ;69S;A<= 7D4H,   M -  89S><= =B7B @G?PF<>4D>4E,  FB 
8?S =@B6VDABEFV P ;69S;ABEFV >64;V6<C48>B6B7B  7D4H4 ( )G p  A4 BEAB6V 
7D4H4G  @4T @VEJ9 A4EFGCA4 BJVA>4: 
 

1 ( , , )P C G M qó 2 , 89  1 .q p= 2  

 
$53C;O@=V 2:;045==O 3@0DV2 2 2-<=>3>2848. 

"7=0G5==O 4. 2->?VF>B69 6>?489AAS 7D4H4 G  6 2-@AB7B6<8  A4;<64TFPES 
D97G?SDA<@, S>MB ;4@<>4AAS >B:ABW 2->?VF>< 7B@9B@BDHAB ;4@>A9AB@G 
8<E>G, 4 ;4@<>4AAS 86BI DV;A<I >?VFB> A9 @B:GFP @4F< 5V?PL9 B8AB7B 
ECV?PAB7B D95D4 7D4H4. [3]. 

!9E>?48AB 8B69EF< A4EFGCAV F69D8:9AAS. 
�5<0 2. 2->?VF>B69 6>?489AAS 7D4H4G  6   2-@AB7B6<8  D97G?SDA9 FB8V V 
FV?P>< FB8V, >B?< 8G4?PA<= 7D4H *G  T CDBEF<@ 7D4HB@ (7D4HB@ 59; C9F9?P 
V >D4FA<I D959D). 

�4G64:<@B, MB 8?S ;DGKABEFV @< 664:4T@B, MB * 1 1( )G G= . 

�5<0 3. �B:AB@G D959DAB@G DB;DV;G U D97G?SDAB 6>?489AB7B 7D4H4 G
6V8CB6V84T A45VD   1{ }k

jZ CDBEF<I J<>?V6 8G4?PAB7B 7D4H4 *G  , S><= 

;48B6B?PAST  G@B64@: 1

1

k

j
j

Z U
=

= . 
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�5<0 4. !9I4= 7D4H G  D97G?SDAB 6>?489A<= 6 89S><= 2-@AB7B6<8 , 4  *G

- =B7B 8G4?PA<= 7D4H,  1{ }s
kZ  GEVI CDBEF<I J<>?V6 7D4H4 *G . &B8V 

@AB:<A4 1
1{ }s

kM Z=  T @G?PF<>4D>4EB@ 7D4H4 G . 

�5<0 5 [4]. 3>MB  H -  CDBEF<= ( 59; C9F9?P V >D4FA<I D959D)  3-;69S;A<= 
7D4H, 1| | ,H m=  FB K<E?4  ( )kc H    k-J<>?V6  @4T @VEJ9 A4EFGCA4 

A9DV6AVEFP: / 21
( ) (2 )

2
k

kc H m
k

ó . 

!4EFGCAV F69D8:9AAS 8B;6B?SRFP BJVAR64F< ;69S;AVEFP L<DB>B7B >?4EG 
>64;V6<C48>B6<I 7D4HV6, ;B>D9@4 3-;69S;A<I C?4A4DA<I 7D4HV6. 
&5>@5<0 2. 3>MB ;69S;A<= 7D4H G  8BCGE>4T D97G?SDA9 6>?489AAS 6 
89S><= 2-@AB7B6<8 , FB 8?S =@B6VDABEFV P ;69S;ABEFV >64;V6<C48>B6B7B  
7D4H4 ( )G p  A4 BEAB6V 7D4H4G  @4T @VEJ9 A4EFGCA4 BJVA>4: 
 

/ 2

1

1
1 (2 )

2

n
k k

k

P m q
k=

ó 2õ , 89  1 .q p= 2  

 
!0A;V4>:. 3>MB ;69S;A<= 7D4H G  8BCGE>4T D97G?SDA9 6>?489AAS 6 
89S><= 2-@AB7B6<8 , 4 ( )G p  >64;V6<C48>B6<=  7D4H4 A4 BEAB6V 7D4H4G , 

1 ( ) / ,p m mñ= 2  89 ( ) (1)m oñ = ,  FB 7D4H  ( )G p  5G89 ;69S;A<@ ; 
=@B6VDAVEFR  1 (1)o2 . 

 

�VB5@0BC@0 
1. Diestel R.  Graph Theory. 3Springer-Verlag, 2000. 3322 P. 
2. �?GIB6 �.�. �64;<E?GK4=AO9 7D4HO < EFDG>FGDA4S GEFB=K<6BEFP 

E?B:AOI 8<E>D9FAOI E<EF9@. 31?9>FDBA. @B89?<DB64A<9, 2016 , 38, 75, 
E.35341. 

3. Mohar B., Thomassen C.  Graphs on Surfaces. 3 Baltimore: John Hopkins 
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4. �?GIB6 ".�. #DB ;69S;AVEFP C?4A4DA<I pr- 7D4HV6 CG4EEBAV6EP>B7B F<CG// 
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#$��&�+!� ���%� ��%&"%'��!!/ ���%&�$!"�" 
�!����' 

�AA4 �BD64F, �679A �BA8DG>, �?48<E?46 !9DB84 
':7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F 

 
PRACTICAL CASES OF CLUSTER ANALYSIS 

 
Abstract. The article discusses practical use cases of cluster analysis, which 

is a powerful tool for identifying similar groups of objects within a dataset. 
Cluster analysis is widely applied in various fields, including marketing, 
medicine, social sciences, and information technology. 

 
�?4EF9DA<= 4A4?V; T CBFG:A<@ VAEFDG@9AFB@ 8?S BD74AV;4JVW F4 4A4?V;G 

84A<I G 5474FPBI EH9D4I 8VS?PABEFV. �VA 8B;6B?ST 7DGCG64F< EIB:V B5'T>F< 
D4;B@ V 6<8V?SF< 6AGFDVLAV ;4>BAB@VDABEFV F4 EFDG>FGDG 84A<I. #D4>F<KA9 
;4EFBEG64AAS >?4EF9DAB7B 4A4?V;G BIBC?RT L<DB><= EC9>FD EH9D, 
6>?RK4RK< A4G>G, 5V;A9E, @98<J<AG F4 EBJV4?PAV A4G><.  9FBR DB5BF< T 
DB;7?SAGF< 89S>V CD4>F<KAV >9=E< ;4EFBEG64AAS >?4EF9DAB7B 4A4?V;G V WI 
6C?<6 A4 6V8CB6V8AV 74?G;V. 

"8A<@ ; CBCG?SDA<I CD<>?48V6 6<>BD<EF4AAS >?4EF9DAB7B 4A4?V;G T 
E97@9AF4JVS ECB:<64KV6 G EH9DV @4D>9F<A7G. �B@C4AVW 6<>BD<EFB6GRFP 
>?4EF9DA<= 4A4?V; 8?S 7DGCG64AAS >?VTAFV6 A4 BEAB6V ECV?PA<I 
I4D4>F9D<EF<>, F4><I S> CB698VA>4, VAF9D9E<, 89@B7D4HVKAV 84AV FBMB. *9 
8B;6B?ST >B@C4AVS@ EF6BD<F< 5V?PL 9H9>F<6AV @4D>9F<A7B6V EFD4F97VW, 
A4?4LFG64F< EC9J<HVKAV CDBCB;<JVW 8?S >B:ABW 7DGC< ECB:<64KV6 F4 
CB?VCL<F< ;48B6B?9AAS >?VTAFV6. ' [1] CDB6989AB 4A4?V; @9FB8<KA<I 
CV8IB8V6 MB8B ;4EFBEG64AAS @9FB8V6 >?4EF9DAB7B 4A4?V;G 8?S 6<>BA4AAS 
>BA>D9FA<I CD4>F<KA<I ;4684AP, MB CB6ES>89AAB EFBSFP C9D98 BEAB6A<@< 
D<A>B6<@< EG59T>F4@< 7BECB84DR64AAS. 

' EH9DV @98<J<A< >?4EF9DA<= 4A4?V; @B:9 5GF< ;4EFBEB64A<= 8?S 
>?4E<HV>4JVW C4JVTAFV6 A4 BEAB6V @98<KA<I 84A<I, F4><I S> E<@CFB@<, 
?V>G64AAS 45B 79A9F<KA4 VAHBD@4JVS. *9 8BCB@474T ?V>4DS@ GFBKA<F< 
8V47AB;<, DB;DB5<F< VA8<6V8G4?PAV CV8IB8< 8B ?V>G64AAS F4 CDB7AB;G64F< 
D<;<><. !4CD<>?48, ;4EFBEG64AAS >?4EF9DAB7B 4A4?V;G 6 BA>B?B7VW @B:9 
8BCB@B7F< 6EF4AB6<F< CV8F<C< D4>G, MB 84T ;@B7G CD<;A4K<F< 5V?PL 
9H9>F<6A9 F4 C9DEBA4?V;B64A9 ?V>G64AAS 8?S >B:AB7B C4JVTAF4. �?4EF9DA<= 
4A4?V; @B:9 5GF< 6<>BD<EF4A<=, F4>B:, 8?S DB;DB5>< E<EF9@< CV8FD<@>< 
CD<=ASFFS DVL9AP ?V>4DS 8VTFB?B74. ,?SIB@ 4A4?V;G 84A<I CDB C4JVTAFV6, 
F4><I S> I4DKB6V ;6<K><, EF4A ;8BDB6'S, HV;<KAV I4D4>F9D<EF<>< F4 VALV 
H4>FBD<, @B:A4 6<S6<F< 7DGC< C4JVTAFV6 ;V EIB:<@< CBFD954@< F4 
D<;<>4@<. � [2] 6<>BD<EF4?< CV8IV8 46FB@4F<KAB7B 7DGCG64AAS >D<F9DVW6 
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(JV?9=) 66989AAS 8VTF< C4JVTAF4@ V; CB84?PLBR D98G>JVTR 
>D<F9DV4?PAB7B CDBEFBDG ;484KV CD<=ASFFS DVL9AP. �4A<= CV8IV8 5G6 
6<>BD<EF4A<=  8?S D94?V;4JVW E<EF9@< CV8FD<@>< CD<=ASFFS DVL9AP 
?V>4DS 8VTFB?B74. 

�?4EF9DA<= 4A4?V; T 64:?<6<@ VAEFDG@9AFB@ 8?S 4A4?V;G 
EBJV4?PA<I @9D9: F4 CB698VA>< >BD<EFG64KV6 6 �AF9DA9FV. 
�<>BD<EFB6GRK< J9= @9FB8, @B:A4 6<8V?<F< 7DGC< >BD<EFG64KV6 ; 
CB8V5A<@< VAF9D9E4@<, CB698VA>BR F4 8G@>4@<. !4CD<>?48, G EF4FFV 
[3] 6<>BD<EFB6G646ES >?4EF9DA<= 4A4?V; F4 4A4?V; 5474FB6<@VDAB7B 
@4ELF45G64AAS 8?S 8BE?V8:9AAS BEAB6A<I 4EC9>FV6 Facebook. *9 
8B;6B?<?B CDB4A4?V;G64F< CB698VA>G >BD<EFG64KV6, 6C?<6 EBJV4?PA<I 
@9D9:, 4 F4>B: A4E?V8>< JPB7B 6C?<6G A4 VA8<6V8V6, 7DGC<, 
CV8CD<T@EF64 F4 EGECV?PEF6B 6 JV?B@G. 

�?4EF9DA<= 4A4?V; F4>B: @B:9 5GF< 6<>BD<EF4A<= 8?S 
C9DEBA4?V;4JVW D9>?4@A<I CDBCB;<JV=, D9>B@9A84JV= F4 EF6BD9AAS 
ECV?PABF V; ECV?PA<@< VAF9D9E4@<. !4CD<>?48, C?4FHBD@< 8?S 
EFDV@VA7G @G;<>< F4 6V89B 6<>BD<EFB6GRFP >?4EF9DA<= 4A4?V; 8?S 
D9>B@9A84JV= @G;<>< 45B HV?P@V6 A4 BEAB6V EIB:<I E@4>V6 
>BD<EFG64KV6. �DV@ FB7B, >?4EF9DA<= 4A4?V; @B:9 5GF< ;4EFBEB64A<= 
8?S 4A4?V;G DV;A<I BC<FG64AP ; @9FBR 6<8V?9AAS 7DGC GK4EA<>V6 ; 
CB8V5A<@< 8G@>4@< F4 8BE6V8B@. ' EF4FFV [4] BC<EGTFPES 8BE?V8:9AAS 
B8AVTW ;474?PABBE6VFAPBW L>B?< G (VA?SA8VW CV8 K4E C4A89@VW COVID-
19. �4 8BCB@B7BR BC<EB6BW EF4F<EF<>< F4 >?4EF9DAB7B 4A4?V;G 5G?< 
CDB4A4?V;B64AV 84AV BC<FG64AP GKAV6 V 6K<F9?V6. $9;G?PF4F< E6V8K4FP 
CDB GECVLA9 6CDB648:9AAS 8<EF4AJV=AB7B A46K4AAS, 4?9 ;468S>< 
6V8>D<F<@ >B@9AF4DS@ F4 >?4EF9DAB@G 4A4?V;G 5G?B 6<S6?9AB 5474FB 
CDB5?9@. 

�?4EF9DA<= 4A4?V; F4>B: ;A4=LB6 E6BT ;4EFBEG64AAS G EH9DV 
79B7D4HVKA<I 8BE?V8:9AP F4 C?4AG64AAS @VEP>B7B DB;6<F>G. �VA 
8B;6B?ST 7DGCG64F< 79B7D4HVKAV B5'T>F<, F4>V S> D4=BA< @VEF4 45B 
F9D<FBDVW, A4 BEAB6V CB8V5A<I I4D4>F9D<EF<>, F4><I S> A4E9?9AAS, 
VAHD4EFDG>FGD4, EBJV4?PAB-9>BAB@VKAV CB>4;A<>< F4 VAL9. *9 
8BCB@474T G DB;G@VAAV DB;CB8V?G F4 I4D4>F9D<EF<>4@ DV;A<I D4=BAV6, 
DB;DB5JV EFD4F97V= DB;6<F>G F4 C?4AG64AAV @VEP>B7B E9D98B6<M4. 
�?4EF9DA<= 4A4?V; @B:9 5GF< 6<>BD<EF4A<= V 8?S 6<6K9AAS 
VAF9AE<6ABEFV @V7D4JV=AB7B DGIG A4E9?9AAS 6 D97VBA4I '>D4WA<, 
8B;6B?SRK< V89AF<HV>G64F< 7DGC< D97VBAV6 ;V EIB:<@< 
I4D4>F9D<EF<>4@< @V7D4JV=AB7B CBFB>G. �B>D9@4, 6 [5] CDB6B8<FPES  
7DGCG64AAS B5'T>FV6 A4 54;V @9FB8G B8ABDV6A96BW >?4EF9D<;4JVW F4 
8B6:<AABW @VD< CB8V5ABEFV 8B 8BE?V8:9AAS VAF9AE<6ABEFV 
@V7D4JV=AB7B DGIG A4E9?9AAS 6 D97VBA4I '>D4WA<. �<>BD<EFB6GRK< 
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BFD<@4AV D9;G?PF4F<, 5G?B VAF9DCD9FB64AB EF4A @V7D4JV=AB7B DGIG G DV;A<I 
D97VBA4I '>D4WA<. 

 �47B@9 ;A4K9AAS @4T >?4EF9DA<= 4A4?V; V G 79B?B7VW. #V8 K4E 
79B?B7VKAB7B CBLG>G >BD<EA<I >BC4?<A F4 6<8B5G64AAS DG8A<I FV? 
D97G?SDAB ;5<D4RFP 69?<>V A45BD< 84A<I. *V A45BD< 84A<I K4EFB 8BES74RFP 
69?<>B7B DB;@VDG 45B E>?48ABEFV, J9 GE>?48ART WI VAF9DCD9F4JVR. 
�4EFBEG64AAS >?4EF9DAB7B 4A4?V;G G 79B?B7VW DB;7?SAGFB G [6].  

 �4FBD< EF4?< CBL<D9ABR CDB5?9@BR G @VEF4I CB 6EPB@G E6VFG 
6A4E?V8B> CD<E>BD9AB7B CDBJ9EG GD54AV;4JVW. ' [7] DB;L<DRTFPES 
>BAJ9CJVS E<FG4JVW ;4FBDV6, DB;7?S84RFPES 86V 4EC9>F<: EF4A V F9A89AJVS. 
#DBCBAGTFPES @9FB8 6<;A4K9AAS DV6AS EF4AG F4 F<CG F9A89AJVW ;4FBDV6 A4 
7B?B6A<I 8BDB74I G @VEF4I ; IB?B8A<@ >?V@4FB@ A4 BEAB6V >?4EF9D<;4JVW 
MV?PABEFV, VTD4DIVKABW >?4EF9D<;4JVW F4 A9KVF>BW >?4EF9D<;4JVW K-E9D98AVI. 

 9FB8< >?4EF9D<;4JVW ;A4=L?< E6BT ;4EFBEG64AAS V G >D<@VA4?VEF<JV. 
�?S 8BCB@B7< CD46BBIBDBAA<@ BD74A4@ G DB;>D<FFV ;?BK<AV6 5G?B 
DB;DB5?9AB >V?P>4 E<EF9@ CDBHV?R64AAS ;?BK<AJV6, 4?9 @9FB8<, S>V 
6<>BD<EFB6GRFPES 6 5V?PLBEFV E<EF9@, A9 84RFP @B:?<6BEFV 
>?4EF9D<;G64F< ;?BK<AJV6 A4 BEAB6V WIAVI CB698VA>B6<I I4D4>F9D<EF<>. ' 
[8] DB;7?S84RFPES DV;AV @9FB8< >?4EF9D<;4JVW, MB 6<>BD<EFB6GRFPES 6 
;?BK<AAB@G CDBHV?R64AAV, 4 CBFV@ 6<5<D4TFPES B8<A 4?7BD<F@ A9KVF>BW 
>?4EF9D<;4JVW V 864 4?7BD<F@< :BDEF>BW >?4EF9D<;4JVW. "5D4AV 4?7BD<F@< 
5G?< DB;DB5?9AV F4 CDBF9EFB64AV A4 D94?PA<I 84A<I 8?S EF6BD9AAS 
"CDBHV?V6" ;?BK<AABW 8VS?PABEFV F4 CB698VA>< ;?BK<AJV6. 

�<>BD<EF4AAS @9FB8V6 >?4EF9D<;4JVW G BEF4AAV DB>< ;A4KAB 
;5V?PL<?BES. �B?B6ABR @9FBR 8BE?V8A<>V6 5G?B 6<6K9AAS F4 BCF<@V;4JVS 
@9FB8V6 4A4?V;G, ECDS@B64A<I A4 6<DVL9AAS 4EFDBAB@VKA<I CDB5?9@. ' [9] 
CD9;9AFGTFPES ;4EFBEG64AAS @9FB8G >?4EF9D<;4JVW 8B 86BI 6<C48>B6<I 
8BE?V8:9AP, BFD<@4A<I ; D48VB- F4 74@@4-4EFDBAB@VW. ' C9DLB@G 6<C48>G 
A4 @9FV 6<6K9AAS CD<DB8A<I 7DGCG64AP, G 8DG7B@G 6<C48>G - 8BE?V8<F< 
EFDG>FGD< @4?B7B @4ELF45G E6VF?B6BW >D<6BW ;4 8BCB@B7BR H4;B6<I K<E9?. 
' B5BI 6<C48>4I BEAB6BR 4A4?V;G T CB5G8B64 @VAV@4?PAB7B CB>D<64RKB7B 
89D964 A4 BEAB6V 96>?V8B6BW 6V8EF4AV. 

"8A<@ V; 6<>?<>V6, CB6'S;4A<I ; >?4EF9DA<@ 4A4?V;B@, T 6<5VD 
6V8CB6V8AB7B 4?7BD<F@G >?4EF9D<;4JVW F4 A4?47B8:9AAS C4D4@9FDV6. $V;AV 
4?7BD<F@< @4RFP E6BW C9D9647< F4 B5@9:9AAS, V 6<5VD CV8IB8SMB7B 
4?7BD<F@G ;4?9:<FP 6V8 >BA>D9FABW ;484KV F4 I4D4>F9D<EF<> 84A<I. 

�DV@ FB7B, CD< DB5BFV ; >?4EF9DA<@ 4A4?V;B@ 64:?<6B 6D4IB6G64F< 
S>VEFP F4 8BEFB6VDAVEFP 6IV8A<I 84A<I. !9CD46<?PAV 45B A9FBKAV 84AV 
@B:GFP CD<;69EF< 8B A9>BD9>FA<I D9;G?PF4FV6 >?4EF9D<;4JVW. &B@G C9D98 
;4EFBEG64AAS@ >?4EF9DAB7B 4A4?V;G 64:?<6B CDB69EF< CBC9D98AR 
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CV87BFB6>G 84A<I, 6>?RK4RK< B5DB5>G CDBCGM9A<I ;A4K9AP, 
ABD@4?V;4JVR F4 6<84?9AAS 6<C48>B6<I LG@V6. 

';474?PARRK<, CD4>F<KAV >9=E< ;4EFBEG64AAS >?4EF9DAB7B 
4A4?V;G BIBC?RRFP 5474FB EH9D 8VS?PABEFV V 8B;6B?SRFP BFD<@4F< 
JVAAV VAE4=F< ; A45BDV6 84A<I. �VA 8BCB@474T 6<S6?SF< EIB:V 7DGC< 
B5'T>FV6, DB;G@VF< 6AGFDVLAV ;4>BAB@VDABEFV F4 ;4?9:ABEFV, DB5<F< 
GE6V8B@?9AV DVL9AAS F4 CB>D4MG64F< D9;G?PF4F< G DV;A<I 74?G;SI, 
6>?RK4RK< @4D>9F<A7, @98<J<AG, EBJV4?PAV A4G>< F4 5V;A9E. 
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!�+�&�� #"%&�!"��� ����+� %�� �!&'��!!/ $�!�' 

#$�*� 
�9BAV8 �G?SA<JP><=, �D<A4 $SEA4 

�AEF<FGF >V59DA9F<>< V@9AV �.  . �?GL>B64 !�! '>D4WA< 
 

FUZZY STATEMENT OF LABOR MARKET SEGMANTATION 

PROBLEM 

 
Abstract. The problem of segmentation of a set of objects under 

quantitative and qualitative information is considered. Based on the theory of 
fuzzy sets, the problem is analyzed and its fuzzy model is proposed. The formal 
concepts of segment and segmentation of the first and second kind are 
introduced. An approach to constructing a labor market segmentation model 
based on the concepts of a fuzzy cluster and a fuzzy similarity relation, 
determined using the linguistic correlation coefficient and fuzzy combinatorial 
configurations, is proposed. 

 
%97@9AFG64AAS D<A>V6 CD4JV 6 9>BAB@VKAV= EH9DV 2 J9 CDBJ9E 

DB;5<FFS @AB:<A< EG59T>FV6 D<A>V6 A4 E>?48B6V E97@9AF<, S>V 
6<;A4K4RFPES EFV=><@< I4D4>F9D<EF<>4@<. �4 A4S6ABEFV 69D54?PAB7B 
6<;A4K9AAS ;A4K9AP ;474?PA<I I4D4>F9D<EF<> DV;A<I E97@9AFV6 BFD<@4T@B 
E<FG4JVR, >B?< EG5'T>F< D<A>V6 @B:GFP B8ABK4EAB A4?9:4F< >V?P>B@ 
E97@9AF4@. #D< JPB@G 6<A<>4T ;484K4 DB;5<FFS ;484ABW @AB:<A< 
EG59T>FV6 A4 CV8@AB:<A<, MB A9 C9D9F<A4RFPES. $B;DV;ASRK<EP @V: 
EB5BR, E97@9AF< D<A>G CD4JV @4RFP ;474?PAV D<E<. #B7?<5?9AAS 
6V8@VAABEFV 6 @9:4I >B:AB7B E97@9AFG, CBS64 AB6<I S>VEA<I V >V?P>VEA<I 
I4D4>F9D<EF<>, EIB:V 6<8B;@VA< 6 DV;A<I E97@9AF4I A9@B:?<6B CBSEA<F< 
A4 CV8EF46V 8VW ?<L9 B8AB7B K<AA<>4, S><= 6<;A4K4TFPES, S> CD46<?B, 
69D54?PAB V A9 @4T K<E9?PAB7B 6<@VDG [1]. !9B5IV8AB GD4IB6G64F< A<;>G 
C4D4@9FDV6. %CBEV5 6>?RK9AAS CBE?G7 ; CD4JV EG5'T>FV6 D<A>G CD4JV 6 
EG>GCA<= CDBJ9E 6<DB5A<KBW 8VS?PABEFV @B:9 6<;A4K4F<EP G 5474FPBI 
4?PF9DA4F<6A<I HBD@4I. !4CD<>?48, G 6<7?S8V A4=@G A4 G@B64I 
A9CB6AB7B DB5BKB7B 8AS, K4EF>B6BW ;4=ASFBEFV, DB5BF< ;4 EG@VEA<JF6B@, 
F<@K4EB6<I DB5VF FBMB. %CBEV5 >BBD8<A4JVW CD4JV ;4EAB64A<= A4 
G;7B8:9AAV FDG8B6<I CDBJ9EV6 L?SIB@ WIAPB7B CV8CBDS8>G64AAS 
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CBFD954@ >4CVF4?G V >VAJ96<@ ;4C<F4@ ECB:<64KV6. %CBEV5 BJVA>< CD4JV 
@4T 5474FB HBD@ F4 6<;A4K4TFPES ;4 DV;A<@< 6<84@< GF6BD9AAS FDG8B6<I 
CD<5GF>V6. �DV@ FB7B, A9B5IV8AB GD4IB6G64F< A9@<AGKVEFP @B8<HV>4JVW 
E97@9AFG64AP D<A>G CD4JV G ;69S;>G ; 8<A4@VKAVEFR G@B6 EBJV4?PAB-
9>BAB@VKAB7B DB;6<F>G 89D:46< [2]. 

�V8;A4K<@B F4>V BEB5?<6BEFV ;484KV E97@9AFG64AAS D<A>G CD4JV:  
2 @9:V E97@9AFV6 KVF>B A9 6<;A4K9AV; 
2 VEAGT 6;4T@B;4?9:AVEFP E97@9AFV6; 
2 A4S6AVEFP G E97@9AFV6 ;474?PA<I V GAV>4?PA<I 

I4D4>F9D<EF<>;  
2 HBD@G64AAS E97@9AFV6 S> 6V8ABEAB B>D9@<I E<EF9@;  
2 >V?P>VEA9 V S>VEA9 6<;A4K9AAS I4D4>F9D<EF<> EG5'T>FV6 

D<A>G CD4JV;  
2 6<;A4K9AAS I4D4>F9D<EF<> ;4 DV;A<@< L>4?4@<;  
2 6;4T@B;4?9:AVEFP I4D4>F9D<EF<> EG5'T>FV6 D<A>G CD4JV;  
2 A9B5IV8AVEFP GD4IG64AAS >V?P>BI >D<F9DVW6 E97@9AFG64AAS;  
2 69?<>4 DB;@VDAVEFP CBK4F>B6BW @AB:<A< 84A<I;  
2 A4S6AVEFP S8D4 G E97@9AFV6, S>9 B5G@B6?RTFPES EFD4F97VTR, 

MB ECDS@B64A4 A4 ;4I<EF E6B7B E97@9AFG F4 DV;A<@< G@B64@< 8?S 
EF45V?PABW, 74D4AFB64ABW ;4=ASFBEFV = BC?4F< CD4JV 6 DV;A<I 
E97@9AF4I; 

2 A4S6AVEFP C9D9@VM9AP 6E9D98<AV E97@9AFV6 V @V: A<@<.  
&B@G, 8?S FB7B, MB5 A9 6FD4K4F< 6V8@VAABEFV, S>V 6<;A4K4RFP EGFAVEFP 

E97@9AFV6, A9B5IV8AB CD4JR64F< 6 5474FB6<@VDAB@G CDBEFBDV 
I4D4>F9D<EF<>.  

�<;A4K<F< E97@9AF 3 J9 ;A4K<FP ;484F< >V?P>VEAV F4 S>VEAV 
I4D4>F9D<EF<>< S8D4 JPB7B E97@9AFG. 38DB E97@9AFG 3 J9 F4 K4EF<A4 
E97@9AFG, 9?9@9AF< S>BW I4D4>F9D<;GRFPES EFV=><@< VEFBFA<@< B;A4>4@<. 
!9EFV=>9 CB?B:9AAS EG59T>FV6 A4 D<A>G CD4JV 6<;A4K4RFP @9:V E97@9AFG. 
#BASFFS @9: E97@9AFG ;4 ;@VEFB@ ECV6C484T ; CBASFFS@ C9D<H9DV=AB7B 
>V?PJS, 6V8B@B7B ; 9>BAB@VKABW F9BDVW. �484KG E97@9AFG64AAS D<A>G CD4JV 
HBD@G?RT@B S> ;484KG 6<;A4K9AAS S89D V @9: E97@9AFV6 A4 ;484AV= 
@AB:<AV B59T>FV6 CD< ;484AV= A9B5IV8AV= @VAV@4?PAV= >V?P>BEFV E97@9AFV6 
F4 ;484AV= @AB:<AV ;A4KGM<I I4D4>F9D<EF<> EG59T>FV6 D<A>G. 

#B84@B ;484KG E97@9AFG64AAS S> ;484KG A9KVF>BW >?4EF9D<;4JVW, 
EC9J<HV>4 S>BW 6 CB?S74T G F4>B@G:  

I4D4>F9D<EF<>< EG59T>FV6 D<A>V6 6<;A4K4RFPES ;4 S>VEA<@< F4 
>V?P>VEA<@< L>4?4@< ;4 >?4E<HV>4JVTR %. %FV69AE4 (L>4?4I CBDS8>G, 
VAF9D64?V6, 6V8ABL9AP F4 45EB?RFA<I L>4?4I);  

8?S >?4EF9D<;4JVW 6<>BD<EFB6GTFPES ;484A4 EG>GCAVEFP 
I4D4>F9D<EF<>;  
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G ;484KV CD<EGFAS 4CDVBDA4 VAHBD@4JVS, 4 E4@9, 6V8B@4 @VAV@4?PA4 
>V?P>VEFP E97@9AFV6; 

BC<E4AB VEFBFAV I4D4>F9D<EF<>< F<CB6<I CD98EF46A<>V6, S><I @B:9 
5GF< >V?P>4 G >B:AB@G E97@9AFV.  

%97@9AF4@< A4;<64T@B A9KVF>V CV8@AB:<A<, S>V @4RFP C96AV 
EC9JV4?PAV 6?4EF<6BEFV. *V E97@9AF<, S> CD46<?B, C9D9F<A4RFPES K9D9; 
A9KVF>VEFP I4D4>F9D<EF<> 9?9@9AFV6 (EG59T>FV6 D<A>V6) V A4;<64RFPES 
A<:K9 E97@9AF4@< C9DLB7B DB8G. %97@9AF< C9DLB7B DB8G 
6<>BD<EFB6GT@B 6 CDBJ98GDV DB;5<FFS ;484ABW @AB:<A< A4 A9KVF>V 
CV8@AB:<A<, MB A9 C9D9F<A4RFPES, S>V A4;<64T@B E97@9AF4@< 8DG7B7B 
DB8G. !46989@B HBD@4?PAV B;A4K9AAS J<I CV8@AB:<A. 

!9I4= X 3 E>VAK9AA4 @AB:<A4 N 9?9@9AFV6. !4 @AB:<AV X ; 
6<>BD<EF4AAS@ >B9HVJVTAFG ?VA76VEF<KABW >BD9?SJVW [3] ;484T@B A9KVF>9 
6V8ABL9AAS EIB:BEFV R  ; HGA>JVTR A4?9:ABEFV ( ), .

R
f x y  &4> 6<;A4K9A9 

6V8ABL9AAS T VA64DV4AFA<@ 8B 8BCGEF<@<I C9D9F6BD9AP G L>4?4I ;4 
>?4E<HV>4JVTR %. %FV69AE4. 

!9I4= yL 3 A9KVF><= >?4EF9D ; HGA>JVTR A4?9:ABEFV 

( ) ( ), .
yL R

x f x yý =  

#B;A4K<@B  

û ýmin

* * *
1 ,...,X nC C=C  3 @AB:<AG E97@9AFV6, @VAV@4?PA4 >V?P>VEFP minn  

S><I ;484A4 9>EC9DFB@, min 2;n ó   

û ý*
i

i
i jKer C z=  3 9?9@9AF< S8D4 E97@9AF4 *

iC  (F<CB6V CD98EF46A<><, 

;484AV 9>EC9DFB@), ,
i

i
jz %þ  û ý1,..., ,i ij kþ  1,ik ó  û ýmin1,..., .i nþ   

"7=0G5==O 1. %97@9AFG64AAS@ C9DLB7B DB8G û ý1,...,% nC C=C  

@AB:<A< X A4;69@B EG>GCAVEFP minn n Nó ü  A9KVF><I CV8@AB:<A ,iC

û ý1,..., ,i nþ  @AB:<A< ,X  F4><I, MB:  

1. 

i

i y

y KerC

C L

þ

= ,  

( ) ( ) ( )û ýmax , , ;
yi

iLC x X
x x y Ker C x y X X

þ
ý = ý þ þ ô  

2. x Xò þ   i %Cô þC  F4>4, MB ( ) 0
iC

xý þ , 

          i %Cò þC   x Xô þ  F4><=, MB ( ) 0
iC

xý þ ; 
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3. *
% XC úC ; 

89 ( )
iC

xý  3 HGA>JVS A4?9:ABEFV >?4EF9D4 ,iC 4 F4>B:, 

4. S>MB * ,i XC ÿC  FB , ix y Ker Cò þ  6<>BAGTFPES G@B64 

( ), ,iR
f x y ó ñ  0,5 1.iü ñ ü   

�A4K9AAS iñ  8?S E97@9AF4 *
i XC þC  6<;A4K4TFPES E>?48B@ =B7B S8D4. 

�?S E97@9AFV6 *
i XC ÿC  ;A4K9AAS iñ  6<;A4K4TFPES 9>EC9DFB@ V @B:9 

;@VAR64F<ES G CDBJ9EV E97@9AFG64AAS, S>MB G@B64 2 A9 6<>BAGTFPES. 

�BK96<8P, MB 
1

.
n

i

i

Supp C X

=

=   

�?9@9AF< ,iC 1,..., ,i n=  EG>GCABEFV A9KVF><I CV8@AB:<A %C  

A4;69@B E97@9AF4@< C9DLB7B DB8G.  
"7=0G5==O 2. %97@9AFG64AAS@ 8DG7B7B DB8G ,Segm X  

û ý1,..., ,nSegm X S S=  @AB:<A< ) A4;69@B EG>GCAVEFP n A9KVF><I 

CV8@AB:<A iS , F4><I, MB ;48B6B?PASRFP F4><@ G@B64@: 

û ý

û ý
1 1

, 1,..., ,

,

, , , 1,..., .

i i

n n

i i

i i

i j

Ker S Ker C i n

Supp S Supp C

Supp S Supp S i j i j n

= =

= þ

=

= ö ù þ

 

�?9@9AF< iS , 1,...,i n= , @AB:<A< Segm X  A4;69@B E97@9AF4@< 
8DG7B7B DB8G.  

%97@9AF< 8DG7B7B DB8G T A9KVF><@< CV8@AB:<A4@<, 6<;A4K9A<@< A4 
@AB:<AV ), HGA>JVW A4?9:ABEFV S><I 6<;A4K4RFP EFGCVAP EIB:BEFV 
9?9@9AFV6 E97@9AF4 C96AB@G 9?9@9AFG S8D4 E97@9AF4, 4 A9KVF>V S8D4 F4 
@9:V E97@9AFV6 8DG7B7B DB8G A9 C9D9F<A4RFPES.  

!9I4= û ý1 ,...,% nC C= 2C  89S>9 E97@9AFG64AAS C9DLB7B DB8G. 

�<;A4K<@B û ý1,...,i nò þ  HGA>JVR A4?9:ABEFV E97@9AF4 iS  F4>: x Xò þ  

( ) ( ) ( ) ( ),
i i ji C C CS

x x x xý = ý ûý þý  û ý1,..., , .j n i jþ ù  

�BK96<8P, 
1

,
n

i

i

Supp S %
=

=  B8A4> 
1

.
n

i

i

S %
=

ü  
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$B;5<FFS Segm X  6<;A4K4T@B A4 BEAB6V A9KVF><I >B@5VA4FBDA<I 
>BAHV7GD4JV= (B59T>FV6) 8DG7B7B CBDS8>G C9DLB7B F<CG [4], [5]. 

�B@5VA4FBDAG ;484KG CDB DB;5<FFS A4 E97@9AF< @AB:<A< ) 
HBD@G?RT@B F4>: 8?S ;484AB7B ñ , 0,5 1ü ñ ü , F4 min 2n ó  ;A4=F< 

DB;5<FFS *Segm X D Mþ ý  F4>9, MB 
( ) ( )* ,

Segm X D M
F Segm X ext F Segm X

þ ý
=  

89 û ý1,..., ,nSegm X S S=  D 2 8BCGEF<@4 B5?4EFP, MB 6<;A4K4TFPES 

B5@9:9AAS@< ;484KV, M  2 @AB:<A4 6EVI @B:?<6<I E97@9AFG64AP 
Segm X .  

' ;4?9:ABEFV 6V8 EC9J<HV>< C96ABW ;484KV >D<F9DVW E97@9AFG64AAS 

B5<D4T@B F4>: ( )1 ,XF Segm X S=  89 
1

n

X i

i

S S

=

= , FB8V 6<;A4K4T@B 

* maxX X
Segm X D M

S S
þ ý

= ; ( )2 ,F Segm X Segm X=  FB8V ;A4IB8<@B 

* min .
Segm X D M

Segm X Segm X
þ ý

=  

�8A=>2:8. %HBD@G?PB64AB ;484KG E97@9AFG64AAS D<A>V6 CD4JV S> 
A9KVF>G ;484KG 6<;A4K9AAS S89D E97@9AFV6 F4 @9: E97@9AFV6 A4 ;484AV= 
@AB:<AV B59T>FV6 CD< ;484AV= @VAV@4?PAV= >V?P>BEFV E97@9AFV6 F4 
6<;A4K9AV= @AB:<AV ;A4KGM<I I4D4>F9D<EF<> EG59T>FV6 D<A>V6. ' 
6<C48>G, >B?< 6<>BD<EF4AB >D<F9DV= 1F  DB;69S;B> ;484KV 6V8CB6V84T 
@4>E<@G@G EG@< CBFG:ABEF9= 9?9@9AFV6 DB;5<FFS (E97@9AFV6), FB5FB 
>?4EV6 9>6V64?9AFABEFV. �@VEFB6A4 VAF9DCD9F4JVS BFD<@4AB7B DB;69S;>G 
;484KV ;4?9:<FP 6V8 4A4?V;G F4><I C4D4@9FDV6 DB;69S;>G S> >V?P>VEFP 
E97@9AFV6, WIAS CBFG:AVEFP, 4 F4>B: A4S6ABEFV ;474?PA<I I4D4>F9D<EF<> 
9?9@9AFV6 E97@9AF4, K4EF<A4 S><I @B:9 DB;7?S84F<ES S> EGFFT6V 
I4D4>F9D<EF<>< C96AB7B E97@9AF4. #D< 6<>BD<EF4AAV >D<F9DVR 2F  

DB;69S;B> ;484KV 6V8CB6V84T @VAV@G@G >V?P>BEFV E97@9AFV6 CBA48 
6<;A4K9A<@ 4CDVBDV 9>EC9DF4@< ;A4K9AAS minn . � 6 C9DLB@G, V 8DG7B@G 
6<C48>4I EGFFT6V 6?4EF<6BEFV DB;5<FFS T F4><@<.  

1. (GA>JVW A4?9:ABEFV E97@9AFV6 F4 @VD< EIB:BEFV 9@CVD<KA<I 
9?9@9AFV6 (EG59T>FV6 D<A>G) VA64DV4AFAV ;4 A4S6ABEFV 5474FB6<@VDA<I 
S>VEA<I F4 >V?P>VEA<I I4D4>F9D<EF<> 9?9@9AFV6, F4> S> WIAV ;A4K9AAS 
B5K<E?RRFPES ;4 8BCB@B7BR >B9HVJVTAF4 ?VA76VEF<KABW >BD9?SJVW. *9 
8B;6B?ST CDB6B8<F< CB84?PL<= 4A4?V; 6?4EF<6BEF9= BFD<@4A<I >?4EV6, 
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;B>D9@4, 6<S6<F< EGFFT6V I4D4>F9D<EF<>< ; @9FBR DB;DB5>< ;4IB8V6, 
ECDS@B64A<I A4 CB>D4M9AAS CB;<JV= EG5'T>FV6 D<A>G 6 >B:AB@G E97@9AFV. 

2. "FD<@4AV >?4E< 9>6V64?9AFABEFV CB6AVEFR 6V8CB6V84RFP 
A9HBD@4?PAV= CBEF4AB6JV ;484KV A9KVF>B7B >?4EF9DAB7B 4A4?V;G: 
9?9@9AF<, S>V A4?9:4FP B8AB@G = FB@G : E97@9AFG 5V?PL EIB:V, AV: 
9?9@9AF< ; DV;A<I E97@9AFV6. 

�?S 4A4?V;G BEB5?<6BEF9= D<A>G CD4JV @4T E9AE B8ABK4EAB 
6<>BD<EFB6G64F< B5<864 >D<F9DVW, MB @B:9 ECD<SF< B5�DGAFB64AB@G 
6<;A4K9AAR E97@9AFBGF6BDRRK<I I4D4>F9D<EF<>.  
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Abstract. The paper investigates the prospects of applying the algorithm 
of non-isomorphic subgraph generation to series3parallel graphs in order to 
reduce the enumeration in the branch and bound method for the optimal 
sequencing problem. The necessary condition for the presence of 
automorphism which is true in the general case is given. It is proved that for 
this class of graphs, this condition is also sufficient.  

 
"EB5?<69 @VEJ9 E9D98 8<E>D9FA<I BCF<@V;4JV=A<I ;484K F9BDVW 

DB;>?48V6 ;4=@4RFP ;484KV GCBDS8>G64AAS 69DL<A BD7D4HV6. �BA< 
;A4=L?< E6BT CD4>F<KA9 ;4EFBEG64AAS G 5474FPBI EH9D4I 6<DB5A<KBW 
8VS?PABEFV, BCF<@V;4JVW B5K<E?9AP A4 �"  F4 VAL<I 74?G;SI, 89 A4 
CBDS8B> 6<>BA4AAS ;4684AP A4>?484RFPES 89S>V A9EGC9D9K?<6V 
F9IAB?B7VKAV B5@9:9AAS. $B;69S;B> ;484K ; JPB7B >?4EG C9D9854K4T 
CB5G8B6G F4>B7B DB;CB8V?G ;4684AP @V: 6<>BA46JS@< G >B:A<= @B@9AF 
K4EG, S><= A9 EGC9D9K<FP ;484A<@ F9IAB?B7VKA<@ B5@9:9AAS@ F4 A484T 
9>EFD9@4?PA9 ;A4K9AAS 89S>B@G HGA>JVBA4?G S>BEFV. 

�BE?V8:9AAS ;484KV CB>4;4?<, MB G ;474?PAB@G 6<C48>G 6BA4 T NP-
E>?48ABR. #B?VAB@V4?PAV 4?7BD<F@< 5G?< BFD<@4AV ?<L9 8?S 89>V?P>BI 
EC9JV4?PA<I >?4EV6 7D4HV6, MB ;484RFP F9IAB?B7VKAV B5@9:9AAS, F4 8?S 
;484K ; 86B@4 6<>BA46JS@<. &B@G BEB5?<6G G647G A4G>B6JV CD<8V?SRFP, 
S> CBLG>G AB6<I FBKA<I CB?VAB@V4?PA<I 4?7BD<F@V6, F4> V 
CD<L6<8L9AAR FBKA<I @9FB8V6 9>ECBA9AJV=ABW E>?48ABEFV, 8B S><I 
A4?9:<FP @9FB8 7V?B> F4 @9:. 

%9D98 CV8IB8V6 8B E>BDBK9AAS C9D95BDG @9FB8B@ 7V?B> F4 @9: @B:A4 
6<8V?<F< 864 BEAB6A<I: E>BDBK9AAS ;4 D4IGAB> GFBKA9AAS BJVAB> 
HGA>JVBA4?G F4 ;4 D4IGAB> 6V8EV>4AAS 7V?B>, MB 6V8CB6V84RFP V;B@BDHA<@ 
CV87D4H4@. 

"EF4AAV= CV8IV8 8BE?V8:GTFPES G DB5BFV [1]. ' AV= 5G?B 
;4CDBCBAB64AB @B:?<6<= 4?7BD<F@ 79A9D4JVW A9V;B@BDHA<I CV87D4HV6. 
�BE?V8:9AAS JPB7B 4?7BD<F@G CB>4;4?<, MB 6VA A9 6FD4K4T A9V;B@BDHAV 
CV87D4H<, CDBF9 E9D98 D9;G?PFGRK<I 7D4HV6 @B:GFP ;GEFDVF<ES = 
V;B@BDHAV. &4>B: G DB5BFV A46989AV F69D8:9AAS, 6<>BA4AAS S><I 
8B;6B?<?B 5 CB6AVEFR 6<>?RK<F< V;B@BDHAV CV87D4H<, F4 CB>4;4AB, MB G 
;474?PAB@G 6<C48>G 6BA< T I<5A<@<. 

#B84?PL9 8BE?V8:9AAS ; JVTW F9@< 5G?B CD<E6SK9AB CBLG>G F4><I 
>?4EV6 7D4HV6, 8?S S><I 6<>BAG64?<ES 5 6<M9;7484AV F69D8:9AAS. "8A<@ 
; C9DEC9>F<6A<I CV8>?4EV6 6<S6<?<ES C4D4?9?PAB-CBE?V8B6AV 7D4H< [2]. 

�?4E C4D4?9?PAB-CBE?V8B6A<I 7D4HV6 6<;A4K4TFPES D9>GDE<6AB 
F4><@ K<AB@: 

2 "D7D4H � = ({ÿ}, '), S><= E>?484TFPES ; T8<ABW 69DL<A<, 
A4?9:<FP JPB@G >?4EG. 
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2 3>MB 7D4H< �1 = (�1, �1) F4 �2 = (�2, �2), 89 �1 + �2 = ', 
A4?9:4FP JPB@G >?4EG , FB8V � = �1þ�2 = (�1 , �2, �1 , �2 , ÿ1 × þ2), 
89 ÿ1 3 @AB:<A4 EFB>V6 7D4HG �1, þ2 3 @AB:<A4 8:9D9? 7D4HG �2, 
F4>B: 5G89 A4?9:4F< 84AB@G >?4EG. � JPB@G 6<C48>G >4:GFP, MB 
7D4H � T CBE?V8B6ABR >B@CB;<JVTR 7D4HV6 �1 F4 �2. 

2 3>MB 7D4H< �1 = (�1, �1) F4 �2 = (�2, �2), 89 �1 + �2 = ', 
A4?9:4FP JPB@G >?4EG, FB8V 7D4H � = �1ÿ�2 = (�1 , �2, �1 , �2) 
F4>B: 5G89 A4?9:4F< 84AB@G >?4EG V 6VA T C4D4?9?PABR 
>B@CB;<JVTR 7D4HV6 �1 F4 �2. 

2 &V?P>< FV BD7D4H<, MB @B:GFP 5GF< BFD<@4AV L?SIB@ 
E>VAK9ABW >V?P>BEFV ;4EFBEG64AP CBC9D98AVI 86BI CB5G8B6, 
A4?9:4FP 8B >?4EG C4D4?9?PAB-CBE?V8B6A<I 7D4HV6. 

�D4H< JPB7B >?4EG @B:A4 CD<DB8A<@ K<AB@ CB84F< G 6<7?S8V 
5VA4DAB7B 89D964, 6 S>B@G ?<EF< 6V8CB6V84RFP B>D9@<@ 69DL<A4@ 7D4HG, 
4 6AGFDVLAV 6G;?< 6<;A4K4RFP F<C >B@CB;<JVW, MB 5G?4 ;4EFBEB64A4 CD< 
CB5G8B6V 8B 7D4HV6, S>V 6V8CB6V84RFP CV889D964@ ; >BD9AS@< G 8BKVDAVI 
6G;?4I. &4>9 5VA4DA9 89D96B A4;<64RFP 5VA4DA<@ 89D96B@ 89>B@CB;<JVW. 
3>MB G 5VA4DAB@G 89D96V 89>B@CB;<JVW ;69S;4AV 7DGC< B8A4>B6<I F<CV6 
>B@CB;<JVW EF<EAGF< 6 B8AG 69DL<AG ; 6V8CB6V8A<@ B59T8A4AAS@ 8BKVDAVI 
6G;?V6, FB BFD<@4A9 89D96B A4;<64RFP >4ABAVKA<@ 89D96B@ 89>B@CB;<JVW. 

!46989@B F9D@VA<, MB EFBEGRFPES V;B@BDHV;@G 7D4HV6 ; [1]. 
�64 BDVTAFB6AV 7D4H< G F4 � T V;B@BDHA<@<, S>MB @V: @AB:<A4@< 

WI 69DL<A VEAGT 6;4T@B B8AB;A4KA4 6V8CB6V8AVEFP, MB ;59DV74T EG@V:AVEFP 
69DL<A F4 BDVTAF4JVR 8G7. #B;A4K4TFPES G g � 45B G = �. 

�6FB@BDHV;@B@ BDVTAFB6AB7B 7D4HG G A4;<64TFPES V;B@BDHV;@ G A4 
E959, 45B 46FB@BDHV;@ T CV8EF4AB6>BR @AB:<A< 69DL<A �, MB ;59DV74T 
EG@V:AVEFP F4 BDVTAF4JVR 8G7. �6V 69DL<A< ÿ F4 �, MB C9D9IB8SFP B8A4 6 
B8AG CV8 8VTR 46FB@BDHV;@G �: � ³ � (ÿ * �, � * �, �(ÿ) = �) 5G89@B 
A4;<64F< 6;4T@B;4@VAA<@< F4 CB;A4K4F< ÿ > �. 

' [1] 5G?< 8B6989AV A9B5IV8AV G@B6< 6;4T@B;4@VAABEFV 69DL<A 8?S 
8B6V?PAB7B 7D4HG. 

&5>@5<0 1. 3>MB G 7D4HV � 69DL<A< ÿ F4 � T 6;4T@B;4@VAA<@<, FB 
7D4H< �1 F4 �2, GF6BD9AV 6<84?9AAS@ 69DL<A ÿ F4 � ; � 6V8CB6V8AB, 5G8GFP 
V;B@BDHA<@<. 

�?S C4D4?9?PAB-CBE?V8B6A<I 7D4HV6 JV G@B6< 6<S6<?<ES F4>B: 
8BEF4FAV@<, MB 8B6B8<FPES G A4EFGCA<I ?9@4I F4 F9BD9@V 2. 

�5<0 1. �D4H< �1 F4 �2 V;B@BDHAV FB8V V FV?P>< FB8V, >B?< 7D4H< �1þ� 
F4 �2þ� T V;B@BDHA<@<. 
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�B6989AAS. !9B5IV8AVEFP. !9I4= 7D4H< �1 F4 �2 V;B@BDHAV, � 3 
6V8CB6V8A<= V;B@BDHV;@, � 3 89S><= 7D4H.  

#B5G8GT@B 86V @4FD<JV EG@V:ABEFV �1 F4 �2: 6 C9DLV= DS8>< V 
EFB6CJV 6V8CB6V84RFP 69DL<A4@ 7D4HG �1 G CBDS8>G 1,2, & , � (� 3 
>V?P>VEFP 69DL<A G 7D4H4I �1 F4 �2), 6 8DG7V= 3 7D4HG �2 G CBDS8>G �(1), �(2), & , �(�). �4 B;A4K9AAS@ V;B@BDHV;@G JV @4FD<JV ;5V74RFPES. 
!9I4= � 3 @4FD<JS EG@V:ABEFV 8?S 7D4HG �. 

$B;7?SA9@B F9C9D 5?BKAV @4FD<JV �12 = (�1 �10 � ) F4 �22 =(�2 �20 � ), 89 �1 F4 �2 3 @4FD<JV, 6 S><I EFBSFP B8<A<JV A4 C9D9F<AV 
DS8>V6, MB G 7D4H4I �1 F4 �2 6V8CB6V84RFP EFB>4@, F4 EFB6CJV6, MB G 7D4HV � 6V8CB6V84RFP 8:9D9?4@.  4FD<JV �1 F4 �2 ;5V74RFPES, BE>V?P>< WI 
;A4K9AAS 6<;A4K4TFPES ?<L9 A45BD4@< DS8>V6 V EFB6CJV6, 4 EFB>< 
V;B@BDHV;@ C9D96B8<FP G EFB><, ;4 6?4EF<6VEFR, V @4FD<JS � T B8A4>B6BR 
G �12  F4 �22 , 4 BF:9 V EFB6CJV-8:9D9?4 7D4HG �. � JPB7B 6<C?<64T, MB 
@4FD<JV ECV6C484RFP ;4 CB5G8B6BR, 4 ; VALB7B 5B>G T @4FD<JS@< 
EG@V:ABEFV 7D4HV6 �1þ� F4 �2þ� 6V8CB6V8AB, FB@G 6BA< T V;B@BDHA<@< ;4 
B;A4K9AAS@. 

�BEF4FAVEFP. !9I4= 7D4H< �1, �2 F4 � 3 89S>V 7D4H<, 7D4H< �1þ� F4 �2þ� V;B@BDHAV, � 3 6V8CB6V8A<= V;B@BDHV;@. 
#B5G8GT@B @4FD<JR EG@V:ABEFV 7D4HG �1þ� G HBD@V (�1 �10 � ), 89 

5?B> �1 6V8CB6V84T 69DL<A4@ 7D4HG �1, 5?B> � 3 69DL<A4@ 7D4HG �, �1 
3 @4FD<JS, 6 S>V= EFBSFP B8<A<JV A4 C9D9F<AV DS8>V6, MB G 7D4HV �1 
6V8CB6V84RFP EFB>4@, F4 EFB6CJV6, MB G 7D4HV � 6V8CB6V84RFP 8:9D9?4@. 
*9 ;@B:9@B ;DB5<F<, BE>V?P>< @V: 69DL<A4@< 7D4HV6 �1 F4 � 8G7< T ?<L9 
@V: 6EV@4 EFB>4@< �1 F4 8:9D9?4@< � ;4 B;A4K9AAS@ CBE?V8B6ABW 
>B@CB;<JVW. &B8V, S>MB CB5G8GT@B @4FD<JR EG@V:ABEFV 8?S 7D4HG �2þ� ; 
DS8>4@< F4 EFB6CJS@< G CBDS8>G �(1), �(2), & , �(�) (� 3 >V?P>VEFP 
69DL<A G 7D4HV �1þ�), 6BA4 5G89 ;5V74F<ES ; @4FD<J9R EG@V:ABEFV 8?S 
7D4HG �1þ�, ;4 B;A4K9AAS@ V;B@BDHV;@G. 

C9D98 69DL<A �(1), �(2), & , �(�) (� 3 >V?P>VEFP 69DL<A G 7D4HV �1) 
A9 @B:9 5GF< 69DL<A 7D4HG �, BE>V?P>< V;B@BDHV;@ ;59DV74T 6EV 
6?4EF<6BEFV 7D4HV6 F4 EG@4 6V8EF4A9= 6V8 5G8P-S>BW 69DL<A< 7D4HG �1 8B 
6EVI EFB>V6 7D4HG � EFDB7B 5V?PL4 ;4 4A4?B7VKAG EG@G 8?S 5G8P-S>BW 
69DL<A< 7D4HG �, ;4 6?4EF<6VEFR CBE?V8B6ABW >B@CB;<JVW. ,?SIB@ 
6<84?9AAS ; @4FD<JP EG@V:ABEFV DS8>V6 V EFB6CJV6 � + 1, � + 2, & , �, MB 
6 B5BI 7D4H4I 6V8CB6V84RFP 69DL<A4@ 7D4HG �, BFD<@4T@B @4FD<JV �1, 
MB T @4FD<JS@< EG@V:ABEFV 7D4HV6 �1 F4 �2, 4 BF:9 6BA< T V;B@BDHA<@< 
;4 B;A4K9AAS@. ¥ 
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!0A;V4>: 1. �D4H< �1 F4 �2 V;B@BDHAV FB8V V FV?P>< FB8V, >B?< 7D4H< �þ�1 F4 �þ�2 T V;B@BDHA<@<. 
�B6989AAS. �A4?B7VKAB 8B6989AAR ?9@< 1. ¥ 
�5<0 2. �D4H< �1 F4 �2 V;B@BDHAV FB8V V FV?P>< FB8V, >B?< 7D4H< �1ÿ� 

F4 �2ÿ� T V;B@BDHA<@<. 
�B6989AAS. !9B5IV8AVEFP. !9I4= 7D4H< �1 F4 �2 V;B@BDHAV, � 3 

6V8CB6V8A<= V;B@BDHV;@, � 3 89S><= 7D4H.  
#B5G8GT@B 86V @4FD<JV EG@V:ABEFV �1 F4 �2: 6 C9DLV= DS8>< V 

EFB6CJV 6V8CB6V84RFP 69DL<A4@ 7D4HG �1 G CBDS8>G 1,2, & , � (� 3 
>V?P>VEFP 69DL<A G 7D4H4I �1 F4 �2), 6 8DG7V= 3 7D4HG �2 G CBDS8>G �(1), �(2), & , �(�). �4 B;A4K9AAS@ V;B@BDHV;@G JV @4FD<JV ;5V74RFPES. 
!9I4= � 3 @4FD<JS EG@V:ABEFV 8?S 7D4HG �. 

$B;7?SA9@B F9C9D 5?BKAV @4FD<JV �12 = (�1 00 �) F4 �22 = (�2 00 �). 

�BA< ECV6C484RFP ;4 CB5G8B6BR, 4 ; VALB7B 5B>G T @4FD<JS@< EG@V:ABEFV 
7D4HV6 �1ÿ� F4 �2ÿ� 6V8CB6V8AB, ; KB7B 6<C?<64T, MB 6BA< V;B@BDHAV ;4 
B;A4K9AAS@. 

�BEF4FAVEFP. !9I4= 7D4H< �1, �2 F4 � 3 89S>V 7D4H<, 7D4H< �1ÿ� F4 �2ÿ� V;B@BDHAV, � 3 6V8CB6V8A<= V;B@BDHV;@. 
#B5G8GT@B @4FD<JR EG@V:ABEFV 7D4HG �1ÿ� G HBD@V (�1 00 �), 89 

5?B> �1 6V8CB6V84T 69DL<A4@ 7D4HG �1, 5?B> � 3 69DL<A4@ 7D4HG �. 
�46:8< ;@B:9@B J9 ;DB5<F<, BE>V?P>< @V: 69DL<A4@< 7D4HV6 �1 F4 � 
A9@4T 8G7 ;4 B;A4K9AAS@ C4D4?9?PABW >B@CB;<JVW. &B8V, S>MB CB5G8GT@B 
@4FD<JR EG@V:ABEFV 8?S 7D4HG �2ÿ� ; DS8>4@< F4 EFB6CJS@< G CBDS8>G �(1), �(2), & , �(�) (� 3 >V?P>VEFP 69DL<A G 7D4HV �1ÿ�), 6BA4 5G89 
;5V74F<ES ; @4FD<J9R EG@V:ABEFV 8?S 7D4HG �1ÿ�, ;4 B;A4K9AAS@ 
V;B@BDHV;@G. 

3>MB E9D98 69DL<A �(1), �(2), & , �(�) (� 3 >V?P>VEFP 69DL<A G 7D4HV �1) A9@4T 69DL<A 7D4HG �, FB8V L?SIB@ 6<84?9AAS ; @4FD<JP EG@V:ABEFV 
F<I DS8>V6 V EFB6CJV6, MB 6 B5BI 7D4H4I 6V8CB6V84RFP 69DL<A4@ �, 
BFD<@4T@B @4FD<JV �1, S>V T @4FD<JS@< EG@V:ABEFV 7D4HV6 �1 F4 �2, FB@G 
6BA< T V;B@BDHA<@< ;4 B;A4K9AAS@. 

3>MB E9D98 69DL<A �(1), �(2), & , �(�) ;A4=8GFPES 69DL<A< 7D4HG �, FB8V C9D9EF46<@B DS8>< V EFB6CJV, S>V 6V8CB6V84RFP 69DL<A4@ �(1), �(2), & , �(�) F4 1,2, & , �, G @4FD<JSI EG@V:ABEFV F4>, MB5 G @4FD<JV 
EG@V:ABEFV 8?S 7D4HG �2ÿ� ECBK4F>G =L?< 69DL<A<, MB 6V8CB6V84RFP 
7D4HG �2, 4 CBFV@ �. #B;A4K<@B AB6<= CBDS8B> 69DL<A G C9DLV= @4FD<JV ÿ1, ÿ2, & , ÿ� , ÿ�+1, & , ÿ�, 89 � 3 >V?P>VEFP F<I 69DL<A ; �(1), �(2), & , �(�), 
MB A4?9:4FP 7D4HG �2. #B@VF<@B, MB CD< JPB@G ;@VA<FPES ?<L9 @4FD<JS �1, BE>V?P>< EGEV8AV 5?B>< AG?PB6V, CB;A4K<@B ;@VA9AG @4FD<JR �2. 



127 

 

�BA4 F4>B: @4F<@9 5?BKAB-8V47BA4?PA<= 6<7?S8, BE>V?P>< @V: 
69DL<A4@< 7D4HV6 �2 F4 � A9@4T 8G7 ;4 B;A4K9AAS@ C4D4?9?PABW 
>B@CB;<JVW. &B8V 69DL<A< ÿ�+1, & , ÿ� G 7D4HV �1 F4 69DL<A< �(ÿ�+1), & , �(ÿ�) G 7D4HV � @4RFP 8G7< ?<L9 @V: EB5BR (6EV VALV ;A4K9AAS 
G 6V8CB6V8A<I DS8>4I F4 EFB6CJSI 8BDV6ARRFP AG?R), 4 6V8CB6V8AV 
CV87D4H< T V;B@BDHA<@< (@4RFP B8A4>B6V @4FD<JV EG@V:ABEFV CVE?S 
6<84?9AAS DS8>V6 V EFB6CJV6, MB 6V8CB6V84RFP VAL<@ 69DL<A4@). 

#B5G8GT@B 6V8B5D4:9AAS � 7D4HG �1ÿ� A4 E959, S>9 8?S 69DL<A< ÿ�+1, & , ÿ� ECV6C484T ; �, 8?S 69DL<A �(ÿ�+1), & , �(ÿ�) ; �21, 4 8?S VAL<I 
69DL<A T FBFB:AV@. &4>9 6V8B5D4:9AAS 5G89 46FB@BDHV;@B@ 7D4HG �1ÿ�, 
MB 6<C?<64T ; CBC9D98APB7B 45;4JG. $B;7?SA9@B >B@CB;<JVR �1 = � 8 �: 
6BA4 T V;B@BDHV;@B@ (;4 6?4EF<6VEFR >B@CB;<JVW V;B@BDHV;@G F4 
46FB@BDHV;@G), ;4?<L4T 69DL<A< �(ÿ�+1), & , �(ÿ�) A4 @VEJV, BE>V?P>< � (�21(�(ÿ�))) = �(ÿ�), � = � + 1, �����������, 6V8B5D4:4T 69DL<A< ÿ�+1, & , ÿ� G 
69DL<A< �(�(ÿ�+1)), �(�(ÿ�+2)), & , �(�(ÿ�)) F4 A9 ;@VART 6V8B5D4:9AAS 
D9LF< 69DL<A (;B>D9@4 ÿ1, ÿ2, & , ÿ� 6V8B5D4:4RFPES G FV : 69DL<A< 7D4HG �2).  

3>MB F9C9D E9D98 �1(1), �1(2), & , �1(�) A9@4T 69DL<A 7D4HG �, FB 
F69D8:9AAS 8B6989AB ; CBC9D98AVI @VD>G64AP, VA4>L9 ;@B:9@B 
CB6FBD<F< GEV A46989AV @VD>G64AAS F4 CB5G8G64F< AB6<= V;B@BDHV;@. 
&B8V, BE>V?P>< 7D4H T E>VAK9AA<@ F4 >B:9A A4EFGCA<= V;B@BDHV;@ 8B84T 
AB6V 69DL<A<, S>V 6VA ;4?<L4T A4 @VEJV, F4 A9 6C?<64T A4 6V8B5D4:9AAS 
69DL<A, S>V ;4?<L4?< A4 @VEJV CBC9D98AV V;B@BDHV;@<, ;4 CB5G8B6BR, 
;D9LFBR 6EV 69DL<A< �1 5G8GFP CDB9>FG64F<ES A4 69DL<A< �2. ¥ 

!0A;V4>: 2. �D4H< �1 F4 �2 V;B@BDHAV FB8V V FV?P>< FB8V, >B?< 7D4H<, 
GF6BD9AV 89S>BR CBE?V8B6AVEFR C4D4?9?PA<I F4 CBE?V8B6A<I >B@5VA4JV= 
J<I 7D4HV6 ; 6V8CB6V8A<@< 7D4H4@<, T V;B@BDHA<@<. 

�B6989AAS. �<C?<64T ; CBE?V8B6AB7B 6<>BD<EF4AAS ?9@ 1, 2 F4 
A4E?V8>G 1. ¥ 

!0A;V4>: 3. �6V 69DL<A< T 6;4T@B;4@VAA<@< G 7D4HV � FB8V V FV?P>< 
FB8V, >B?< 6BA< T 6;4T@B;4@VAA<@< G 7D4HV, GF6BD9AB@G 89S>BR 
CBE?V8B6AVEFR C4D4?9?PA<I F4 CBE?V8B6A<I >B@5VA4JV= JPB7B 7D4HG ; 
89S><@< 7D4H4@<. 

�B6989AAS. �<C?<64T 59;CBE9D98APB ; A4E?V8>G 2. ¥ 
&5>@5<0 2. 3>MB 8?S 89S><I 6V8>D<F<I 69DL<A ÿ F4 � C4D4?9?PAB-

CBE?V8B6AB7B 7D4HG �, 7D4H< �\ÿ F4 �\� T V;B@BDHA<@<, FB 69DL<A< ÿ F4 � T 6;4T@B;4@VAA<@< G 7D4HV �. 
�B6989AAS. !9I4= ÿ 3 >4ABAVKA9 89D96B 89>B@CB;<JVW 7D4HG �. 

$B;7?SA9@B L?SI< 6V8 69DL<A ÿ F4 � 8B >BD9AS ÿ. #9DLBR 69DL<ABR, MB 
A4?9:<FP B5B@ J<@ L?SI4@ @4T 5GF< 69DL<A4 �, MB 6V8CB6V84T 
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C4D4?9?PAV= >B@CB;<JVW. %CD468V, S>MB 5 � 6V8CB6V84?4 CBE?V8B6AV= 
>B@CB;<JVW, FB ; JPB7B 6<C?<64?B 5, MB VEAGT BDVTAFB6A<= L?SI 45B ; 
69DL<A< ÿ G 69DL<AG �, 45B G ;6BDBFAB@G A4CDS@>G, ;4 6?4EF<6VEFR 
CBE?V8B6ABW >B@CB;<JVW, MB 6 E6BR K9D7G EGC9D9K<FP FB@G, MB B5<86V JV 
69DL<A< T 6V8>D<F<@< G �. 

$B;7?SA9@B F9C9D 7D4H �2, MB 6V8CB6V84T CV889D96G T ; >BD9A9@ �. 
*9= 7D4H T C4D4?9?PAB-CBE?V8B6A<@, BE>V?P>< T CV87D4HB@ C4D4?9?PAB-
CBE?V8B6AB7B 7D4HG �, F4 A9 T ;69S;A<@, BE>V?P>< >BDVAP � =B7B 89D964 
89>B@CB;<JVW 6V8CB6V84T C4D4?9?PAV= >B@CB;<JVW. �9DL<A< ÿ F4 � 
A4?9:4FP 7D4HG �2 ;4 CB5G8B6BR. � A4E?V8>G 2 F4 V;B@BDHABEFV 7D4HV6 �\ÿ 
= �\� 6<C?<64T, MB 7D4H< �2 \ÿ F4 �2 \� F4>B: T V;B@BDHA<@<. 

!9I4= F9C9D G12 , G22 , & , G�2  - E<EF9@4 @4>E<@4?PA<I (;4 6>?RK9AAS@) 
A9BDVTAFB6AB ;69S;A<I CV87D4HV6 7D4HG �2 (A45VD CBE?V8B6AB-C4D4?9?PA<I 
7D4HV6, MB GF6BDRRFP �2 ;4 8BCB@B7BR C4D4?9?PABW >B@CB;<JVW). �9; 
6FD4F< ;474?PABEFV @B:9@B 664:4F<, MB 69DL<A4 ÿ * G12 , 4 69DL<A4 � *G22 , VA4>L9 � A9 5G?4 5 C9DLBR ;474?PABR 69DL<ABR A4 L?SI4I 8B >BD9AS ÿ. 

$B;7?SA9@B F9C9D 7D4H< �2 \ÿ F4 �2 \�. �D4H �2 \ÿ GF6BD9AB ; 
CV87D4HV6 G12 \ÿ, G22 , & , G�2 , 4 7D4H �2 \� 3 ; CV87D4HV6 G12 , G22 \�, & , G�2 . � 
V;B@BDHV;@G J<I 7D4HV6 6<C?<64T, MB ;A4=89FPES F4>9 5VT>F<6A9 
6V8B5D4:9AAS �, S>9 CV87D4HG �2 \ÿ EF46<FP G 6V8CB6V8AVEFP CV87D4H �2 \�, 
V;B@BDHA<= =B@G. �V8;A4K<@B, MB CV87D4H< G12 \ÿ F4 G12  V G22 \� F4 G22  A9 
V;B@BDHAV, BE>V?P>< @VEFSFP DV;AG >V?P>VEFP 69DL<A, CV87D4H< Gþ2 , � =3, & , � @VEFSFPES 6 B5BI 7D4H4I. 

#B>4:9@B, MB A4 BEAB6V � @B:A4 CB5G8G64F< 6V8B5D4:9AAS, MB 
CDB9>FGT G12 \ÿ A4 G22 \� F4 G12  A4 G22 . $B;7?SA9@B �(G12 ) = Gý2 , A9I4= � b 2 
F4 �(Gý2 ) = Gþ2 , FB8V ; FD4A;<F<6ABEFV 6V8ABL9AAS V;B@BDHV;@G 6<C?<64T, 
MB CV87D4H< G12  F4 Gþ2  - V;B@BDHAV, 4 BF:9 ;@B:9@B CB5G8G64F< AB69 
6V8B5D4:9AAS, MB CDB9>FGT G12  A4 Gþ2 , 4 Gý2  A4 Gý2  (;4?<L4T A4 @VEJV). 
#B6FBDRRK< 4A4?B7VKAG CB5G8B6G, CD<=89@B 8B 6V8B5D4:9AAS, MB 
CDB9>FGT G12  A4 G22 , BE>V?P>< G12  ;46:8< 5G89 CDB9>FG64F<ES A4 S><=EP 
AB6<= CV87D4H (CBC9D98AV 5G8GFP CDB9>FG64F<ES E4@V A4 E959) F4 G22  - 
T8<A<= CV87D4H, S><= @VEF<FPES ?<L9 6 B8AB@G ; 7D4HV F4 @B:9 5GF< 
V;B@BDHA<@ ; G12 . �A4?B7VKAV @VD>G64AAS @B:9@B ;4EFBEG64F< 8B CV87D4HG G12 \ÿ, 4 BF:9 LG>4A9 6V8B5D4:9AAS VEAGT. 

"F:9, CV87D4H< G12  F4 G22  V G12 \ÿ F4 G22 \� T V;B@BDHA<@<. !9I4= � 
V;B@BDHV;@ ; G12  G G22  V �(ÿ) = �. &B8V, S>MB � ECV6C484T ; 69DL<ABR �, 
69DL<A< ÿ F4 � T 6;4T@B;4@VAA<@< G �2 ;4 B;A4K9AAS@ (@B:A4 GF6BD<F< 
A4EFGCA<= 46FB@BDHV;@: � C9D96B8<FP G12  G G22  F4 ÿ G �, �21 3 G22  G G12 , 
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FBFB:A9 6V8B5D4:9AAS 3 Gþ2  G Gþ2 , � = 3, & , �), 4 BF:9, ;4 A4E?V8>B@ 3, = G 
7D4HV � V F69D8:9AAS F9BD9@< T 8B6989A<@.  

3>MB : � b �, FB8V @4T@B CBE?V8B6AB-C4D4?9?PA<= 7D4H G22 , 6 S>B@G 
T 86V 6V8>D<FV 69DL<A< � F4 � V 7D4H< G22 \� F4 G22 \� T V;B@BDHA<@<, BE>V?P>< �(ÿ) = � F4 7D4H< G12 \ÿ F4 G22 \� T V;B@BDHA<@<, 4 BF:9 BFD<@4?< CBK4F>B69 
F69D8:9AAS 8?S 7D4HG @9ALBW DB;@VDABEFV. &B8V @B:9@B 6EV @VD>G64AAS 
8B6989AAS ;4EFBEG64F< 8B APB7B ;AB6G. �D4H T E>VAK9AA<@, FB@G 6D9LFV-
D9LF ;4?<L<FPES 7D4H ; B8AVTR 69DL<ABR, 4 BF:9 5G8GFP 6<>BA4AV G@B6< 
; CBC9D98APB7B 45;4JG. ¥ 

�B6989A4 F9BD9@4 CV8F69D8:GT C9DEC9>F<6AVEFP 6<>BD<EF4AAS 
4?7BD<F@G 79A9D4JVW A9V;B@BDHA<I CV87D4HV6 8?S C4D4?9?PAB-
CBE?V8B6A<I 7D4HV6. #B84?PLB7B 8BE?V8:9AAS CBFD95GT C9D96VD>4 
F69D8:9AAS 2 ; [1] F4 DB;DB5>4 @9FB8G 8?S 6<;A4K9AAS 6;4T@B;4@VAA<I 
6V8>D<F<I 69DL<A G C4D4?9?PAB-CBE?V8B6A<I 7D4H4I. 

 
�VB5@0BC@0 
1. �4D464T6 �.�., &GDK<A4 �.�. �A4?V; 6C?<6G 46FB@BDHV;@G 7D4HG 

A4 EI9@< A4CD46?9AB7B C9D95BDG. 3 #<F4AAS CD<>?48ABW @4F9@4F<>< V 
@4F9@4F<KAB7B @B89?R64AAS. �AVCDB, 2021 D. 3 %. 94-104. 

2. Valdes J., Tarjan R.E., Lawler E.L. The recognition of series parallel 
digraphs. 3 SIAM J. Comput. 3 1982. 3 Pp. 298-313. 
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�7BD �B;VA, "?97 %4D84>, �4DVH5B= %45VDB6 
�4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F '>D4WA4 
'D79AKEP><= 89D:46A<= GAV69DE<F9F, ';59><EF4A 

 
COMBINED MODEL OF THE PROBLEM OF FLAT 

RECTANGULAR CUTTING WITH DIFFERENT TYPES OF 

BLANKS 

 
Abstract. $B;7?S84TFPES B8<A V; 64DV4AFV6 6V8B@BW ;484KV 

CDS@B>GFAB7B DB;>DBR. �484K4 CB?S74T G CBLG>G >4DF DB;>DBR 8?S 
C96ABW >V?P>BEFV CDS@B>GFA<>V6 A4 CDS@B>GFA<I ;47BFB6>4I DV;A<I F<CV6 
V CV8 K4E A<;>< G@B6. 
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�V?PLVEFP 6<8V6 ;484K C?BE>B7B CDS@B>GFAB7B DB;>DBR [1] T NP-
64:><@<. �?S CBLG>G BCF<@4?PA<I DB;69S;>V6 F4><I ;484K 6<CD4684A9 
;4EFBEG64AAS @9F496D<EF<>. 

!9I4= ;484A<= >VAJ96<= A45VD V; n A96<DB8:9A<I CDS@B>GFA<>V6 
DV;A<I DB;@VDV6 F4 A45VD CDS@B>GFA<I ;47BFB6B> DV;A<I F<CV6. &<C 
;47BFV6?V 6<;A4K4TFPES WW DB;@VD4@<. #9D9854K4TFPES, MB >V?P>VEFP 
;47BFB6B> 5G8P-S>B7B F<CG A9B5@9:9A4. 

�D<F9DVT@ S>BEFV DB;>DBR T ;474?PA4 C?BM4 6<>BD<EF4A<I 
;47BFB6B>. �DV@ FB7B, 6 ;484KV @B:GFP DB;7?S84F<ES 8B84F>B6V >D<F9DVW 
F4>V S> @VAV@V;4JVS EG@< 8B6:<A >BAHV7GD4JVW DB;>DBR, >B@C4>FAVEFP 
DB;>DBR V 89S>V VALV. �484K4 F4>B7B F<CG T NP-64:>BR. "8A4> L<DB><= 
EC9>FD ;4EFBEG64AP DB5<FP 6<CD4684A<@ CBLG>< 96D<EF<KA<I F4 
@9F496D<EF<KA<I @9FB8V6 ;A4IB8:9AAS EG5BCF<@4?PA<I DB;69S;>V6 
CB8V5A<I ;484K. 
�?S CBLG>G A45?<:9AB7B BCF<@4?PAB7B DB;6'S;>G ;484KV CDB6989AB 
89>B@CB;<JVR ;484KV A4 86V BEAB6AV K4EF<A<: 
1. ;484K4 C?BE>B7B CDS@B>GFAB7B DB;>DBR ; A9B5@9:9A<@ 59;?VKKR 
;47BFB6B> DV;A<I F<CV6; 
2. ;484K4 BCF<@V;4JVW DB;>DBR 6 E9D98<AV >B:ABW ;47BFB6><. 
�D4IB6GRK< 6<EB>G B5K<E?R64?PAG E>?48AVEFP ;484KV DB;>DBR, 5G?4 
6<>BD<EF4A4 7V5D<8A4 V7DB64 F4 96B?RJV=AB-HD47@9AF4DA4 @B89?P 
CBLG>G BCF<@G@G [2]. 

#9DL<= 7D469JP CDBCBAGT CBE?V8B6AVEFP F<CV6 ;47BFB6B>, MB 
BC<EGTFPES JV?<@ 69>FBDB@ 1 2( , ,..., )Kx x x . &GF K 3 @4>E<@4?PAB 
CD<CGEF<@9 K<E?B ;47BFB6B>, ix - AB@9D F<CG i-7B ;4 CBDS8>B@ ;47BFB6><. 
�DG7<= 7D469JP CDBCBAGT C9D9EF4AB6>G CDS@B>GFA<>V6, MB G>?484RFPES 
- 1 2( , ,..., )ns s s  . #DS@B>GFA<>< CBE?V8B6AB DB;@VMGRFPES A4 ;47BFB6JV 
MV?PAB 59; C9D9F<AV6 ;4 CD46<?B@ Top-Left (45B Left-Top). �4684AAS 
7D46JV6 - 8B@B7F<ES @VAV@V;4JVW BEAB6AB7B F4 8B84F>B6<I >D<F9DVW6 6 
?9>E<>B7D4HVKAB7B CBDS8>G. �DV@ FB7B, ;4 >B:9A CDS@B>GFA<>, S><= A9 
684?BES DB;@VEF<F< A4 ;47BFB6>4I, A4D4IB6GTFPES B8<A<KA<= LFD4H. 
�D<F9DV= @VAV@V;4JVW ;474?PABW EG@< LFD4HV6 @4T A4=6<M<= CDVBD<F9F. 

#BLG> BCF<@4?PAB7B DVL9AAS 8?S 86BI 7D46JV6 ;8V=EARTFPES ;4 
8BCB@B7BR 96B?RJV=ABW @B89?V. #D<KB@G 8?S C9DLB7B 7D46JS 3 J9 
96B?RJV=A4 @B89?P A4 @AB:<AV JV?BK<E9?PA<I 69>FBDV6 G K-@VDAB@G 
JV?BK<E9?PAB@G C4D4?9?9CVC98V, 4 8?S 8DG7B7B 7D46JS 3 96B?RJV=AB-
HD47@9AF4DA4 @B89?P A4 C9D9EF4AB6>4I ; n 9?9@9AFV6 [2]. 

 
�VB5@0BC@0 
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�B;<DEP><= �.*, #B?969JP>4 ".**, ,9A89DB6EP><= �.*** 
*�AEF<FGF F9BD9F<KABW HV;<>< !�!', **�AEF<FGF HV;<>< !�!', 

***�AEF<FGF HV;<>< !�!' 
 

«Ipsa scientia potestas est» (�A4AAO T E<?4) 
(D9AEVE �9>BA 

�D4WA<, O>V IBKGFP @4F< @4=5GFAT, CB6<AAV  
6>?484F< >BLF< G CBCG?OD<;4JVN A4G>B6<I  

8BEO7A9AP F4 WIAVI 46FBDV6  
$B4?P8 �BH@4A, ?46D94F !B59?96BW CD9@VW (1981) 

 
Abstract: We present here a short essay on the role of science popularization 
in today society. The presentation emphasizes the triune essence of 
popularization and the main ways of achieving its goal. As an illustration, the 
paper contains some selected examples from the current Ukrainian reality. 
 

�EFBDVS DB;6BR = CBA96VDSAP JVTW 7?<5B>BW 8G@>< ((D9AEVE4 �9>BA4 
F4 VAL<I HV?BEBHV6) A9 T F9@4 CB84?PL<I @VD>G64AP, 4?9 T CBFG:A9 
CV8�DGAFS = CB64:A4 @BF<64JVS F4> 54:4AAS ;8B5G64F< CD468<6<I ;A4AP, 
S> V CD47A9AP CBL<D9AAS 6:9 A4S6AB7B A4G>B6B7B ;A4AAS 6 CD<EFGCAV= 
8?S L<DB><I ;4JV>46?9A<I >V? HBD@V, E95FB T CV864?<A4 69?P@< 
64:?<6B7B, CDBF9 K4EFB 8B6B?V EGC9D9K?<6B7B CDBJ9EG, ;64AB7B 
CBCG?SD<;4JVS A4G><. 

#DBJ9E FB= T 8B6B?V E>?48A<= V 5474FB7D4AA<=. !4=64:?<6VLV 
K<AA<>< FGF T BE6VF4, CDBE6VF4 = 7DB@48EP>B-CB?VF<KA9 6<IB64AAS, MB T 
A96V8>?<KAV 6;4T@BCB6'S;4AV E>?48A<>< BEAB6A<I HGA>JV=A<I B5B6'S;>V6 
EGECV?PA<I V 89D:46A<I VAEF<FGJV=. +4EB@ CBCG?SD<;4JVR 664:4RFP 
?<L9 ;4EB5B@ CDBE6VFA<JP>BW HGA>JVW A4G><. #96A4 ?B7V>4 6 JV@ T: S> 6<, 
A4G>B6JV, F4>V DB;G@AV, MB E>4;4?< B8<A B8AB@G «�», FB >4:VFP 6:9 = 
CD<EFGCA9 5V?PLBEFV CG5?V><, MB ;A4T K<F4F<, F4>9 «�», S>9 5 6BA4 ;84FA4 

http://www.or.deis.unibo.it/kp/Chapter8.pdf
https://ru.wikipedia.org/wiki/%D0%A1%D0%BB%D1%83%D0%B6%D0%B5%D0%B1%D0%BD%D0%B0%D1%8F:%D0%98%D1%81%D1%82%D0%BE%D1%87%D0%BD%D0%B8%D0%BA%D0%B8_%D0%BA%D0%BD%D0%B8%D0%B3/0471924202
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5G?4 5 ECD<=ASF<, ;DB;G@VF< = CB7B8<F<ES ; F<@, MB A4G>B6JV A9 84D@4 
ECB:<64RFP I?V5 ;4 7DBLV EGECV?PEF64. #96AB, CBCG?SD<;4JVR A9 @4T 
CV8@VAR64F< CDBH4A4JVS, MB T B>D9@4 8B6B?V 5B?RK4 F9@4. 

�9DF4RK< 8B FD<T8<ABW @VEVW CBCG?SD<;4JVW, A47B?BEV@B, MB BE6VF4 T 
C9DL<= M459?P 8B ;4E6BTAAS BEAB6 F<I ;A4AP, MB ;84FAV ;4JV>46<F< 
BEB5<EFVEFP CD98@9FB6B = ;459;C9K<F< 7D4@BFA9 ;4EFBEB64AAS BFD<@4A<I 
;A4AP G :<FFT6V= CD4>F<JV, 4 M9, @B:9 = CV8LFB6IAGF< 8B 4@5VFA<I 
CD47A9AP EF4F< 8B ?46 F<I, MB ;8B5G64RFP 8?S ?R89= AB6V ;A4AAS. &GF 
G:9 EF4T A4 C9D98AV= C?4A CDBE6VF4, ECV?PAB F6BD9A4 BE6VFSA4@< = 
A4G>B6JS@<-CBCG?SD<;4FBD4@<, MB DB;>D<64RFP C9D98 BIBK<@< ;A4F< 
@B:?<6BEFV DB;L<D<F< E6BW CV;A4AAS E6VFG = ;4AGD<F<ES G ;4IBC?<6<= 
E6VF A4G>B6<I CBLG>V6 V 6V8>D<FFV6. � MB ?VAV=A9 ;DBEF4AAS >V?P>BEF< 
;A4AB7B CD<;6B8<FP 8B MBA4=@9AL9 >648D4F<KAB7B ;DBEF4AAS AB6<I 
CDB5?9@ V C9DEC9>F<6, FB CDBJ9E FB= 6:9 E4@ CB EB5V 6<IB6GT 6<EB>G 
EGECV?PAG @BD4?P V E6V8B@VEFP. 

#BCG?SD<;4JVS A4G>< T B8A4 ; A4=E>?48AVL<I CDB5?9@ 8?S A4G>B6JS, 
5B I<EF>4 7D4AP @V: CDBEFBFBR V CDBH4A4JVTR T 69?P@< FBA>4 = 
DB;C?<6K4EF4. #9D9F6BD<F< JV>469 8?S H4IV6JS A4 JV>469 8?S ?R8<A<, MB 
A9 @4T 6 FV@ A4?9:AB7B ;A4AAS , T 69?P@< E>?48A4 = F6BDK4 CDB5?9@4, 5B, 
@4>E<@4?PAB ECDBMGRK< 6<>?48 BEAB6A<I CBASFP V S6<M A9 @B:A4 
CD<CGE>4F<ES CV8@VA< CD468<6BW CD<DB8< CD98@9FG. #BCG?SD<;4JVS 
A4G>< S> BD74AV;B64A4 EGECV?PAB-6<IB6A4 8VS?PAVEFP @B:9 @4F< F4> 
7?B54?PA<= A4CDS@ 8B6989AAS VAHBD@4JVW 8B K<F4K4, 7?S84K4 = E?GI4K4 
6;474?V, S> V A4JV? A4 B>D9@V 7DGC< ECB:<64KV6 ;4 6V>B6BR K< H4IB6BR 
B;A4>BR. %F<@G?SJVS ;4JV>46?9ABEF< ;8B5GF>4@< A4G>< ECD<ST F4> 
CV8A9E9AAR ;474?PAB7B >G?PFGDAB7B DV6AS EGECV?PEF64, S> V ;459;C9K9AAS 
DB;6BR A4G>< 8BC?<6B@ @B?B8<I 9AFG;VSEFV6. $B?P F4?4AB6<F<I C9847B7V6 
V A4G>B6JV6-CBCG?SD<;4FBDV6 FGF A9BJVA9AA4. 

&9C9D T 8B6B?V CBL<D9AV CB7?S8<, MB CBCG?SD<;4JVW 6 ;6<K4=AB@G 
DB;G@VAAV CV8?S74RFP ?<L9 8V?SA>< A4G><, 89 6:9 6E9 GEF4?9AB = 8B5D9 
;DB;G@V?B. #V8EF46< 8B FB7B T, CVE?S ;A4@9A<FBW A4G>B6BW D96B?RJVW >VAJS 
XIX 3 CBK4F>G XX EFB?VFFS, ;V ;9S6BR D9?SF<6VEF<>< = >64AFB6BW @9I4AV>< 
F?G@4K9AAS 5474FPBI ECBEF9D9:G64A<I S6<M 6FD4F<?< ;6<KA9 
@9I4AVEF<KA9 FD4>FG64AAS, MB CD<;69?B 8B 8B6B?V 5GDI?<6<I V 
A9CD<@<D9AA<I 8<E>GEV= @V: 69?P@< >64?VHV>B64A<@< CDB6V8A<@< 
6K9A<@<. #DBF9 8?S F4?4AB6<FBW ?R8<A< A9@4T AVKB7B A9@B:?<6B7B. � 
CB5G8B64 CD<EFGCA<I GS6V A9CV87BFB64AB7B ECB:<64K4 CD<645?<6<I 
B5D4;V6 T 6:9 C96A<@ 6<CDB5G64A<@ D9J9CFB@ F?G@4K9AAS AB6<I 
A4G>B6<I B59T>FV6 V S6<M. *9 8B6B?V GECVLAB CB>4;4AB A4 CD<>?48V 
GS6?9AP CDB >64D>B6G EFDG>FGDG F4> ;64A<I 9?9@9AF4DA<I K4EF<AB> V 
WIAVI >64AFB6<I I4D4>F9D<EF<> F<CG >B?PBDG, E@4>G, K4DV6ABEF< = F. VA. 
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">D9@<@, K< A9 A4=64:?<6VL<@, K4EFB A4=JV>46VL<@ V CD4>F<KAB 
59;CDB7D4LA<@ A4CDS@B@ 8VS?PABEF< A4G>B6JV6-CBCG?SD<;4FBDV6 T 
B;A4=B@?9AAS ;9@?S>V6 V 7DB@48EP>BEF< CB;4 @9:4@< >D4WA< ; :<FFS@ V 
8VS?PAVEFR 6<;A4KA<I A4G>B6JV6 E6BTW >D4WA<, ; WIAV@< :<FFT6<@< 
C9D<C9FVS@<, A4G>B6<@< ;8B5GF>4@< = 7DB@48SAEP>BR CB;<JVTR 3 
A47B?BLG646 6<84FA<= HV;<>, ;4EAB6A<> HV;<KABW L>B?< ; BCF<>< 6 
A984?9>B@G @<AG?B@G %9D7V= �46<?B6. ' F4>V@ D4;V FD<T8<A4 HGA>JVS 
CBCG?SD<;4JVW 8VEF4T E6B7B >BAJ9AFDB64AB7B, 5474FB>D4FAB CB@AB:9AB7B 
= D9;G?PF4F<6AB7B 6<S6G F4> G ;474?PABBE6VFAPB@G = CDBE6VFA<JP>B@G, S> 
V G 6<IB6AB@G 6<@VDV [1]. 

!4JVBA4?PA4 4>489@VS A4G> '>D4WA< 6 BEF4AAV DB>< CD<8V?ST JV= 
8V?SAJV A4G>< G647G V DB;G@VAAS. #D<@VDB@, GC9DL9 BD7>B@VF9F 
 V:A4DB8AB7B  >BA7D9EG G>D4WAJV6, S><= 6V85G6ES 25228 K9D6AS 2018 
DB>G 6 �<T6V 6>?RK<6 8B CDB7D4@< A4 C?9A4DA9 ;4EV84AAS 8BCB6V8P 
«'>D4WAEP>V 6K9AV, S>V ;@VA<?< E6VF» (�. �47BDB8AV=, �. �B;<DEP><=, �. 
,9A89DB6EP><=); 4>FG4?PA<@ EF4?B 6<E6VF?R64F< DB?P G>D4WAEP><I 
6K9A<I-CD<DB8B;A46JV6 G EF4AB6?9AAS E6VFB6BW >BE@BA46F<><, DB;6<FB> 
F9IAV><, VAHBD@4JV=A<I F9IAB?B7V= F4 VAL<I A4CDS@>V6 CD<DB8A<KBW 
A4G><. 

�4:?<6VEFP CBL<D9AAS ;A4AP CDB A4854AAS V A4G>B6V ;8B5GF>< 
CD4JV6A<>V6 EH9D< A4G>< V >G?PFGD<, 4 F4>B: CB69DA9AAS A9;4E?G:9AB 
;4@B6KG64A<I F4 E6V8B@B 6<?GK9A<I ; 9AJ<>?BC98<KA<I 8:9D9? V@9A 
6K9A<I CV8F69D8:GT ;DBEF4AAS 4>F<6ABEFV >B@GAV>4JV=ABW 8VS?PABEFV 6 
!�! '>D4WA<. �A4KAB ;5V?PL<6ES B5ES7, ;DBE?4 S>VEFP CD98EF46?9AAS 
VAHBD@4JV=A<I CB6V8B@?9AP A4 BHVJV=AV= EFBDVAJV !�! '>D4WA<, 
8B>?484RFP ;GE<?P 8?S @4>E<@4?PAB L<DB>B7B 6<E6VF?9AAS D9;G?PF4FV6 
A4G>B6BW 8VS?PABEFV K9D9; DV;AV ;4EB5< @4EB6BW VAHBD@4JVW. !4 CBK4F>G 
2021 DB>G EF6BD9AB �B@VEVR !�! '>D4WA< ; C<F4AP >B@GAV>4JV= V; 
EGECV?PEF6B@ V CBCG?SD<;4JVW A4G>B6BW 8VS?PABEFV. � @9FBR 4>F<6V;4JVW 
;69S;>V6 @V: A4G>B6BR ECV?PABFBR V EGECV?PEF6B@ 26 EVKAS 2022 DB>G 
#D9;<8VS !�! '>D4WA< CD<=AS?4 DVL9AAS CDB ;4EAG64AAS #D9@VW !�! 
'>D4WA< «�4 CBCG?SD<;4JVR A4G><», S>G 5G8GFP CD<EG8:G64F< MBDB>G 
;4EB54@ @4EB6BW VAHBD@4JVW F4 WIAV@ B>D9@<@ CD98EF46A<>4@, A4G>B6JS@ 
V BD74AV;4FBD4@ E4@BEFV=A<I CDBT>FV6 ;4 A4=>D4M<= @4F9DV4? CDB 
;8B5GF>< 6K9A<I, 8VS?PAVEFP A4G>B6<I GEF4AB6 V !�! '>D4WA< ;474?B@, 4 
F4>B: ;4 ECD<SAAS CBCG?SD<;4JVW A4G>< V CV8A9E9AAS CD9EF<:G A4G>B6JS 
6 '>D4WAV (;4CDB648:9AB FD< AB@VA4JVW). 

#D<A47V8AB ;4;A4K@B, MB 6C9DL9 6V85G?BES 6DGK9AAS CD9@V= «�4 
CBCG?SD<;4JVR A4G><» (;4 CV8EG@>4@< >BA>GDEG ;4 2022 DB>G) A4 K9D7B6V= 
E9EVW �474?PA<I ;5BDV6 !�! '>D4WA< 27 >6VFAS 2023 DB>G. ' AB@VA4JVW 
«!4=>D4M<= A4G>B6B-CDBE6VFA<JP><= CDBT>F DB>G CD<EG8:9AB CD9@VR 



134 

 

;4 A4G>B6B-CBCG?SDA<= CDBT>F G EBJV4?PA<I @9D9:4I CDB6V8AB@G 
A4G>B6B@G ECV6DB5VFA<>B6V 6V88V?G F9BD9F<KABW HV;<>< �AEF<FGFG HV;<>< 
!�! '>D4WA<, 8B>FBDG HV;<>B-@4F9@4F<KA<I A4G> CDBH9EBDG �4E<?96V 
,9A89DB6EP>B@G, S><= CBA48 FD< 89ESF<DVKKS C?V8AB CD4JRT 6 8V?SAJV 
VEFBDVW A4G><, G ECD46V 8BA9E9AAS 8B G>D4WAJV6 V E6VFB6BW ECV?PABF< 
5474FPBI GAV>4?PA<I V @4?B;A4A<I H4>FV6 V CB8V= ; VEFBDVW DB;6BR E6VFB6BW 
A4G><, KV?PA9 @VEJ9 6 S>V= CBEV84RFP G>D4WAJV = ;4>BD8BAAV 6K9AV 
G>D4WAEP>B7B CBIB8:9AAS. #9D9BJVA<F< ;474?PABA4JVBA4?PAG 64:?<6VEFP 
JVTW CBFG:ABW L?SI9FABW CDBE6VFA<JP>BW = 6<IB6ABW CD4JV CDBH9EBD4 
A9@B:?<6B [2]. 

%?V8 F4>B: A47B?BE<F<, MB A4CD<>VAJV 2022 DB>G  "! EF6BD<6 
C?4FHBD@G «�V?PA4 A4G>4» 8?S CBCG?SD<;4JVW A4G><.  9FBR JPB7B 
CDBT>FG T EF6BD9AAS AB6<I @B:?<6BEF9= 8?S A4G>B6JV6 (MB8B 
CBCG?SD<;4JVW D9;G?PF4FV6), :GDA4?VEFV6 (MB8B GFBKA9AAS D9;G?PF4FV6 V 
C9D96VD>< FD4>FG64AP A4G>B6<I 8BDB5>V6 G>D4WAEP><I 6K9A<I), 
6VFK<;ASA<I V @V:A4DB8A<I VA69EFBDV6 (8?S B;A4=B@?9AAS ; CD4>F<KA<@< 
8BDB5>4@< 6K9A<I). ' @9:4I C?4FHBD@< 6V8>D<FB D9TEFD4JVR 8?S GK9A<I 
V :GDA4?VEFV6. +<F4KV @B:GFP ;A4=B@<F<ES ; >BAF9AFB@ 59; CBC9D98APBW 
D9TEFD4JVW. %CB8VT@BES, MB 6V8>D<FFS C?4FHBD@< «�V?PA4 A4G>4» 5G89 
?<L9 C9DL<@ >DB>B@ 4>F<6ABW GK4EF< 89D:46< 6 L?SI9FAV= ECD46V 
CBL<D9AAS A4G>B6<I ;A4AP. 

'EV CB;<F<6AV ;@VA< 6 :<FFV ?R8EF64 A9DB;D<6AB CB69S;4AV ; 
DB;6<F>B@ A4G>< V WW ;4EFBEB64AP G F9IAB?B7VSI V CB5GFV. !<AV A4ECD468V 
D94?PA4 = A96V8>?48A4 CDB5?9@4 CB?S74T 6 FV@, MB5< CB69DAGF< ?R8S@ 
;8BDB6<= 7?G;8 6 DB;G@VAAV 64:?<6BEF< A4G>B6<I ;A4AP V CD<DB8AR 
CB647G 8B ABEVW6 F<I ;A4AP 2 6V8 6<IB64F9?P>< 8<FSKB7B E48>4 8B 
CDB6V8A<I GK9A<I 4>489@V= V GAV69DE<F9FV6. 

�<FFS ?R8EP>9 T D9;G?PF4F VEFBD<KAB7B BCF<@V;@G, 7B8B64AB7B 
A4G>B6<@< ;A4AAS@< = CD46<?PA<@ WIAV@ 6<>BD<EF4AAS@. &S7?VEFP =B7B 
�DGAFGTFPES A4 C<?PAV@ ;59D9:9AAV = L4AB5?<6V= C9D984KV F<I ;A4AP 6V8 
CB>B?VAAS 8B CB>B?VAAS. � J9 ;46L9 CB69S;4AB ; 6<IB64AAS@ @4=5GFAVI 
8BE?V8A<>V6, F9IAB?B7V6 V CDBEFB 7D4@BFA<I E6V8B@<I BEV5, MB @B:?<6B 
?<L9 6 D4;V 8B5D9 DB;6<A9ABW E<EF9@< CBCG?SD<;4JVW A4G>B6<I ;A4AP. 

 
�VB5@0BC@0: 
1. ,9A89DB6EP><= �. �K9AV '>D4WA< G E6VFB6V= A4GJV. �<W6: �� 

«#DBEFVD», 2019. 976 E. 
2. 'C9DL9 6DGK9AB #D9@VR !�! '>D4WA< «�4 CBCG?SD<;4JVR 

A4G><». #B6V8B@?9AAS !�! '>D4WA<. 
https://www.nas.gov.ua/UA/Messages/Pages/View.aspx?MessageID=10024 

 

https://www.nas.gov.ua/UA/Messages/Pages/View.aspx?MessageID=10024


135 

 

 
 

��&" "$(�� . %� �&$�+!� %&����%&0 ��� ��$,�! 
�$�(' 

%9D7V= �GD4CB6,  4>E<@ �46<8B6EP><= 
�4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F, 

�� «�4CBDV;P><= B5?4EA<= VAEF<FGF CVE?O8<C?B@ABW C9847B7VKABW 
BE6VF<» �"$ 

 
AUTOMORPHISM. SYMMETRIC STABILITY OF GRAPH 

VERTEX WEIGHTS 

 
Abstract. The paper investigates the property of symmetric stability of 

graph vertex weights in the context of automorphism group construction. 
Construction of graph automorphism group is based on the concept of graph 
orbit. The set of isometric cycles and edge cuts of the graph G generates vector 
invariants of the graph. The weights of the vertices and edges of the graph, 
which are determined by the digital vector invariant of the edge graph IL(G) 
and the vector integral graph invariant IS(G)&IC(G), induce the symmetry of 
vertices9 weights. The symmetry of graph vertex weights allows us to determine 
the orbits of the graph and construct the graph automorphism group Aut(G). 

 
�6FB@BDHV;@ 7D4H4 T 6V8B5D4:9AAS@ @AB:<A< 69DL<A A4 E959, MB 

;59DV74T EG@V:AVEFP.  AB:<A4 46FB@BDHV;@V6 GF6BDRT 7DGCG 7D4H4. 
"EAB6BR 8?S CB5G8B6< 7DGC< 46FB@BDHV;@V6 T CBASFFS BD5VF<. #B5G8B64 
BD5VF< FVEAB CB69S;4A4 ; >V?P>VEABR BJVA>BR 69DL<A< 45B D95D4 7D4H4, 
S>4 A4;<64TFPES 647BR. �?S 6<;A4K9AAS 647< 6<>BD<EFB6GRFPES 
VA64DV4AF< 7D4H4, CB5G8B64AV A4 EC9>FDV D959DA<I DB;DV;V6 7D4H4 F4 
EC9>FDV D959DA<I J<>?V6 [1]. �474 9?9@9AFV6 7D4H4 8B;6B?ST 6<S6?SF< 
GF6BDRRKV J<>?< V HBD@G64F< BD5VF<, MB, E6BTR K9D7BR, 8B;6B?ST 
CB5G8G64F< 7DGCG 46FB@BDHV;@G 7D4H4. $B;7?SAGFB CD<>?48< B5K<E?9AAS 
C96A<I EG7D4HV6 7D4H4. 

�648D4FAG @4FD<JR EG@V:ABEF9= D959DAB7B 7D4H4 A(L(G)) [2,3] (45B 
@4FD<JR D959DA<I DB;DV;V6 W(G)) @B:A4 DB;7?S84F< S> ?VAV=A<= 
AV?PCBF9AFA<= BC9D4FBD WS(G) DB;@VDB@ môm (89 m 3 K<E?B 69DL<A G 
7D4HV) [4]. #D< JPB@G @AB:9AAS @4FD<JP 6<>BAGTFPES G CB?V GF(2) V 
AG?PB69 ;A4K9AAS @4FD<JV D959DA<I DB;DV;V6 6<;A4K4TFPES CB>4;A<>B@ 
EFGC9AS BC9D4FBD4 �ýý(�). �A4K9AAS CB>4;A<>4 EFGC9AS p 6<;A4K4T 

>V?P>VEFP DV6AV6 G EC9>FDV D959DA<I DB;DV;V6 7D4H4. �B:9A DS8B> 
(EFB6C9JP) T EG7D4HB@ 7D4H4 G. �V?P>VEFP D959D 6 9?9@9AF4I @4FD<JV 
BC9D4FBD4 8?S B8AB7B DV6AS (45B 8?S 6EVI DV6AV6) 6<;A4K4T 647G D95D4. �?S 
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EC9>FD4 D959DA<I DB;DV;V6 EG@4 647 VAJ<89AFA<I D959D, MB A4?9:4FP 
69DL<AV, 6<;A4K4T WW 647G. &4><@ K<AB@, >B:AV= 69DL<AV (D95DG) 7D4H4 
@B:A4 CBEF46<F< G 6V8CB6V8AVEFP K<E?B, MB A4;<64TFPES 647BR 69DL<A< 
(D95D4), V 6<>BD<EFB6G64F< J9= C4D4@9FD 8?S CBDV6ASAAS 7D4HV6. 

 
"7=0G5==O 1. �A64DV4AF< 7D4H4, MB 6<;A4K4RFPES 6474@< 69DL<A F4 

D959D, A4;<64RFPES 69>FBDA<@< VA64DV4AF4@< 7D4H4. 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

�V?P>VEFP DV6AV6 G EC9>FDV D959DA<I DB;DV;V6 7D4H4 G1 8BDV6ART 6 
(D<E. 1). �?S >B:AB7B DV6AS E>?489@B >BDF9: 647: ý(
(�0)) = <4,4,4,4,4,4,4,4,4,4,4,4,4,4,4>; ý(
(�1)) = <10,10,8,10,8,8,10,10,10,10,8,8,10,10,10>; 

& ý(
(�5)) = <4,4,4,4,4,4,4,4,4,4,4,4,4,4,4>. 
%G@4DA<= >BDF9: D959D 8?S L9EF< DV6AV6 6<;A4K4T 69>FBD 647 D959D: 

Fe(G1) = <32,32,32,32,32,32,32,32,32,32,32,32,32,32,32>. �?S >B:AB7B 
DV6AS 6<;A4K<@B >BDF9: 647 69DL<A< S> 4D<H@9F<KAG EG@G 647 
VAJ<89AFA<I D959D: ÿ(
(�0)) = <12,12,12,12,12,12,12,12,12,12> ÿ(
(�1)) = <28,28,28,28,28,28,28,28,28,28> 

& ÿ(
(�5)) = <12,12,12,12,12,12,12,12,12,12> 
%G@4DA<= >BDF9: 69DL<A 8?S L9EF< DV6AV6 6<;A4K4T 69>FBD 647 

69DL<A: Fv(G1) = <96,96,96,96,96,96,96,96,96,96>. �4 D9;G?PF4F4@< 
B5K<E?9AAS 69>FBDV6 647 69DL<A F4 D959D 5G8GTFPES 69>FBDA<= VA64DV4AF 

$<E.2 - �D4H G2 $<E.1 - �D4H G1 
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D959DA<I DB;DV;V6 7D4H4 8?S 6EPB7B EC9>FD4 D959DA<I DB;DV;V6: Fe(G1) & 
Fv(G1) = (15ô 32) & (10ô 96). �5B 5G8GTFPES 69>FBDA<= VA64DV4AF 
D959DA<I DB;DV;V6 7D4H4 8?S >B:AB7B DV6AS B>D9@B: Fe(l1) & Fv(l1) = (5ô
8),(10ô 10) & (10ô 28). 

%C9>FD D959DA<I DB;DV;V6 7D4H4 @B:9 E>?484F<ES ; 69?<>BW >V?P>BEFV 
DV6AV6 V @B:9 C9D96<MG64F< >V?P>VEFP 69DL<A F4 D959D 7D4H4. !4CD<>?48, 
EC9>FD D959DA<I DB;DV;V6 7D4H4 G2 @4T 30 DV6AV6 (D<E. 2). "F:9, 7D4H< 
DV;ASFPES @V: EB5BR A9 FV?P>< >V?P>VEFR 69DL<A V D959D, 4?9 = >V?P>VEFR 
DV6AV6 G EC9>FDV D959DA<I DB;DV;V6. 

#BASFFS EG7D4H4 7D4H4 T 8G:9 64:?<6VL<@ G F9BDVW 7D4HV6.  AB:<A4 
EG7D4HV6 7D4H4 F4 BC9D4JVS >V?PJ96B7B 8B8464AAS EG7D4HV6 CBDB8:GRFP 
?VAV=A<= CDBEFVD EG7D4HV6 7D4H4 £G. #V8CDBEFVD DB;DV;V6 7D4H4 S(G) F4 
CV8CDBEFVD J<>?V6 7D4H4 C(G) A4?9:4FP CDBEFBDG EG7D4HV6 £G. &B@G 6 
BC<EV 7D4H4 E?V8 6D4IB6G64F< DB;DV;<, 4 F4>B: J<>?< 7D4H4. "F:9, 
CD4>F<KA<= BC<E 7D4H4 @4T E>?484F<ES ; @4FD<JV EG@V:ABEF9= F4 @4FD<JV 
V;B@9FD<KA<I J<>?V6 7D4H4 [5]. 

"7=0G5==O 2. �4;B6<@ D959DA<@ J<>?B@ D95D4 ei A4;<64TFPES 
>V?PJ964 EG@4 V;B@9FD<KA<I J<>?V6 F4 B5B84 7D4H4, MB @4RFP G E6BT@G 
E>?48V D95DB ei. 

�?9@9AF< 54;B6BW @AB:<A< D959DA<I J<>?V6 7D4H4 @B:A4 CB84F< G 
6<7?S8V >648D4FABW @4FD<JV DB;@VDB@ môm, MB E>?484TFPES ; AG?V6 F4 
B8<A<JP. �4AG @4FD<JR, ;4 4A4?B7VTR ; @4FD<J9R EG@V:ABEF9= D959DAB7B 
7D4H4, @B:A4 CD98EF46<F< S> AV?PCBF9AFA<= BC9D4FBD V CB5G8G64F< 
EC9>FD D959DA<I J<>?V6 7D4H4. 3> CD<>?48 DB;7?SA9@B 7D4H G3 
CD98EF46?9A<= A4 D<E. 4(4) F4 =B7B EC9>FD< D959DA<I DB;DV;V6 F4 J<>?V6. 

 
 
 
 

 

 

 

 

 

 

 

�<;A4K<@B >BDF9: 647 D959D 8?S EC9>FD4 D959DA<I J<>?V6: ý(�3) = <5,4,5,8,5,9,5,5,9,6,5,5,8,5,4>. 
�BDF9: 647 69DL<A: ÿ(�3) ÿ(�3) = <14,32,26,16,16,32,26,14>. 
$V6AV 647< 69DL<A 6<;A4K4RFPES A4EFGCA<@< C4D4@< 69DL<A B1 = 

{v1,v8}, B2 = {v2,v6}, B3 = {v3,v7}, B4 = {v4,v5}. 

$<E.3 - �6FB@BDHV;@ 7D4H4 G3 
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3> 6<8AB ; CD<>?48G, DV6AVEFP 647 8?S C4D 69DL<A B1 = {v1,v8}, B2 = 
{v2,v6}, B3 = {v3,v7}, B4 = {v4,v5} ;59DV74TFPES 8?S 6EVI 6V8B@<I 69>FBDA<I 
VA64DV4AFV6. #9D9EF4AB6>4 69DL<A G 7D4HV 8?S @AB:<A< 69DL<A ; DV6ABR 
647BR CBDB8:GT V;B@BDHA<= 7D4H ; VALBR AG@9D4JVTR 69DL<A (D<E. 4,5). 

�9DL<A4@< D959DAB7B 7D4H4 L(G3) T D95D4 7D4H4 G3.  AB:<AG 
V;B@9FD<KA<I J<>?V6 D959DAB7B 7D4H4 L(G3) @B:A4 CB5G8G64F< S> 
B59T8A4AAS A4EFGCA<I FDPBI 6V8CB6V8A<I CV8@AB:<A EG7D4HV6 7D4H4 G3: 
(1) CV8@AB:<A< V;B@9FD<KA<I J<>?V6 6V8CB6V8A<I @AB:<AV J9AFD4?PA<I 
DB;DV;V6 7D4H4 G3 3 þýÿ; (2) CV8@AB:<A< V;B@9FD<KA<I J<>?V6 7D4H4 L(G3) 
6V8CB6V8A<I @AB:<AV V;B@9FD<KA<I J<>?V6 7D4H4 G3 3 ÿÿÿ F4 (3) 
CV8@AB:<A< V;B@9FD<KA<I J<>?V6 6V8CB6V8A<I 8B CV8@AB:<A< 8G5?P-
J<>?V6 7D4H4 G3 3 %ýÿ . �<;A4K<@B >BDF9: 647 D959D F4 69DL<A 8?S 
@AB:<A< V;B@9FD<KA<I J<>?V6 D959DAB7B 7D4H4 L(G3). �BDF9: 647 D959D: 
<13,7,12,14,12,14,12,7,14,6,12,7,14,13,7>. �BDF9: 647 69DL<A: 
<32,65,42,25,25,65,42,32>. �4G64:<@B, MB DV6AV 647< 69DL<A 
6<;A4K4RFPES A4EFGCA<@< C4D4@< 69DL<A B1 = {v1,v8}, B2 = {v2,v6}, B3 = 
{v3,v7}, B4 = {v4,v5}. 

� CBDV6ASAAS D9;G?PF4FV6 69?<K<A >BDF9:V6 647 8?S DV;A<I 69>FBDA<I 
VA64DV4AFV6 7D4H4 G3 6<C?<64T, MB A9;64:4RK< A4 WIAR 6V8@VAAVEFP 
VEAGRFP EFV=>V CV8@AB:<A< 69DL<A B8A4>B6BW 647<.  

�?S 7D4H4 G3 J9 A4EFGCAV CV8@AB:<A< 69DL<A 3 B1 = {v1,v8}, B2 = 
{v2,v6}, B3 = {v3,v7}, B4 = {v4,v5}.  

�DGCG 46FB@BDHV;@G 7D4H4 G3 ;4C<L9@B G 6<7?S8V: ý��(�3) = {�0 = (1)(2)(3)(4)(5)(6)(7)(8) 2 FBFB6A89 46FB@BDDV7@,�1 = (18)(26)(37)(45).  

"7=0G5==O 3. �84FAVEFP CBDB8:G64F< 69DL<A< ; DV6A<@< 6474@< G 
69>FBDA<I VA64DV4AF4I A4;<64TFPES EFV=>VEFN 647< 69DL<A. 
"7=0G5==O 4. %FV=>4 CV8@AB:<A4 69DL<A, MB @4RFP DV6AV 647<, 

6V8CB6V84T BD5VF4@ 7D4H4 F4 CB;A4K4TFPES E<@6B?B@ «o». 
� DB;7?SAGFB7B F4>B: 6<C?<64T, MB 8?S DB;DV;A9AAS 7D4HV6 8BEF4FAPB 

@4F< C9DLV 864 DV6AV w0(G) F4 w1(G), 4 8?S HBD@G64AAS EC9>FD4 D959DA<I 
J<>?V6 8BEF4FAPB B8AB7B 54;B6B7B DV6AS ÿ0(�), MB 6V8CB6V84T J<HDB6B@G 
69>FBDAB@G VA64DV4AFG 7D4H4 IC(L(G)). 
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#�"-�!!�%&0 �"���0!" �" �" "$(!�) �$�(�� 

�4E<?P �9M9A>B 
�AEF<FGF @4F9@4F<>< �! '>D4WA< 

 
PLANENESS OF LOCALLY HOMEOMORPHIC GRAPHS 

 

Abstract. It is proved that a graph locally homeomorphic to a given 
connected graph is a covering of the given graph. Based on the planarity 
criterion of graph covers, the planarity criterion of locally homeomorphic 
graphs is formulated. 
        

 �B6B8<FPES, MB 7D4H ?B>4?PAB 7B@9B@BDHA<= ;484AB@G 
;69S;AB@G 7D4HG, T A4>D<FFS@ ;484AB7B 7D4H4. !4 BEAB6V >D<F9DVR 
C?BM<AABEFV A4>D<FFV6 7D4HV6 [9] HBD@G?RTFPES >D<F9DV= C?BM<AABEFV 
?B>4?PAB 7B@9B@BDHA<I 7D4HV6. 
 !9B5IV8AV FBCB?B7VKAV B;A4K9AAS A46B8SFPES 6 DB5BF4I [1-6]. 
!9I4= )�, ) 2 ?B>4?PAB ?VAV=AB ;69S;AV FBCB?B7VKAV CDBEFBD< V  ) 2 
;69S;A<= I4GE8BDHV6 CDBEFVD. !4>D<FFS@ FBCB?B7VKAB7B CDBEFBDG ) 
A4;<64TFPES C4D4 ()�, ö) CDBEFBDG )� V A9C9D9D6AB7B 6V8B5D4:9AAS ö: )� 
³ ), S>MB 8?S >B:ABW FBK>< Iþ) ;A4=89FPES F4><= ?VAV=AB ;69S;A<= 
6V8>D<F<= B>V? U, MB >B:A4 >B@CBA9AF4 ?VAV=ABW ;69S;ABEFV @AB:<A< 
ö21(U) 6V8B5D4:9AAS@ ö FBCB?B7VKAB 6V8B5D4:4TFPES A4 U.  AB:<A<  ö 
21(I) 8?S 6EVI Iþ) @4RFP B8A4>B6G CBFG:AVEFP, S>4 A4;<64TFPES K<E?B@ 
?<EFV6 A4>D<FFS. 
 � ;474?PAB@G 6<C48>G K<E?B ?<EFV6 2 >4D8<A4?PA9 K<E?B, S>9 
@B:9 5GF< E>VAK9AA<@ 45B A9E>VAK9AA<@. �V8CB6V8AB, A4>D<FFS 5G89  n-
?<EF<@, nþN, 45B A9E>VAK9AAB?<EF<@. 
 �4?V DB;7?S84RFPES E>VAK9AAV FBCB?B7VKAV 7D4H<. 
 &BCB?B7VKA<@ 7D4HB@ A4;<64TFPES I4GE8BDHV6 FBCB?B7VKA<= 
CDBEFVD G, S>MB: 
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 1) A4 CDBEFBDV G ;484A<= 8<E>D9FA<= CV8CDBEFVD G0. &BK>< 
@AB:<A< G0 A4;<64RFPES 69DL<A4@< 7D4H4 G; 
 2) CV8CDBEFVD G1=G\G0 2 B59T8A4AAS 6V8>D<F<I CV8CDBEFBDV6, S>V 
CBC4DAB A9 C9D9F<A4RFPES V >B:9A ; S><I 7B@9B@BDHA<= 6V8>D<FB@G 
VAF9D64?G. �B@CBA9AF< CDBEFBDG G1 A4;<64RFPES D95D4@< 7D4H4 G; 
 3) 7D4A<JS >B:AB7B D95D4 2 CV8@AB:<A4 @AB:<A< G0, MB 
E>?484TFPES ; B8AVTW 45B 86BI FBKB>. $95DB, 7D4A<JS S>B7B E>?484TFPES 
; B8AVTW FBK><, A4;<64TFPES C9F?9R. 
 �D4H G A4;<64TFPES E>VAK9AA<@, S>MB 6VA E>?484TFPES V; 
E>VAK9AAB7B K<E?4 D959D V 69DL<A. 
 � DB5BFV [8] EHBD@G?PB64AV 864 F<C< 9>EFD9@4?PA<I ;484K 6 
F9BDVW 7D4HV6. 
 !9I4= ö 2 7B@B@BDHV;@ 7D4H4 G A4 7D4H F; { 2 6V8ABL9AAS 
6CBDS8>G64AAS 89S>BW @AB:<A< 7D4HV6. 
 �484K4 I4D4>F9D<;4JVW C96AB7B >?4EG P K4EF<AA<I 7D4HV6 7D4H4 G 
;4 8BCB@B7BR @VAV@4?PA<I (@4>E<@4?PA<I) 9?9@9AFV6 6CBDS8>B64ABW 
89S><@ 6V8ABL9AAS@ { @AB:<A< öP  B5D4;V6 7D4HV6 V; P CD< 
7B@B@BDHV;@V ö A4;<64TFPES (P, ö)-@VAV@4?PABR (@4>E<@4?PABR) 
;484K9R C9DLB7B F<CG 6V8ABEAB {. 
 �484K4 I4D4>F9D<;4JVW C96AB7B >?4EG P K4EF<AA<I 7D4HV6 7D4H4 F 
;4 8BCB@B7BR @VAV@4?PA<I (@4>E<@4?PA<I) 9?9@9AFV6 6CBDS8>B64ABW 
89S><@ 6V8ABL9AAS@ { @AB:<A< ö 

21P  CDBB5D4;V6 7D4HV6 V; P CD< 
7B@B@BDHV;@V ö A4;<64TFPES (P, ö)-@VAV@4?PABR (@4>E<@4?PABR) 
;484K9R 8DG7B7B F<CG 6V8ABEAB {. 

 �V8CB6V8AB 8B EHBD@G?PB64A<I (P, ö)-9>EFD9@4?PA<I ;484K 6 
DB5BF4I [10-13] DB;7?S84RFPES (P, ö)-9>EFD9@4?PAV 7D4H<. 
 !9I4= P 2 @AB:<A4 89S><I K4EF<AA<I 7D4HV6 7D4H4 G. �D4H !, 
!þP, A4;<64TFPES (P, ö)-@VAV@4?PA<@ (@4>E<@4?PA<@) 6 G 7D4HB@, S>MB 
7D4H ö(!) 2 @VAV@4?PA<= (@4>E<@4?PA<=) 9?9@9AF 6CBDS8>B64ABW 
6V8ABL9AAS@ { @AB:<A< öP, öP={ö(F) /FþP }. 
 �D4H !, !þP, A4;<64TFPES (P, ö)-@VAV@4?PA<@ (@4>E<@4?PA<@) 6 
F 7D4HB@, S>MB 7D4H ö 

21(!) 2 @VAV@4?PA<=  (@4>E<@4?PA<=)  9?9@9AF  
6CBDS8>B64ABW  6V8ABL9AAS@  {  @AB:<A<  ö 

21P,      ö 
21P={ö 

21(F) /FþP 
}. 
 ³0-@VAV@4?PA<@ 6 G 7D4HB@, ;4 7B@B@BDHV;@G ö: G ³ F, 
A4;<64TFPES (P, ö)-@VAV@4?PA<= 6 G 7D4H CD< P={F /FüG, ö 

21ö(F)=F, 
³(F)>0}, 4           ³0-@VAV@4?PA<@ 6 F 7D4HB@, ;4 7B@B@BDHV;@G ö: G ³ F, 
A4;<64TFPES            (P, ö)-@VAV@4?PA<= 6 F 7D4H CD< P={F /FüF, ³(F)>0}, 
89 ³(F) 2 DV8 7D4H4 F, 4  { 2 F4>9 6V8ABL9AAS 6CBDS8>G64AAS @AB:<A< 
P, MB 8?S 86BI A97B@9B@BDHA<I 7D4HV6 F, F 2 V; P F {F 2 FB8V V FV?P>< 
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FB8V, >B?< 7D4H F  @VEF<FP K4EF<AA<= 7D4H, 7B@9B@BDHA<= 7D4HB6V F 2. 
�?S 7B@9B@BDHA<I 7D4HV6 F, F 2 V; P              F {F 2 FB8V V FV?P>< FB8V, 
>B?< 7D4H F 2 CV8DB;5<FFS 7D4H4 F 2. 
 �?S n-?<EF<I A4>D<FFV6 (G, ö) 8B6V?PAB7B ;69S;AB7B 7D4H4 F 
6EF4AB6?9AV [8-13] @AB:<A< +n B5D4;V6 ³0-@VAV@4?PA<I 6 G 7D4HV6. 3EAB, 
MB EF9CVAP 69DL<A 7D4HV6 V; @AB:<A< +n 5V?PL<= 86BI, JV 7D4H< 
@B:GFP @4F< C9F?V V >D4FAV (C4D4?9?PAV) D95D4, n>1. 
  AB:<A< +n 2 6<K9DCAV A45BD< CBC4DAB A9 V;B@BDHA<I 
>;45BDBA9A<I= CV87D4HV6 7D4H4 F, S>V 84RFP @B:?<6VEFP EHBD@G?R64F< 
>D<F9DV= C?BM<AABEFV n-?<EF<I A4>D<FFV6 8B6V?PAB7B ;484AB7B 
;69S;AB7B 7D4H4: 5G8P-S>9 n-?<EF9 A4>D<FFS 8B6V?PAB7B ;484AB7B 
;69S;AB7B 7D4H4 2 C?BM<AA<= 7D4H FB8V V FV?P>< FB8V, >B?< ;484A<= 7D4H 
A9 @VEF<FP K4EF<AA<I 7D4HV6 7B@9B@BDHA<I :B8AB@G 7D4HG V; @AB:<A< 
+n, n>1. 
 #BEF46<@B ;484KG: ;A4=F< A9B5IV8AV V 8BEF4FAV G@B6< FB7B, MB 
5G8P-S><= 7D4H, ?B>4?PAB 7B@9B@BDHA<= ;484AB@G ;69S;AB@G 7D4HG 2 
C?BM<AA<= 7D4H. 
  � F9D@VA4I >;45BDBA9A<I= CV87D4HV6 DB;69S;4AAS JVTW ;484KV, 84T 
>D<F9DV= C?BM<AABEFV A4>D<FFV6 ;484AB7B ;69S;AB7B 7D4H4: 
 1) S>MB ?B>4?PA<= 7B@9B@BDHV;@ 2 7B@9B@BDHV;@, FB ?R5<= 
7D4H, 7B@9B@BDHA<= ;484AB@G ;69S;AB@G 7D4HG, 5G89 C?BM<AA<@ FB8V 
V FV?P>< FB8V, >B?< ;484A<= 7D4H A9 @VEF<FP K4EF<AA<I 7D4HV6, 
7B@9B@BDHA<I B8AB@G ; 7D4HV6 �GD4FB6EP>B7B: �5 K< �3,3; 
 2) S>MB ?B>4?PA<= 7B@9B@BDHV;@ ö: G ³ F 2 2->D4FA<= 
7B@B@BDHV;@, FB (G, ö) 2 2-?<EF9 A4>D<FFS ;69S;AB7B 7D4H4 F. �7V8AB [8, 
9] 5G8P-S><= 7D4H, 2->D4FAB ?B>4?PAB 7B@9B@BDHA<= ;484AB@G 
;69S;AB@G 7D4HG F, 5G89 C?BM<AA<@ 7D4HB@ FB8V V FV?P>< FB8V, >B?< 
;484A<= 7D4H F A9 @VEF<FP K4EF<AA<I 7D4HV6, 7B@9B@BDHA<I B8AB@G ; 
7D4HV6 !V, !Vþ+2, VþN1

28. �D4H< !V, VþN1
28, @B:A4 B89D:4F< V; CDBEFB7B 

?4AJR74 6V8CB6V8ABW 8B6:<A< BFBFB:A9AAS@ 6>4;4A<I 6 8G:>4I 
69DL<A V D959D S> 6 DB5BFV [8]. 
 3) S>MB ?B>4?PA<= 7B@9B@BDHV;@ 2 3->D4FA<= 7B@B@BDHV;@, FB 
(G, ö) 2 3-?<EF9 A4>D<FFS ;69S;AB7B 7D4H4 F.    �7V8AB [9] 5G8P-S><= 7D4H, 
3->D4FAB ?B>4?PAB 7B@9B@BDHA<= ;484AB@G ;69S;AB@G 7D4HG F, 5G89 
C?BM<AA<@ 7D4HB@ FB8V V FV?P>< FB8V, >B?< ;484A<= 7D4H F A9 @VEF<FP 
K4EF<AA<I 7D4HV6, 7B@9B@BDHA<I B8AB@G ; 7D4HV6 !V, !Vþ+3, VþN29

33: 
!29=�2

2+2v, !30=�2
2+v+r, !31=�2

2+2r, !32=�1,3+3v=�1+3r, !33=�2
3, 89 v 

2 C9F?S,  r 3 DBEFB> (7D4H �2   ; B8AVTR C9F?9R V B8A<@ 6V8>D<F<@ 
>VAJ9@); 
 4) S>MB ?B>4?PA<= 7B@9B@BDHV;@ 2 4->D4FA<= 7B@B@BDHV;@, FB 
(G, ö) 2 4-?<EF9 A4>D<FFS ;69S;AB7B 7D4H4 F.  �7V8AB [9] 5G8P-S><= 7D4H, 
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4->D4FAB ?B>4?PAB 7B@9B@BDHA<= ;484AB@G ;69S;AB@G 7D4HG F, 5G89 
C?BM<AA<@ 7D4HB@ FB8V V FV?P>< FB8V, >B?< ;484A<= 7D4H F A9 @VEF<FP 
K4EF<AA<I 7D4HV6, 7B@9B@BDHA<I B8AB@G ; 7D4HV6 !V, !Vþ+4,  VþN33

34: 
7D4H !33 A46989A<= 6<M9, !34= �2 +2v; 
 5) S>MB ?B>4?PA<= 7B@9B@BDHV;@ 2 n->D4FA<= 7B@B@BDHV;@, FB   
(G, ö) 2 n-?<EF9 A4>D<FFS ;69S;AB7B 7D4H4 F, ng5. �7V8AB [9] 5G8P-S><= 
7D4H, n->D4FAB ?B>4?PAB 7B@9B@BDHA<= ;484AB@G ;69S;AB@G 7D4HG F, 
ng5, 5G89 C?BM<AA<@ 7D4HB@ FB8V V FV?P>< FB8V, >B?< ;484A<= 7D4H F A9 
@VEF<FP K4EF<AA<I 7D4HV6, 7B@9B@BDHA<I B8AB@G ; 7D4HV6 !V, !Vþ+5, 
VþN33

35: 7D4H< !33 V !34 A46989AV 6<M9, !35=�1+2v, 89 Kn 2 CB6A<= 7D4H 
CBDS8>4 n,            Gn 2 7D4H, MB B89D:GTFPES ; 7D4H4 G ;4@VABR >B:AB7B 
D95D4 n C4D4?9?PA<@< D95D4@<, �m,n 2 CB6A<= 86B8B?PA<= 7D4H, n, m 
þN. 
 

�VB5@0BC@0 
1. 1A79?P><A7 $. "5M4S FBCB?B7<S. 2 .:  <D, 1986. 2752E. 
2. �GD54>< !. "5M4S FBCB?B7<S. "EAB6AO9 EFDG>FGDO. 2 .: !4G>4, 
1968. 2272E. 
3. �GD4FB6E><= �. &BCB?B7<S. &B@ 2. 2 .:  <D, 1969. 2624E. 
4. �9??< �:. �. "5M4S FBCB?B7<S. 2 .: !4G>4, 1981. 2432E. 
5. �DI4A79?PE><= �. �., #BAB@4D96 �. �. "EAB6O B5M9= FBCB?B7<< 6 
;484K4I < GCD4:A9A<SI. 2 .: !4G>4, 1974. 2424E. 
6.  4EE< '., %FB?<A7E �:. �?795D4<K9E>4S FBCB?B7<S. 2 .:  <D, 1977. 
2344E. 
7. )4D4D< (. &9BD<S 7D4HB6. 2 .:  <D, 1971. 2300E. 
8. )B@9A>B !. #., �9M9A>B �. �. �64 F<C4 Q>EFD9@4?PAOI ;484K 6 
F9BD<< 7D4HB6 // �B>?. �! '%%$. %9D. �. 21987. 276, 2%. 13-15. 
9. )B@9A>B !. #., �9M9A>B �. �. #?BE>BEFABEFP A4>DOF<= 7D4HB6 // �! 
%%%$. �<E>D9FA4S @4F9@4F<>4. &B@ 3 6OCGE> 2. 21991. 2%. 104-113. 
10. )B@9A>B !. #., �9M9A>B �. �. (P, f)-Q>EFD9@4?PAO9 7D4HO // 
1>EFD9@4?PAO9 7D4HO. 2 �<96, 1984. 2 %. 5-15 (#D9CD<AF / �! '%%$. 
�A-F @4F.; 7 84.44). 
11. �9M9A>B �. �. ø-EGM9EF69AAO9 J9C< C9D6B7B F<C4 <A89>E4 B8<A // 
&4@ :9. 2 %. 28-56. 
12. )B@9A>B !. #., �9M9A>B �. �. %FDG>FGD4 (P, f)-Q>EFD9@4?PAOI 
7D4HB6 // %FDG>FGD4 Q>EFD9@4?PAOI 7D4HB6. 2 �<96, 1984. 2 %. 5-37 
(#D9CD<AF / �! '%%$. �A-F @4F.; 7 84.45). 
13. �9M9A>B �. �. ø-EGM9EF69AAO9 J9C< <A89>E4 864 // &4@ :9. 2 %. 46-
62. 
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���"$�&  #",'�' ��%&$� ��0!�) ,�/)�� !� 

�$�(� 
"?97 #46?9A>B, �A4FB?V= &<@BL9A>B, ">E4A4 &<@BL9A>B 

�V8>D<F<= @V:A4DB8A<= GAV69DE<F9F DB;6<F>G ?N8<A< «'>D4WA4» 
 

�=>B0FVO. � DB5BFV DB;7?S84TFPES @B89?R64AAS ;484KV >B@V6BS:9D4. 
#BLG> BCF<@4?PAB7B @4DLDGFG C9D95BDB@ 6EVI 64DV4AFV6 CDBCBDJV=AB 

(N-1)! 
�6<K4=AB, 6 @9D9:V VEAGT A4=6<7V8AVL<= @4DLDGF, 4?9 C9D97?S8 6EVI 

@4DLDGFV6 8G:9 FDG8B@VEF><= 8?S >V?P>BEFV 6G;?V6 5V?PL9 20. 
#DBCBAGTFPES 6<>BD<EF4F< 48<F<6A<= DS8 K<E9? ; GAV>4?PA<@< EG@4@< 
9?9@9AFV6. &4><= 48<F<6A<= DS8, S> 2n L6<8>B ;DBEF4T CD< ;5V?PL9AAV 
>V?P>BEFV 6G;?V6. &GF F4>B:, 69?<>9 ECV66V8ABL9AAS @V: @4>E<@4?PA<@ V  
@VAV@4?PA<@ 9?9@9AF4@< DS8G. #DBCBAGTFPES 6<>BD<EF4F< 48<F<6A<= 
DS8 ; @VAV@4?PA<@ ;A4K9AAS@ A4=5V?PLB7B 9?9@9AFG. &4> 8?S n=20 
ECV66V8ABL9AAS @V: @4>E<@4?PA<@ 9?9@9AFB@ 48<F<6AB7B DS8G V DS8G 2n  
@4=:9 686VKV @9AL9. �DV@ FB7B, @VAV@4?PA<= 9?9@9AF 48<F<6AB7B DS8G 
6V8DV;ASTFPES 6V8 @4>E<@4?PAB7B 6 F4>B@G : ECV66V8ABL9AAV. 'AV>4?PA4 
EG@4 K<E9? 8B;6B?ST L6<8>B LG>4F< F4 CBDV6AR64F< DS8<, S>V @4RFP 
F4><= E4@<= A45VD 69DL<A, 4?9 6 VALV= CBE?V8B6ABEFV. *9 8B;6B?ST 
6<5D4F< A4=>D4M<= @4DLDGF F4 ;45?B>G64F< 6EV VALV. 
$9;G?PF4F< @B89?R64AAS CB>4;4?< C9DEC9>F<6AVEFP F4>B7B 4?7BD<F@G. 
�;NG>2V A;>20: 48<F<6AB-DV;A<= DS8 K<E9?, F9BDVS 7D4HV6, 

9>EFD9@4?PAV L?SI<, ;484K4 >B@V6BS:9D4. 
�ABC? 

�484KV 6<;A4K9AAS 9>EFD9@4?PA<I L?SIV6 @9D9:V ;A4=L?< L<DB>9 
;4EFBEG64AAS [1,2]. #BLG> A4=>BDBFLB7B L?SIG @9D9:V D94?V;GTFPES 
CDBEF<@< 4?7BD<F@4@<, S>MB 6V8B@V ;A4K9AAS 69?<K<A >B:ABW 7V?><. 
%>?48AVL9 ;484K4 6<;A4K9AAS A4=>BDBFLB7B L?SIG 6 >B@C9RF9DAV= 
@9D9:V. &4@ K4E C9D984KV VAHBD@4JVW 6V8 B8AB7B 6G;?4 8B VALB7B ABESFP 
=@B6VDA<= I4D4>F9D [3]. �484K4 6<;A4K9AAS A4=8B6LB7B L?SIG 6 @9D9:V 
6<A<>?4 6 E<EF9@4I @9D9:9AB7B C?4AG64AAS V GCD46?VAAS. ' JPB@G 
6<C48>G @9D9:4 E>?484TFPES ; 7V?B> (DB5VF ; C96A<@ F9D@VAB@ WI 
6<>BA4AAS). !4=5V?PL<= L?SI 6 @9D9:V T @VAV@4?PA<@ F9D@VAB@ 
6<>BA4AAS 6EPB7B >B@C?9>EG DB5VF. *9= L?SI A4;<64RFP >D<F<KA<@. 
�4FD<@>4 5G8P-S>BW DB5BF< JPB7B L?SIG 6989 8B ;4FD<@>< 6EPB7B CDB9>FG. 
#DBF9 B>D9@V DB5BF< (7V?><) @4RFP D9;9D6 K4EG V ;4FD<@>4 WI 6 @9:4I 
JPB7B D9;9D6G A9 6<>?<>4T ;4FD<@>< 6EPB7B CDB9>FG. �484KG CDB 
>D<F<KA<= L?SI @B:A4 ;69EF< 8B ;484KV 6<;A4K9AAS A4=>BDBFLB7B 
L?SIG. �?S JPB7B A9B5IV8AB 6EV 8B84FAV ;A4K9AAS 7V?B> ;4@VA<F< A4 
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6V89T@AV. �EAGRFP VALV ;484KV, S>V @B:A4 ;69EF< 8B CBLG>G A4=>BDBFLB7B 
L?SIG F4>, A4CD<>?48, 6 DB5BF4I [4,5] ;484K4 DB;L<HDG64AAS EGJV?PAB7B 
F9>EFG ;6B8<FPES 8B ;484KV 6<;A4K9AAS A4=>BDBFLB7B L?SIG. �484KV 
6<;A4K9AAS CDBCGE>ABW ;84FABEFV CBFB>V6, 6<;A4K9AAS 9>EFD9@4?PA<I 
L?SIV6 @4RFP CDBEFV 4?7BD<F@< V IBDBLV @9FB8< DB;69S;>G. �EAGRFP 
;484KV, S>V CDBEFV ;4 CBEF4AB6>BR, 4?9 @4RFP E>?48AV @9FB8< DB;69S;>G. 
�B F4><I ;484K 6V8ABE<FPES ;484K4 A4?4LFG64AAS 5474FBCDBHV?PAB7B 
69DEF4FG ; @9FBR @VAV@V;4JVW K4EG =B7B A4?4LFG64AAS. 3> CD46<?B, 
C9D9IV8 6V8 B8ABW BC9D4JVW 8B VALBW A9 ECV6C484T ;V ;6BDBFAV@ C9D9IB8B@. 
&B@G @4FD<JS C9D9IB8V6 ABE<FP A9E<@9FD<KA<= I4D4>F9D. &4>G ;484KG 
CD98EF46?ST 7D4H, 6 S>B@G 6G;?< T DV;AV BC9D4JVW, 4 7V?>< HV>EGRFP F9D@VA< 
C9D9IB8G ; B8AVTW BC9D4JVW A4 VALG. �?S n 6G;?V6 ; CB6A<@< ;69S;>4@< 
>V?P>VEFP @B:?<6<I L?SIV6 E>?484RFP (n-1)!. #D< n = 20 @4T@B 69?<K<AG 
(n-1)! j 121*1015. 
$O48 7 C=V:0;L=8<8 AC<0<8. #V8 DS84@< ; GAV>4?PA<@< EG@4@< @< 

DB;G@VT@B @AB:<AG K<E9? G S>BW >B:A4 CV8 @AB:<A4 @4T EG@G 9?9@9AFV6 
S>4 6V8DV;ASTFPES 6V8 5G8P-S>BR EG@G VALBW CV8@AB:<A<. [1-5] 
%GK4EAV >B@C9RF9DAV E<EF9@< 6<>BD<EFB6GRFP C4D4?9?V;@ L?SIB@ 

6<>BD<EF4AAS 69?<>BW >V?P>BEFV CDBJ9EBDV6. �?9 6 JV= ;484KV A9B5IV8A4 
VAF9AE<6A4 6;4T@B8VS @V: CDBJ9EBD4@<. �<A<>4T A9B5IV8AVEFP 
>B@GAV>4JVW CDBJ9EBDV6 6 DV;AV @B@9AF< K4EG. �AL<@< E?B64@<, A9B5IV8AB 
EF6BD<F< CBE?V8B6AVEFP n K<E9?, S>V @4RFP GAV>4?PAV EG@< 8?S 5G8P-S>B7B 
A45BDG 9?9@9AFV6. &4>4 6?4EF<6VEFP @4RFP DS8< F<CG rn, 89 r, n- A4FGD4?PAV 
K<E?4 5V?PL9 1. !4=@9AL<= F4><= DS8 2n @4T GAV>4?PAV EG@< 5G8P-S>B7B 
A45BDG. �<A<>?4 ;484K4 EF6BD9AAS DS8G K<E9?, G S>B7B @4>E<@4?PA<= 
9?9@9AF @9AL<=, AV: DS8 2n. �C9DL9 F4><= DS8 5G6 ;4CDBCBAB64A<= 6 
DB5BFV [6]. � DB5BFV [6] DB;7?SAGFV 6?4EF<6BEFV F4>B7B DS8G. !4 6V8@VAG 6V8 
DS8G 2n J9= DS8 @4T ;A4KAB @9AL<= @4>E<@4?PA<= 9?9@9AF, 4?9 EG@4 DS8G 
5V?PL4. 
*9= DS8 5G8GTFPES 8?S AB6B7B A45BDG A4 54;V CBC9D98APB7B 8B8464AAS@ 

C9DLB7B 9?9@9AFG, S><= 6<;A4K4TFPES ;4 C96A<@< CD46<?4@<. &4><@ 
K<AB@, CBC9D98AV= DS8 T BC9D4FBDB@ CD46BW DV;A<JV. #V;AVL9 ;9SEG64?BES, 
MB 8?S n 5V?PL9 6 , @B:A4 EF6BD<F< >D4MG CBE?V8B6AVEFP, FB5FB ; @9AL<@ 
;A4K9AAS@ @4>E<@4?PAB7B 9?9@9AFG. &4>4 CBE?V8B6AVEFP F4>B: 5G?4 
EF6BD9A4 CB FB@G : CD<AJ<CG, 4?9 6<5VD AB6B7B C9DLB7B 9?9@9AFG 8?S 
AB6BW CBE?V8B6ABEFV 54;GTFPES A4 VALB@G CD<AJ<CV [7]. #9D96VD>4 
@B:?<6BEFV 68BE>BA4?9AAS CB?VCL9AB7B 4?7BD<F@G CB>4;4?4, MB J9= DS8 
BCF<@4?PA<= ; FBK>< ;BDG @VAV@G@G @4>E<@4?PAB7B 9?9@9AF4. �?S 
A969?<>BW >V?P>BEFV 9?9@9AFV6 n @9AL9 9 C9D96VD>4 ;DB5?9A4 EGJV?PA<@ 
C9D95BDB@ 6EVI @B:?<6<I 64DV4AFV6. �?S n 5V?PL9 8 6<>BD<EF4AB 5V?PL 
E>?48A<= 4?7BD<F@.  
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#>HC: 5:AB@5<0;L=8E H;OEV2 =0 3@0DV 
�7V8AB ; 6<;A4K9AAS@ 48<F<6A4 CBE?V8B6AVEFP @VEF<FP JV?V K<E?4, EG@4 

5G8P-S><I 9?9@9AFV6 @4T GAV>4?PA9 ;A4K9AAS, FB5FB A9 ;5V74TFPES ; EG@BR 
VAL<I 9?9@9AFV6. 
�4CDBCBAB64A<= G JV= DB5BFV ECBEV5 CD<CGE>4T DB;M9C?9AAS 6<IV8AB7B 

CGA>FG A4 CBK4F>B6<= V >VAJ96<=. $B;M9C?9AAS 6<IV8AB7B CGA>FG CB?S74T 
6 ;4@VAV =B7B A4 864 AB6<I, 6 B8<A V; S><I FV?P>< A48IB8SFP 7V?><, 4 ; 
VALB7B FV?P>< 6<IB8SFP. &4><@ K<AB@, B89D:GT@B CBK4F>B6<= V >VAJ96<= 
CGA>F<. � CBK4F>B6B7B CGA>FG CBE<?4RFP E<7A4? A4 6EV 6G;?<  ; 
VAHBD@4JVTR CDB 8B6:<AG L?SIG CBK4F>B6B7B CGA>FG A4 6EV VALV 6G;?< 
[2]. 
' >B:AB@G CGA>FV CVE?S BFD<@4ABW VAHBD@4JVW 7BFGTFPES A45VD 84A<I, 

S><= @VEF<FP: 
1) #BE?V8B6ABEFV CDB=89A<I @4DLDGFV6 ; 8B8464AAS@ AB@9D4 84AB7B 

6G;?4. 
2) CG@< 48<F<6A<I K<E9? CDB=89AB7B L?SIG. 
3) CG@< 8B6:<A< 7V?B> CDB=89AB7B L?SIG. 
�AHBD@4JVS C9D984TFPES A4 6EV 6G;?<, S>V A9 @VEFSFPES  6 CBE?V8B6ABEFSI 

6V8CB6V8A<I 69DL<A4I. 
� F45?<JSI 1 V 2 A46989AB EI9@4 DB5BF<. 
�4AB DS8 ; 5 69DL<A4@< �0C �1 �2 �3 �4 �0>,  
89 �0C CBK4F>B64 (6<IV8AV E<7A4?<) V �0> >VAJ964 69DL<A4 (6IV8AV 

E<7A4?<). 
�B:AB@G CDBJ9EBDG CD<E6BRTFPES 48<F<6AB-DV;A9 K<E?B: 
�1 = 3; �2 = 5; �3 = 6; �4 = 7;  
� �0C 69DL<A< CB84TFPES E<7A4? A4 6EV 5 CDBJ9EBDV6. � >B:AB7B 

CDBJ9EBD4 CB84TFPES VAHBD@4JVS ; A45BDB@ BFD<@4A<I L?SIV6 A4 6EV VALV 
CDBJ9EBD<, >DV@ F<I 69DL<A, S>V 6:9 B5V=LB6. #D< JPB@G 8B84TFPES 
8B6:<A4 CDB=89AB7B L?SIG. &4>B: ;4C<EGTFPES 48<F<6AB-DV;A9 K<E?B, S> 
EG@4 K<E9? V; 69DL<A, S>V 6>?RK9AV 6 @4DLDGF, >DV@ A4K4?PABW �0C F4 
>VAJ96BW 69ADL<A<. #D<>?48: 
 4DLDGF      042434144 
%G@4 48<F<6AB-DV;AB7B DS8G         5 + 6 + 3 = 14 
3>MB EG@4 48<F<6AB-DV;A<I K<E9? ECV6C484T, FB5FB CD<IB8SFP 

CBE?V8B6ABEFV S>V @4RFP VAL<= CBDS8B> CDBIB8:9AAS @4DLDGFG, 4?9 
@4RFP FV E4@V FBK>< @4DLDGFG (02314, 01234), FB ;4?<L4TFPES E9D98 A<I 
@4DLDGF @VAV@4?PABR 8B6:<ABR L?SIG 
!4 >B:AB@G 9F4CV 8B84TFPES B8A4 69DL<A4 6 >B:AG CBE?V8B6AVEFP V 

6V8><84RFPES ;4=6V 64DV4AF< (CB>4;4AB ;9?9A<@ >B?PBDB@ 6 F45?<JV, 4 
F4>B: >V?P>VEFP ;4?<L9A<I @4DLDGFV6 V >B9HVJVTAF ;@9AL9AAS 64DV4AFV6) 
6 F45?<JSI 1 V 2 BEF4AAV EFB6CJV. 
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'AV>4?PA4 EG@4 48<F<6AB-DV;A<I K<E9? 8B;6B?ST L6<8>B LG>4F< F4 
CBDV6AR64F< DS8<, S>V @4RFP F4><= E4@<= A45VD 69DL<A 4?9 6 VALV= 
CBE?V8B6ABEFV. 
&4> 8?S 5 69DL<A 59D9FPES 48<F<6A<= DS8 V; 4 K<E9?: 3, 5, 6, 7.  

&45?<JS 1 

k 

�9
DL
<A
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%G
@4
. �
89
F.
 D
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�V
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�E
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�V
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6V
8V
5D
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 D
S8
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�B
HV
JV
TA
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;@
9A
L
9A
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S8
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1       1  28       2   156       3   42       4   41 1 4     

2     2 1 5 293     1 2 3 165     1 3 3 48     1 4 3 65         
    3 1 6 62   3 2 6 189   2 3 5 303   2 4 5 328 3 12     

    4 1 7 78   4 2 7 213   4 3 7 67   3 4 6 68         

3   3 2 1 11 326   1 3 2 9 195   2 1 3 8 313   2 1 4 8 330         
   2 3 1 11 323  1 4 2 10 237  1 2 3 8 312  1 2 4 8 337         
   2 4 1 12 365  3 1 2 9 199  1 4 3 10 91  1 3 4 9 74         
   4 2 1 12 350  4 1 2 10 215  2 4 3 12 354  3 1 4 9 99        
   4 3 1 13 87  4 3 2 13 214  4 1 3 10 98  3 2 4 11 361         
   3 4 1 13 105  3 4 2 13 240  4 2 3 12 360  2 3 4 11 329 6 24 12 2 
4 4 3 2 1 18 351 1 4 3 2 16 238 2 1 4 3 15 356 2 3 1 4 14 360         
  2 4 3 1 18 374 1 3 4 2 16 246 4 2 1 3 15 370 1 3 2 4 14 367         
  2 3 4 1 18 366 4 3 1 2 16 224 4 1 2 3 15 362 1 2 3 4 14 338 3 12 4 3 
 0 4 3 2 1 21 379                       
 0 4 3 1 2 21 380                       
 0 2 1 4 3 21 398                       
 0 1 2 3 4 21 379                       
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1         1  28       2   156       3   42       4   41 1 4     

2       2 1 5 293     1 2 3 165     1 3 3 48     1 4 3 65         
      3 1 6 62   3 2 6 189   2 3 5 303   2 4 5 328 3 12     

      4 1 7 78   4 2 7 213   4 3 7 67   3 4 6 68         

3     2 3 1 11 323   1 3 2 9 195   1 2 3 8 312   2 1 4 8 330         
     4 2 1 12 350  4 1 2 10 215  1 4 3 10 91  1 3 4 9 74         

     4 3 1 13 87  4 3 2 13 214  2 4 3 12 354  2 3 4 11 329         
4   4 3 2 1 18 351 4 3 1 2 16 224 2 1 4 3 15 356 1 2 3 4 14 338         
    4 3 2 1 21 379                       
    1 2 3 4 21 379                       

 
� &45?<JV 1 
k 3 >V?P>VEFP CDB=89A<I 9F4CV6. �4?9:<FP 6V8 >V?P>BEFV 6G;?V6 4 E4@9 n-

1.  
�5@H8=8 7 1 ?> 4 3 @VEFSFP 6 EFB6CK<>4I 6>4;4AV @B:?<6V @4DLDGF< 

6G;?V6. 
CG@< 48<F<6A<I K<E9? CDB=89AB7B L?SIG. 
CG@< 8B6:<A< 7V?B> CDB=89AB7B L?SIG. 
 
&45?<JV 2 6 BEF4AAVI EFB6CK<>4I 
:V;L:VABL <0@H@CBV2 =0 25@H8=V. 
2AL>3> <0@H@CBV2 = >V?P>VEFP @4DLDGFV6 A4 69DL<AV * >V?P>VEFP 

69DL<A. 
:V;L:VABL 70;8H5=8E <0@H@CBV2. 
:>5DVFVT=B 7<5=H5==O = 6EPB7B @4DLDGFV6 / >V?P>VEFP ;4?<L9A<I 

@4DLDGFV6. 
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� F45?<JV 2 CD98EF46?9AV 84AV F45?<JV 1 CVE?S 6V8><84AAS L?SIV6, S>V 
8B6LV ;4 ;A4=89AV. *9 8B;6B?ST EGFFT6B E>BDBF<F< K<E?B 64DV4AFV6 
F45?<JS 9. 
� F45?<JV 3 CD98EF46?9A4 @4FD<JS EG@V:ABEFV 7D4H4. �4AB 5 6G;?V6. 

�9?9A<@ >B?PBDB@ CB;A4K9AB DB;69S;B>. �A4=89AB @VAV@4?PAG 8B6:<AG 
L?SIG 379, F4 E4@ L?SI 0 1 2 3 4 0 6 F45?<JV 3 CB;A4K9A<= ;9?9A<@ 
>B?PBDB@. 
&45?<JS 3 

 0 1 2 3 4 

0   28 156 42 41 
1 28   137 20 37 
2 156 137   147 172 
3 42 20 147   26 
4 41 37 172 26   

 
� F45?<JV 4 CD98EF46?9A4 @4FD<JS EG@V:ABEFV 7D4H4. �4AB 20 6G;?V6. 

*9 6IV8AV 84AV 8?S CDB7D4@<. �9?9A<@ >B?PBDB@ CB;A4K9AB DB;69S;B>. 
�A4=89AB @VAV@4?PAG 8B6:<AG L?SIG 1032, F4 E4@ L?SI 6>4;4A<= 6 
F45?<JS 5 8?S 20 6G;?V6. 

 
&45?<JS 4 - @4FD<JS EG@V:ABEFV 7D4H4 

 
 
&45?<JS 5 

0 8 11 2 7 16 6 13 1 15 19 9 14 3 4 10 17 5 18 12 0 

 81 92 42 28 54 84 37 41 57 69 20 112 79 42 20 54 41 28 20 61 
 
 

N 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 

0   194 112 98 104 75 171 130 51 60 101 112 61 165 145 143 101 85 52 79 
1 194   198 219 256 249 73 184 161 138 266 236 209 41 176 57 138 275 221 125 
2 112 198   208 215 183 138 28 74 127 209 42 172 158 239 172 61 176 163 144 
3 98 219 208   42 61 227 223 137 101 60 209 37 206 79 162 183 102 54 101 
4 104 256 215 42   37 256 235 152 128 20 208 51 239 119 199 201 73 52 134 
5 75 249 183 61 37   239 204 126 114 26 172 42 227 138 193 176 41 28 125 
6 171 73 138 227 256 239   118 125 128 261 179 206 37 209 86 84 256 211 126 
7 130 184 28 223 235 204 118   86 134 230 69 189 143 246 165 54 201 183 149 
8 51 161 74 137 152 126 125 86   54 151 92 104 126 164 118 51 134 101 73 
9 60 138 127 101 128 114 128 134 54   134 145 78 114 112 84 86 138 85 20 
10 101 266 209 60 20 26 261 230 151 134   198 57 247 138 209 201 54 51 142 
11 112 236 42 209 208 172 179 69 92 145 198   172 196 252 204 98 156 158 165 
12 61 209 172 37 51 42 206 189 104 78 57 172   190 102 153 152 79 20 85 
13 165 41 158 206 239 227 37 143 126 114 247 196 190   178 52 98 249 199 106 
14 145 176 239 79 119 138 209 246 164 112 138 252 102 178   126 195 178 122 98 
15 143 57 172 162 199 193 86 165 118 84 209 204 153 52 126   112 221 165 69 
16 101 138 61 183 201 176 84 54 51 86 201 98 152 98 195 112   183 151 98 
17 85 275 176 102 73 41 256 201 134 138 54 156 79 249 178 221 183   60 152 
18 52 221 163 54 52 28 211 183 101 85 51 158 20 199 122 165 151 60   97 

19 79 125 144 101 134 125 126 149 73 20 142 165 85 106 98 69 98 152 97   
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&45?<JS 6. #4D4@9FD< C9DEBA4?PAB7B >B@C9RF9D4. 
 
#� #DBJ9EBD "�' "% 
#�1 Inter® Core# i-3 4130 CPU @ 

3,40GHz  
8 �� Windows 

7. 
#�2 Inter® Core# 2 Duo CPU E8400 

3,40GHz 
3 �� Windows 

XP. 
 
� F45?<JV 7 CD98EF46?9AV D9;G?PF4F< DB5BF< CDB7D4@< A4 DV;A<I 

>B@C9RF9D4I ; F4><@< C4D4@9FD4@<:  
�>4;4AB 6 E9>GA84I K4E 6<>BA4AAS CDB7D4@< 8?S N 6G;?V6. 
&4>B: ;A4=89A4 @VAV@4?PA4 8B6:<A4 L?SIG, F4 =B7B CBE?V8B6AVEFP 

CDBIB8:9AAS DS8G. 
 
&45?<JS 7 
N 

+4E #�1 
6 E9>GA8 

+4E #�2 
6 E9>GA8 

8B6:<A4 
L?SIG DS8 

4 0,0007 0,0002 627 0 2 1 3 0 

5 0,0008 0,0003 675 0 2 1 3 4 0 

6 0,0009 0,0003 683 0 2 1 3 4 5 0 

7 0,0012 0,0005 698 0 2 6 1 3 4 5 0 

8 0,0013 0,0008 704 0 2 7 6 1 3 4 5 0 

9 0,0021 0,0015 717 0 5 4 3 1 6 7 2 8 0 

10 0,0105 0,0038 737 0 5 4 3 9 1 6 7 2 8 0 

11 0,0289 0,0101 746 0 5 10 4 3 9 1 6 7 2 8 0 

12 0,0758 0,0297 806 0 5 10 4 3 9 1 6 7 2 11 8 0 

13 0,1197 0,0951 820 0 5 10 4 3 12 9 1 6 7 2 11 8 0 

14 0,2983 0,3306 825 0 5 10 4 3 12 9 1 13 6 7 2 11 8 0 

15 1,074 1,2506 918 0 9 8 11 2 7 6 13 1 14 3 4 10 5 12 0 

16 4,2615 4,9701 925 0 9 8 11 2 7 6 13 1 15 14 3 4 10 5 12 0 

17 17,7792 20,5296 945 0 9 8 11 2 7 16 6 13 1 15 14 3 4 10 5 12 0 

18 75,9745 86,8515 1014 0 9 8 11 2 7 16 6 13 1 15 14 3 12 4 10 5 17 0 

19 327,1397 370,7264 1020 0 9 8 11 2 7 16 6 13 1 15 14 3 4 10 17 5 18 12 0 

20 1412,084  1032 
0 8 11 2 7 16 6 13 1 15 19 9 14 3 4 10 17 5 18 12 
0 
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&45?<JS 8. #D98EF46?9AB CBDV6ASAAS 8?S 4?7BD<F@G CB6AB7B C9D95BDG 
K<E9? H4>FBDV4?. (N-1)! 64DV4AFV6 V K<E?B 64DV4AFV6 8?S A4LB7B 4?7BD<F@G 
2(N-2). �9 N >V?P>VEFP 6G;?V6. 
 

N  (N-1)! 2(N-2) 
5 24 8 
20 121 645 100 408 832 000 262 144 

 

�8A=>2:8. $B;DB5?9AB 4?7BD<F@ DB;69S;4AAS ;484KV >B@V6BS:9D4, ; 
6<>BD<EF4AAS@ 48<F<6AB-DV;A<I K<E9?. 'AV>4?PA4 EG@4 K<E9? 8B;6B?ST 
L6<8>B LG>4F< F4 CBDV6AR64F< CBFBKAV @4DLDGF<, S>V @4RFP F4><= 
E4@<= A45VD 69DL<A, 4?9 6 VALV= CBE?V8B6ABEFV, F4 B5<D4F< >BDBFL<= 
L?SI @4DLDGFG. 
�?7BD<F@ ;@9ALGT >V?P>VEFP 64DV4AFV6, 6V8><84RK< ;4=6V @4DLDGF<. 
,6<8>VEFP DB5BF< CD< 20 69DL<A4I EF4AB6<FP 23,5 I6<?<A<. 
�V?P>VEFP 64DV4AFV6 122*1015 (CB6A<= C9D95VD), 4 CVE?S 6V8><84AAS 

;4=6<I @4DLDGFV6 ;4?<L4TFPES 262 144 64DV4AFV6. 
#DB9>F 6<>BD<EF4AAS 48<F<6A<I K<E9? 8?S DB;69S;4AAS ;484KV 

>B@V6BS:9D4 C9D96VD9AB A4 C9DEBA4?PA<I >B@C9RF9D4I. 
$9;G?PF4F< 9>EC9D<@9AFV6 6 DB5BFV CD<6989AV 8?S DV;A<I 7D4HV6 ; 

>V?P>VEFR 6G;?V6 6V8 4 8B 20. +4E 6<>BA4AAS ;484KV ;5V?PLGTFPES A4 
>B:AB@G >DBJV CD<5?<;A4 6 4 D4;<.  

 
�VB5@0BC@0 

1. Oleh Pavlenko, Anatolii Tymoshenko, Oksana Tymoshenko, Andriy 
Luntovskyy, Yaroslav Pyrih & Igor Melnyk. Searching Extreme Paths Based 
on Travelling Salesman9s Problem for Wireless Emerging Networking, in 
Springer LNEE 965, 2023,  pp 2843304 
2. Kostenko L.I., Tymoshenko A.G., Traynin E.Z.: Electronic modeling of 
operations research tasks [Text]. Academy of Sciences of the Ukrainian SSR, 
Institute of Cybernetics. 4 K.: Sciences. opinion, 1973. 4 163 p. 
3. Lande D., Berezyn B., Pavlenko O.: Development, evaluation and use of a 
word segmentation algorithm for monitoring systems of national Internet 
resources / Development, Evaluation and Usage of Word Segmentation 
Algorithm for National Internet Resources Monitoring Systems. Information 
technologies and security. Materials of the XVII International Scientific and 
Practical Conference ITB-2017. - K.: Engineering LLC, 2017. - C.22-31. CEUR 
Workshop Proceedings (ceur-ws.org). Vol-2067 urn:nbn:de:0074-2067-8. - 
Selected Papers of the XVII International Scientific and Practical Conference 
on Information Technologies and Security (ITS 2017) [http://ceur-ws.org/Vol-
2067/paper3.pdf ] 

http://ceur-ws.org/Vol-2067/paper3.pdf
http://ceur-ws.org/Vol-2067/paper3.pdf
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4. Lande D.V., Berezyn B.A., Pavlenko O.Yu.: Word segmentation algorithm 
based on the search for the shortest path in a graph. Registration, storage and 
processing data, 2017. - Vol. 19. - 7. 4. - P. 3-15. 
5. Aloyan G.S., Timoshenko A.G.: "Method of constructing a series of 
additively different numbers," Kibernetika, 7. 6 (1969) 
[https://ur.booksc.eu/book/6416122/22173e] 
6. Tymoshenko A.G., Luzan K.O., Rohacheva T. V.: Creation of a series of 
integers with unique sums of elements. Scientific notes of the National 
Academy of Sciences. - 2002 - Volume 20, Special issue: in two parts. Part 2. - 
P.516 
7. Pavlenko O. Yu.: Determination of the optimal sequence of additively 
distinct numbers., EUROPEAN SCIENTIFIC DISCUSSIONS. Proceedings of 
X International Scientific and Practical Conference Rome, Italy, 2021, August 
15-17. p. 75-79. 
 
 
 

�"%�����!!/ ����+� #$" $.���� � ' "��) 
!����!�+�!"%&� 

"?9A4 #B8>B64?VIVA4, �?48<E?46 %@B?4 
!4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 

 
THE RESEARCH OF THE KNAPSACK PROBLEM UNDER 

CONDITIONS OF UNCERTAINTY 

 
Abstract. an approach to finding the optimal solution to a problem, whose 

input parameters are a system of independent random variables, was 
developed. An application with an interface, that finds optimal solutions and 
the total cost and writes the results to a file with a given number of experiments, 
was developed. The influence of statistical uncertainty on uniform and normal 
distribution laws for the optimal solution of the backpack problem was 
developed. 

 
�484K4 C4>G64AAS DR>;4>4 ;4EFBEB6G64?4ES 6 ?B7VEF<JV, 

>D<CFB7D4HVW, 9>BAB@VJV F4 CD<>?48AV= @4F9@4F<JV, 4?9 EH9D4 
;4EFBEG64AAS JVTW ;484KV 6 F9C9DVLAV= K4E DB;L<D<?4ES: 8?S BCF<@4?PAB7B 
>9DG64AAS A4 CV8CD<T@EF64I @4L<AB5G8V6A<JF64, 8?S DB;CB8V?G 
VA69EF<JV= 6 G@B64I EF4F<EF<KABW A96<;A4K9ABEFV, 8?S DB;CB8V?G D9EGDEV6 
E9D69D4, 8?S HBD@G64AAS >B@4A8< EF4DF4C-CDB9>FG, 8?S 6<;A4K9AAS 
A45BDG 6VFDB6<I 9?9>FDBGEF4AB6B> ��% F4 VA. [1-5]. $B;L<D9AAS 
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;4EFBEG64AAS  6 DV;A<I EH9D4I JVTW ;484KV CB>4;GT WW A9;74E4RKG 
4>FG4?PAVEFP. 

�@VAAS ;A4IB8<F< BCF<@4?PAV DB;69S;><, >B?< ;@VAA4 
CV8CBDS8>B6GTFPES C96AB@G ;4>BAG DB;CB8V?G, 7D4T 64:?<6G DB?P 8?S 
6<;A4K9AAS CBDV6AS?PABW BJVA>< V FB@G 4>FG4?PA<@ T 8BE?V8:9AAS 6C?<6G 
A96<;A4K9ABEFV A4 BCF<@4?PA<= DB;69S;B> ;484KV CDB DR>;4>.  

�030;L=0 ?>AB0=>2:0 7040GV ?@> @N:70: 

$B;7?SA9@B ;484KG BCF<@V;4JVW GC4>G64AAS DR>;4>4 ; 6IV8A<@< 
C4D4@9FD4@<, MB GF6BDRRFP E<EF9@G A9;4?9:A<I 6<C48>B6<I 69?<K<A. � 
FD<6<@VDA<= CDBEFVD (DR>;4>, @VLB>, >G;B6 46FB@B5V?S FBMB) C96AB7B 
B59T@G (647<), S><= A9 @4T C9D96<MG64F< ÿ G@B6A<I B8<A<JP (G.B.), 
GC4>B6GRFPES CD98@9F< � F<CV6. �B:A<= CD98@9F @4T E6V= B59T@ (647G) 
ÿ 
V 64DFVEFP (JVAAVEFP) 	ÿ. �4DFVEFP (JVAAVEFP) 45B/F4 B59T@ (6474) B8AB7B 
CD98@9FG >B:AB7B F<CG @B:9 64DVR64F<ES ;4 6V8CB6V8A<@ ;4>BAB@ 
DB;CB8V?G. #BFDV5AB GC4>G64F< CD98@9F< 6 FD<6<@VDA<= CDBEFVD F4><@ 
K<AB@, MB5 EG@4DA4 64DFVEFP (JVAAVEFP) J<I CD98@9FV6 5G?4 
@4>E<@4?PABR V A9 C9D96<MG64?4 B59T@ (647G) CDBEFBDG. 

 0B5<0B8G=0 ?>AB0=>2:0 7040GV ?@> @N:70: � = 3 	ÿ�ÿ ³ �þ��
ÿ=1  

3 
ÿ�ÿ f ÿ�
ÿ=1 , 

89 � 3 ;474?PA4 >V?P>VEFP CD98@9FV6; �ÿ 3 >V?P>VEFP CD98@9FV6 F<CG ÿ; 	ÿ 3 64DFVEFP (JVAAVEFP) B8AB7B GC4>B64AB7B CD98@9FG F<CG ÿ, 	ÿ  
@B:GFP 64DVR64F<ES 6V8CB6V8AB ;484AB@G ;4>BAG DB;CB8V?G 45B 
;4?<L4F<ES EF4?<@<; 
ÿ 3 6474 (B59T@) B8AB7B GC4>B64AB7B CD98@9FG F<CG ÿ, 
ÿ @B:GFP 
64DVR64F<ES 6V8CB6V8AB ;484AB@G ;4>BAG DB;CB8V?G 45B ;4?<L4F<ES 
EF4?<@<; ÿ 3 6474 (B59T@) DR>;4>G; � 3 EG@4DA4 64DFVEFP (JVAAVEFP) GC4>B64A<I CD98@9FV6 59; 
C9D96<M9AAS B59T@G (647<) DR>;4>G. 

#V4EV4 7=0E>465==O @>729O7:V2 7040GV 
1. "5D4F< F<C ;484KV F4 C96A<= ;4>BA DB;CB8V?G. 
#9DL4 ;484K4 3 64DFVEFP @B:9 64DVR64F<ES 6V8CB6V8AB ;484AB@G 

;4>BAG DB;CB8V?G, 4 B59T@ ;4?<L4TFPES EF4?<@. �DG74 ;484K4 3 B59T@ @B:9 
64DVR64F<ES 6V8CB6V8AB ;484AB@G ;4>BAG DB;CB8V?G, 4 64DFVEFP 
;4?<L4TFPES EF4?BR. &D9FS ;484K4 3 B59T@ F4 64DFVEFP @B:GFP 
64DVR64F<ES 6V8CB6V8AB ;484AB@G ;4>BAG DB;CB8V?G.  



153 

 

2. �484F< 6IV8AV 84AV: B59T@ (6474) DR>;4>G; B59T@ (6474) CD98@9FG 
>B:AB7B F<CG; 64DFVEFP (JVAAVEFP) CD98@9FG >B:AB7B F<CG; >V?P>VEFP 
9>EC9D<@9AFV6; 6V8I<?9AAS 64DFBEFV 45B/F4 B59T@G CD98@9FG >B:AB7B 
F<CG. 

3. $B;D4IG64F< @4>E<@4?PAG >V?P>VEFP GC4>B64A<I CD98@9FV6, MB 
@B:GFP CB@VEF<FPES 6 DR>;4> 8?S CD98@9FV6 >B:AB7B F<CG. 

4. �A4=F< >V?P>VEFP 6EVI @B:?<6<I C?4AV6, MB @B:GFP 
CB@VEF<FPES 6 DR>;4>, 6D4IB6GRK< 6EV G@B6< ;484KV. 

5. �79A9DG64F< 6<C48>B6V K<E?4 64DFBEFV (JVAABEFV) F4/45B B59T@G 
(647<) ;4 B5D4A<@ ;4>BAB@ DB;CB8V?B@, 6D4IB6GRK< 6V8EBFB> 6V8I<?9AAS 
8?S >B:AB7B F<CG CD98@9FV6. 

7. �<;A4K<F< BCF<@4?PA<= C?4A, S><= 84T @4>E<@4?PAG EG@4DAG 
64DFVEFP 8?S 84A<I 6<C48>B6<I 69?<K<A. 

8. �4HV>EG64F< ;A4=89AG EG@4DAG 64DFVEFP 8?S C96AB7B 
BCF<@4?PAB7B C?4AG 6 6<8V?9A9 @VEJ9 45B 6 EF6BD9A<= @4E<6. 

9. #B6FBD<F< >DB>< 6-8, CB>< A9 5G89 6<>BA4A4 B5D4A4 >V?P>VEFP 
9>EC9D<@9AFV6. 

10. #DB4A4?V;G64F< D9;G?PF4F<, ;4EFBEB6GRK< B5D4AV >D<F9DVW 
BCF<@4?PABEFV, 8?S ;A4IB8:9AAS B8AB7B BCF<@4?PAB7B C?4AG 6V8CB6V8ABW 
;484KV. 

#@>3@0<=0 @50;V70FVO 4;O 7=0E>465==O @>729O7:C 7040GV 
#DB7D4@A<= >B8 5G?B DB;DB5?9AB A4 @B6V CDB7D4@G64AAS %++ [6]. 

#BFDV5AB 5G?B DB;DB5<F< ;4EFBEGAB>, MB ;A4IB8<FP 6EV BCF<@4?PAV C?4A< 
F4 WI EG@4DAG 64DFVEFP 8?S ;484ABW >V?P>BEFV 9>EC9D<@9AFV6 8?S C96ABW 
;484KV CDB DR>;4>. �?S ;DGKABEFV >BD<EFG64K4 5G?B 8B84AB VAF9DH9=E 
(D<E. 1). �?S DB;DB5>< VAF9DH9=EG CDB7D4@< 5G?4 B5D4A4 C?4FHBD@4 
WinForms, MB 6;4T@B8VT ; @B6BR CDB7D4@G64AAS %++. 

 

 
$<E.1 3 �AF9DH9=E ;4EFBEGA>G 
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�@8B5@VW >?B8<0;L=>ABV 7040GV 
� D9;G?PF4FV DB;69S;>G ;484KV @B:A4 BFD<@4F< C96AG >V?P>VEFP 

BCF<@4?PA<I C?4AV6, S>4 @B:9 8BES74F< 89>V?P>BI EBF9AP, 4 A9B5IV8AB 
B5D4F< ?<L9 B8<A BCF<@4?PA<= C?4A. &B@G 8?S BFD<@4A<I DB;69S;>V6 
CBFDV5AB ;4EFBEG64F< C96AV >D<F9DVW BCF<@4?PABEFV: 

1 �D<F9DV= >V?P>BEFV ;9S6?9AP 6V8CB6V8AB7B DB;69S;>G G 6V8EBF>4I. 
2 �D<F9DV= E9D98APB4D<H@9F<KABW EG@4DABW 64DFBEFV 6V8CB6V8AB7B 

DB;69S;>G 6 G.B. (G@B6AV B8<A<JV). 
3 �D<F9DV= =@B6VDABEFV, MB BFD<@4A4 EG@4DA4 64DFVEFP 8?S 84AB7B 

DB;69S;>G 5G89 5V?PL9 AV: � G.B. 
#@8:;04 
$B;7?SA9@B ;484KG C4>G64AAS DR>;4>4, 6 S>V= 64DFVEFP T 6<C48>B6BR 

69?<K<ABR. � 5 F<CV6 CD98@9FV6, S>V CBFDV5AB GC4>G64F< 6 DR>;4>. "59T@ 
DR>;4>G 8BDV6ART 100%. #D98@9F C9DLB7B F<CG ;4=@4T 31% B59T@G 
DR>;4>G, 8DG7B7B 3 13%, FD9FPB7B 3 10%, K9F69DFB7B 3 9,5% F4 C9SFB7B 3 
8%. �4DFVEFP B8AB7B CD98@9FG C9DLB7B F<CG 8BDV6ART 10050 G.B., 8DG7B7B 
3 4210 G.B., FD9FPB7B 3 3130 G.B., K9F69DFB7B 3 3000 G.B. F4 C9SFB7B 3 2600 
G.B. #BFDV5AB B5B69S;>B6B GC4>G64F< A9 @9AL9 AV: CB B8AB@G CD98@9FG 
C9DLB7B, 8DG7B7B F4 FD9FPB7B F<CG. 

�4DFVEFP 8?S B8AB7B CD98@9FG >B:AB7B F<CG @B:9 64DVR64F<ES 
;7V8AB C96AB7B ;4>BAG DB;CB8V?G 6V8CB6V8AB A4EFGCA<I 6V8EBF>V6 
6V8I<?9AAS: B8<A CD98@9F C9DLB7B F<CG 3 35%, 8DG7B7B 3 20%, FD9FPB7B  
3 15%, K9F69DFB7B 3 50% F4 C9SFB7B 3 30%. 

!9B5IV8AB GC4>G64F< DR>;4> F4>, MB5 EG@4DA4 64DFVEFP GC4>B64A<I 
CD98@9FV6 5G?4 @4>E<@4?PABR. 

"FD<@4T@B DB;69S;>< ;484KV, 6 S>V= 64DFVEFP T 6<C48>B6BR 
69?<K<ABR ; DV6AB@VDA<@ ;4>BAB@ DB;CB8V?G. �4CGEF<@B DB;DB5?9A<= 
;4EFBEGAB> F4 ;4CB6A<@B 6EV 5?B>< 6IV8A<@< C4D4@9FD4@< V CDB6989@B 
8BE?V8:9AAS ; >V?P>VEFR 9>EC9D<@9AFV6 6 20000 ;4 DV6AB@VDA<@ ;4>BAB@ 
DB;CB8V?G.  

� D9;G?PF4FV 5G?B BFD<@4AB 8 BCF<@4?PA<I C?4AV6. %>BD<EF4T@BES 
C9DL<@ >D<F9DVT@ BCF<@4?PABEFV. $B;D4IB6GT@B A<:AR @9:G ��ÿ�  
(17,85%), MB 8B;6B?<FP 6V8EVSF< A9A48V=AV BCF<@4?PAV C?4A<. � F45?<JV 1 
A46989AV D9;G?PF4F< CVE?S ;4EFBEG64AAS C9DLB7B >D<F9DVR. 

 
&45?<JS 1 
$9;G?PF4F< ;4 C9DL<@ >D<F9DVT@ 
!45VD �V?P>VEFP 

20000 

1 1 1 4 1 37,41% 
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1 2 1 0 4 20,05% 
2 2 1 0 0 21,39% 

 
�D<F9DV= E9D98APB4D<H@9F<KABW EG@4DABW 64DFBEFV ;4EFBEB6GTFPES 

8B D9;G?PF4FV6, MB BFD<@4?< CVE?S ;4EFBEG64AAS >D<F9DVS >V?P>BEFV 
;9S6?9AP. �?S CBK4F>G DB;D4IB6GT@B ;A4K9AAS � (34634,8). �EV EG@4DAV 
64DFBEFV, MB A<:K9 84AB7B ;A4K9AAS 6V8EVRT@B. � F45?<JV 2 A46989AV 
D9;G?PF4F< CVE?S ;4EFBEG64AAS 8DG7B7B >D<F9DVR. 

&4> S> ;4 86B@4 >D<F9DVS@< A9 ;4?<L<6ES B8<A BCF<@4?PA<= C?4A, 
FB ;4EFBEB6GT@B FD9FV= >D<F9DV=, 4 E4@9 >D<F9DV= =@B6VDABEFV, MB 
BFD<@4A4 EG@4DA4 64DFVEFP 8?S 84AB7B DB;69S;>G 5G89 5V?PL9 AV: k G.B. 
$B;D4IB6GT@B k F4 BFD<@4T@B ;A4K9AAS 35606,7. �4 J<@ ;A4K9AAS@ 
DB;D4IB6GT@B =@B6VDAVEFP 8?S BCF<@4?PA<I DB;69S;>V6. � F45?<JV 3 
A46989AV D9;G?PF4F< CVE?S ;4EFBEG64AAS FD9FPB7B >D<F9DVR. 

 
&45?<JS 2  
$9;G?PF4F< ;4 8DG7<@ >D<F9DVT@ 
!45VD %9D98AT 4D<H@9F<KA9 

20000 

1 1 1 4 1 35209,7 

2 2 1 0 0 36003,6 
 
&45?<JS 3 
$9;G?PF4F< ;4 FD9FV@ >D<F9DVT@ 

!45VD �@B6VDAVEFP EG@. 64DF. >35606,7 
20000 

1 1 1 4 1 45,5 
2 2 1 0 0 61,1 
 
#VE?S ;4EFBEG64AAS FD9FPB7B >D<F9DVS @B:A4 BEF4FBKAB 

D9>B@9A8G64F< BCF<@4?PA<= C?4A (2-2-1-0-0), 4 E4@9: 6 DR>;4> CBFDV5AB 
GC4>G64F< 864 CD98@9F< C9DLB7B F<CG, 864 CD98@9F< 8DG7B7B F<CG F4 
B8<A CD98@9F FD9FPB7B F<CG. 

"FD<@4T@B DB;69S;>< ;484KV, 6 S>V= 64DFVEFP T ABD@4?PAB 
DB;CB8V?9ABR 69?<K<ABR. �4CGEF<@B DB;DB5?9A<= ;4EFBEGAB>, 
;4CB6A<@B 6EV 5?B>< 6IV8A<@< C4D4@9FD4@< V CDB6989@B 8BE?V8:9AAS ; 
>V?P>VEFR 9>EC9D<@9AFV6 6 20000 ;4 ABD@4?PA<@ ;4>BAB@ DB;CB8V?G. 

� D9;G?PF4FV 5G?B BFD<@4AB 6 BCF<@4?PA<I C?4AV6. %>BD<EF4T@BES 
C9DL<@ >D<F9DVT@ 8?S 6V8EVR64AAS C?4AV6. $B;D4IB6GT@B A<:AR @9:G 
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��ÿ�  (17,85%) V 6V8EVT@B A9A48V=AV BCF<@4?PAV C?4A<. � F45?<JV 4 A46989AV 
D9;G?PF4F< CVE?S ;4EFBEG64AAS C9DLB7B >D<F9DVR. 

�4?V ;4EFBEB6GT@B 8DG7<= >D<F9DV=. $B;D4IB6GT@B ;A4K9AAS � 
(32631,8) V 6EV EG@4DAV 64DFBEFV, MB A<:K9 84AB7B ;A4K9AAS, 6V8EVT@B 
(F45?. 5).  

 
&45?<JS 4 
$9;G?PF4F< ;4 C9DL<@ >D<F9DVT@ 
!45VD �V?P>VEFP 

20000 

1 1 1 4 1 35,7% 
1 2 1 0 4 20,8% 
1 3 3 0 0 20,1% 

 
#VE?S ;4EFBEG64AAS 8DG7B7B >D<F9DVS @B:A4 BEF4FBKAB 

D9>B@9A8G64F< BCF<@4?PA<= C?4A (1-1-1-4-1), 4 E4@9: GC4>G64F< 6 DR>;4> 
B8<A CD98@9F C9DLB7B F<CG, B8<A CD98@9F 8DG7B7B F<CG, B8<A CD98@9F 
FD9FPB7B F<CG, KBF<D< CD98@9F4 K9F69DFB7B F<CG F4 B8<A CD98@9F C9SFB7B 
F<CG. 

 
&45?<JS 5 
$9;G?PF4F< ;4 8DG7<@ >D<F9DVT@ 
!45VD %9D98AT 4D<H@9F<KA9 

20000 

1 1 1 4 1 33073,4 
 
�8A=>2:8 

�4CDBCBAB64AB  CV8IV8 ;A4IB8:9AAS BCF<@4?PAB7B DB;69S;>G ;484KV, 
6IV8AV C4D4@9FD< S>BW T E<EF9@BR A9;4?9:A<I 6<C48>B6<I 69?<K<A. 
$B;DB5?9AB ;4EFBEGAB> ; VAF9DH9=EB@, S><= ;A4IB8<FP BCF<@4?PAV 
DB;69S;>< F4 EG@4DAG 64DFVEFP V ;4C<EGT D9;G?PF4F< 6 H4=? ; ;484ABR 
>V?P>VEFR 9>EC9D<@9AFV6. �AF9DH9=E ;4EFBEGA>G 8B;6B?ST B5<D4F< ;484KG 
F4 ;4>BA DB;CB8V?G, ;48464F< CBK4F>B6V G@B6< 64DFBEFV F4 B59T@G, 
@4>E<@4?PA<= B59T@ DR>;4>4 F4 6V8EBFB> 6V8I<?9AAS 64DFBEFV 45B/F4 
B59T@G 8?S >B:AB7B CD98@9FG. �4CDBCBAB64AB >D<F9DVW BCF<@4?PABEFV 
8?S 4A4?V;G 6C?<6G A96<;A4K9ABEFV A4 BCF<@4?PA<= C?4A ;484KV. 
�BE?V8:9AB 6C?<6 EF4F<EF<KABW A96<;A4K9ABEFV A4 CD<>?48V DV6AB@VDAB7B 
F4 ABD@4?PAB7B ;4>BAV6 DB;CB8V?G A4 BCF<@4?PA<= DB;69S;B> ;484KV CDB 
DR>;4>. 
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1. �D46K9A>B �.�. �?7BD<F@ 7V?B> F4 @9: 8?S ;484KV HBD@G64AAS 

>B@4A8< F4 CBLG>G VA69EFBDV6 8?S EF4DF4C-CDB9>FV6 [&9>EF] / �D46K9A>B 
�. �. // �GDA4? A4G>B6<= B7?S8 3 2018 D. 3 76(49) 3 E. 70 3 76. 

2. &>4KG> �. . �64AFB6<= 79A9F<KA<= 4?7BD<F@ 6 ;484KV 0-1 
C4>G64AAS @G?PF<C?V>4F<6AB7B DR>;4>4 [&9>EF] / &>4KG> �. . // 
�AHBD@4JV=AV F9IAB?B7VW F4 6;4T@B8VW 3 2018 D. 3 E. 220 3 221. 

3. #B8>B64?VIVA4 ".". �484K4 DB;CB8V?G VA69EF<JV= 6 G@B64I 
EF4F<EF<-KABW A96<;A4K9ABEFV [&9>EF] / #B8>B64?VIVA4 "."., �B76VA9A>B 
�."., �4IDGL<A �.�. // %<EF9@AV F9IAB?B7VW. $97VBA4?PA<= @V:6G;V6EP><= 
;5VDA<> A4G>B6<I CD4JP. 3 �<CGE> 2 (121). 3 �AVCDB, 2019. 3 %. 56 363.  

4. �4KBD #. . �4EFBEG64AAS ;484KV C4>G64AAS DR>;4>4 8?S 
BCF<@4?PAB7B DB;CB8V?9AAS D9EGDEV6-E9D69D4 [&9>EF] / #.  . �4KBD ; A4G>. 
>9D. !. ". �BA84D9A>B //  9I4FDBAAV E<EF9@< V >B@C'RF9DAV F9IAB?B7VW 
&.2: $9EGDEB;59D9:9AAS F4 BIBDBA4 A46>B?<LAPB7B E9D98B6<M4. 3 �<W6 : 
�!'&�, 2019. 3 E. 67368. 

5. �9;EBAA<= �.�. $B;DB5>4 4?7BD<F@G BCF<@4?PAB7B GCD46?VAAS 
D<;<>4@< A959;C9KA<I CB8V= A4 @4L<AB5G8V6AB@G CV8CD<T@EF6V [&9>EF] / 
�. �. �9;EBAA<= , >.F.A., 8BJ9AF, 8BJ. >4H., $. �. #BAB@4D9A>B , 8.F.A., 
E.A.E., ;4EF. A4K. >4H., ". �. &D9FPS>B6 , 8.F.A., CDBH9EBD, A4G>. 
>BAEG?PF4AF, �.  . �4DC9JP , >.79B7D.A., 8BJ9AF, CDB6V8A. A.E. // #DB5?9@< 
A48;6<K4=A<I E<FG4JV=. 2021. 7 1(33). 3 )4DP>V6 : )!�' V@. %. �G;A9JS, 
2021. 3 E.58371. 

6. �4?VETT6 �.�. %<EF9@A9 CDB7D4@G64AAS [&9>EF] : A46K. CBEV5. / 
�4?VE9T6 �. 
 
 
 
�" ��!�&"$!� '�����0!�!!/:  "���� �$�&�+!�) 

�!�!0 

2DV= #DB>BCKG> 
�AEF<FGF F9IAVKABW @9I4AV>< !�! '>D4WA<, 

#D<8AVCDB6EP>4 89D:46A4 4>489@VO 5G8V6A<JF64 F4 4DIVF9>FGD< 
 

COMBINATORIAL GENERALIZATION: CRITICAL KNOWLEDGE 

MODELS 

 
Abstract. Models of combinatorial generalization of the description of 

events, situations, scenes based on the paradigm of limiting generalizations are 
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considered. Critical sketches of images, situations are determined: they cannot 
be generalized without losing the unambiguity of the conclusion. 

 
#9D9854K4TFPES [1, 2], MB 8B6V?PA<= EF4A E>?48ABW E<EF9@< 45B 

CDBJ9E @B:A4 BC<E4F< ;4 8BCB@B7BR 59;?VKV 9?9@9AF4DA<I F9EFV6 {ô}. 
�B:9A F9EF ;484TFPES @9D9:9R A4K9D>V6 Gs(ô) = {T ³e Tò}ô, 89 T, Tò 3 
8B@9A<. �?S HV>E4JVW FB7B, MB 6 S>BEFV @AB:<A< D9;G?PF4FV6 F9EFG ô 
6<>BD<EFB6GTFPES 8B@9A T, 5G89@B 6<>BD<EFB6G64F< ABF4JVR: ô/T. 
�BA>D9FA9 ;A4K9AAS F9EFG CB;A4K4F<@9@B ô/T. "D7D4H 8B@9AV6 F9EFG 
;484RFPES 6<D4;B@: G(ô) = {ô/T ³e ô/Tò}ô. �B:9A 8B@9A T B8ABK4EAB 
;484K9R DB;DV;A9AAS. #D<>?48< @9D9: A4K9D>V6 F9EFG A46989AB A4 D<E. 1 
(69DL<A< 3 J9 8B@9A<; A4=A<:K4 69DL<A4 - J9 A4=FBKAVL<= 8B@9A 45B 
54;B6<= 8B@9A T0). #B8V5A9 CD98EF46?9AAS 8B;6B?ST DB;7?SAGF< 
>B7AVF<6AV @B89?V >4F97BD<;4JVW [1, 2, 3], VAF9?9>FG F4 V@C?VJ<FAB7B 
HBD@G64AAS 7?<5B><I 45B >D<F<KA<I ;A4AP 8?S >B:ABW ;484KV 
DB;DV;A9AAS («FBA><= ;DV;» 96D<EF<>). 

 

 
 
$<E.1 -  #D<>?48< @9D9: A4K9D>V6 F9EFG 

 
�?S 5G8P-S>B7B ;A4K9AAS ô/T G D4@>4I BD7D4H4 8B@9AV6 (45B 

>BAHV7GD4FBD4 F9EF4) G(ô) 6<;A4K9AB >BAGE 89F4?V;4JVW - Gÿ(ô/T) F4 >BAGE 
G;474?PA9AAS - Gý(ô/T). 3>MB K9D9; ["] CB;A4K<F< @AB:<AG 9?9@9AFV6-
69DL<A BD7D4H4, FB 
[Gÿ(ô/T)] = {ô/T9| ô/T9 ³G ô/T};      [Gý(ô/T)] = {ô/T9 | ô/T³G ô/T9}. 
�A4?B7VKAB 6<;A4K4RFPES >BAGE< Gsÿ(Tô) F4 Gsý(Tô). 

�BAGE< G;474?PA9AAS D94?V;GRFP CD<AJ<C EFDG>FGDABW 
>B79D9AFABEFV. !4 BEAB6V >BAGEV6 89F4?V;4JVW D94?V;GTFPES C9D>B?SJVS 
4>F<6ABEFV F4 >BAFDB?PB64A4 74?RJ<A4JVS (<controlled hallucination=). 
�B>4?PA<= CDBEFVD VAF9DCD9F4JVW ;A4K9AAS ô/T (B5'T8A4AAS >BAGEV6 
G;474?PA9AAS F4 89F4?V;4JVW) CB;A4K<@B Gýÿ(ô/T) (6V8CB6V8AB Gsýÿ(Tô)). 
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#D<>?48 ?B>4?PAB7B 8<A4@VKAB7B E@<E?B6B7B CDBEFBDG 8B6V?PAB7B 
;A4K9AAS ô CB>4;4AB A4 D<E. 2 (V?REFD4JVS 7VC9D5B?VKABW @9FD<><) [1].  

 
 
 
 
 
 
 
 
 
 
 
 
 

$<E. 2. - #D<>?48 E@<E?B6B7B CDBEFBDG Gýÿ(ô) 
 
�4A>B@ F9EFV6 A4;<64TFPES BAFB?B7VKAB G;7B8:9A4 @AB:<A4 BD7D4HV6 

{G(ô)}. $V;AV >B@5VA4JVW 8B@9AV6 8?S 6EVI F9EFV6 6<;A4K4RFP DV;AV DV6AV 
G;474?PA9ABEFV BC<EG E<FG4JV= 8V=EABEFV (>B@5VA4FBDA9 G;474?PA9AAS). 
"F:9, 54A> F9EFV6 ;459;C9KGT C9D9IV8 6V8 HV;<KABW D94?PABEFV 8B 
@9AF4?PAB7B CDBEFBDG F4 T E<EF9@BR >BBD8<A4F 8B6V?PAB7B A4K9D>G 
B5D4;G, EJ9A<, E<FG4JVW. #D<>?48< @9AF4?PA<I E<EF9@ >BBD8<A4F 
A46989AB A4 D<E. 3 [2]. 

 

 
 

$<E. 3. - #D<>?48< @9AF4?PA<I E<EF9@ >BBD8<A4F 
 
#V8>D9E?RR: 6EV A4K9D>< S6<M4, CB8VW, CDBJ9EG, EJ9A< VEAGRFP 

B8ABK4EAB (CDBEFVD VAF9DCD9F4JV=), B8A4> 9A9D7VS «G647<» DB;CB8V?9A4 
A9DV6AB@VDAB - 6BA4 @B:9 C9D9@VMG64F<ES @V: 7DGC4@< A4K9D>V6 
(@9F4HBD4 «CDB:9>FBDG» 45B «E6V8B@BEFV»).  4RFP @VEJ9 F4>B: CDBJ9E< 

 

G
ý
(ô) 

G
ÿ
(ô) 

ô 
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>BA69D79AJVW-8V69D79AJVW 9A9D7VW A4 54;V @9D9:V @9D9: A4K9D>V6.  9D9:4 
A4K9D>V6 F9EFG 6V8B5D4:4T >BAJ9CJVR «>BAF<AGG@G ;484K DB;DV;A9AAS» 
(A4E?V8B> >B@5VA4FBDAB7B 6<5GIG) F4 VA>G54JVR ;A4AP [1, 2, 3]. �G8P S>4 
;484K4 DB;DV;A9AAS 6<DVLGTFPES ;4 8BCB@B7BR EFBI4EF<KAB7B CDBJ9EG CV8 
A4;6BR «�D94F<6A<= C9D9@VLGRK<= L4D» [1, 3]. 

�?S DB;6'S;4AAS 5G8P-S>BW Z-;484KV DB;DV;A9AAS HBD@GTFPES @AB:<A4 
CD9J989AFV6 ; 6V8B@<@< A4E?V8>4@< ÷={ñ({ô/T}, z/Z)}, 89 Z = {1, ..., N} - 
@AB:<A4 6<EAB6>V6 (8V47AB;V6, CDB7AB;V6, GCD46?VAP); {ô/T} - @AB:<A4 
;A4K9AP F9EFV6; z/Z - 6<EAB6>< 45B D9;G?PF4F<. (V>E4JVS Z-;484KV EF6BDRT 
6<C9D98:G64?PAG E<EF9@G >4F97BDV4?PA<I BKV>G64AP, S>4 7BFGT G647G 8B 
;5<D4AAS VAHBD@4JVW CDB B;A4>< B5'T>FV6 (5G8P S><= 8B@9A 3 J9 Z-;484K4). 

�9; 6FD4F< ECV?PABEFV CD<=@9@B, MB >B:9A F9EF 6IB8<FP 8B BC<EG 
CD9J989AFG (E<FG4JVW 8V=EABEFV, EJ9A<) B8<A D4;. �DV@ FB7B, 
DB;7?S84F<@9@B BC<E< CD9J989AFV6 ; CB6ABR VAHBD@4JVTR (T ;A4K9AAS 
6EVI F9EFV6 ; {G(ô)}). +9D9; ÷({ô/T0}, Z) CB;A4K<@B 4CDVBDAV BC<E< 
CD9J989AFV6.  AB:<A4 6EVI A4K9D>V6 54;< CD9J989AFV6 GF6BDRT BD7D4H 
A4K9D>V6 ÷(Z), G S>B@G ÷({ô/T}, Z) 4 B>D9@<= A4K9D>.  B:A4 F4>B: 
DB;7?SAGF< BD7D4H A4K9D>V6 >B:AB7B CD9J989AFG ñ, FB8V BC<E ñ({ô/T}, 
z/Z) - J9 B>D9@<= @4?RAB>. 'EV A4K9D>< VEAGRFP B8ABK4EAB. 

�4HV>EGT@B DV69AP G;474?PA9ABEFV {ô/T}. !4K9D> 54;< CD9J989AFV6 
÷({ô/T},Z) A4;<64TFPES >BAH?V>FA<@, S>MB VEAGRFP IBK4 5 864 
CD9J989AF< ñ({ô/T}ñ, zñ) F4 ò({ô/T}ò, zò), F4>V, MB {ô/T}ñ = {ô/T}ò, 4?9 
zñ ù zò. #9D9854K4TFPES, MB 4CDVBDA<= A4K9D> ÷({ô/T0}, Z) 
59;>BAH?V>FA<=. 

�G89@B 7B6BD<F<, MB 8B@9A Tò G;474?PART 8B@9A T G @9:4I BD7D4H4 
G(ô), S>MB 6BA< A9 ;5V74RFPES, V VEAGT L?SI T³...³Tò. ';474?PA9AAS 
CB;A4K<@B ABF4JVTR: T < Tò. !9EFDB79 G;474?PA9AAS (8B@9A< @B:GFP 
;5V74F<ES) CB;A4K<@B ABF4JVTR: T ó Tò. �DB;G@V?B, MB FV?P>V F9D@VA4?PAV 
69DL<A< BD7D4H4 G(ô) A9 @B:A4 G;474?PA<F<.  V: 5G8P-S><@< 86B@4 
69DL<A4@< BD7D4H4 8B@9AV6 45B T 6V8ABL9AAS G;474?PA9AAS, 45B AV. 

�G89@B >4;4F<, MB BC<E {ô/Tò} G;474?PART BC<E {ô/T}, S>MB òô  T ó Tò 
V ôô  T < Tò. ';474?PA9AAS BC<EV6 CB;A4K4F<@9@B ABF4JVTR: {ô/T}<{ô/Tò}. 
!9EFDB79 G;474?PA9AAS (GEV 8B@9A< @B:GFP ;5V74F<ES) CB;A4K<@B 
ABF4JVTR {ô/T}ó{ô/Tò}. 

3>MB A4K9D> 54;< CD9J989AFV6 ÷({ô/T}, Z) 59;>BAH?V>FA<=, FB 
59;>BAH?V>FAV F4>B: GEV A4K9D>< ÷({ô/Tò}, Z), F4>V, MB {ô/Tò}<{ô/T}. 3>MB 
A4K9D> 54;< CD9J989AFV6 ÷({ô/T}, Z) >BAH?V>FA<=, FB >BAH?V>FAV F4>B: 
GEV A4K9D>< ÷({ô/Tò}, Z), F4>V, MB {ô/T}<{ô/Tò}. 

!4K9D> 54;< CD9J989AFV6 A4;<64TFPES >D<F<KA<@ - ÷({ô/T}*, Z), S>MB 
6VA 59;>BAH?V>FA<=, 4?9 5G8P-S><= G;474?PARRK<= A4K9D> >BAH?V>FA<=. 
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$9LF4 59;>BAH?V>FA<I A4K9D>V6 A4;<64RFPES 8B>D<F<KA<@<. 'EV 
>BAH?V>FAV A4K9D>< A4;<64RFPES ;4>D<F<KA<@<. �4>D<F<KAV A4K9D>< 
E?G7GRFP BEAB6BR 8?S CDB6989AAS 4A4?B7V=, @9F4HBD V C9D9A9E9AAS. 
!4K9D>< 54;< CD9J989AFV6 HBD@GRFP BEAB6G >BAJ9CJVW "�4;< 84A<I, S>V 
A4E<K9AV E9@4AF<>BR". �D<F<KAV A4K9D>< 54;< CD9J989AFV6 6V8CB6V84RFP 
>BAJ9CJVW "FBA>B7B ;DV;G". %4@9 6BA< T B8AVTR ; JV?9= >B@5VA4FBDAB7B 
G;474?PA9AAS. 

#D<>?48 >B@5VA4FBDAB7B G;474?PA9AAS CB8V= (>BAJ9CJVS 
%G5'T>F<6AB7B CDBEFBDG-K4EG-8V= [1]). #B8VS @B:9 @4F< 6<7?S8 Ev=<ô/T, 
{p/P}, õ/E>, 89 ô/T - H4>F; {p/P} 3 CDBEFBDB64 F4 EGCGFAS VAHBD@4JVS 
(>BAF9>EF); õ/E 3 9@BJVW. ")@4D4 E@<E?V6" 45B @9D9:4 A4K9D>V6 CB8VW: 
Gs(Ev)=<Gýÿ(ô/T), {Gýÿ(p/P)}, Gýÿ(õ/E)>.  9D9:4 A4K9D>V6 6V8B5D4:4T 
I6<?R 4>F<64JVW A4K9D>V6 (DGI 9A9D7VW). *V I6<?V 4>F<6GRFP, ;B>D9@4, 
96D<EF<>< VA8G>FBDAB7B CDBEFBDG (DV;AB@4AVFAV >4G;4?PAV 
;4>BAB@VDABEFV).  

#D<>?48 >B@5VA4FBDAB7B G;474?PA9AAS CB6V8B@?9AP, F9>EFG, 
A4D4F<6G. !4D4F<6 @B:9 5GF< CD98EF46?9A<= G 6<7?S8V Mes=<a1/A1, 
a2/A2,&, an/An>, 89 aj 3 F9EF<. ")@4D4 E@<E?V6" 45B @9D9:4 A4K9D>V6 
A4D4F<6G G >B@GAV>4AF4: Gs(Mes)=<Gýÿ(a1/A1), Gýÿ(a2/A2), &, Gýÿ(an/An)>. 
"E>V?P>< @9D9:V A4K9D>V6 G >B:AB7B >B@GAV>4AF4 E6BW, FB V «I@4D< 
E@<E?V6» F4>B: BEB5<EFV. #BFDV5AB F4>B: 6D4IG64F< BEB5<EF<= 8BE6V8 [1, 
3]. 

�4CDBCBAB64A<= CV8IV8 6<>BD<EFB6GTFPES 8?S EF6BD9AAV 
VAF9?9>FG4?PA<I CD<>?489AP 6 DV;A<I 74?G;SI 3 @98<J<AV, F9IAVJV, 
FD4AECBDFV, >BE@VKA<I F9IAB?B7VSI [1 - 4]. 
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Introduction. 
Method of information processing in coordinate systems of manifolds formed 
on the set of combinational sums of basic vectors, using combinatorial 
configurations of «ideal ring bundles» type is considered, and on the basis of 
analysis of publications related to the study and use of spatial coordinate 
systems an approach to processing information in the basis of the coordinate 
system of a manifold is developed, where the basis is a subset of this coordinate 
system set. A one-to-one correspondence between the set of attribute 
categories of the input data and the set of coordinate sets of the spatial lattice 
of a manifold is established, the number of ring axes of the coordinate system 
of which determines the number of attribute categories, and the number of 
positions on these axes 3 the number of attributes of the corresponding 
category. On a concrete example, the peculiarities of the method of information 
processing in the basis of the torus coordinate system are investigated, which 
makes it possible to understand the essence of this method, due to the 
simultaneous encoding of vector data sets by two or more categories of 
attributes simultaneously. It was found that for processing information on lists 
of attribute categories it is advantageous to use optimal vector monolithic-
group code. It is planned to continue studying the effectiveness of vector 
combinatorial configurations for processing information using various 
technologies and formats, which will open up new possibilities for using 

mailto:rvv@polynet.lviv.ua
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methods of optimized coding and information processing in spatial coordinate 
systems of manifolds, developing optimized vector information technologies, 
improving data encryption and controlling dynamic objects.  
     Purpose of the article is to investigate the effectiveness of using 
combinatorial configurations in the basis of the coordinate system of manifolds 
for information processing. 
     Scientific novelty of the work lies in the development of a new approach 
to the optimal processing of information in the basis of the coordinate system 
of manifolds.   
      Practical significance 3 expansion of possibilities of application of 
methods of optimized coding and processing of multidimensional data arrays, 
due to simultaneous encoding of vector data sets into two or more categories 
of attributes simultaneously, improvement of encryption methods and 
management of dynamic objects. The possibilities of practical application of 
the method of optimal processing of information in the basis of the coordinate 
system of manifolds have not yet been fully disclosed. 
      Keywords: combinatorial optimization; coordinate system; optimal vector 
monolithic-group code; data indexing; data encryption. 
 

      Conclusions. The efficiency of using combinatorial configurations of the 
«ideal ring bindings» type for processing information in spatial coordinate 
systems of manifolds formed on the set of combinational sums of the base 
vectors of the mentioned configurations is investigated. A one-to-one 
correspondence between the set of attribute categories of input data and the set 
of coordinate sets of the spatial lattice of a manifold is established, the number 
of ring axes of the coordinate system of which determines the number of 
attribute categories, and the number of positions on these axes 3 attributes of 
the corresponding category. A concrete example of processing information on 
two categories of attributes in the basis of the torus coordinate system is given. 
The use of combinatorial configurations for data processing in optimal vector 
information technologies using optimized monolithic-group vector codes 
outlines a number of advantages aimed at improving methods for encrypting 
multidimensional signals when controlling dynamic objects, reducing the use 
of machine time and memory for information processing, due to the coding of 
information sets of attribute categories concurently. Information technologies 
based on vector combinatorial configurations are focused on all technical and 
practical aspects of the latest research and results of international 
academicians, scientists and practitioners. 
 
     $B;7?SAGFB @9FB8 BCD4JR64AAS VAHBD@4JVW 6 E<EF9@4I  >BBD8<A4F 
@AB7B6<8V6, GF6BD9A<I A4 @AB:<AV >B@5VA4JV=A<I EG@ 54;B6<I 69>FBDV6 
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>B@5VA4FBDA<I >BAHV7GD4JV= F<CG «V894?PA<I >V?PJ96<I 69S;4AB>», V A4 
BEAB6V 4A4?V;G CG5?V>4JV=, CB6'S;4A<I ; 8BE?V8:9AAS@ F4 6<>BD<EF4AAS@ 
CDBEFBDB6<I E<EF9@ >BBD8<A4F 6<DB5?9AB CV8IV8 8B BCD4JR64AAS 
VAHBD@4JVW 6 54;<EV E<EF9@< >BBD8<A4F @AB7B6<84, 89 54;<E 3 J9 
CV8@AB:<A4 @AB:<A< >BBD8<A4F JVTW E<EF9@<. �EF4AB6?9AB 6;4T@AB 
B8AB;A4KAG 6V8CB6V8AVEFP @V: @AB:<ABR >4F97BDV= 4FD<5GFV6 6IV8A<I 
84A<I V @AB:<ABR A45BDV6 >BBD8<A4F CDBEFBDB6BW D9LVF>< @AB7B6<84, 
K<E?B >V?PJ96<I BE9= E<EF9@< >BBD8<A4F S>BW 6<;A4K4T >V?P>VEFP 
>4F97BDV= 4FD<5GFV6, 4 K<E?B CB;<JV= A4 J<I BESI 3 >V?P>BEFV 4FD<5GFV6 
6V8CB6V8ABW >4F97BDVW. !4 >BA>D9FAB@G CD<>?48V 8BE?V8:9AB BEB5?<6BEFV 
@9FB8G BCD4JR64AAS VAHBD@4JVW 6 54;<EV E<EF9@< >BBD8<A4F FBD4, MB 84T 
;@B7G ;DB;G@VF< EGFAVEFP ;4;A4K9AB7B @9FB8G, ;468S>< B8ABK4EAB@G 
>B8G64AAR 69>FBDA<I A45BDV6 84A<I ;4 86B@4 V 5V?PL9 >4F97BDVS@< 
4FD<5GFV6 B8ABK4EAB. �9SEB64AB, MB 8?S BCD4JR64AAS VAHBD@4JVW ;4 
EC<E>4@< >4F97BDV= 4FD<5GFV6 6<7V8AB ;4EFBEB6G64F< BCF<@4?PA<= 
69>FBDA<= @BAB?VFAB-7DGCB6<= >B8. #9D9854K9AB CDB8B6:<F< 
8BE?V8:9AAS 9H9>F<6ABEFV ;4EFBEG64AAS 69>FBDA<I >B@5VA4FBDA<I 
>BAHV7GD4JV= 8?S BCD4JR64AAS VAHBD@4JVW ;4 DV;A<@< F9IAB?B7VS@< F4 
HBD@4F4@<, MB 84EFP ;@B7G 6V8>D<F< AB6V @B:?<6BEFV ;4EFBEG64AAS 
@9FB8V6 BCF<@V;B64AB7B >B8G64AAS = BCD4JR64AAS VAHBD@4JVW G 
CDBEFBDB6<I E<EF9@4I >BBD8<A4F @AB7B6<8V6, DB;DB5?9AAS 
BCF<@V;B64A<I 69>FBDA<I VAHBD@4JV=A<I F9IAB?B7V=, 68BE>BA4?9AAS 
L<HDG64AAS 84A<I V >9DG64AAS 8<A4@VKA<@< B59T>F4@<.  
     �ABC?. %GK4EAV VAHBD@4JV=AV F9IAB?B7VW CB69S;4AV ; 8BE?V8:9AAS@ 
9H9>F<6A<I @9FB8V6 BCD4JR64AAS @4E<6V6 84A<I 6 DV;A<I 74?G;SI A4G>< V 
F9IAV><. %GFFT6B ;DBEF4T B5ES7 84A<I, S>V  CBFDV5AB 4A4?V;G64F<, 
B5DB5?SF< V 6<>BD<EFB6G64F<. � DB5BFV [1] 6<>BD<EFB6GTFPES 4?7BD<F@ 
L6<8>B7B C9D9F6BD9AAS (GD9T, >?4E< CD98EF46?9AAS 5474FB6<@VDA<I 
CB?VAB@V6 V 86B6<@VDA<I FIR- HV?PFDV6 C9D9F6BD9AAS K4EFBF<. �4 J<@< 
@9FB84@< �DGAFGTFPES A4 @4AVCG?SJVSI, F4><I S> 6<5VD>4, C9D9F6BD9AAS 
(GD9T 8?S EFB6CK<>V6 V DS8>V6, HV?PFD4JVS FBMB. "5K<E?R64?PA4 
E>?48AVEFP 6<M9;7484A<I @9FB8V6 ;DBEF4T V; K<E?B@ 6<@VDR64AP. ' EF4FFV 
[2] ;4CDBCBAB64AB 4?7BD<F@ 89>B@CB;<JVW F4 D9>BAEFDGR64AAS 
5474FB6<@VDA<I E<7A4?V6 A4 BEAB6V 6<>BD<EF4AAS CB?V 74D@BAVKA<I 
69=6?9F-EC?4=AV6. �BE?V8:9AAS @VA?<6BEFV >?V@4FG A4 BEAB6V 
5474FB6<@VDAB7B CDBEFBDB6B-K4EB6B7B 4A4?V;G ; DB;>?484AAS@ K4EB6<I 
DS8V6 G >B:AV= FBKJV >BBD8<A4FABW EVF>< ; A4EFGCA<@ B59T8A4AAS@ 
CDBEFBDB6BW F4 K4EB6BW 96B?RJV= @VA?<6BEFV >?V@4FG 6 CD<DB8A<I K4EB6<I 
@4ELF454I K4EB6B  F4 CDBE 8BEBCD4JR64AAS I4D4>F9DA4 F4>B: 6 
CDB7AB;G64AAV CB7B8< ;8V=EA9AB 6 [3]. �?4E<HV>4JVR 5474FB6<@VDA<I 
K4EB6<I DS8V6 ; 86B6<@VDABR 6<5VD>BR ;4CDBCBAB64AB 6 [4], ;4 S>BR 8?S 
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6<8V?9AAS B;A4> B5K<E?RRFPES 6?4EAV 69>FBD< >B64DV4JV=A<I @4FD<JP CB 
DS8>4I V EFB6CK<>4I, CVE?S KB7B 6:<64TFPES >?4E<HV>4FBD «A4=5?<:KB7B 
EGEV84». � DB5BFV [5] DB;7?S84TFPES @9FB8 EG@G64AAS EC?4=AV6 8?S 
6V8AB6?9AAS 5474FB6<@VDA<I ;BAA<I B5@9:9AP HGA>JV= V; 8<E>D9FA<I 
D9LVFK4EF<I 6<5VDB> ; CB84?PL<@ 6<>BD<EF4AAS@ CB?V 74D@BAVKA<I 
EC?4=AV6. #V8EG@B6GRK< B7?S8, @B:A4 54K<F<, MB ;4D4; G A4G>B6B@G E6VFV 
E>?484TFPES ;474?PA4 F9A89AJVS EFBEB6AB BCD4JR64AAS 5474FB6<@VDA<I 
E<7A4?V6, S>4  �DGAFGRFPES ;895V?PLB7B A4 ;4EFBEG64AAV 4?7BD<F@V6 
L6<8>B7B C9D9F6BD9AAS (GD'T, >?4EV6 D4JVBA4?PAB7B CD98EF46?9AAS 
5474FB6<@VDA<I CB?VAB@V6, 86B6<@VDA<I FIR-HV?PFDV6 C9D9F6BD9AAS 
K4EFBF<, 69=6?9F-C9D9F6BD9AP F4 6<>BD<EF4AAV CB?V74D@BAVKA<I EC?4=AV6. 
' ;69S;>G ; J<@ 64:?<6B7B ;A4K9AAS A45G64T DB;DB5?9AAS 9H9>F<6A<I 
@9FB8V6 BCD4JR64AAS VAHBD@4JVW, ;4EFBEB6GRK< 69>FBDAV VAHBD@4JV=AV 
F9IAB?B7VW, ;84FAV CB8B?4F< CDB5?9@G L6<8>VEAB7B BCD4JR64AAS 69?<><I 
@4E<6V6 84A<I F4 A48V=AB7B WI C9D9E<?4AAS >4A4?4@< ;69S;>G, 
6<>BD<EFB6GRK< 69>FBDAV VAHBD@4JV=AV F9IAB?B7VW.   
 5B0 @>1>B8 3 8BE?V8<F< 9H9>F<6AVEFP ;4EFBEG64AAS >B@5VA4FBDA<I 

>BAHV7GD4JV= 6 54;<EV E<EF9@< >BBD8<A4F @AB7B6<8V6 8?S BCD4JR64AAS 
VAHBD@4JVW.  
        5B>48:0 4>A;V465==O �DGAFGTFPES A4 6<>BD<EF4AAV F9BDVW 
5474FB6<@VDA<I >B@5VA4FBDA<I >BAHV7GD4JV= F<CG V894?PA<I >V?PJ96<I 
69S;4AB> (���) 8?S BCF<@V;4JVW BCD4JR64AAS VAHBD@4JVW 6 E<EF9@4I 
>BBD8<A4F @AB7B6<8V6. #D< JPB@G @AB:<AV >V?PJ96<I EG@, GF6BD9A<I A4 
t36<@VDA<I 69>FBD4I ���, EF46<FPES G 6V8CB6V8AVEFP @AB:<A4 
VA89>EB64A<I t >4F97BDV= 4FD<5GFV6, S>4 6<K9DCGT @AB:<AG >BBD8<A4F t3
6<@VDABW D9LVF>< @AB7B6<84. %GFP @9FB8G CB?S74T G CB>D<FFV 
>BBD8<A4FABR EVF>BR CB69DIAV @AB7B6<84 6<;A4K9A<I DB;@VDV6 
@AB:<ABR >V?PJ96<I 69>FBD-EG@ ;4 8BCB@B7BR @VAV@4?PABW >V?P>BEFV 
54;B6<I 69>FBDV6 8?S HBD@G64AAS 6 54;<EV JVTW E<EF9@< >BBD8<A4F t3
6<@VDAB7B >B8G, 69>FBDAV ;A4K9AAS 647B6<I DB;DS8V6 S>B7B ;5V74RFPES ; 
K<E?B6<@< ;A4K9AAS@< 54;<EG 6<M9;7484ABW E<EF9@< >BBD8<A4F. #D< 
JPB@G >B:AB@G >BA>D9FAB@G A45BDG 84A<I «>4F97BDVS-4FD<5GF» 6;4T@AB 
B8AB;A4KAB 6V8CB6V84T >B8B64 >B@5VA4JVS t3A45BDV6 >BBD8<A4F, S>4 
E>?484TFPES ; CBDGK DB;@VM9A<I ;4 >V?PJ96BR EI9@BR B8AB=@9AA<I 
86V=>B6<I E<@6B?V6, GF6BDRRK< BCF<@4?PA<= >V?PJ96<= @BAB?VFAB-
7DGCB6<= t36<@VDA<= 69>FBDA<= >B8 6 54;<EV E<EF9@< >BBD8<A4F 
@AB7B6<84. 
$57C;LB0B8. (D47@9AF< D9;G?PF4FV6 CDB6989A<I 9>EC9D<@9AFV6 

CD98EF46?9AV 6 F45?<JSI 1 V 2. ' F45?<JV 1 A46989AB CD<>?48 HBD@G64AAS  
>BBD8<A4FABW D9LVF>< A4 86B6<@VDAV= (t=2) CB69DIAV  FBD4 3×4 L?SIB@ 
EG@G64AAS 54;B6<I 69>FBDV6 86B6<@VDABW ��� ((0,1),(1,0),(0,2),(2,2)) ; 
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GD4IG64AAS@ K<E?B6<I ;A4K9AP @B8G?V6  m1=(n 31) = 3, m2= n = 4. � 
D9;G?PF4FV DB;D4IGA>G HBD@GTFPES 86B6<@VDA4 (t =2) >BBD8<A4FA4 EVF>4 
A4 CB69DIAV FBD4 ; DB;@VD4@< 3 × 4,  89 >BBD8<A4F< >B:AB7B 6G;?4 EVF>< 
;GEFDVK4RFPES DV6AB B8<A D4; (R=1). 
                                      (0,0)     (0,1)     (0,2)     (0,3) 
     (1,0)     (1,1)     (1,2)     (1,3) 
   (2,0)     (2,1)     (2,2)     (2,3) 
      ' F45?<JV 2 A46989AB CD<>?48 >B8G64AAS A45BDV6 84A<I ;4 86B@4 (t=2) 
>4F97BDVS@< 4FD<5GFV6  6 54;<EV ((0,1),(1,0),(0,2),(2,2)) E<EF9@< >BBD8<A4F 
3×4 FBD4, 89 >B:AV= >B8B6V= >B@5VA4JVW 86B6<@VDAB7B @BAB?VFAB-
7DGCB6B7B >B8G 6;4T@AB B8AB;A4KAB 6V8CB6V84T ;4>B8B64A4 VAHBD@4JVS. 
      !0C:>20 =>287=0 @>1>B8 CB?S74T G DB;DB5?9AAV AB6B7B CV8IB8G 8B 
BCF<@4?PAB7B BCD4JR64AAS VAHBD@4JVW 6 54;<EV E<EF9@< >BBD8<A4F 
@AB7B6<8V6. 
      #@0:B8G=0 7=0G8<VABL 3 DB;L<D9AAS @B:?<6BEF9= ;4EFBEG64AAS 
@9FB8V6 BCF<@V;B64AB7B >B8G64AAS = BCD4JR64AAS 5474FB6<@VDA<I 
@4E<6V6 84A<I, ;468S>< B8ABK4EAB@G >B8G64AAR 69>FBDA<I A45BDV6 84A<I 
;4 86B@4 V 5V?PL9 >4F97BDVS@< 4FD<5GFV6 B8ABK4EAB, G8BE>BA4?9AAS 
@9FB8V6 L<HDG64AAS V >9DG64AAS 8<A4@VKA<@< B59T>F4@<.  B:?<6BEFV 
CD4>F<KAB7B ;4EFBEG64AAS @9FB8G BCF<@4?PAB7B BCD4JR64AAS 
VAHBD@4JVW 6 54;<EV E<EF9@< >BBD8<A4F @AB7B6<8V6 M9 CB6AVEFR A9 
DB;>D<FV. 
�;NG>2V A;>20: >B@5VA4FBDA4 BCF<@V;4JVS; E<EF9@4 >BBD8<A4F;    

BCF<@4?PA<= 69>FBDA<= @BAB?VFAB-7DGCB6<= >B8; VA89>E4JVS 84A<I; 
L<HDG64AAS 84A<I. 
�:BC0;L=VABL 28@VH5==O ?@>1;5<8 CB?S74T 6 DB;DB5?9AAV 

9H9>F<6A<I @9FB8V6 BCD4JR64AAS VAHBD@4JVW.   
"19T:B 4>A;V465==O 3 BCD4JR64AAS VAHBD@4JVW 6 CDBEFBDB6B@G CB?V 

>BBD8<A4F @AB7B6<84.   
     5B>4 28@VH5==O 70240==O 7DGAFGTFPES A4 6<>BD<EF4AAV >?4E<KABW 
F9BDVW >B@5VA4FBDA<I >BAHV7GD4JV= [6] V F9BDVW 5474FB6<@VDA<I V894?PA<I 
>V?PJ96<I 69S;4AB> (���) [7]. 
     $B;7?SA9@B @4F9@4F<KAG @B89?P >B8G64AAS t-6<@VDA<I  E<7A4?V6 6 
54;<EV t-6<@VDABW E<EF9@< >BBD8<A4F @AB7B6<84, GF6BD9ABW A4 @AB:<AV 
>B@5VA4JV=A<I EG@ 54;B6<I 69>FBDV6 >B@5VA4FBDA<I >BAHV7GD4JV= F<CG 
���. &4>4 E<EF9@4 >BBD8<A4F BC<EGTFPES C4D4@9FD4@<  n, R, S, m1, m2 ,&, 
mt,  89  n- K<E?B 54;B6<I t- 6<@VDA<I 69>FBDV6 ���, R- >V?P>VEFP DV;A<I 
ECBEB5V6 GF6BD9AAS B8A4>B6<I >V?PJ96<I 69>FBD-EG@ A4 @AB:<AV t- 
6<@VDA<I  54;B6<I 69>FBDV6 ((k11,k12,&,k1t), (k21,k22,&,k2t),&, (ki1,ki2,&, 
kit),&,(kn1,kn2,&,knt)), S 3 CBDS8B> B59DFB6BW E<@9FDVW t- 6<@VDABW  
FBCB?B7VKAB ;4@>A9ABW CDBEFBDB6BW D9LVF>< >BBD8<A4F @AB7B6<84, MB 
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B>D<64T =B7B CB69DIAR, 89  m1, m2,&, mt 3 ;A4K9AAS @B8G?V6, ;4 S><@< 
B>D9E?RRFPES CDBEFBDB6V DB;@VD< JVTW D9LVF><: m1×m2×&×mt.  B89?P 
C9D9854K4T CB>D<FFS @AB:<ABR @B8G?PA<I EG@, GF6BD9A<I n 54;B6<@<  
t- 69>FBD4@< ���, @AB:<A< 6G;?B6<I >BBD8<A4F t - 6<@VDABW D9LVF>< ; 
DB;@VD4@< m1×m2×&×mt= n(n 31)/R, 89 m1, m2,&,mt 3 DB;@VD< >V?PJ96<I 
BE9= t - 6<@VDABW D9LVF><, S>4 B>D<64T CB69DIAR (t+1)3 6<@VDAB7B 
@AB7B6<84 [7].  AB:<A4 >V?PJ96<I EG@ GF6BDRTFPES >B@5VA4JV=A<@ 
8B8464AAS@ 54;B6<I t369>FBDV6 ;4 >B@C?9>EA<@ @B8G?9@ (m1,m2,&,mt), 
CD<KB@G >BBD8<A4F< >B:ABW 6G;?B6BW FBK>< t - 6<@VDABW D9LVF>< 
>BBD8<A4F @AB7B6<84 @B:A4 BFD<@4F< DV6AB R DV;A<@< ECBEB54@< 
CBE?V8B6AB7B 8B8464AAS 54;B6<I 69>FBDV6.   
�AHBD@4JV=AV C4D4@9FD< BCF<@4?PAB7B n- DB;DS8AB7B t 36<@VDAB7B 

69>FBDAB7B >B8G 6;4T@BCB69S;4AV  HBD@G?4@< [7]:  
n(n3 1)  f  S  f  n(n3 1)2,                 m1·m2·&·mt = n(n31)/R 

 � BEAB6G @9FB8G ;4>?489AB >B@5VA4FBDAG BCF<@V;4JVR t 36<@VDA<I 
647B6<I DB;DS8V6  ;64:9AB7B n- CB;<JV=AB7B >B8G, DB;DS84@ S>B7B 
CD<E6BTAB F4>V ;A4K9AAS JV?BK<E?B6<I t369>FBDV6, MB5 @AB:<ABR WI 
>B@5VA4JV=A<I  EG@ @B:A4 5G?B CB>D<F< @AB:<AG 6G;?B6<I FBKB> 
>BBD8<A4F t 36<@VDABW D9LVF>< @AB7B6<84.   
      !4CD<>?48, A4 >V?PJ96V= CBE?V8B6ABEFV ; KBF<DPBI (n=4) 54;B6<I 
86B6<@VDA<I (t=2) 69>FBDV6 ; 647B6<@< DB;DS84@< ((0,1),(1,0),(0,2),(2,2)) 
@B:A4 EHBD@G64F< n(n31)=12 69>FBDV6, S>V ;4CB6ARRFP CB?9 >BBD8<A4F 
D9LVF>< FBD4 3×4 CBE?V8B6A<@ 8B8464AAS@ J<I 69>FBDV6 ; GD4IG64AAS@ 
K<E?B6<I ;A4K9AP @B8G?V6 m1= 3, m2 =4, m1·m2 = n(n31)=12, S =13 R= 1 
(&45?.1). 
   &45?<JS 1. (BD@G64AAS >BBD8<A4FABW D9LVF>< A4 CB69DIAV FBD4 3×4 
�9>FBD< 
D9LVF>< 
FBD4 3×4 

�4;B6V 69>FBD< ��� 
(0,1)  (1,0)   (0,2)              (2,2)  

(0,0) -  (1,0) (0,2)                (2,2)  
(0,1) (0,1)  - - - 
(0,2) -  -   (0,2) - 
(0,3) (0,1)  (1,0)   -                     (2,2) 
(1,0) -  (1,0)    -                     -  
(1,1) (0,1)  (1,0)   -                     -  
(1,2) -  (1,0)   (0,2)              -  
(1,3) (0,1)  (1,0)   (0,2)              -  
(2,0) -  -   (0,2)              (2,2)  
(2,1) (0,1)  -   (0,2)  (2,2)  
(2,2) - - - (2,2)  
(2,3) (0,1)  -   -                     (2,2)  
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      #D<>?48 >B8G64AAS 84A<I ;4 86B@4 (t=2) >4F97BDVS@< 4FD<5GFV6 6 
54;<EV BCF<@4?PABW E<EF9@< >BBD8<A4F FBD4 G 6<7?S8V 86B6<@VDAB7B (t=2) 
69>FBDAB7B >B8G ; KBF<D@4 (n=4) 647B6<@< DB;DS84@< 
((0,1),(1,0),(0,2),(2,2)) V?REFDGT &45?<JS 2. 
' F45?<JV 2 6IV8AV 84AV C9D9854K9AB BCD4JPB6G64F< ;4 86B@4 (t=2) 

>4F97BDVS@< 4FD<5GFV6 G 54;<EV ((0,1),(1,0),(0,2),(2,2)) E<EF9@< >BBD8<A4F 
FBD4, C9DL4 ; S><I I4D4>F9D<;GTFPES FDPB@4 (m1= 3), 4 8DG74 3 KBF<D@4 
(m2 =4) 4FD<5GF4@<. %<EF9@4 >BBD8<A4F 3×4 ;V ECV?PABR FBK>BR 6V8?V>G 
(0,0) A45G64T 6<7?S8G 86B6<@VDAB7B (t=2) 69>FBDAB7B >B8G, S><= @4T 
KBF<D< (n=4) 647B6V DB;DS8<, 4 69>FBDAV ;A4K9AAS J<I DB;DS8V6 ;5V74RFPES 
; K<E?B6<@< ;A4K9AAS@< 54;<EG E<EF9@< >BBD8<A4F, CD<KB@G >B:AB@G 
>BA>D9FAB@G A45BDG 84A<I «>4F97BDVS-4FD<5GF» 6;4T@AB B8AB;A4KAB 
6V8CB6V84T >B8B64 >B@5VA4JVS 86B6<@VDAB7B 69>FBDAB7B >B8G. � JPB@G 
CD<>?48V @9FB8 84T ;@B7G BCD4JPB6G64F< @4E<6< 84A<I B8ABK4EAB ;4 
86B@4 >4F97BDVS@< 4FD<5GFV6, B8<A ; S><I @B:9 A45G64F< FDPBI (m1= 3), 4 
8DG7<= 3 KBF<DPBI (m2 =4) ;A4K9AP.  
 
&45?<JS 2. #D<>?48 >B8G64AAS 84A<I ;4 86B@4 (t=2) >4F97BDVS@< 
4FD<5GFV6 6 54;<EV ((0,1),(1,0),(0,2),(2,2)) E<EF9@< >BBD8<A4F 3×4 FBD4 

 
� ;474?PAB@G 6<C48>G K<E?B >4F97BDV= V 4FD<5GFV6 @B:9 ;@VAR64F<ES 

CV8 K4E BCD4JR64AAS VAHBD@4JVW ;4?9:AB 6V8 DB;@VDABEFV F4 DB;@VDV6 
>BBD8<A4FABW EVF>< B5D4AB7B 54;<EG.  4E<6< 84A<I @B:GFP BC<EG64F<ES 

C/C �A89>E< >4F97BDV=  
4FD<5GFV6 

�47< DB;DS8V6 86B6<@VDAB7B (t=2) 
@BAB?VFAB-7DGCB6B7B >B8G  

�4F97BDVS 
1 

�4F97BDVS 
2 

(0,1)  (1,3)  (0,2) (2,3) 

1 0 0 0 1 1 1 
2 0 1 1 0 0 0 
3 0 2 0 0 1 0 
4 0 3 1 1 0 1 
5 1 0 1 1 0 0 
6 1 1 0 1 1 0 
7 1 2 1 1 1 0 
8 1 3 0 1 0 0 
9 2 0 1 0 0 1 
10 2 1 0 0 1 1 
11 2 2 1 0 1 1 
12 2 3 0 0 0 1 
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t 3A45BD4@< 4FD<5GFV6 8B6V?PAB7B ;@VEFG A4 5G8P-S>B@G DV6AV VA89>E4JVW = 
F9BD9F<KAB A9E>VAK9AAB 69?<><@ K<E?B@ >4F97BDV= 4FD<5GFV6 ; 
6<>BD<EF4AAS@ BCF<@V;B64A<I t 36<@VDA<I @BAB?VFAB-7DGCB6<I >B8V6. 
�8A=>2:8. �BE?V8:9AB 9H9>F<6AVEFP ;4EFBEG64AAS >B@5VA4FBDA<I 
>BAHV7GD4JV= F<CG «V894?PA<I >V?PJ96<I 69S;4AB>» 8?S BCD4JR64AAS 
VAHBD@4JVW G CDBEFBDB6<I E<EF9@4I >BBD8<A4F @AB7B6<8V6, GF6BD9A<I A4 
@AB:<AV >B@5VA4JV=A<I EG@ 54;B6<I 69>FBDV6 ;7484A<I >BAHV7GD4JV=. 
�EF4AB6?9AB 6;4T@AB B8AB;A4KAG 6V8CB6V8AVEFP @V: @AB:<ABR >4F97BDV= 
4FD<5GFV6 6IV8A<I 84A<I V @AB:<ABR A45BDV6 >BBD8<A4F CDBEFBDB6BW 
D9LVF>< @AB7B6<84, K<E?B >V?PJ96<I BE9= E<EF9@< >BBD8<A4F S>BW 
6<;A4K4T >V?P>VEFP >4F97BDV= 4FD<5GFV6, 4 K<E?B CB;<JV= A4 J<I BESI 3 
4FD<5GFV6 6V8CB6V8ABW >4F97BDVW. !46989AB >BA>D9FA<= CD<>?48 
BCD4JR64AAS VAHBD@4JVW ;4 86B@4 >4F97BDVS@< 4FD<5GFV6 6 54;<EV E<EF9@< 
>BBD8<A4F FBD4. �4EFBEG64AAS 86B- V 5474FB6<@VDA<I >B@5VA4FBDA<I 
>BAHV7GD4JV= 8?S BCD4JR64AAS 84A<I ; 6<>BD<EF4AAS@ BCF<@V;B64A<I 
@BAB?VFAB-7DGCB6<I 69>FBDA<I >B8V6 B>D9E?RT DS8 C9D9647, A4JV?9A<I A4 
68BE>BA4?9AAS @9FB8V6 L<HDG64AAS 5474FB6<@VDA<I E<7A4?V6 CV8 K4E 
>9DG64AAS 8<A4@VKA<@< B59T>F4@<, ;@9AL9AAS 6<>BD<EF4AAS @4L<AAB7B 
K4EG V C4@'SFV 8?S BCD4JR64AAS VAHBD@4JVW, ;468S>< B8ABK4EAB@G 
>B8G64AAR VAHBD@4JVW ;4 A45BD4@< >4F97BDV= 4FD<5GFV6.  9FB8 
BCD4JR64AAS VAHBD@4JVW 6 E<EF9@4I >BBD8<A4F @AB7B6<8V6 BDVTAFB64AV A4 
6EV F9IAVKAV F4 CD4>F<KAV 4EC9>F< AB6VFAVI 8BE?V8:9AP V D9;G?PF4FV6 
@V:A4DB8A<I 4>489@V>V6, 6K9A<I V CD4>F<>V6.      
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 4D<A4 %9@9ARF4 
�PBFA4 4>489@VO !�' 

 
METHOD FOR CONSTRUCTING GRACEFUL 

UNICYCLIC GRAPHS 

 

Abstract. We have proposed a way to construct a graceful unicyclic graph 
from a graceful tree. 

 
)BK4 CDB=L?B 6:9 5V?PL9 50 DB>V6 ; FB7B @B@9AFG S> ;'S6<?<ES 

C9DLV DB;@VF>< 7D4HV6, 6V8B@B A9 F4> 5474FB ;474?PA<I @9FB8V6 CB5G8B6< 
5G8P-S>BW ; DB;@VFB>. �V?PLVEFP EF4F9= >BAJ9AFDGRFP E6BW ;GE<??S A4 
EF6BD9AAV EV@9=EF6 7D4HV6, MB 6B?B8VRFP DB;@VF>BR C96AB7B F<CG. 
�9F4?PAG VAHBD@4JVR ; JPB7B C<F4AAS @B:A4 ;A4=F< 6 Q?9>FDBAAB@ 
:GDA4?9 «A dynamic survey of graph labeling» CV8 D984>JVTR �. �4??<4A4. 

$B;7?S84F<@9@B E>VAK9AV A9BDVTAFB64AV 7D4H<, MB A9 @VEFSFP C9F9?P 
F4 >D4FA<I D959D. $B;@VF>G f 7D4H4 ),( EVG =  DB;@VDG q A4;<64RFP 
7D4JVB;ABR, S>MB 6BA4 T VA9T>F<6ABR HGA>JVTR ; B5?4EFR 6<;A4K9AAS V
, 4 WW @AB:<A4 ;A4K9AP T CV8@AB:<ABR @AB:<A< }...,,2,1,0{ q . �DV@ JPB7B 
f CBDB8:GT D959DAG DB;@VF>G, MB T 5VT>F<6A<@ 6V8B5D4:9AAS@ @AB:<A< 
D959D E  6 @AB:<AG }...,,2,1,0{ q . �D4H G 3 7D4JVB;A<=, S>MB @4T 
7D4JVB;AG DB;@VF>G. 

�5<0 1. [2] !9I4= T  3 89D96B CBDS8>G p ; 7D4JVB;ABR DB;@VF>BR 
)1...,,2,1,0{)(: 2³ pTVf . &B8V HGA>JVS 
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}1...,,2,1,0{)(:* 2³ pNVf , MB 6<;A4K4TFPES HBD@G?BR 
)()()(* TVvpfpvf þò2= , F4>B: ;484T 7D4JVB;AG DB;@VF>G ÿ. 

 . &DGM<AEP><= G 1984 DBJV 6<E<AG6 7VCBF9;G, MB 6EV GAVJ<>?VKAV 
7D4H<, >DV@ Cn, nc1,2(mod4) T 7D4JVB;A<@< [3], S>4 8B F9C9D9LAPB7B K4EG 
;4?<L4TFPES 6V8>D<FBR. � 84AV= DB5BFV DB;7?SA9@B ECBEV5 CB5G8B6< 
7D4JVB;A<I DB;@VFB> GAVJV>?VKA<I 7D4HV6. �VA 54;GRFPES A4 @9FB84I 
79A9D4JVW 7D4HV6 ; 7D4HV6 @9AL<I CBDS8>V6. %HBD@G?RT@B F4 DB;6S:9@B 
A4EFGCAG ;484KG. 

�040G0 1. !9I4= ;484AB 7D4JVB;A9 89D96B ÿ CBDS8>G � (� g 3). +< 8?S 
>B:AB7B F4>B7B 89D964 ÿ, VEAGT 7D4H � = ÿ + ÿ, MB 8BCGE>4T 7D4JVB;AG 
DB;@VF>G. 

�G8P-S><= GAVJ<>?VKA<= 7D4H � T A487D4HB@ 89D964 ÿ, FB5FB � =ÿ + ÿ, 89 D95DB ÿ ;9T8AGT A9EG@V:AV 69DL<A< ÿ. �V8B@B, MB 5474FB >?4EV6 
89D96 8BCGE>4RFP 7D4JVB;AG DB;@VF>G. *9= H4>F F4 ?9@4 1 6<>BD<EF4AB 
8?S DB;6S;4AAS ;484KV 1. 

�?7BD<F@ DB;69O;G64AAO ;484KV 1  
!9I4= ;484AB 89D96B  ÿ CBDS8>G � (� g 3) ; 7D4JVB;ABR DB;@VF>BR ý: �(ÿ) ³ {0, 1, 2, & , � 2 1} V ý(
) = 0, ý(�) = � 2 1, 89  �, 
 * �(ÿ). �?S 89D964 ú T 5VT>JVTR. 
�DB> 1. 3>MB 69DL<A4 
 T 6<ESKBR 6 ÿ, FB C9D9=F< 8B >DB>G 2, 

VA4>L9 8B >DB>G 3. 
�DB> 2. �484F< HGA>JVR ý2: �(ÿ) ³ {0, 1, 2, & , � 2 1}, MB 

6<;A4K4TFPES HBD@G?BR: ý2(�) = � 2 ý(�)  "� * �(ÿ). �9T8A4F< 
 ; 
69DL<ABR 
, 89 
 * �(ÿ) V  ý(
) = 1. �D4H � = ÿ + ÿ 3 GAVJ<>?VKA<=, 
89 ÿ = (

). �484F< HGA>JVR �: �(�) ³ {0, 1, 2, & , �}: �(�) = ý2(�)    "� * �(�) 2 {
}, �(
) = � 4?O  � * �(�). 

#9D9=F< 8B >DB>G 6. 
�DB> 3. �9DL<A4 
 A9 T 6<ESKBR 6 ÿ. 3>MB 69DL<A4 � 3 6<ESK4 6 ÿ, 

FB C9D9=F< 8B >DB>G 4, VA4>L9 8B >DB>G 5. 
�DB> 4. �9T8A4F< � ; 69DL<ABR 
, 89 
 * �(ÿ) V  ý(
) = 1. �D4H  � = ÿ + ÿ 3 GAVJ<>?VKA<=, 89 ÿ = (�
). �484F< HGA>JVR �: �(�) ³{0, 1, 2, & , �}: �(�) = ý(�)    "� * �(�) 2 {�}, �(�) = �  4?O   � * �(�). 
#9D9=F< 8B >DB>G 6. 
�DB> 5. �9DL<A4 � A9 T 6<ESKBR 6 ÿ. "5D4F< 69DL<AG 
, 89  
 * �(ÿ), (

) * �(ÿ) V  ý(
) = ÿ. �9T8A4F< � ; 69DL<ABR �, 89 � * �(ÿ),(��) + �(ÿ) V  ý(�) = � 2 1 2 ÿ. �D4H � = ÿ + ÿ, 89 ÿ = �� 3 

GAVJ<>?VKA<=. 
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�484F< HGA>JVR �: �(�) ³ {0, 1, 2, & , �}: �(�) = ý(�)    "� * �(�) 2 {
}, �(
) = �  4?O  
 * �(�). 
#9D9=F< 8B >DB>G 6. 
�DB> 6. �D4H � = ÿ + ÿ 3 7D4JVB;A<=. 
"5�DGAFG64AAO 4?7BD<F@G 
�DB> 2. �9DL<A4 
 T 6<ESKBR 6 7D4JVB;AB@G 89D96V ÿ, FB@G EG@V:A4 

FV?P>< ; 69DL<ABR �, MB @4T @4>E<@4?PAG @VF>G, FB@G 

 + �(ÿ). 
�7V8AB ?9@< 1, DB;@VF>4 ý2(�) = � 2 ý(�) T 7D4JVB;ABR 8?S 89D964 ÿ 

V CBDB8:GT D959DAG DB;@VF>G ý27(��) = |ý2(�) 2 ý2(�)| = ý7(��)   "(��) * �(ÿ), 89 ý7(��) 3 D959DA4 DB;@VF>4, VA8G>B64A4 ý. 
�9DL<AA4 DB;@VF>4 � T VA9T>JVTR ; �(�) 6 @AB:<AG {0, 1, 2, & , �} V 

CBDB8:GT D959DAG DB;@VF>G  �7(��) = ý7(��)   "(��) * �(�) 2 {(�
), (

)}, �7(�
) = �,    �7(

) = � 2 1. 
�6V8E< @4T@B: �7(�(�)) =  {0, 1, 2, & , �}. "F:9, �7 3 5VT>F<6A4 

HGA>JVS V � 3 7D4JVB;A4 DB;@VF>4 GAVJ<>?VKAB7B 7D4H4 � = ÿ + ÿ, 89 ÿ =(

). 
�DB> 4. �9DL<AA4 DB;@VF>4 � 7D4H4 � = ÿ + ÿ, 89 ÿ = (�
) T 

VAT>F<6ABR HGA>JVTR ; �(�) 6 @AB:<AG {0, 1, 2, & , �}. #B 4A4?B7VW ; 
B5�DGAFG64AAS@ >DB>G 2, A9E>?48AB CB>4;4F<, MB CBDB8:9A4 A9R D959DA4 
DB;@VF>4 3 5VT>F<6A4 HGA>JVS ; �(�) 6 @AB:<AG K<E9? {0, 1, 2, & , �}, FB@G � 3 7D4JVB;A4 DB;@VF>4 �. 

�DB> 5.  VD>G64AAS CDB6B8SFPES ;4 4A4?B7VTR ; F<@<, MB A46989AV 
8?S CV8F69D8:9AAS CD46<?PABEFV D9;G?PF4FV6 >DB>V6 3 V 5. 

&4><@ K<AB@, 8B6989AB A4EFGCAG F9BD9@G. 
&5>@5<0 1. �?S >B:AB7B 7D4JVB;AB7B 89D96B T CBDS8>G p (pó3), VEAGT 

7D4H � = ÿ + ÿ, MB 8BCGE>4T 7D4JVB;AG DB;@VF>G. 
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2. E. Robeva, An Extensive Survey of Graceful Trees. Undergraduate 

Honors Thesis, Stanford University, 2011. 39 p. 
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#$" $"��¾/��!!/ ����+�  ���+!"� �"��%&��� /� 
��"�&�#!"� ����+� $"� �-�!!/ � "� ���!!/ � !� 

 ��%� ��0!' ���0��%&0 "�¾��&�� 

"?9>EV= %9D7TT6, %6VF?4A4 'E 
!4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F «�AVCDB6EP>4 CB?VF9IAV>4» 
 

ON THE SOLUTION OF THE PROBLEM OF MEDICAL 
LOGISTICS AS A TWO-STAGE PROBLEM OF PLACEMENT WITH 

RESTRICTIONS ON THE MAXIMUM NUMBER OF OBJECTS 
 
Abstract. We propose an approach to enhance logistics processes within 

the healthcare industry. Our method employs a genetic algorithm with priority 
coding to resolve a two-stage location problem. A distinctive feature of our 
model is its imposing limitation on the maximum number of regional and 
subregional centers that can be established.  

To optimize the algorithm, we have extensively modified the 
chromosome estimation process. These alterations improve the solution-
finding mechanism and population construction process. Using real-world 
data, we have meticulously tested our modifications on a model task, 
enhancing our research's credibility and applicability. The outcomes offer 
valuable insights into the potential of our proposed method.  

This paper contributes to discovering efficient and effective solutions to 
logistical challenges in healthcare. We emphasize the potential of advanced 
computational techniques, such as genetic algorithms, to tackle complex real-
world problems.  

 
�ABC?. "CF<@V;4JVS ?B7VEF<KAB7B CDBJ9EG A45G64T 6E9 5V?PLB7B 

;A4K9AAS 6 DV;A<I 74?G;SI, 6 FB@G K<E?V V 6 @98<J<AV. �H9>F<6A9 
GCD46?VAAS @98<KABR ?B7VEF<>BR 6V8V7D4T 6<DVL4?PAG DB?P 6 BIBDBAV 
;8BDB6'S F4 8B5DB5GFV ?R89=. *9 BEB5?<6B 64:?<6B CV8 K4E 7?B54?PA<I 
6<>?<>V6, >B?< L6<8>9 F4 9H9>F<6A9 DB;CB6ER8:9AAS ?V>V6 @4T 
6<DVL4?PA9 ;A4K9AAS. �DV@ FB7B, A4?47B8:9A4 ?B7VEF<>4 @4T 64:?<69 
;A4K9AAS 8?S A484AAS 7G@4AVF4DABW 8BCB@B7<, >B?< E6BTK4EA4 8BEF46>4 
@98<KA<I @4F9DV4?V6 V D9EGDEV6 @B:9 6DSFG64F< :<FFS. �?S 
68BE>BA4?9AAS CDBJ9EV6 @98<KABW ?B7VEF<>< ;4EFBEB6GRFPES C9D98B6V 
F9IAB?B7VW F4 4?7BD<F@<. "8A<@ V; CV8IB8V6, MB A45G64T CBCG?SDABEFV, T 
79A9F<KAV 4?7BD<F@< 8?S DB;69S;4AAS 86B9F4CA<I ;484K DB;@VM9AAS, S>V 
8B;6B?SRFP >D4M9 DB;CB8V?SF< F4 CB;<JVBAG64F< @98<KAV ;4>?48<, 
DB;CB8V?PKV J9AFD< F4 D9EGDE< [1]. �<>BD<EFB6GRK< D94?PAV 84AV F4 
;4EFBEB6GRK< WI 8B J<I 4?7BD<F@V6, @98<KAV BD74AV;4JVW F4 ?B7VEF<KAV 
CDB64=89D< @B:GFP CD<=@4F< B5�DGAFB64AV DVL9AAS, S>V CV86<MGRFP 
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9H9>F<6AVEFP, BC9D4F<6AVEFP F4 9>BAB@VKAVEFP @98<KA<I ?B7VEF<KA<I 
BC9D4JV=. 

 9FBR DB5BF< T 8BE?V8:9AAS ;4EFBEG64AAS 86B9F4CA<I ;484K 
DB;@VM9AAS 6 >BAF9>EFV @98<KABW ?B7VEF<><.  

 

 0B5<0B8G=0 <>45;L. !9I4= 6V8B@V:  
2 I 3 >V?P>VEFP D97VBA4?PA<I J9AFDV6; 
2 J 3 >V?P>VEFP EG5D97VBA4?PA<I J9AFDV6; 
2 K 3 >V?P>VEFP @98<KA<I E>?48V6; 
2 N 3 @4>E<@4?PA4 >V?P>VEFP D97VBA4?PA<I J9AFDV6, MB 

@B:GFP 5GF< DB;@VM9AV; 
2 L 3 @4>E<@4?PA4 >V?P>VEFP EG5D97VBA4?PA<I J9AFDV6, MB 

@B:GFP 5GF< DB;@VM9AV. 
 9FBR ;484KV T @VAV@V;4JVS ;474?PA<I FD4AECBDFA<I 6<FD4F A4 8BEF46>G 
@98<>4@9AFV6 ; D97VBA4?PA<I J9AFDV6 8B E>?48V6 F4 6<5VD BCF<@4?PA<I 
?B>4JV= 8?S EG5D97VBA4?PA<I J9AFDV6. &D4AECBDFAV 6<FD4F< 6>?RK4RFP: 

2 1
ijc  3 64DFVEFP FD4AECBDFG64AAS B8<A<JV @98<KA<I FB64DV6 ; 

D97VBA4?PAB7B J9AFDG i 8B EG5D97VBA4?PAB7B J9AFDG j ( 1,i I= ,

1,j J= );  

2 2
jkc  3 64DFVEFP FD4AECBDFG64AAS B8<A<JV @98<KA<I FB64DV6 

; EG5D97VBA4?PAB7B J9AFDG j 8B E>?48G k ( 1,j J= , 1,k K= ). 

�B84F>B6B ;484AV: 
2 jM  3 64DFVEFP DB;@VM9AAS EG5D97VBA4?PAB7B J9AFDG (

1,j J= ); 

2 iP  3 64DFVEFP DB;@VM9AAS D97VBA4?PAB7B J9AFDG ( 1,i I= ); 

2 ir  3 ;4C4E @98<KA<I ;4EB5V6 CD<;A4K9AAS G D97VBA4?PAB@G 

J9AFDV 1,i I= ; 

2 js  3 ;4C4E @98<KA<I ;4EB5V6 G EG5D97VBA4?PAB@G J9AFDV 

1,j J= ; 

2 kd 3 T@AVEFP E>?48G ( 1,k K= ); 

!96V8B@V:  
2 ijx  3 >V?P>VEFP B8<A<JP @98<KA<I ;4EB5V6, C9D969;9A<I ; 

D97VBA4?PAB7B J9AFDG i 8B EG5D97VBA4?PAB7B J9AFDG j; 
2 jky  3 >V?P>VEFP B8<A<JP @98<KA<I ;4EB5V6, C9D969;9A<I ; 

EG5D97VBA4?PAB7B J9AFDG j 8B E>?48G k; 
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2 iv 3 5G?964 ;@VAA4, 89 1iv = , S>MB DB;@VM9AB D97VBA4?PA<= 
J9AFD i 45B 0iv =  6 VALB@G 6<C48>G; 

2 jz 3 5G?964 ;@VAA4, 89 1jz = , S>MB DB;@VM9AB 
EG5D97VBA4?PA<= J9AFD j 45B 0jz =  6 VALB@G 6<C48>G; 

 4T@B ;484KG: @VAV@V;G64F< 

1 2

1 1 1 1 1 1

I J I K I J

ij ij jk jk i i j j
i j j k i j

c x c y Pv M z
= = = = = =

+ + +õõ õõ õ õ ,  (1) 

;4 B5@9:9AP: 

1

J

jk j j
j

y s z
=

óõ , 1,k Nò = ,    (2) 

1

J

ij i
j

x r
=

óõ , 1,i Iò = ,    (3) 

1 1 1 1

I J J K

ij jk
i j j k

x y
= = = =

=õõ õõ ,    (4) 

1

I

i
i

v N
=

óõ ,     (5) 

1

J

j
j

z L
=

óõ .     (6) 

1

J

jk k
j

y d
=

óõ , 1,k Nò = .    (7) 

 
' JV= @B89?V: (2) 3 B5@9:9AAS A4 T@AVEFP EG5D97VBA4?PA<I J9AFDV6, 4 E4@9, 
MB >V?P>VEFP @98<>4@9AFV6, C9D969;9A<I ; >B:AB7B EG5D97VBA4?PAB7B 
J9AFDG, A9 5V?PL4 AV: WI T@AVEFP; ;4 8BCB@B7BR (3) 6D4IB64AB, MB 
>V?P>VEFP @98<>4@9AFV6, C9D969;9A<I ; >B:AB7B D97VBA4?PAB7B J9AFDG, A9 
C9D96<MGT WI ;4C4E; (4) 3 DV6ASAAS 54?4AEG @V: C9DL<@ F4 8DG7<@ 
9F4C4@< @98<KABW ?B7VEF<><. "5@9:9AAS (5) F4 (6) 6EF4AB6?RRFP ?V@VF A4 
@4>E<@4?PAG >V?P>VEFP D97VBA4?PA<I F4 EG5D97VBA4?PA<I J9AFDV6. '@B64 
(7) 74D4AFGT, MB >V?P>VEFP @98<KA<I ;4EB5V6, BFD<@4A<I >B:A<@ E>?48B@ 
A9 @4T C9D96<MG64F< =B7B T@AVEFP.  
 

#V4EV4 4> @>729O70==O.  
�?S DB;69S;4AAS ;484KV (1) 3 (7) DB;DB5?9AB 4?7BD<F@ A4 BEAB6V 

79A9F<KAB7B CV8IB8G ; CDVBD<F9FA<@ >B8G64AAS@ [2]. *9= 4?7BD<F@ 
6D4IB6GT A9B5IV8AVEFP DB;F4LG64AAS D97VBA4?PA<I F4 EG5D97VBA4?PA<I 
J9AFDV6, ;459;C9KGRK< >D4MG 79B7D4HVKAB ;54?4AEB64AVEFP. �6B8SFPES 



176 

 

8B84F>B6V B5@9:9AAS A4 @4>E<@4?PAG >V?P>VEFP D97VBA4?PA<I F4 
EG5D97VBA4?PA<I J9AFDV6. *9 8B;6B?ST >BAFDB?R64F< >BAJ9AFD4JVR 
D9EGDEV6, 74D4AFGRK< WI 9H9>F<6A<= DB;CB8V?. )DB@BEB@<, MB EF6BD9AV 
A4 9F4CV CBK4F>B6BW 79A9D4JVW B8D4;G ;48B6B?PASRFP B5@9:9AAS@ (2) 3 (7). 
�468S>< JPB@G CD<E>BDRTFPES CDBJ9E DB;69S;4AAS ;484KV. �4DFVEFP 
DB;@VM9AAS J9AFDV6 B5BI F<CV6 VAF97DB64AB 59;CBE9D98APB 6 JV?PB6G 
HGA>JVR, F4><@ K<AB@ 6D4IB6GRK< J9= 4EC9>F 6<FD4F 6 CDBJ9EV 
BCF<@V;4JVW. �EV C9D9?VK9AV @B8<HV>4JVW @4RFP 5GF< 6;SFV 8B G647< CD< 
BJVAR64AAV A4 >B:AV= VF9D4JVW 79A9F<KAB7B 4?7BD<F@G. !46989@B 
@B8<HV>B64A<= 4?7BD<F@ BJVAR64AAS IDB@BEB@<. 

�DB> 1. �4EFBEG64F< CDBJ98GDG 89>B8G64AAS 8?S 6<;A4K9AAS C?4AG 
C9D969;9AP.  

�DB> 2. 3>MB >V?P>VEFP D97VBA4?PA<I E>?48V6 5V?PL4 ;4 N, FB 
6V8><84T@B IDB@BEB@G, VA4>L9 C9D9IB8<@B 8B >DB>G 3. 

�DB> 3. 3>MB B59T@ C9D969;9AP 8B EG5D97VBA4?PAB7B J9AFDG 
AG?PB6<=, FB 6VA A9 DB;@VMGTFPES. #9D9IB8<@B 8B >DB>G 4. 

�DB> 4. 3>MB ;474?PA4 >V?P>VEFP DB;@VM9A<I EG5D97VBA4?PA<I 
J9AFDV6 5V?PL4 ;4 L ; (5), FB 6V8><84T@B IDB@BEB@G, VA4>L9 C9D9IB8<@B 
8B >DB>G 5.  

�DB> 5. 3>MB ;474?PA4 >V?P>VEFP DB;@VM9A<I D97VBA4?PA<I J9AFDV6 
5V?PL4 ;4 N ; (4), FB 6V8><84T@B IDB@BEB@G, VA4>L9 C9D9IB8<@B 8B >DB>G 
6.  

�DB> 6. 3>MB B5@9:9AAS (1), (2), (3), (6) A9 6<>BAGRFPES 8?S 
;4;A4K9AB7B C?4AG C9D969;9AP (B5@9:9AAS A4 B59T@< C9D969;9AP), FB 
6V8><84T@B IDB@BEB@G, VA4>L9 C9D9IB8<@B 8B >DB>G 7.  

�DB> 7. "5K<E?RT@B ;A4K9AAS JV?PB6BW HGA>JVW ;4 (7). �?7BD<F@ 
BC<E4A<=. 

 
 >45;L=0 7040G0. �?S CDB6989AAS K<E?B6<I 9>EC9D<@9AFV6, 5G?B 

DB;DB5?9AB CDB7D4@AG D94?V;4JVR 4?7BD<F@G DB;69S;4AAS 86B9F4CABW 
;484KV DB;@VM9AAS ; 6<>BD<EF4AAS@ @B6< CDB7D4@G64AAS Python F4 
5V5?VBF9>< 8?S DB;DB5>< VAF9DH9=EG >BD<EFG64K4 Qt5. �4EFBEB64AB 
D94?PAV 6V8EF4AV 8?S 6<C48>B6B B5D4A<I @98<KA<I ;4>?48V6, ?B>4JVW S><I 
BFD<@4AV ; E9D6VEG OpenStreetMap (OSM). OSM A484T 6E9BES:AG V 
;474?PAB8BEFGCAG 54;G 79B7D4HVKABW VAHBD@4JVW, 6>?RK4RK< 8BDB:AR 
@9D9:G. �<>BD<EFB6GRK< E9D6VE OSM, @B:A4 BFD<@4F< FBKAV 84AV CDB 
6V8EF4AP @V: @98<KA<@< ;4>?484@<, MB 8B;6B?ST A4@ 6>?RK4F< 
D94?VEF<KA<= K4E V 6V8EF4AP G A4LV 4?7BD<F@< BCF<@V;4JVW ?B7VEF<><. 
�<>BD<EF4AAS 84A<I OSM 74D4AFGT, MB 4A4?V; V CDBJ9E CD<=ASFFS DVL9AP 
�DGAFGTFPES A4 D94?PA<I G@B64I, CV86<MGRK< A48V=AVEFP V CD4>F<KAVEFP 
A4L<I 8BE?V8:9AP. 
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!4 D<E. 1. ;B5D4:9AB D9;G?PF4F DB;69S;4AAS @B89?PABW 86B9F4CABW 
;484KV DB;@VM9AAS ; F4><@< 6IV8A<@< 84A<@<: >V?P>VEFP @B:?<6<I 
D97VBA4?PA<I J9AFDV6 I = 4; >V?P>VEFP @B:?<6<I EG5D97VBA4?PA<I J9AFDV6 
J = 4; >V?P>VEFP E>?48V6 K = 5. �4DFVEFP DB;@VM9AAS @B:?<6<I 
D97VBA4?PA<I J9AFDV6 ;484AB 69>FBDB@ M = (45, 40, 45, 50), 89 ;A4K9AAS 
CB84RFPES 6 G@B6A<I B8<A<JSI (G.B.); 64DFVEFP DB;@VM9AAS @B:?<6<I 
EG5D97VBA4?PA<I J9AFDV6 ;484AB 69>FBDB@  
N = (50, 55, 50, 45) G.B.; 69>FBD ;4C4EV6 A4 D97VBA4?PA<I E>?484I r = (850, 
750, 800, 710) G.B.; 69>FBD< T@ABEFV EG5D97VBA4?PAB7B J9AFDG F4 E>?48V6:  
s = (790, 550, 680, 560) G.B.; d = (200, 330, 350, 420, 400) G.B.. �4DFBEFV 
C9D969;9AAS 8?S C9DLB7B F4 8DG7B7B DB;D4IB64AV 54;GRK<EP A4 D94?PA<I 
6V8EF4ASI.  

 

 
 
$<E. 1. - $9;G?PF4F DB;69S;4AAS @B89?PABW 86B9F4CABW ;484KV 

DB;@VM9AAS  
 

�8A=>2:8. � DB5BFV DB;7?SAGFB CD<>?48AG CDB5?9@G BCF<@V;4JVW 
?B7VEF<KAB7B CDBJ9EG G @98<KAV= 74?G;V. �4CDBCBAB64AB 6<>BD<EF4AAS 
86B9F4CABW ;484KV DB;@VM9AAS V; ;4EFBEG64AAS@ 79A9F<KAB7B CV8IB8G F4  
CDVBD<F9FAB7B >B8G64AAS. "EB5?<6VEFR @B89?V T B5@9:9AAS A4 
@4>E<@4?PAG >V?P>VEFP D97VBA4?PA<I F4 EG5D97VBA4?PA<I J9AFDV6, MB 
DB;@VMGRFPES. �6FBD4@< ;@VA9AB CDBJ98GDG BJVA>< IDB@BEB@< ;48?S 
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CB?VCL9AAS CDBJ9EG CB5G8B6< CBCG?SJVW. �4CDBCBAB64AV @B8<HV>4JVW 
C9D96VD9AB A4 @B89?PAV= ;484KV ; 6<>BD<EF4AAS@ D94?PA<I 84A<I.  

$B5BF4 T E>?48B6BR K4EF<ABR 8BE?V8:9AP ;4 89D:5R8:9FABR 
A4G>B6BR F9@BR 0123U100011 «�484KV 4A4?V;G, @B89?R64AAS F4 
BCF<@V;4JVW F9IAB?B7VKA<I CDBJ9EV6 G E>?48A<I E<EF9@4I DV;ABW 
CD<DB8<», MB 6<>BAGRFPES 6 !&' «�AVCDB6EP>4 CB?VF9IAV>4». 

 
�VB5@0BC@0 
1.  Lotfi M. A genetic algorithm using priority-based encoding with new 

operators for fixed charge transportation problems / M. Lotfi,  
R. Tavakkoli-Moghaddam. // Applied Soft Computing. 3 2013. 3 713. 3 pp. 
271132726. 

2. Mitsuo G. A genetic algorithm for two-stage transportation problem 
using priority-based encoding / G. Mitsuo, A. Fulya, L. Lin. // OR Spectrum. 
3 2006. 3 728. 3 pp. 3373354. 
 
 
 
���'�����*�/ %#"$��!�!"%&� ��!�� %"!/,!��' �� 

 "$("�"��+!� � "�!��� � 

%VD9A>B $.�. 
skriler222000@gmail.com 

!4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 
 
The author created the family relationships of sunflower lines 

visualization system with using graphs. Family connection is determined by 
the presence of a tolerance ratio, which is set by the researcher 

 
�V;G4?V;4JVS ECBDV8A9ABEFV ?VAV= EBASLA<>G ;4 @BDHB?B7B7VKA<@< 

B;A4>4@< 6>?RK4T 6 E959 6<>BD<EF4AAS 7D4HVKA<I @9FB8V6 F4 
VAEFDG@9AFV6 8?S CD98EF46?9AAS 84A<I CDB H9ABF<C DBE?<A. *9 @B:9 
8BCB@B7F< 8BE?V8A<>4@ 6<S6<F< 6;4T@B;6'S;>< F4 C4F9DA<, S>V A9 ;46:8< 
BK96<8AV ;4 8BCB@B7BR FD48<JV=A<I @9FB8V6 4A4?V;G. 

�4EFBEG64AAS 7D4HV6 8B;6B?ST CD98EF46<F< 6AGFDVLAV ;69S;>< @V: 
B59T>F4@<, S>V BC<E4AB 69?<><@< @4E<64@< 84A<I. �?S CD98EF46?9AAS 
84A<I A4 7D4H4I A9B5IV8AB B5D4F< F<C 6V8ABL9AAS F4 ECBEV5 =B7B 
CD98EF46?9AAS A4 7D4HV [1].  

*V??R 8BE?V8:9AAS 5G?B EF6BD9AAS 7AGK>B7B VAEFDG@9AFG 8?S 
CDB6989AAS 8BE?V8A<JP>BW DB5BF< H4IV6JS CB 6<S6?9AAR DB8<AA<I 
;69S;>V6 ?VAV= EBASLA<>G ;4 EF4F<EF<KA<@< 84A<@< CB?PB6B7B 
9>EC9D<@9AFG, S>V 47D97B64AV 6 9?9>FDBAA<I F45?<JSI MS Excel (D<E 1). 

mailto:skriler222000@gmail.com
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"K96<8A<@< 6<@B74@< 5G?B A484AAS @B:?<6BEFV BC<EG 6V8ABL9AAS 
FB?9D4AFABEFV F4 6<;A4K9AAS C4D4@9FDV6 JPB7B 6V8ABL9AAS, 4 F4>B: 
@B:?<6VEFR 6V;G4?V;4JVW DB8<AA<I ;69S;>V6 ;4 8BCB@B7BR 7D4H4 [2]. 

 

 
 
$<E.1 3 �4AV CDB ?VAVW EBASLA<>G 
 
�G?B B5D4AB F4>V 6V8ABL9AAS, MB @4RFP 5GF< 6V8B5D4:9AB A4 7D4HV. 

�V8ABL9AAS «#D<A4?9:AVEFP 7DGCV» 6V8B5D4:4TFPES >B?PBDB@, ;7V8AB 
DB;@VF><, MB B5D4A4 8BE?V8A<>B@ (D<E 1). �V8ABL9AAS FB?9D4AFABEFV 
BC<EGTFPES  «@VAV@4?PABR >V?P>VEFR EIB:<I I4D4>F9D<EF<> 6 @9:4I 
8BCGEF<@BW CBI<5>< 8?S K<E?B6<I ;A4K9AP ;4 C96A<@< I4D4>F9D<EF<>4@< 
6 C96AV= 7DGCV ?VAV= EBASLA<>G». !4S6AVEFP F4>B7B 6V8ABL9AAS @V: 
?VAVS@< EBASLA<>G CD98EF46?9AB A4 7D4HV D95DB@ 45B 8G7BR. 

!4 D<EGA>G 2 CD98EF46?9AB BEAB6AV 9F4C< DB5BF< CDB7D4@AB7B 
;4EFBEGA>G 8?S 8BE?V8:9AAS ECBDV8A9ABEFV ?VAV= EBASLA<>G ;4 
H9ABF<CB@, F4>V S> ;464AF4:9AAS 84A<I ; Excel, 6;4T@B8VS ; 54;BR 84A<I, 
4A4?V; 84A<I ;4 8BCB@B7BR @9FB8V6 >?4E<HV>4JVW, A4?4LFG64AAS 6IV8A<I 
C4D4@9FDV6, CB5G8B64 7D4H4 DB8<AA<I ;6'S;>V6, 6V;G4?V;4JVS D9;G?PF4FV6. 
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4)     5) 
 
$<E. 2 3 #DB7D4@A<= ;4EFBEGAB> 6V8F6BDRT 4) EFDG>FGDAG EI9@G F4  

5)A484T @B:?<6VEFP B5<D4F< C4D4@9FD< 6V8ABL9AAS FB?9D4AFABEFV G 6V>AV 
A4?4LFG64AP  

 
#DB6989@B 9>EC9D<@9AF< F4 CD98EF46<@B WIAV D9;G?PF4F< (D<E.3). 

!4;64 69DL<A< T A4;6BR 6V8CB6V8ABW ?VAVW EBASLA<>G, 4 ?VAVW B8AVTW 7DGC< 
@4RFP B8A4>B6<= >B?VD. �?S CB5G8B6< D95D4 @V: 69DL<A4@< 
6<;A4K4TFPES A4S6AVEFR DB8<AA<I ;69S;>V6 @V: A<@<. �?S JPB7B 
CBDV6ARTFPES I4D4>F9D<EF<>< >B:ABW ?VAVW ; GEV@4 VAL<@<, 
6<>BD<EFB6GRK< 4?7BD<F@ CB6AB7B C9D95BDG. +<E?B6V 84AV CBDV6ARRFPES 
; C96ABR 8BCGEF<@BR CBI<5>BR, S>4 ;4 ;4@B6KG64AAS@ EF4AB6<FP 10%. 
�DV@ FB7B, 6EF4AB6?RTFPES @VAV@4?PA4 >V?P>VEFP EIB:<I I4D4>F9D<EF<>, 
S>4 CBFDV5A4 8?S 6<;A4K9AAS DB8<AAB7B ;6'S;>G. �4 ;4@B6KG64AAS@ J9 
;A4K9AAS EF4AB6<FP 40 ; 75 A4S6A<I I4D4>F9D<EF<>.  

#9DL<I 864 9>EC9D<@9AF< CD98EF46?9AV A4 D<EGA>4I 3 4) F4 3 5). �4AV 
8?S 9>EC9D<@9AFG 5) A46B8<@B G 8G:>4I. �<;A4K<@B ;A4K9AAS 
C4D4@9FDV6.  VAV@4?PAG >V?P>VEFP EIB:<I I4D4>F9D<EF<> B59D9@B 40 (50), 
8BCGEF<@G CBI<5>G 6<59D9@B 10 (25)%. �DGC< 6EV. #BDV6ARRK<  D<EGA>< 
3 4) F4 3 5) @B:A4 CB54K<F<, MB >V?P>VEFP 6V?PA<I 69DL<A EF4?4 5V?PLBR, 
4 5V?PLVEFP ?VAV= EBASLA<>G ; >B:ABW CV87DGC< CB69S;4AV @V: EB5BR 45B 
: A9 CB69S;4AV ; :B8ABW.  
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4)     5) 
$<E.3 3 �?9@9AF Graph Viewer ; 7D4HB@, S><= CB5G8B64AB ;4 8BCB@B7BR 
4?7BD<F@G 5474FB6<@VDAB7B L>4?R64AAS 4) ; C4D4@9FD4@< @VAV@4?PA4 
>V?P>VEFP EIB:<I I4D4>F9D<EF<> 40, 8BCGEF<@4 CBI<5>4 10%, 5) ; 
C4D4@9FD4@< @VAV@4?PA4 >V?P>VEFP EIB:<I I4D4>F9D<EF<> 50, 8BCGEF<@4 
CBI<5>4 25% 

 
$B;7?SA9@B @B:?<6BEFV E<EF9@< CB CD98EF46?9AAR ;469S;>V6 

DV;A<@< 4?7BD<F@4@< CB5G8B6< 7D4HV6, 8?S CB>D4M9AAS ECD<=ASFFS 
FBCB?B7VKABW EFDG>FGD< 7D4H4 [3,4]. �BFD<@4AAS B8ABK4EAB 6EVI 6<@B7 8B 
9EF9F<KAB7B CD98EF46?9AAS 7D4H4 T A9@B:?<6<@ K9D9; WIAV= 
>BA>GD9AFA<= I4D4>F9D. %9D98 F4><I CD46<? T: @VAV@G@ C9D9F<AV6 D959D; 
EG@V:AV 69DL<A< DB;F4LB6GRFPES CBDGK; 69DL<A<, ; 5V?PLBR >V?P>VEFR 
;469S;>V6 GF6BDRRFP >?4EF9D; DB;@VM9AAS 69DL<A F4 D959D DV6AB@VDAB. 
$V;AV 4?7BD<@< CD98EF46?9AAS 7D4HV6 8B;6B?SRFP CB-DV;AB@G 6<>BAG64F< 
JV CD46<?4. �B?B6AV A4CDS@>< DB;DB5>< 4?7BD<F@V6 6V;G4?V;4JVW 7D4HV6: 
E<?B6V 4?7BD<F@<; 9A9D79F<KAV 4?7BD<F@<; 4?7BD<F@< ;@9AL9AAS 
DB;@VDABEFV, 4?7BD<F@< A4 BEAB6V B5@9:9AP F4 BEB5?<6BEF9=. � DB5BFV [4] 
46FBDB@ E>?489AB ;6989AG F45?<JR CBDV6ASAP DV;A<I 4?7BD<F@V6 ;4 
C4D4@9FD4@< L6<8>B8VW, @VAV@G@G C9D9F<AV6 D959D, E<@9FDVW, 8B6:<A< 
D959D, DV6AB@VDAB7B DB;CB8V?9AAS 69DL<A, DB;@VDG 7D4H4.  

%<EF9@4 8B;6B?ST 8BE?V8A<>G E4@BEFV=AB B5D4F< CDVBD<F9FA<= 8?S 
APB7B 64DV4AF. #DB6989@B 9>EC9D<@9AF ; 84A<@< EPB@BW 7DGC< F4 
;4EFBEGT@B DV;AV 4?7BD<F@< 8?S CD98EF46?9AAS DB8<AA<I ;469S;>V6. 
#B5G8GT@B 7D4H (D<E. 4) 8?S EPB@BW CV87DGC< C4D4@9FD4@<: @VAV@4?PA4 
>V?P>VEFP EIB:<I I4D4>F9D<EF<> - 40, 8BCGEF<@4 CBI<5>4 - 15%. 
)4D4>F9D<EF<>< 8?S C9D96VD>< 6>?RK4RFP GEV. �?S 6V;G4?V;4JVW 7D4H4 
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5G89@B 6<>BD<EFB6G64F< 4?7BD<F@ 5474FB6<@VDAB7B L>4?R64AAS F4 
4?7BD<F@ %G7VS@<.  

 

4)      5) 
$<E. 4 3 �D4H 7DGC< 7, 4) CB5G8B64A<= ;4 8BCB@B7BR 4?7BD<F@G 

5474FB6<@VDAB7B L>4?R64AAS; 5) CB5G8B64A<= ;4 8BCB@B7BR 4?7BD<F@G 
%G7VS@< 

 
3> @B:A4 CB54K<F< A4 D<EGA>G 4 4) F4 4 5) DB;F4LG64AAS 69DL<A 

;@VARTFPES, F4 DV69AP CDB;BDBEFV FBCB?B7VKABW EFDG>FGD< 8BE?V8A<> @B:9 
B5D4F< E4@BEFV=AB. 

#DB7D4@A<= ;4EFBEGAB> D94?V;B64A<= A4 @B6V CDB7D4@G64AAS C# 6 
E9D98B6<MV Visual Studio ;V ;4EFBEG64AAS@ 5V5?VBF9> ExcelDataReader F4 
Microsoft.Msagl F4 F9IAB?B7V= ADO NET. 

$B5BF4 6<>BA4A4 6 D4@>4I 8B7B6BDG CDB ECV6DB5VFA<JF6B @V: 
�AEF<FGFB@ B?V=A<I >G?PFGD !��!' F4 !' «�4CBDV;P>4 CB?VF9IAV>4», 
!�$ 0121U113264 «$B;6<FB> @9FB8V6 8BE?V8:9AAS E>?48A<I EBJV4?PAB-
9>BAB@VKA<I E<EF9@ A4 BEAB6V VAF9?9>FG4?PA<I F9IAB?B7V=» (2021-
2024DD). 

 
�VB5@0BC@0 
1. #9D9C9?<JS �."., �B;VA �.�., &9D9M9A>B �.�. �484KV >?4E<HV>4JVW: 

CV8IB8<, @9FB8<, 4?7BD<F@< : @BAB7D4HVS. �4CBDV::S: #B?V7D4H, 2008. 
188 E.  

2. �SL9A>B "., �V?9AP><= ". �V;G4?V;4JVS 84A<I. �BE?V8A<JP>4 
4A4?VF<>4 V CD9;9AF4JVS 84A<I [&9>EF] / ". �SL9A>B, ". �V?9AP><=. - �<W6: 
�<846A<JF6B "%?B6B", 2018. - 192 E. 
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3. �D<M9A>B, �. �. �V;G4?V;4JVS 84A<I G 6<7?S8V 7D4H4 8?S 4A4?V;G F4 
8BE?V8:9AAS 69?<><I 84A<I. #DB5?9@< CDB7D4@G64AAS [&9>EF] / �. 
�D<M9A>B, 2016, 7 1-2, E. 158-167. 

4. %VD9A>B, $.%. #BDV6ASAAS 4?7BD<F@V6 6V;G4?V;4JVW 7D4HV6 [&9>EF] / 
$. %VD9A>B // �AHBD@4JV=AV F9IAB?B7VW: F9BDVS V CD4>F<>4: &9;< 8BCB6V89= 
V�-W �E9G>D4WAEP>BW A4G>B6B-CD4>F<KABW VAF9DA9F->BAH9D9AJVW ;8B5G64KV6 
6<MBW BE6VF< V @B?B8<I GK9A<I, 2023 D., @. )4D>V6) [�?9>FDBAA<= D9EGDE]. 
3 )4D>V6 : )!' � V@9AV". .�9>9FB64, 2023. %.164-166 
 
 
 

 �!� ���*�/ +�%&�"�" ���!�+�!�) �'����) 
('!�*��  �&"�"  "�$��!�) #�$�&�"$�!0 

 <I4=?B %B?B@>B 
!4JVBA4?PA<= GAV69DE<F9F 6B8AB7B 7BECB84DEF64 F4 

CD<DB8B>BD<EFG64AAO 
 

MINIMIZATION OF PARTIALLY DEFINED BOOLEAN 

FUNCTIONS BY THE METHOD OF FIGURATIVE 

TRANSFORMATIONS 

 
Abstract. The conducted studies have established that the method of 

image transformations makes it possible to reduce the complexity of the 
minimization procedure of partially defined Boolean functions without loss of 
functionality, compared to sorting through binary definitions. The 
interpretation of the result is that the combinatorial systems 2-(n, b)-design, 2-
(n, x/b)-design represent logical operations. Therefore, the detection of such 
combinatorial systems in the truth table of logical functions directly and 
unambiguously establishes the location for equivalent transformations of 
Boolean expressions. This, in turn, implies an algorithm for simplifying 
Boolean functions, including partially defined Boolean functions. 

 
#D< 6<7BFB6?9AV J<HDB6<I CD<EFDBW6 6<A<>4RFP E<FG4JVW, >B?< 

5G?964 HGA>JVS A9 6<;A4K9A4 A4 6EVI A45BD4I ;@VAA<I. �?S CB8B?4AAS 
F4>B7B F<CG A96<;A4K9ABEFV CD< EF6BD9AAV 4A4?VF<KABW @B89?V J<HDB6B7B 
CD<EFDBR ;4EFBEB6GRFP CDBJ98GDG 8B6<;A4K9AAS HGA>JVW A4 
A96<;A4K9A<I A45BD4I. �4;A4K9A9 8B6<;A4K9AAS T CBFG:A<@ EFGC9A9@ 
E6B5B8< F4 D9EGDEB@ S>VEABW BCF<@V;4JVW K4EF>B6B 6<;A4K9A<I 5G?96<I 
HGA>JV=. 

�EAGT 864 ECBEB5< 8B6<;A4K9AAS HGA>JV=: 
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2 f1(x1, x2, & xn) A4 6EVI A96<;A4K9A<I A45BD4I 6<IV8A4 HGA>JVS f (x1, 
x2, & xn) 8B6<;A4K4TFPES B8<A<JS@<; 

2 f0(x1, x2, & xn) A4 6EVI A96<;A4K9A<I A45BD4I 6<IV8A4 HGA>JVS f(x1, 
x2, & xn) 8B6<;A4K4TFPES AG?S@<. 

&B8V F9BD9@4 �64=A4, A4 D4;V, 6<6B8<FP A4EFGCA9 F69D8:9AAS: 
@VAV@4?PA4 8<;9RA>F<6A4 ABD@4?PA4 HBD@4 (�!() A9 CB6AVEFR 
6<;A4K9ABW 5G?96BW HGA>JVW 6<;A4K4TFPES S> 8<;9RA>JVS A4=5V?PL 
>BDBF><I V@C?V>4AF HGA>JVW. *V V@C?V>4AF< 6 EG>GCABEFV CB>D<64RFP GEV 
@VAF9D@< 8BE>BA4?BW 8<;9RA>F<6ABW ABD@4?PABW HBD@< (��!() HGA>JVW, 
CD<KB@G E9D98 B5D4A<I CDBEF<I V@C?V>4AF 6V8EGFAV ;4=6V [1].  

�G?96V HGA>JVW T B>D9@<@ 6<C48>B@ A9 CB6AVEFR 6<;A4K9A<I 
HGA>JV=. !9 CB6AVEFR 6<;A4K9AV 5G?96V HGA>JVW @B:GFP 5GF< 
CD98EF46?9AV ;4 8BCB@B7BR CB6AVEFR 6<;A4K9A<I 5G?96<I HGA>JV=, S>V 
BFD<@GRFPES ;4 8BCB@B7BR 6V8CB6V8A<I 8B6<;A4K9AP (C9D95<D4RK< 6EV 
@B:?<6V CV8EF4AB6>< 0 45B 1 ;4@VEFP «2» don9t care 3 54=8G:9 45B 
A96<;A4K9A9 ;A4K9AAS) [2]. &B8V CDBJ98GDG @VAV@V;4JVW K4EF>B6B 
6<;A4K9ABW 5G?96BW HGA>JVW CBFDV5AB CDB6B8<F< A4 >B:AV= 6<;A4K9AV= 
HGA>JVW F4 B5D4F< BCF<@4?PA<= D9;G?PF4F. 

�V ;5V?PL9AAS@ >V?P>BEFV A96<;A4K9A<I A45BDV6 @AB:<A4 CB6AVEFR 
6<;A4K9A<I 5G?96<I HGA>JV= EGFFT6B ;5V?PLGTFPES. �?S E9@<, A4CD<>?48, 
A96<;A4K9A<I A45BDV6 ;@VAA<I VEAGT 27=128 DV;A<I ECBEB5V6 5VA4DAB7B 
8B6<;A4K9AAS K4EF>B6B 6<;A4K9A<I 5G?96<I HGA>JV=, V, BF:9, E>?48AVEFP 
CDBJ98GD< @VAV@V;4JVW HGA>JVW 5G89 ;DBEF4F<. 

&4><@ K<AB@, 4>FG4?PA<@ 4EC9>FB@ F9BD9F<KA<I A4G>B6<I 
8BE?V8:9AP ; @VAV@V;4JVW K4EF>B6B 6<;A4K9A<I 5G?96<I HGA>JV= @9FB8B@ 
B5D4;A<I C9D9F6BD9AP T: 

3 ;@9AL9AAS >V?P>BEFV ECBEB5V6 5VA4DAB7B 8B6<;A4K9AAS K4EF>B6B 
6<;A4K9A<I 5G?96<I HGA>JV=; 

3 6<S6?9AAS @B:?<6BEF9= 68BE>BA4?9AAS CDBJ98GD< @VAV@V;4JVW F4 
DB;L<D9AAS 4C4D4FG E<AF9;G J<HDB6<I >B@CBA9AFV6 A4 BEAB6V K4EF>B6B 
6<;A4K9A<I 5G?96<I HGA>JV= 8?S ;4EFBEG64AAS WI G J<HDB6<I 
F9IAB?B7VSI.  

 
�8O2;5==O ;>:0FV9 @V2=>A8;L=8E ?5@5B2>@5=L 70 4>?><>3>N 

:><1V=0B>@=8E A8AB5< 22(n, b)-design, 22(n, x/b)-design 

�EAGT 864 F<C< A96<;A4K9ABEFV 8?S E<EF9@< A4 CD4>F<JV (D<E. 1): ;4 
6IB8B@ V ;4 6<IB8B@ (45B 6IV8A4 8VS A9 @B:9 A48V=F< ;;B6AV, 45B D94>JVS 
E<EF9@< A4 6IV8AG 8VR A964:?<64). 
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                                 $<E. 1. !96<;A4K9ABEFV G E<EF9@V 
 

+4EF>B6B 6<;A4K9AG 5G?96G HGA>JVR @B:A4 CB84F< @AB:<ABR 
CB6AVEFR 6<;A4K9A<I 5G?96<I HGA>JV=, S>V BFD<@GRFPES ;4 8BCB@B7BR 
6V8CB6V8A<I 8B6<;A4K9AP (C9D95<D4RK< 6EV @B:?<6V CV8EF4AB6>< 0 45B 1 
;4@VEFP «2») (D<E. 2). &B8V CDBJ98GDG @VAV@V;4JVW K4EF>B6B 6<;A4K9ABW 
5G?96BW HGA>JVW CBFDV5AB CDB6B8<F< A4 >B:AV= 6<;A4K9AV= HGA>JVW F4 
B5D4F< BCF<@4?PA<= D9;G?PF4F. 

 

         
 

$<E. 2. +4EF>B6B 6<;A4K9A4 5G?964 HGA>JVS f(x1, x2, x3) CB84A4 
@AB:<ABR ; 22=4 CB6AVEFR 6<;A4K9A<I 5G?96<I HGA>JV= f(x1, x2, x3) 
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�V ;5V?PL9AAS@ >V?P>BEFV A96<;A4K9A<I A45BDV6 @AB:<A4 CB6AVEFR 

6<;A4K9A<I HGA>JV= EGFFT6B ;5V?PLGTFPES. �?S L9EF<, A4CD<>?48, 
A96<;A4K9A<I A45BDV6 ;@VAA<I VEAGT 26=64 DV;A<I ECBEB5V6 5VA4DAB7B 
8B6<;A4K9AAS K4EF>B6B 6<;A4K9A<I 5G?96<I HGA>JV=, V, BF:9, E>?48AVEFP 
CDBJ98GD< @VAV@V;4JVW HGA>JVW 5G89 ;DBEF4F<. 

�?S ;@9AL9AAS >V?P>BEFV ECBEB5V6 5VA4DAB7B 8B6<;A4K9AAS K4EF>B6B 
6<;A4K9A<I 5G?96<I HGA>JV= CBFDV5AB B5<D4F< F4>G 5VA4DAG 
>BAHV7GD4JVR, S>4 ;459;C9K<FP G@B6< 8?S CDB6989AAS BC9D4JV= EGC9D-
E>?9R64AAS ;@VAA<I F4/45B CDBEFB7B E>?9R64AAS ;@VAA<I. � F4>B: 5G89 
6>RK4F< 6 E959 6<;A4K9AV A45BD< ;@VAA<I V K4EF<AG A96<;A4K9A<I A45BDV6 
;@VAA<I, ;B>D9@4. �?S DS8G K4EF>B6B 6<;A4K9A<I 5G?96<I HGA>JV= 
BCF<@4?PA4 WI @VAV@V;4JVS 5G89 6<@474F< 6<>BD<EF4AAS 6EVI 
A96<;A4K9A<I A45BDV6 ;@VAA<I.  

�B@5VA4FBDAV E<EF9@< 22(n, b)-design, 22(n, x/b)-design, S>V 6IB8SFP 
8B E>?48G 5VA4DA<I EFDG>FGD F45?<JP VEF<AABEFV ;459;C9KGRFP 
B8AB;A4KA9 6<S6?9AAS ?B>4JV= DV6ABE<?PA<I C9D9F6BD9AP 8?S ECDBM9AAS 
5G?96<I HGA>JV=. �EF4AB6?9A9 @VEJ9 DV6ABE<?PA<I C9D9F6BD9AP V@C?V>GT 
4?7BD<F@ @VAV@V;4JVW 5G?96<I HGA>JV=. &4><@ K<AB@ E<EF9@< 22(n, b)-
design, 22(n, x/b)-design @4RFP VAHBD@4JV=AG T@AVEFP, MB 8B;6B?ST ; 
9H9>FB@ ;4@VA<F< 5VA4DA9 8B6<;A4K9AAS K4EF>B6B 6<;A4K9A<I 5G?96<I 
HGA>JV=, S> FB A4 D<E. 2, A4 @9FB8 B5D4;A<I C9D9F6BD9AP. *9, G E6BR 
K9D7G, 84T ;@B7G 59; 6FD4F< HGA>JVBA4?PABEFV ;@9AL<F< E>?48AVEFP 
CDBJ98GD< @VAV@V;4JVW, CBDV6ASAB ; C9D95BDB@ 5VA4DA<I 8B6<;A4K9AP 
K4EF>B6B 6<;A4K9A<I 5G?96<I HGA>JV=.  

#D<>?48 1. +4EF>B6B 6<;A4K9A4 5G?964 HGA>JVS f(A, B, C, D) ;484A4 
F45?<J9R VEF<AABEFV (F45?. 1). �A4=F< @VAV@4?PAG �!( [3].  

 
&45?<JS 1 
&45?<JS VEF<AABEFV K4EF>B6B 6<;A4K9ABW 5G?96BW HGA>JVW f(A, B, C, D) 

 
7 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 
x1 0 0 0 0 0 0 0 0 1 1 1 1 1 1 1 1 
x2 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 1 
x3 0 0 1 1 0 0 1 1 0 0 1 1 0 0 1 1 
x4 0 1 0 1 0 1 0 1 0 1 0 1 0 1 0 1 
f 1 0 7 7 1 0 7 0 0 0 0 7 1 0 0 0 

 
$B;69O;B>:  
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( )&��$

0 0 0 0

0 1 0 0
0 0

0
0

, , ,

0 1

4 1
1 0 0 1

12 1 1 0 0 1
.1 1 0 0 1 1 0 0 1

2
0 1 1 0 0 1 1

3 0 0 1 1
1 0 1 1 1 0 1 1

6

11 1 0 1 1

0 1 0

0 1 1 0

f A B C D

7 A B C D f

A B C D f A B C D f

=

= = =
2

2 2
2

2 2
2
2

  (1) 

 
#9DL4 @4FD<JS 6<D4;G (1) CD98EF46?ST F45?<JR VEF<AABEFV K4EF>B6B 

6<;A4K9ABW �!( HGA>JVW f(A, B, C, D) (F45?. 1). �B 5?B>V6 0, 4, 2, 6 
;4EFBEB64AB BC9D4JVR EGC9D-E>?9R64AAS ;@VAA<I [4]. $9;G?PF4F ?B7VKA<I 
BC9D4JV= C9DLBW @4FD<JV ;4C<E4AB 8B 8DG7BW @4FD<JV 6<D4;G (1). 

 VAV@4?PA4 �!( @4T 6<7?S8:  
 

                                   ( ), , , .f A B C D AD BCD= +                 (2) 

 
�V8@VK4T@B, MB A96<;A4K9AV A45BD< ;@VAA<I 3, 11 CV8 K4E 

ECDBM9AAS HGA>JVW f(A, B, C, D) (F45?. 1) @9FB8B@ B5D4;A<I C9D9F6BD9AP 
A9 5G?< 6<>BD<EF4AV. *9 G CV8EG@>G ;@9AL<?B ;474?PAG E>?48AVEFP 
ECDBM9AAS HGA>JVW. $9;G?PF4F @VAV@V;4JVW (2) ECV6C484T ; [3]. 

!4 6V8@VAG 6V8 5VA4DA<I 8B6<;A4K9AP, 6 DB;7?SAGFB@G CD<>?48V, 
6EPB7B B8A4 >B@5VA4FBDA4 E<EF9@4 22(2, 4)-design 6EF4AB6?RT ?B>4JVR 
CBFDV5A<I DV6ABE<?PA<I C9D9F6BD9AP. *9 ;@9ALGT E>?48AVEFP CDBJ98GD< 
@VAV@V;4JVW, CBDV6ASAB ; C9D95BDB@ 8B6<;A4K9A<I HGA>JV=, 84T D9;G?PF4F 
ECDBM9AAS 59; 6FD4F< HGA>JVBA4?PABEFV ;484ABW 5G?96BW HGA>JVW F4 
;459;C9KGT 9H9>F<6AVEFP ;4@VA< 5VA4DA<I 8B6<;A4K9AP A4 @9FB8 B5D4;A<I 
C9D9F6BD9AP. 
 

&>G=89 B0 52@8AB8G=89 <5B>4 A?@>I5==O G0AB:>2> 287=0G5=8E 
1C;528E DC=:FV9  

�4 8BCB@B7BR FBKAB7B @9FB8G ECDBM9AAS 5G?96<I HGA>JV= @B:A4 
BJVAR64F< S>VEFP 96D<EF<KA<I @9FB8V6, V A46VFP 6<;A4K4F< A4CDS@B> 
EF6BD9AAS 96D<EF<KAB7B @9FB8G [5]. 

#D<>?48 2.  9FB8B@ B5D4;A<I C9D9F6BD9AP ECDBEF<F< �!( 
K4EF>B6B 6<;A4K9ABW HGA>JVW f(x1, x2, x3, x4, x5, x6), S>4 CD98EF46?9A4 
>4DFBR �4DAB [6]. 
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$<E. 3. +4EF>B6B 6<;A4K9A4 5G?964 HGA>JVS L9EF< ;@VAA<I (>4DF4 

�4DAB) 
 

$B;6'O;B>: 
#9DL4 @4FD<JS 6<D4;G (3) CD98EF46?ST F45?<JR VEF<AABEFV 

K4EF>B6B 6<;A4K9ABW �!( HGA>JVW f(x1,x2,x3,x4,x5,x6) (D<E. 3). 
�B 5?B>V6 13, 33, 37, 49, 53, 1, 5, 9, 17, 21, 25, 29, 41, 45, 57, 61, MB 

E>?484RFP CB6AG >B@5VA4FBDAG E<EF9@G 22(4, 16)-design F4 8B 5?B>V6 4, 6, 
34, 0, 2, 32, 36, 38, MB E>?484RFP CB6AG >B@5VA4FBDAG E<EF9@G 22(3, 8)-
design, 4 F4>B: 8B 5?B>V6 46, 47, 62, 63, MB E>?484RFP CB6AG >B@5VA4FBDAG 
E<EF9@G 22(2, 4)-design ;4EFBEGT@B BC9D4JVR EGC9D-E>?9R64AAS ;@VAA<I 
[4]. �B 5?B>V6 24, 16 F4 26, 18, 4 F4>B: 8B 5?B>V6 27, 19 ;4EFBEGT@B 
BC9D4JVR CDBEFB7B E>?9R64AAS ;@VAA<I. $9;G?PF4F ;4;A4K9A<I ?B7VKA<I 
BC9D4JV= ;4C<EGT@B 8B 8DG7BW @4FD<JV 6<D4;G (3). ' 8DG7V= @4FD<JV 6<D4;G 
(3) A96<;A4K9AV A45BD< ;@VAA<I A9 6V8B5D4:4RFPES, BE>V?P>< 6BA< A9 
CD<=@4RFP GK4EFP G CB84?PLB@G ECDBM9AAV HGA>JVW. 

' CV8EG@>G BFD<@4A4 @VAV@4?PA4 HGA>JVS 
 

< 4 >J 2 3 6 5 6 1 2 4 1 3 4 5 ,f x x x x x x x x x x x x= + + +     (4) 

 
S>4 @VEF<FP A4 864 ?VF9D4?< @9AL9, CBDV6ASAB ;V ECDBM9AAS@ ;4 
8BCB@B7BR 96D<EF<KAB7B @9FB8G [6]. 

�BLF D94?V;4JVW BFD<@4ABW @VAV@4?PABW HGA>JVW (4) @9FB8B@ 
B5D4;A<I C9D9F6BD9AP E>?484T / / 4 / 12/ 6,

l in
k k kñ =  89 k», kl, kin 3 >V?P>VEFP 

>BA9RA>F9D@V6, ?VF9D4?V6 F4 VA69DFBDV6 6V8CB6V8AB. 
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 VAV@4?PA4 HGA>JVS, BFD<@4A4 96D<EF<KA<@ @9FB8B@ [6] @4T 
6<7?S8: 

 

< 4 >J ,f ef bcf ce acd acde= + + + +  

 
; >BLFB@ D94?V;4JVW / / 5/ 14/ 8.

l in
k k kñ =  

 

�VB5@0BC@0 
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RANDOM FOREST: FINDING ANOMALIES IN COMPUTER 

NETWORKS 

 

Abstract. Random Forest is one of the most popular and commonly used 
algorithms by Data Scientists. Random forest is a Supervised Machine 
Learning Algorithm that is used widely in Classification and Regression 
problems. It builds decision trees on different samples and takes their majority 
vote for classification and average in case of regression. One of the most 
important features of the Random Forest Algorithm is that it can handle the 
data set containing continuous variables, as in the case of regression, and 
categorical variables, as in the case of classification.  

 
#>AB0=>2:0 ?@>1;5<8. �<S6?9AAS 4AB@4?V= CB698VA>< @9D9:V 3 J9 

CDBJ9E @BAVFBD<A7G >BDCBD4F<6A<I @9D9: 8?S 6<S6?9AAS A9ABD@4?PABW 
CB698VA><. #VE?S 6<S6?9AAS 4AB@4?VW HGA>JVS 6<S6?9AAS 4AB@4?VW 
CB698VA>< @9D9:V 45B VAVJVRT 46FB@4F<KAG 6V8CB6V8P, 45B ECB6VM4T 7DGC< 
59;C9><. #DB5?9@< 6 >B@C'RF9DA<I @9D9:4I 6<S6?SRFPES S> 6<>?<>4AV 
A<@< 4AB@4?VW FD4HV>G[1]. �474?B@, 4AB@4?VS 3 J9 F9, MB EGC9D9K<FP 
BKV>G64AAS@. !4CD<>?48, CBL>B8:9A<= >B@GF4FBD @B:9 EF6BD<F< 
A9BKV>G64A<= FD4HV> 6 VALV= K4EF<AV @9D9:V 45B AB6V >B8< CB@<?B> 
CBK<A4RFP ;9S6?SF<ES, >B?< E?G:54 A9 CD4JRT. 'EGA9AAS A9ECD46ABEF9= 
@9D9:V �DGAFGTFPES A4 4AB@4?VSI @9D9:V. #9DL<= @9FB8 >?4E<HV>4JVW 
4AB@4?V= ;4EAB64A<= A4 FB@G, K<@ 6BA< 6V8DV;ASRFPES 6V8 ;6<K4=AB7B 
ECV?>G64AAS. �AB@4?VW @B:GFP 6V8DV;ASF<ES ;4 F<CB@ C9D984A<I 84A<I 
(CB698VA>B6V), ;4 >V?P>VEFR C9D984A<I 84A<I (;4 B5ES7B@) 45B ;4 B5B@4 
>D<F9DVS@<. �AL<= ECBEV5 >?4E<HV>4JVW 4AB@4?V= - J9 ;4?9:AB 6V8 WI 
CD<K<A<: 

1. !9?R8EP>4 CB@<?>4 - ;5V= B5?48A4AAS 45B C9D9D<64AAS 
D48VB;6'S;>G K9D9; CB7B8G. 

2. �R8EP>4 CB@<?>4 - ;5V= E?G:5< @9D9:V, ECD<K<A9A<= 
A9CD46<?PABR >BAHV7GD4JVTR 45B 6<C48>B6<@ 6V89T8A4AAS@ @9D9:96B7B 
>459?R. 

3. �?B6@<EA4 8VS?PAVEFP ?R8<A< 3 6AGFDVLAS 4F4>4, >B?< 
A9;48B6B?9A<= ECV6DB5VFA<> >B@C4AVW CBL>B8:GT @9D9:96<= CD<AF9D, 
45B ;B6AVLAS 4F4>4, >B?< ;?B6@<EA<> A4@474TFPES 6<@>AGF< @9D9:G F4 
;4684F< L>B8< D9CGF4JVW.  

"8A<@ ; @9FB8V6 6<S6?9AAS 4AB@4?V= G >B@C9RF9DA<I @9D9:4I T 
6<C48>B6<= ?VE[2]. �?S 8BE?V8:9AAS DB5BF< 4?7BD<F@G 6<C48>B6B7B ?VEG 
DB;7?SA9@B =B7B DB5BFG G 7V5D<8AV= E<EF9@V 6<S6?9AAS 6FBD7A9AP A4 
BEAB6V >B@5VA4JVW 6<C48>B6B7B ?VEG F4 46FB9A>B89D4. 
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 >45;L A8AB5<8. "E>V?P>< @9FB8< @9D9:96<I 4F4> GE>?48ARRFPES, 

BFD<@4F< ;D4;>< 6EVI F<CV6 4F4> EF4T E>?48AB. #V8 K4E ;GEFDVKV ; 
A96V8B@<@< 4F4>4@< CV8 K4E H4;< 6<S6?9AAS >BAFDB?PB64A<= 
>?4E<HV>4FBD @B:9 CB74AB G;474?PAR64F< D9;G?PF4F, MB @B:9 CD<;69EF< 
8B A9CD46<?PABW >?4E<HV>4JVW 8?S J<I ;D4;>V6 V ;A<:9AAS DV6AS 6<S6?9AAS. 
-B5 6CBD4F<ES ; JVTR CDB5?9@BR, 8BE?V8A<>< ECDB5G64?< EF6BD<F< 
@B89?P E<EF9@< 6<S6?9AAS 6FBD7A9AP, S>4 FD9AGTFPES FV?P>< A4 ;6<K4=A<I 
84A<I, F4><I S> 46FB9A>B89D[3]. �VA CD98EF46?ST EB5BR EC9JV4?PAG 
A9>BAFDB?PB64AG A9=DBAAG @9D9:G. "E>V?P>< 6BA4 @B:9 6V8AB6<F< 6IV8AV 
84AV, CB@<?>4 D9>BAEFDG>JVW @B:9 E?G:<F< CB>4;A<>B@ 4AB@4?VW 8?S WW 
6<S6?9AAS. �6FB9A>B89D ;4;6<K4= @4T EFDG>FGDG E<@9FDVW. �B7B @B:A4 
DB;8V?<F< A4 86V K4EF<A<: >B89D V 89>B89D. &4>4 E<EF9@4 A4@474TFPES 
S>B@B74 5V?PL9 D9>BAEFDGR64F< BD<7VA4?PAV 6IV8AV 84AV. � >B89D, V 
89>B89D E>?484RFPES ; >V?P>BI CD<IB64A<I L4DV6. �B>D9@4, >B89D 79A9DGT 
CD<IB64A9 CD98EF46?9AAS 8?S 6IV8AB7B ;D4;>4. �4;6<K4= ?4F9AFAV 
CD98EF46?9AAS @4RFP A<:KG DB;@VDAVEFP, AV: BD<7VA4?PAV 6IV8AV 84AV. 
�9>B89D A4@474TFPES 6V8AB6<F< BD<7VA4?PA<= 6IV8 ;V EF<EAGFBW HBD@<. 
�6FB9A>B89D 6<>BD<EFB6GT CB@<?>G D9>BAEFDG>JVW S> BJVA>G 4AB@4?VW, 89 
B8<A ;D4;B> V; 6<M<@ CB>4;A<>B@ @B:9 5GF< 6<S6?9A<= S> 4F4>4. "8A4> 
K9D9; 6V8EGFAVEFP >BAFDB?R ; 5B>G ;6<K4=A<I ;D4;>V6 V ;D4;>V6 4F4>< 6VA 
@B:9 A9 BFD<@4F< F4>BW : 6<EB>BW CDB8G>F<6ABEFV, S> >BAFDB?PB64AV 
4?7BD<F@<, S>V @B:GFP 6<6K4F< @9:V E>?48A<I DVL9AP @V: ;6<K4=A<@< 
;D4;>4@< F4 ;D4;>4@< 4F4><. 

$B;DB5>4 A48V=ABW @B89?V E<EF9@< 6<S6?9AAS 6FBD7A9AP ; 6<M<@ 
DV6A9@ 6<S6?9AAS F4 A<:K<@ DV6A9@ CB@<?>B6<I CB;<F<6A<I D9;G?PF4FV6 
EF4T >D<F<KABR. �64:4RK< A4 F9, MB DV;AV @9FB8< @B:GFP 6<6K4F< 
I4D4>F9D<EF<>< 84A<I ; DV;A<I FBKB> ;BDG, >D4M9 6<>BD<EFB6G64F< 
7V5D<8AG E<EF9@G[4], S>4 CBT8AGT 6<C48>B6<= ?VE V 46FB9A>B89D. �B>D9@4, 
7V5D<8A4 E<EF9@4 6>?RK4T 864 9F4C< A4 9F4CV 6<S6?9AAS. #9DL<@ >DB>B@ 
T ;4EFBEG64AAS 6<C48>B6B7B ?VEG ; V@B6VDAVEA<@< @9FB84@< 8?S 
6<S6?9AAS 4F4>. &B8V, DB;7?S84RK<, S> M9 5V?PL9 ;@9AL<F< K4EFBFG 
CB@<?>B6<I FD<6B7, A4 8DG7B@G >DBJV 6<>BD<EFB6GTFPES @B8G?P 
46FB9A>B89D4. 

�;3>@8B< 28?04:>2>3> ;VAC. -B5 BFD<@4F< >D4MG 9H9>F<6AVEFP 
CDB7AB;G64AAS, 4AE4@5?96V @9FB8< 6<>BD<EFB6GRFP >V?P>4 BEAB6A<I 
>?4E<HV>4FBDV6 8?S CD<=ASFFS DVL9AP. *9= CV8IV8 ;474?B@ 89@BAEFDGT 
CV86<M9AG CDB8G>F<6AVEFP >?4E<HV>4JVW CBDV6ASAB ; B8A<@ 54;B6<@ 
>?4E<HV>4FBDB@. �<C48>B6<= ?VE T CBFG:A<@ >?4E<HV>4FBDB@ 4AE4@5?R. 
�VA CBT8AGT C4>9FG64AAS F4 6<C48>B6VEFP HGA>JV= 8?S A46K4AAS >V?P>BI 
89D96 DVL9AP. �9D96B DVL9AP T K4EFB 6<>BD<EFB6G64A<@ >?4E<HV>4JV=A<@ 
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CV8IB8B@. �VA A4@474TFPES 6<6K<F< A45VD CD46<? «S>MB-FB8V» 8?S 
>?4E<HV>4JVW 84A<I. �?REFD4JVS 6<C48>B6B7B ?VEG CB>4;4A4 A4 D<E.1.  

 

 
$<E1. - �?REFD4JVS 6<C48>B6B7B ?VEG 
 
#V8IV8 C4>9FG64AAS T B8AVTR ; K4EFB 6<>BD<EFB6G64A<I EFD4F97V= 

4AE4@5?R 8?S CB5G8B6< >V?P>BI >?4E<HV>4FBDV6. �4 8BCB@B7BR 
CBK4F>B6B7B ;464AF4:9AAS V; ;4@VABR 8?S 6<5VD>< 84A<I 69?<>4 >V?P>VEFP 
>?4E<HV>4FBDV6 A46K4TFPES A9;4?9:AB. 3> CB>4;4AB A4 D<EGA>G, ; 
GD4IG64AAS@ A46K4?PAB7B A45BDG VEAGT M DV;A<I >?4E<HV>4FBDV6 DVL9AAS. 
�?S BFD<@4AAS BEF4FBKA<I D9;G?PF4FV6 C9D9854K9AAS 6<>BD<EFB6GTFPES 
@4:BD<F4DA9 7B?BEG64AAS 8?S B59T8A4AAS CDB7AB;V6 6V8 >B:AB7B 89D964 
DVL9AP [5].  

-B5 CB5G8G64F< B8A9 89D96B DVL9AP, ECBK4F>G 6<5<D4T@B k B;A4> V; 
j B;A4>. �A4K9AAS k 6EF4AB6?RTFPES S> 	�	�(�). #VE?S JPB7B 6<5<D4T@B 
A4=>D4MG HGA>JVR DB;8V?9AAS ; 6<5D4A<I k HGA>JV= V 8V?<@B 6G;B? A4 864 
8BKVDAV 6G;?<. �B@VL>4 �:VAV 6<>BD<EFB6GTFPES S> >D<F9DV= 
DB;M9C?9AAS 8?S DB;8V?9AB7B 6G;?4. -B5 C9D9854K<F< 6IV8AG 6<5VD>G, 
6<C48>B6<= ?VE 6<>BD<EFB6GT 7B?BE< 89D96 G ?VEV, ;64:9AV ;4 WIAV@< 
BJVA>4@< =@B6VDABEFV. !9I4= p CB;A4K4T =@B6VDAVEFP 5GF< C9D9854K9A<@ 
S> 4F4>4. &B8V =@B6VDAVEFP 5GF< C9D9854K9A<@ S> ABD@4?PA<= 8BDV6ART q 
V � = 1- p. #DB7AB;B64AV =@B6VDABEFV >?4EV6 6IV8ABW 6<5VD>< B5K<E?RRFPES 
S> E9D98AV CDB7AB;B64AV =@B6VDABEFV >?4EV6 89D96 G ?VEV. �@B6VDAVEFP >?4EG 
B>D9@B7B 89D964 3 J9 K4EF>4 ;D4;>V6 B8AB7B >?4EG 6 ?<EFB6B@G 6G;?V [6]. 

�4;6<K4= ;D4;>< @B:A4 6V8A9EF< 8B B8AB7B >?4EG ; A4=5V?PLBR 
=@B6VDAVEFR. "8A4> G F4>B@G CV8IB8V 89S>V ;D4;><, MB A4?9:4FP 8B 
A96V8B@<I 4F4>, @B:GFP 5GF< CB@<?>B6B >?4E<HV>B64AV S> ABD@4?PAV. ' 
JV= K4EF<AV CBFDV5AB 6<;A4K<F< CBDV7 T, MB5 8BCB@B7F< CDBJ9EG 
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6<;A4K9AAS ;D4;>V6. 3>MB =@B6VDAVEFP p, MB A4?9:<FP 8B 4F4><, 
C9D96<MGT CBDV7 T, 6<5VD>< @B:A4 >?4E<HV>G64F< S> 4F4>G. &4><@ K<AB@, 
V; ;D4;>B@ xi V 6V8CB6V8ABR =@B6VDAVEFR pi, @< 6<;A4K4T@B 6<DVLG64?PAG 
HGA>JVR �(·). $9;G?PF4F< CB;A4K9AV ±1, 89 +1 - J9 4AB@4?PAV ;D4;><: 

 �(�ÿ) = {21,   ÿ� �ÿ f ÿ+1,   ÿ� �ÿ  > ÿ 

 
#9D9647< 4?7BD<F@G: 
1. �B7B @B:A4 6<>BD<EFB6G64F< 6 ;484K4I >?4E<HV>4JVW F4 D97D9EVW. 
2. �<DVLGT CDB5?9@G C9D9B5?48A4AAS, BE>V?P>< 6<IV8 54;GTFPES A4 

5V?PLBEFV 7B?BEV6 45B GE9D98A9AAV. 
3. �B5D9 CD4JRT, A46VFP S>MB 84AV @VEFSFP AG?PB6V/6V8EGFAV ;A4K9AAS. 
4. �B:A9 EF6BD9A9 89D96B DVL9AP T A9;4?9:A<@ 6V8 VALB7B; F4><@ 

K<AB@, 6VA 89@BAEFDGT 6?4EF<6VEFP DB;C4D4?9?R64AAS. 
5. %F45V?PA<=, BE>V?P>< 59DGFPES E9D98AV 6V8CB6V8V, A484AV 69?<>BR 

>V?P>VEFR 89D96. 
6. �59DV74T DV;AB@4AVFAVEFP, BE>V?P>< A9 6EV 4FD<5GF< 6D4IB6GRFPES 

CV8 K4E EF6BD9AAS >B:AB7B 89D964 DVL9AP, IBK4 J9 A9 F4> G 6EVI 6<C48>4I. 
7. !9ECD<=ASF?<6<= 8B DB;@VD9ABEFV. "E>V?P>< >B:A9 89D96B A9 

6D4IB6GT 6EV 4FD<5GF<, CDBEFVD HGA>JV= ;@9ALGTFPES. 
8. !9 CBFDV5AB DB;8V?SF< 84AV A4 FD9AG64AAS F4 F9EFG64AAS, BE>V?P>< 

;46:8< 5G89 C96A<= 6V8EBFB> 84A<I, S>V A9 6<8AB 89D96G DVL9AP, 
EF6BD9AB@G ;4 8BCB@B7BR CBK4F>B6B7B ;464AF4:9AAS. 

!98B?V>< 4?7BD<F@G:  
1. �G:9 E>?48A<= CBDV6ASAB ; 89D964@< DVL9AP, 89 DVL9AAS @B:A4 

CD<=@4F<, 8BFD<@GRK<EP L?SIG 89D964. 
2. +4E A46K4AAS 5V?PL9, AV: VALV @B89?V K9D9; =B7B E>?48AVEFP.  
&4><@ K<AB@, 6<C48>B6<= ?VE T CD<=ASFA<@ 6<5BDB@, S>MB IFBEP 

IBK9 EF6BD<F< @B89?P L6<8>B F4 9H9>F<6AB, BE>V?P>< B8A4 ; A4=>D4M<I 
C9D9647 6<C48>B6B7B ?VEG CB?S74T 6 FB@G, MB 6VA @B:9 B5DB5?SF< 6V8EGFAV 
;A4K9AAS. *9 B8<A V; A4=>D4M<I @9FB8V6 V; 6<EB>BR 9H9>F<6AVEFR, S><= 
L<DB>B 6<>BD<EFB6GTFPES 6 DV;A<I 74?G;SI CDB@<E?B6BEFV ;468S>< E6BW= 
9H9>F<6ABEFV. �VA @B:9 B5DB5?SF< 86V=>B6V, 59;C9D9D6AV F4 >4F97BD<KAV 
84AV. �474?B@ 6<C48>B6<= ?VE T L6<8>BR, CDBEFBR, 7AGK>BR F4 A48V=ABR 
@B89??R ; 89S><@< B5@9:9AAS@<. 
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�AEF<FGF >V59DA9F<>< V@9AV �. . �?GL>B64 !�! '>D4WA< 
 

A TWO-STAGE TRANSPORTATION PROBLEM WITH 

CONDITIONS 

ON CONSUMER NEEDS AND CAPACITIES OF INTERMEDIATE 

POINTS 

 
Abstract. A mathematical model of a two-stage transportation problem 

with two-sided constraints on consumer needs and upper bounds on the 
capacities of intermediate points is proposed. Its partial case is the classic two-
stage transportation problem, which determines the most economical plan for 
the transportation of products from suppliers to consumers through 
intermediate points. The results of computational experiments using the 
Gurobi solver for discrete analog of optimal set partitioning model problem are 
presented. 

 
' EF4FFV [1] ;4CDBCBAB64AB @4F9@4F<KAG @B89?P 86B9F4CABW 

FD4AECBDFABW ;484KV ; 86BEFBDBAAV@< B5@9:9AAS@< A4 A96V8B@V CBFD95< 

 
1 $>5>F4 ?V4FD8<4=4 Volkswagen Foundation (7D4=F 7 97775) 
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ECB:<64KV6. !<:K9 8BCB6A<@B WW @B:?<6VEFR 6D4IG64AAS 69DIAVI 
7D4A<JP A4 CDBCGE>AV ECDB@B:ABEFV CDBCGE>A<I CGA>FV6. $B;7?SA9@B 
;4EFBEG64AAS AB6BW @B89?V 8?S DB;69S;4AAS @B89?PABW ;484KV 
BCF<@4?PAB7B DB;5<FFS @AB:<A< F4 A46989@B D9;G?PF4F< 
B5K<E?R64?PA<I 9>EC9D<@9AFV6 ; 6<>BD<EF4AAS@ EB?69D4 Gurobi. 

(>@<C;N20==O 7040GV. !9I4= 6 m  CGA>F4I CBEF4K4AAS 1,..., mA A  

T 1,..., ma a  B8<A<JP CDB8G>JVW, S>G CBFDV5AB C9D969;F< 8B n  ECB:<64KV6 

1,..., nB B . "59T@< CBFD95 ECB:<64KV6 5G89@B 664:4F< A96V8B@<@<, 4 WI 
A<:AV @9:V 1 ,...,low low

nb b  F4 69DIAV @9:V 1 ,...,up up
nb b  5G89@B 664:4F< 

;484A<@<. &D4AECBDFG64F< CDB8G>JVR 6V8 CBEF4K4?PA<>V6 8B ECB:<64KV6 
@B:A4 K9D9; l  CDB@V:A<I CGA>FV6 1,..., lD D , 89 1 ,...,up up

ld d  ;484RFP WI 
@4>E<@4?PAV ECDB@B:ABEFV. #BFDV5AB ;A4=F< BCF<@4?PA<= C?4A 
FD4AECBDFG64AAS CDB8G>JVW, 89 ikc  3 6<FD4F< A4 C9D969;9AAS B8<A<JV 
CDB8G>JVW 6V8 CBEF4K4?PA<>4 iA  8B CDB@V:AB7B CGA>FG kD , 4 kjc  3 
6<FD4F< A4 C9D969;9AAS B8<A<JV CDB8G>JVW 6V8 CDB@V:AB7B CGA>FG kD  8B 
ECB:<64K4 jB , F4 6V8CB6V8AV BCF<@4?PAB@G C?4AG CBFD95< ECB:<64KV6. 

!9I4= û ý 1,...,

1,...,

k l

ik i m
x x

=

=
= , 89 ikx  3 >V?P>VEFP B8<A<JP CDB8G>JVW, S>4 

C9D96B;<FPES 6V8 CBEF4K4?PA<>4 iA  8B CGA>FG kD ; û ý 1,...,

1,...,

j n

kj k l
y y

=

=
= , 89 kjy  

3 >V?P>VEFP CDB8G>JVW 6V8 CGA>FG kD  8B ECB:<64K4 jB ; û ý
1,...,j j n

z z
=

= , 89 

jz  3 >V?P>VEFP CDB8G>JVW, S>4 CBEF4K4TFPES ECB:<64KG jB . 

�6B9F4CA4 FD4AECBDFA4 ;484K4 ; B5@9:9AAS@< A4 CBFD95< 
ECB:<64KV6 F4 CDBCGE>AV ECDB@B:ABEFV CDB@V:A<I CGA>FV6 @4T F4><= 
6<7?S8: ;A4=F<  

 

( ) ( )*

,
1 1 1 1

, , min , ,
m l l n

xyz ik ik kj kj
x y

i k k j

f f x y z f x y z c x c yú ú ú

= = = =

ü ü
= = = +ý ý

þ þ
õõ õõ             (1) 

 
;4 B5@9:9AP  

 

1

, 1, ,
l

ik i
k

x a i m
=

= =õ                                                         (2) 

1

, 1, ,
l

kj j
k

y z j n
=

= =õ                                                         (3) 
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1 1

0, 1, ,
m n

ik kj
i j

x y k l
= =

2 = =õ õ                                                   (4)  

1

, 1,
m

up
ik k

i

x d k l
=

ó =õ                                                       (5) 

1 1

,
n m

j i
j i

z a
= =

=õ õ                                                            (6) 

, 1, ,low up
j j jb z b j nó ó =                                                   (7) 

 

0ikx ó , 0kjy ó , 1,i m= , 1,k l= , 1,j n= .                                     (8) 

 
�484K4 (1) 3 (8) T ;484K9R ?VAV=AB7B CDB7D4@G64AAS (�#-;484K4), 89 

JV?PB64 HGA>JVS ( ), ,f x y z  ;484T EG@4DAV 6<FD4F< A4 FD4AECBDFG64AAS 
CDB8G>JVW 6V8 CBEF4K4?PA<>V6 8B CDB@V:A<I CGA>FV6 F4 6V8 CDB@V:A<I 
CGA>FV6 8B ECB:<64KV6. "5@9:9AAS (2) B;A4K4RFP FD4AECBDFG64AAS 

1,..., ma a  B8<A<JP CDB8G>JVW V; CGA>FV6 CBEF4K4AAS 8B CDB@V:A<I CGA>FV6, 
4 B5@9:9AAS (3) 3 MB ECB:<64K4@ CBFDV5AB 8BEF46<F< A96V8B@V B5'T@< 

1,..., nz z  B8<A<JP CDB8G>JVW ; CDB@V:A<I CGA>FV6. "5@9:9AAS (4) ;484RFP 
G@B6< A4 F9, MB5 GES CDB8G>JVS, S>4 CD<IB8<FP 6V8 CBEF4K4?PA<>V6 8B 
>B:AB7B CDB@V:AB7B CGA>FG, 5G?4 B5B6'S;>B6B 6V8CD46?9A4 ECB:<64K4@. 
"5@9:9AAS (5) ;484RFP 69DIAV @9:V A4 CDBCGE>AV ECDB@B:ABEFV 
CDB@V:A<I CGA>FV6. �I F4>B: @B:A4 ;4C<E4F< F4>: 

 

1

, 1,
n

up
kj k

j

y d k l
=

ó =õ .                                                       (9) 

 
"5@9:9AAS (6) ;484T G@B6G A4 F9, MB5 EG@4DA4 CDB8G>JVS CBEF4K4?PA<>V6 
8BDV6AR64?4 EG@4DAV= CDB8G>JVW 6<DB5A<>V6. "5@9:9AAS (7) ;484T A<:AV 
F4 69DIAV @9:V A4 A96V8B@V CBFD95< ECB:<64KV6. 

&25@465==O 1. %<EF9@4 B5@9:9AP (2) 3 (8) T EG@VEABN FB8V = 
?<L9 FB8V, >B?< 6<>BAGNFPEO G@B6< 

 

1 1 1 1 1

,
n m n m l

low up up
j i j i k

j i j i k

b a b a d
= = = = =

ó ó óõ õ õ õ õ                          (10) 

 
#9DL4 K4EF<A4 G@B6 (10) B;A4K4T, MB B5@9:9AAS (2) 3 (5), (6) T 

?VAV=AB ;4?9:A<@< F4 B8AG ; DV6ABEF9= 6 B5@9:9AASI (2) 45B (4) @B:9 
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5GF< 6<?GK9AB, CD<KB@G 8B6V?PAG. 

+0AB:>289 28?04>: 7040GV (1) 3 (9). 3>MB 
1

, 1, ,
m

up
k i

i

d a k l
=

= =õ  

, 1, ,low up
j j jb b b j n= = =  FB ;484K4 (1) 3 (7) C9D9IB8<FP 6 >?4E<KAG 
86B9F4CAG FD4AECBDFAG ;484KG, S>4 @4T F4><= 6<7?S8: ;A4=F< 

 

( ) ( )* * *

,
1 1 1 1

, min ,
m l l n

xy ik ik kj kj
x y

i k k j

f f x y f x y c x c y
= = = =

ü ü
= = = +ý ý

þ þ
õõ õõ                 (11) 

 
;4 B5@9:9AP 

 

1

, 1, ,
l

ik i
k

x a i m
=

= =õ                                                         (12) 

1

, 1, ,
l

kj j
k

y b j n
=

= =õ                                                         (13) 

1 1

0, 1, ,
m n

ik kj
i j

x y k l
= =

2 = =õ õ                                                   (14) 

 0ikx ó , 0kjy ó , 1,i m= , 1,k l= , 1,j n= .                                     (15) 

 

�484K4 (11) 3 (15) T �#-;484K9R, 89 JV?PB64 HGA>JVS ( ),f x y  ;484T 
EG@4DAV 6<FD4F< A4 FD4AECBDFG64AAS CDB8G>JVW 6V8 CBEF4K4?PA<>V6 8B 
ECB:<64KV6. "5@9:9AAS (12) 74D4AFGRFP FD4AECBDFG64AAS 

1,..., ma a  

B8<A<JP CDB8G>JVW V; CGA>FV6 CBEF4K4AAS 8B CDB@V:A<I CGA>FV6, 4 
B5@9:9AAS (13) 74D4AFGRFP, MB ECB:<64K4@ 5G89 8BEF46?9AB A9B5IV8AV 
B5'T@< 

1,..., nb b  B8<A<JP CDB8G>JVW ; CDB@V:A<I CGA>FV6. "5@9:9AAS (14) 
;484RFP G@B6< A4 F9, MB5 GES CDB8G>JVS, S>4 CD<IB8<FP 6V8 
CBEF4K4?PA<>V6 8B >B:AB7B CDB@V:AB7B CGA>FG, 5G?4 B5B6'S;>B6B 
6V8CD46?9A4 ECB:<64K4@. 

&25@465==O 2 [2]. %<EF9@4 B5@9:9AP (12) 3 (15) T EG@VEABN FB8V 
= ?<L9 FB8V, >B?< 6<>BAGTFPEO G@B64 

 

1 1

.
m n

i j
i j

a b
= =

=õ õ                                                              (16) 

 
$V6AVEFP 6 G@B6V (16) B;A4K4T, MB B5@9:9AAS (12) 3 (14) T ?VAV=AB 

;4?9:A<@<, FB@G B8AG 8B6V?PAG DV6AVEFP ; B5@9:9AP (12), (13) F4 (14) 
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@B:9 5GF< 6<?GK9AB. 
"1G8A;N20;L=89 5:A?5@8<5=B. $B;7?SA9@B ;4EFBEG64AAS ;484KV 

(1) 3 (8) 8B @B89?PAB7B CD<>?48G ;484KV BCF<@4?PAB7B DB;5<FFS-
DB;CB8V?G, BC<E4ABW 6 EF4FFV [3]. �9S><= CBEF4K4?PA<> B8ABDV8AB7B 
D9EGDEG, A9C9D9D6AB DB;CB8V?9A<= ;V MV?PAVEFR ( ) 1xò =  6 B5?4EFV 

( )û ý(1) (2) (1) (2), :  0 1,  0 1x x x x x÷ = = ó ó ó ó , CBEF4K4T =B7B 6 C'SFP 

CGA>FV6 (C9DLB7B 9F4CG) 8?S ;59DV74AAS. �484AB >BBD8<A4F< J<I CGA>FV6 
F4 >BBD8<A4F< CGA>FV6 (8DG7B7B 9F4CG) ECB:<64AAS D9EGDEG, MB 
;59DV746ES 6 CGA>F4I C9DLB7B 9F4CG (D<E.1.). 

 

 
 
$<E.1 3  B89?PA<= CD<>?48 ;484KV BCF<@4?PAB7B DB;5<FFS-

DB;CB8V?G [3]. 
 
#BFDV5AB DB;5<F< @AB:<AG ÷  CBEF4K4?PA<>V6 D9EGDEG A4 EH9D< 

WI B5E?G7B6G64AAS 6 C9SF< CGA>F4I C9DLB7B 9F4CG V 6<;A4K<F< B5'T@< 
C9D969;9AP ijv , 1,5i = , 1,3j = , 6V8 CGA>FV6 C9DLB7B 9F4CG 6 CGA>F< 
8DG7B7B 9F4CG F4>, MB5 @VAV@V;G64F< EG@4DAG 64DFVEFP FD4AECBDFG64AAS 
D9EGDEG 6V8 CBEF4K4?PA<>V6 6 CGA>F< C9DLB7B 9F4CG V 8BEF46>< D9EGDEG 6 
CGA>F< 8DG7B7B 9F4CG. 

 B89?PA<= CD<>?48 @B:A4 BC<E4F< ;4 8BCB@B7BR ;484KV (1) 3 (8), 
89 CBEF4K4?PA<>4@< T m  8V?SAB> ; 8<E>D9FAB7B DB;5<FFS B5?4EFV ÷ , 
ECB:<64K4@< T FD< CGA>F< 8DG7B7B 9F4CG, 4 CDB@V:A<@< CGA>F4@< 3 C9SFP 
CGA>FV6 C9DLB7B 9F4CG. 3>MB B5ES7< D9EGDEG CBEF4K4?PA<>V6 6<5D4F< 
CDBCBDJV=A<@< C?BM4@ 8V?SAB>, FB DB;69S;B> ;484KV (1) 3 (8) 5G89 
6V8CB6V84F< B8AB@G ; 64DV4AFV6 BCF<@4?PAB7B DB;5<FFS-DB;CB8V?G 
@AB:<A< ÷  ; FBKAVEFR 8B 6<5D4ABW 8<E>D9F<;4JVW 8V?SAB>. 



200 

 

�64 BCF<@4?PAV DB;5<FFS @AB:<A< ÷  8?S >648D4FABW EVF>< 
500 500ô  A46989AB A4 D<E. 2. !4 D<E. 2, 4 CD98EF46?9AB BCF<@4?PA9 

DB;5<FFS @AB:<A< ÷  8?S 
1

, 1, ,
m

up
k i

i

d a k l
=

= =õ  4 A4 D<E. 2, 5 3 8?S 

1

0.25 , 1, .
m

up
k i

i

d a k l
=

= ô =õ  #D< JPB@G B59T@< ECB:<64AAS G CGA>F4I 

8DG7B7B 9F4CG 5G?< DV6A<@< 0.22896; 0.428868; 0.342172 (D<E. 2, 4, 
0,477676xyzf ú = ) F4 0.25; 0.5; 0.25 (D<E. 2, 5, 0,485096xyzf ú = ). �?S 

6<5D4ABW EVF>< ;484KV (1) 3 (8) @4RFP 1.250.018 ;@VAA<I F4 250.014 
?VAV=A<I B5@9:9AP. �BA< DB;69S;G64?<ES ;4 8BCB@B7BR EB?69D4 Gurobi 
;4 89>V?P>4 E9>GA8 A4 NEOS-E9D69DV. 

 

 

$<E. 2 3 �64 BCF<@4?PAV DB;5<FFS @AB:<A< ÷ : 0 1,ibó ó  1,3i = . 

 
#?4A C9D969;9AAS 

4v  6V8CB6V84T BCF<@4?PAB@G DB;5<FFR ; 
D<E.  2, 4, C?4A C9D969;9AAS 

5v  3 BCF<@4?PAB@G DB;5<FFR ; D<E. 2, 5: 
0.0000 0.09066 0.0000

0.22896 0.0000 0.0000

,0.0000 0.232524 0.0000

0.0000 0.0000 0.342172

0.0000 0.105684 0.0000

av

ö ö
÷ ÷
÷ ÷
÷ ÷=
÷ ÷
÷ ÷
÷ ÷
ø ø

0.0000 0.112212 0.0000

0.2500 0.0000 0.0000

0.0000 0.2500 0.0000

0.0000 0.0000 0.2500

0.0000 0.137788 0.0000

5v

ö ö
÷ ÷
÷ ÷
÷ ÷=
÷ ÷
÷ ÷
÷ ÷
ø ø

. 

�8A=>2>:. �4CDBCBAB64AB @4F9@4F<KAG @B89?P 86B9F4CABW 
FD4AECBDFABW ;484KV ; 86BEFBDBAAV@< B5@9:9AAS@< A4 CBFD95< 
ECB:<64KV6 F4 69DIAV@< 7D4A<JS@< A4 CDBCGE>AV ECDB@B:ABEFV 
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CDB@V:A<I CGA>FV6. �W K4EF>B6<@ 6<C48>B@ T >?4E<KA4 86B9F4CA4 
FD4AECBDFA4 ;484K4, S>4 6<;A4K4T A4=5V?PL 9>BAB@VKA<= C?4A 
FD4AECBDFG64AAS CDB8G>JVW 6V8 CBEF4K4?PA<>V6 8B ECB:<64KV6 K9D9; 
CDB@V:AV CGA>F<. !46989AB D9;G?PF4F< B5K<E?R64?PA<I 9>EC9D<@9AFV6 ; 
6<>BD<EF4AAS@ EB?69D4 Gurobi 8?S 8<E>D9FAB7B 4A4?B74 @B89?PABW ;484KV 
BCF<@4?PAB7B DB;5<FFS-DB;CB8V?G @AB:<A< ; ;484A<@< J9AFD4@< 
CV8@AB:<A.  

�VB5@0BC@0 
1. %F9JR> #.�., )B@9S> ". ., �SL>B �.�. �6B9F4CA4 FD4AECBDFA4 

;484K4 ; A96V8B@<@< CBFD954@< ECB:<64KV6. !4G>B6V ;4C<E>< !4'� �. 
�B@C'RF9DAV A4G><. 2022. &. 5.  

2. �4D47B8B64 "."., �V79?P �.$., $B:B> �.�. �BE?V8:9AAS BC9D4JV=: 
!46K. CBEV5. �.:*9AFD GK5B6BW ?VF9D4FGD<, 2007. 256 E. 

3. �<E9?964 �. ., #D<FB@4AB64 ". ., 'E %.�. $9L9A<9 
86GIQF4CAB= A9CD9DO6AB-8<E>D9FAB= ;484K< BCF<@4?PAB7B D4;5<9A<S-
D4ECD989?9A<S E ;484AAO@ CB?B:9A<9@ J9AFDB6 CB8@AB:9EF6. 
�<59DA9F<>4 < E<EF9@AO= 4A4?<;. 2020. 7 1. %. 3-15. 
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&9D9M9A>B �.�., $S59A>B �.�. 
elina_vt@ukr.net, rjabenkoae@gmail.com 

!4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 
 

The authors conducted research on the influence of the dimension and 
composition of the criteria vector on the property of completeness / quasi-
completeness of multi-criteria discrete optimization problems based on the 
assessment the cardinalities of sets of feasible solutions, the Pareto set, and a 
complete set of alternatives 

 
� CBC9D98AV= DB5BFV 46FBDV6 [1] 5G?B 8B6989AB 8BEF4FAV G@B6< 

A4S6ABEFV 6?4EF<6BEFV CB6ABF< 45B >64;VCB6ABF< 86B>D<F9DV4?PA<I ;484K 
8<E>D9FABW BCF<@V;4JVW ;484KV ýÿ1 ,ÿ2 , 89 ýÿ1 ,ÿ2  T 86B>D<F9DV4?PABR 
;484K9R A4 86B;64:9AB@G � 269DL<AAB@G � 2D959DAB@G 7D4HV ; 
@VAV@V;GT@<@< >D<F9DVS@< �ÿÿ(�) ³ �ÿ�, ÿ = 1,2 69>FBDABW JV?PB6BW 
HGA>JVW �ÿ1,ÿ2(�ÿ1,ÿ2). �A89>E< �ÿ, ÿ = 1,2 T VA8<6V8G4?PA<@< AB@9D4@< 

mailto:elina_vt@ukr.net
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>D<F9DVW6, F4 WIAV= CBDS8B> �ÿÿ(�), 6<;A4K4T CBDS8B> DB;69S;4AAS ;484K ýÿÿ . 
�474FB>D<F9DV4?PA4 ;484K4 ý T CB6ABR, S>MB 8?S @AB:<A< 

8BCGEF<@<I DVL9AP ( �$) � = {�} VEAGRFP F4>V C4D4@9FD< 69>FBDABW 
JV?PB6BW HGA>JVW (�*() �(�), CD< S><I 6<>BAGTFPES DV6AVEFP CBFG:ABEFV 
@AB:<A< 8BCGEF<@<I DVL9AP �0, C4D9FV6EP>BW @AB:<A< ��, CB6ABW 
@AB:<A< 4?PF9DA4F<6 �  ,  FB5FB      �0 = �� = �  [2]. 

�474FB>D<F9DV4?PA4 ;484K4 ý T >64;VCB6ABR, S>MB 8?S @AB:<A< 
8BCGEF<@<I DVL9AP �0, C4D9FV6EP>BW @AB:<A< ��, CB6ABW @AB:<A< 
4?PF9DA4F<6 �  T ECD4654?868@ ECV66V4ABL5AAO       �0 = �� < �  [1].  

&9>@9<4 1. �?S FB7B MB5 86BI>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2  ; �*( �ÿ1,ÿ2(�ÿ1,ÿ2) = (�ÿ1(�ÿ1), �ÿ2(�ÿ2)) 5G?4 CB6ABR, 8BEF4FAPB, MB5 WW  �$ �ÿ1,ÿ2  @VEF<?B F4>V = FV?P>< F4>V CV87D4H< �ÿ1,ÿ2 = (�ÿ1 , �ÿ2 ), 8?S S><I 
6<>BAGTFPES DV6AVEFP @4FD<JP E@V:ABEFV CV87D4HV6 �ÿ1< �ÿ2: �ÿ1,ÿ2 ={�ÿ1,ÿ2 = (�ÿ1 , �ÿ2), �ÿ1 = �ÿ2}, FB5FB �ÿ1,ÿ2 = �ÿ1 + �ÿ2 . #BFG:AVEFP  �$, 
#  = # � 86B>D<F9DV4?PABW ;484KV ýÿ1 ,ÿ2  8BDV6ART |�ÿ1 + �ÿ2|. 

&9>@9<4 2. �?S FB7B, MB5 86B>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2  E �*( �ÿ1,ÿ2(�ÿ1,ÿ2) = (�ÿ1(�ÿ1), �ÿ2(�ÿ2)) 5G?4 >64;VCB6ABR, 8BEF4FAPB, MB5 WW 
 �$ �ÿ1,ÿ2 @VEF<?B F4>V = FV?P>< F4>V CV87D4H< �ÿ1,ÿ2 , 8?S S><I 
6<>BAGTFPES 6V8ABL9AAS 6>?RK9AAS 8?S CV87D4HV6 �ÿ1  F4 �ÿ2 : �ÿ1,ÿ2 ={�ÿ1,ÿ2: �ÿ1,ÿ2 = (�ÿ1 , �ÿ2), �ÿ1 ¢ �ÿ2  45B �ÿ1 £ �ÿ2}, 89 �ÿ1- 8BCGEF<@<= 
DB;69S;B> ;484KV ýÿ1 , �ÿ2- 8BCGEF<@<= DB;69S;B> ;484KV ýÿ2 . 

 B89?PA<@< ;484K4@< 8?S 8BE?V8:9AAS 6?4EF<6BEFV CB6ABF< 
E?G7G64?< ;484KV ; 647B6<@< >D<F9DVS@< F4>V S> «>VEFS> F4 74@V?PFBAB6<= 
?4AJR7» F4 VALV. �?S 8BE?V8:9AAS 6?4EF<6BEFV >64;VCB6ABF< E?G7G64?< 
;484KV ; 647B6<@< >D<F9DVS@<, 6 S><I A9 ECV6C484?< >V?P>BEFV D959D �ÿ1F4 �ÿ2 , A4CD<>?48 «74@V?PFBAV6 J<>? F4 74@V?PFBAV6 ?4AJR7». � [3] 5G?B 
8B6989AB 6?4EF<6VEFP >64;VCB6ABF< 8?S ;484KV «>VEFS> F4 9>EFD9@4?PA9 
D95DB». 

&4><@ K<AB@, 6V8ABL9AAS @V: DB;69S;>4@< �ÿ1F4 �ÿ2  ;4 6V8CB6V8A<@< 
>D<F9DVS@< �ÿ1(�ÿ1), �ÿ2(�ÿ2) T 6<;A4K4?PA<@ 8?S 6?4EF<6BEFV CB6ABF< F4 
>64;VCB6ABF< 8?S 86B>D<F9DV4?PA<I ;484K 8<E>D9FABW BCF<@V;4JVW.  

 B:A4 ;DB5<F< CD<CGM9AAS CDB VEAG64AAS 4A4?B7VKA<I 
;4>BAB@VDABEF9= 8?S ;484K ; 69>FBDB@ >D<F9DVW6 5V?PLB7B CBDS8>G AV: 2. 
$B;7?SA9@B >?4E FD<>D<F9DV4?PA<I ;484K ; A45BDB@ >D<F9DVW6, MB @B:GFP 
5GF< 647B6<@<, 45B 9>EFD9@4?PAB7B D95D4. �A4?B7VKAB [1] 66989@B 
E<@6B? ;484K 8<E>D9FABW BCF<@V;4JVW ;484KV ýÿ1 ,ÿ2 ,ÿ3 , 89 FD<>D<F9DV4?PA4 
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;484K4 ýÿ1 ,ÿ2 ,ÿ3  A4 FD<;64:9AB@G � 269DL<AAB@G � 2D959DAB@G 7D4HV ; 
@VAV@V;GT@<@< >D<F9DVS@< �ÿÿ(�) ³ �ÿ�, ÿ = 1,3 69>FBDABW JV?PB6BW 
HGA>JVW �ÿ1,ÿ2 ,ÿ3 (�ÿ1,ÿ2 ,ÿ3 ). �A89>E< �ÿ, ÿ = 1,3 T VA8<6V8G4?PA<@< 
AB@9D4@< >D<F9DVW6, F4 WIAV= CBDS8B> �ÿÿ(�), 6<;A4K4T CBDS8B> 
DB;69S;4AAS ;484K ýÿÿ  A4 � -69DL<AAB@G 7D4HV � = (�, �), |�| = �, 

>B:AB@G D95DG ÿþ * �, � = 1, � S>B7B A484AB FDV=>4 ;A4K9AP 647< ýÿ(ÿþ), ÿ = 1,3, � = 1, �.  
#9DL<= 64DV4AF A45BDG >D<F9DVW6 5G89 CB6FBDR64F< �*( �ÿ1,ÿ2(�ÿ1,ÿ2) 5G8P- S>BW CB6ABW ;484KV ; [1], S><=  8BCB6ARTFPES F4><@ 

>D<F9DVT@, MB5 6<>BAG64?4ES G@B64 DV6ABEFV @4FD<JP E@V:ABEFV 
CV87D4HV6 �ÿ1 , �ÿ2 , �ÿ3 , FB5FB DB;69S;>B@ S>BW 5G89 CV87D4H �ÿ1,ÿ2 ,ÿ3: �ÿ1,ÿ2 ,ÿ3 = {�ÿ1,ÿ2 ,ÿ3 = (�ÿ1 , �ÿ2 , �ÿ3), �ÿ1 = �ÿ2 = �ÿ3}. �?S BJVA>< 
CBFG:ABEFV  �$, #  = # � FD<>D<F9D<4?PABW ;484KV ýÿ1 ,ÿ2 ,ÿ3  
;4EFBEGT@B 4?7BD<F@, ;4CDBCBAB64A<= 6 [1] ; ;4EFBEG64AAS@ C96AB7B 
ECBEB5G 6<;A4K9AAS 647 D959D. $95D4 ÿ * � C9D9AG@9DGT@B K<E?4@< � =�(ÿ) = 1, �, � = |�|. �?S >4:8B7B D95D4 ÿþ * � 6<;A4K<@B 647<: 

 ý1(�) = 2þ + �, ý2(�) = 2�+1 2 ý1(�) 2 ý3(�), ý3(�) = �, 
 
MB 8B;6B?ST EF69D8:G64F<, MB 8?S 6EVI 8BCGEF<@<I DB;69S;>V6 �ÿÿ , ÿ =1,3 D469AEF6B |�ÿÿ| = ÿ0(�) = ÿ0 = ý��	� 8?S FD<>D<F9D<4?PABW ;484KV ýÿ1 ,ÿ2 ,ÿ3 , FB5FB 
 �ÿ1(�) + �ÿ2(�) + �ÿ3(�) = 2�+1ÿ0 "�ÿÿ * �ÿÿ , ÿ = 1,3. 
 

 B:AB CB>4;4F<, MB CD< F4>V= AG@9D4JVW 647B6<= >D<F9DV= A45G64T 
B8A4>B6<I ;A4K9AP FV?P>< CD< ECV6C48VAAV @AB:<A< D959D. 

!4 C9DLB@G 9F4CV =89 DB;69S;4AAS B8AB>D<F9DV4?PABW ;484KV ;4 
>D<F9DVT@ �ÿ1 , 84?V A4 @AB:<AV BFD<@4A<I DB;69S;>V6 �ÿ1  DB;69S;GTFPES 
B8AB>D<F9DV4?PA4 ;484K4 ;4 >D<F9DVT@ �ÿ2  = BFD<@4T@B �ÿ2 , 84?V 
6<>BA4T@B 9F4C DB;69S;4AAS ;4 >D<F9DVT@ �ÿ3 , MB 8B6B8<FP ECD4698?<6VEFP  

&9>@9<4 3. &D<>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2 ,ÿ3  A4 FD<;64:9AB@G 7D4HV 
; �*( �ÿ1,ÿ2 ,ÿ3 (�ÿ1,ÿ2 ,ÿ3 ), MB CB5G8B64A4 8B8464AAS@ FD9FPB7B >D<F9DVR 
8B �*( �ÿ1,ÿ2(�ÿ1,ÿ2)  CB6ABW 86B>D<F9DV4?PABW ;484KV, A9 ;@VART 
6?4EF<6BEFV CB6ABF< CD< G@B6V DV6ABEFV @4FD<JP E@V:ABEFV CV87D4HV6 �ÿ1 , �ÿ2 , �ÿ2 , DB;69S;>B@ S>BW 5G89 CV87D4H �ÿ1,ÿ2 ,ÿ3: �ÿ1,ÿ2 ,ÿ3 = {�ÿ1,ÿ2 ,ÿ3 =(�ÿ1 , �ÿ2 , �ÿ3), �ÿ1 = �ÿ2 = �ÿ3}, F4 CBFG:ABEFV  �$, #  = # � 
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8BDV6ARRFP    �0 = �� = � = |�ÿ1 + �ÿ2 + �ÿ3|. %CD4698?<6B CD< 
8B6V?PAV= AG@9D4JVW >D<F9DVW6. 

�DG7<= 64DV4AF A45BDG >D<F9DVW6 5G89 CB6FBDR64F< �*( �ÿ1,ÿ2(�ÿ1,ÿ2) 5G8P- S>BW CB6ABW ;484KV ; [1] F4 8BCB6AR64F<ES F4><@ 
>D<F9DVT@, MB5 6<>BAG64?4ES G@B64 6>?RK9AAS �ÿ3 ¢ �ÿ1 = �ÿ2 , FB5FB 
DB;69S;>B@ S>BW 5G89 CV87D4H �ÿ1,ÿ2 ,ÿ3: �ÿ1,ÿ2 ,ÿ3 = {�ÿ1,ÿ2 ,ÿ3 =(�ÿ1 , �ÿ2 , �ÿ3), �ÿ3 ¢ �ÿ1 = �ÿ2}. �4EFBEG64AAS ;4CDBCBAB64AB7B 4?7BD<F@G 
CB>4;GT, MB A4 FD9FPB@G 9F4CV C96AV �ÿ2  5G8GFP @4F< B8A4>B6V ;A4K9AAS ;4 
FD9FV@ >D<F9DVT@, FB5FB ECD4698?<6<@ T F69D8:9AAS, MB CBFG:ABEFV 
 �$, #  = # � 6V8CB6V84RFP ECV66V8ABL9AAR   �0 = �� < �. 

� 64:?<6<@, MB ;@VA4 CBE?V8B6ABEFV >D<F9DVW6 A9 6C?<A9 A4 
EFDG>FGDG F4 CBFG:ABEFV  �$, #  = # �. %CD4698?<6<@ T F69D8:9AAS 

&9>@9<4 4. &D<>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2 ,ÿ3  A4 FD<;64:9AB@G 7D4HV 
; �*( �ÿ1,ÿ2 ,ÿ3 (�ÿ1,ÿ2 ,ÿ3 ), MB CB5G8B64A4 8B8464AAS@ FD9FPB7B >D<F9DVR 
8B �*( �ÿ1,ÿ2(�ÿ1,ÿ2) CB6ABW 86B>D<F9DV4?PABW ;484KV, ;@VART 6?4EF<6VEFP 
CB6ABF< A4 >64;VCB6ABFG CD< G@B6V 6>?RK9AAS �ÿ3 ¢ �ÿ1 = �ÿ2 ,  FB5FB 
DB;69S;>B@ 5G89 CV87D4H �ÿ1,ÿ2 ,ÿ3: �ÿ1,ÿ2 ,ÿ3 = {�ÿ1,ÿ2 ,ÿ3 =(�ÿ1 , �ÿ2 , �ÿ3), �ÿ3 ¢ �ÿ1 = �ÿ2}. #BFG:ABEFV  �$, #  = # � 
6V8CB6V84RFP ECV66V8ABL9AAR   �0 = �� < �, CD< JPB@G �0 = �� =�ÿ3 . %CD4698?<6B CD< 8B6V?PAV= AG@9D4JVW >D<F9DVW6. 

#B5G8GT@B 4A4?B7VKAV 9>EC9D<@9AF< 8?S >64;VCB6A<I ;484K ; [1]. 
&D9FV= 64DV4AF A45BDG >D<F9DVW6 EHBD@GT@B ; >D<F9DVW6, 8?S S><I 
6<>BAGTFPES G@B64 6>?RK9AAS �ÿ1 ¢ �ÿ2  45B �ÿ1 £ �ÿ2   7 8B8464AAS@ 
>D<F9DVR, MB ;459;C9KGT 6V8ABL9AAS 9>6V64?9AFABEFV @V: 89S><@< 
DB;69S;>4@< ;4 6:9 VEAGRK<@< >D<F9DVS@<, FB5FB �ÿ1 =�ÿ3  45B  �ÿ2 = �ÿ3    CD< �ÿ1 ¢ �ÿ2  45B �ÿ1 £ �ÿ2 . 

+9F69DF<= 64DV4AF A45BDG >D<F9DVW6 EHBD@GT@B ; >D<F9DVW6, 8?S S><I 
6<>BAGTFPES G@B64 6>?RK9AAS �ÿ1 ¢ �ÿ2  45B �ÿ1 £ �ÿ2  7 8B8464AAS@ 
>D<F9DVR, MB ;459;C9KGT 4A4?B7VKAG 6?4EF<6VEFP. #DB6B8SK< 4A4?V;, 
4A4?B7VKA<= CBC9D98AV@ 64DV4AF4@ A45BDV6 >D<F9DVW6, @B:9@B 
EF69D8:G64F< 

&9>@9<4 5. &D<>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2 ,ÿ3  A4 FD<;64:9AB@G 7D4HV 
; �*( �ÿ1,ÿ2 ,ÿ3 (�ÿ1,ÿ2 ,ÿ3 ), MB CB5G8B64A4 8B8464AAS@ FD9FPB7B >D<F9DVR 
8B �*( �ÿ1,ÿ2(�ÿ1,ÿ2) >64;VCB6ABW 86B>D<F9DV4?PABW ;484KV, A9 ;@VART 
6?4EF<6VEFP  >64;VCB6ABF< S> CD< G@B6V 6V8ABL9AAS 6>?RK9AAS, F4> = 
6V8ABL9AAS 9>6V64?9AFABEFV @V: DB;69S;>4@< 6V8CB6V8A<I 
B8AB>D<F9DV4?PA<I ;484K. %CD4698?<6B CD< 8B6V?PAV= AG@9D4JVW 
>D<F9DVW6. 
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%CD4698?<6<@ T = G;474?PA9AAS BFD<@4A<I D9;G?PF4FV6 A4 8B6V?PAG 
>V?P>VEFP >D<F9DVW6 F4 WIAR CBE?V8B6AVEFP. 

&9>@9<4 6. �474FB>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2 , & ,ÿý  A4 N-;64:9AB@G 
7D4HV ; �*( �ÿ1,ÿ2 , & ,ÿý (�ÿ1,ÿ2 , & ,ÿý ), T CB6ABR CD< G@B6V 6<>BA4AAS 
6V8ABL9AAS 9>6V64?9AFABEFV @V: DB;69S;>4@< 6V8CB6V8A<I 
B8AB>D<F9DV4?PA<I ;484K, FB5FB  �$, #  = # � 8BDV6ARRFP    �0 =�� = � = |�ÿ1 + �ÿ2 + & + �ÿý|, F4 >64;VCB6ABR CD< G@B6V 6<>BA4AAS 
6V8ABL9AAS 6>?RK9AAS @V: DB;69S;>4@< 6V8CB6V8A<I B8AB>D<F9DV4?PA<I 
;484K, FB5FB  �$, #  = # � ;48B6B?PASRFP ECV66V8ABL9AAS    �0 =�� < �, CD< JPB@G �0 = �� = minÿ |�ÿÿ|. %CD4698?<6B CD< 8B6V?PAV= 
AG@9D4JVW >D<F9DVW6. 

!4CD<>?48, 5474FB>D<F9DV4?PA4 ;484K4 ýÿ1 ,ÿ2 , & ,ÿý  , 6 A45BDV 
>D<F9DVW6 S>BW 5G8GFP >D<F9DVW «>VEFS> 9>EFD9@4?PABW 647<» F4 
«9>EFD9@4?PA9 D95DB» A4 � -69DL<AAB@G 7D4HV � = (�, �), |�| = � ; 
�*( �ÿ1,ÿ2 , & ,ÿý (�ÿ1,ÿ2 , & ,ÿý ), 89 
 �ÿ� = ýÿ�(�ÿ1,ÿ2 , & ,ÿý ) = ýÿ�(�ÿ�) = 3 ýÿ�(ÿ)þ*ýýÿ� ³ ÿ��	, 

 �ÿ� = ÿ��	þ*ýÿ�ýÿ� (ÿ) ³ ÿ��	, 0 < � f �, 0 < � f �, 

 
 T >64;VCB6ABR, FB5FB �0 = �� < �. #D< JPB@G �0 = �� < � 2 (� 2 2)  . 
 �$ A9 C9D96<MGT >V?P>BEFV >VEFS>V6 6 CB6AB@G � -69DL<AAB@G 7D4HV |�| f ��22.  

 

�VB5@0BC@0 
5. Perepelisa, V. On complete and quasi-complete two-criteria 

optimization problems on graphs / V. Perepelisa, E. Tereschenko // Springer 
Science+Business Media, 2018. $. 385-390 https://doi.org/10.1007/s10559-
018-0040-1 

6. #9D9C9?<J4 �.�.  AB7B>D<F9D<4?PAO9 @B89?< < @9FB8O 8?S 
;484K BCF<@<;4J<< A4 7D4H4I. 33 Saarbrücken :LAP LAMBERT Academic 
Publishing, 2013. 3 337E. 

7. #9D9C9?<J4 �.�. �64;<CB?ABF4 >?4EE4 ;484K A4 7D4H4I «69E-
@<A<@4>EAB9 D95DB» / �.�.#9D9C9?<J4, 1.�.&9D9M9A>B, �.�.$S59A>B  // 
#<F4AAS CD<>?48ABW @4F9@4F<>< F4  @4F9@4F<KAB7B @B89?R64AAS 3 2018. 
3 %.139-147. https://doi: 10.15421/321814 
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�?48<E?46 &9DA<JP><=, �@<FDB ,<DB>BD48 
!4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 

 
EXPLORING DEEP LEARNING APPROACHES FOR IMAGE 

RECOGNITION AND NATURAL LANGUAGE PROCESSING: THE 

CONCEPT FOR E-ENEMY 

 
Abstract. The large-scale invasion of Ukraine by Russia has highlighted 

the need for innovative approaches to gather and process information in war 
zones. With the rapid growth of artificial intelligence (AI) models and natural 
language processing (NLP) techniques, the concept of leveraging deep 
learning approaches for improving the accuracy and efficiency of intelligence 
gathering becomes increasingly relevant. This paper explores the concept for 
e-Enemy, a system developed by the Ukrainian government to gather 
information on enemy movements through user-submitted applications. The 
main goal of the concept is to evaluate the accuracy of images and text 
submitted in the applications to the e-Enemy, the accuracy of text-image 
correspondence and ensure filtering spam applications. This research aims to 
contribute to the development of more accurate and efficient methods for 
extracting valuable intelligence from user-generated content within the context 
of the e-Enemy system. 
 

$B;CV;A464AAS B5'T>FV6 6V8V7D4T >?RKB6G DB?P G >BAJ9CFV 8?S E<EF9@< 
T�BDB7, BE>V?P>< 8B;6B?ST 6<S6?SF< F4 V89AF<HV>G64F< 6BDB:G F9IAV>G 
45B :<6G E<?G A4 ;B5D4:9AASI, A48VE?4A<I >BD<EFG64K4@<. �?S 
6<DVL9AAS JPB7B ;4684AAS 5G?B B5D4AB @B89?P You Only Look Once 
(YOLO) [1] K9D9; WW 9H9>F<6AVEFP G 6<S6?9AAV F4 ?B>4?V;4JVW B5'T>FV6. 
�<5VD 84ABW @B89?V @BF<6B64A<= WW ;84FAVEFR 8BES74F< 54?4AEG @V: 
FBKAVEFR F4 L6<8>VEFR B5DB5><. 3> A4E>DV;A4 4DIVF9>FGD4 ;7BDF>B6BW 
A9=DBAABW @9D9:V (CNN) [2], YOLO B5DB5?ST 6E9 ;B5D4:9AAS ;4 B8<A 
CDBIV8 V B8ABK4EAB CDB7AB;GT B5@9:G64?PAV D4@>< F4 =@B6VDABEFV >?4EV6 
8?S 89>V?P>BI B5'T>FV6.  B89?P 6<>BD<EFB6GT GAVHV>B64AG 4DIVF9>FGDG, 
S>4 DB;8V?ST 6IV8A9 ;B5D4:9AAS A4 EVF>G V 79A9DGT CDB7AB;< A4 BEAB6V 
B;A4>, 6<8V?9A<I G >B:AV= >B@VDJV EVF><. �BA4 E>?484TFPES ; BEAB6ABW 
@9D9:V CNN, S> CD46<?B, 64DV4AFG Darknet, ;4 S>BR E?V8GRFP >V?P>4 
;7BDF>B6<I L4DV6, MB CDB7AB;GRFP >BBD8<A4F< B5@9:G64?PA<I D4@B> V 
CB6'S;4AV ; A<@< =@B6VDABEFV >?4EV6. %<EF9@4 @B89?RT 6<S6?9AAS S> 
D97D9EV=AG ;484KG. �BA4 DB;5<64T ;B5D4:9AAS A4 EVF>G S × S V 8?S >B:ABW 
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>B@VD>< CDB7AB;GT B >?VF<AB>, 8B6VDKG =@B6VDAVEFP 8?S J<I >?VF<AB>, F4 
=@B6VDABEFV >?4EV6 C. *V CDB7AB;< >B8GRFPES G 6<7?S8V S × S × (B 7 5 + C) 
F9A;BD [1]. 

 
$<E. 1 -  B89?P YOLO [1] 
 

YOLO 6<>BD<EFB6GT T8<AG @9D9:96G BJVA>G 8?S CDB7AB;G64AAS 
7D4A<KABW B5?4EFV, MB DB5<FP WW ;A4KAB L6<8LBR CBDV6ASAB ; VAL<@< 
@B89?S@< 6<S6?9AAS B5'T>FV6. �DV@ FB7B, YOLO 6V8B@4 E6BTR ;84FAVEFR 
B5DB5?SF< A969?<>V B5'T>F< ;468S>< CD<F4@4AAV= W= CDBEFBDB6V= 
KGF?<6BEFV F4 >BAF9>EFAB@G DB;G@VAAR. 

 
$<E.1 -  �DIVF9>FGD4 @B89?V YOLO [1] 
 

 9D9:4 6<S6?9AAS @4T 24 ;7BDAGFV L4D<, ;4 S><@< E?V8GRFP 2 
CB6AVEFR ;'T8A4AV L4D<. �7BDF>B6V L4D< 1 × 1, MB K9D7GRFPES, ;@9ALGRFP 
CDBEFVD B;A4> 6V8 CBC9D98AVI L4DV6. 

"EAB6AV C9D9647< YOLO: 
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- @B89?P 8BES74T 6D4:4RKBW CDB8G>F<6ABEFV 6 D9:<@V D94?PAB7B 
K4EG, MB 8B;6B?ST BC9D4F<6AB 4A4?V;G64F< ;B5D4:9AAS, A48VE?4AV 
>BD<EFG64K9@. *9 @4T 6<DVL4?PA9 ;A4K9AAS 6 >BAF9>EFV E<EF9@< T�BDB7, 
89 E6BTK4EA9 V FBKA9 6<S6?9AAS 6BDB:BW F9IAV>< 45B :<6BW E<?< T :<FFT6B 
64:?<6<@ 8?S CD<=ASFFS EFD4F97VKA<I DVL9AP V 59;C9>< CBEFD4:84?B7B 
A4E9?9AAS; 

- GAVHV>B64A4 4DIVF9>FGD4 YOLO 8B;6B?ST 9H9>F<6AB HV>EG64F< 
>BAF9>EFAV ;6'S;>< @V: B5'T>F4@< A4 ;B5D4:9AAV, MB CB?97LGT FBKAG 
V89AF<HV>4JVR V ?B>4?V;4JVR 89>V?P>BI B5'T>FV6 B8ABK4EAB. *S @B:?<6VEFP 
T BEB5?<6B >BD<EABR G EJ9A4DVSI, >B?< A9B5IV8AB 6<S6<F< 89>V?P>4 
B8<A<JP 6BDB:BW F9IAV>< 45B :<6BW E<?< A4 ;B5D4:9AAV. 

#DBF9 64:?<6B ;4;A4K<F<, MB @B89?P YOLO @B:9 ;VF>AGF<ES ; 
CDB5?9@4@< CD< DB5BFV ; E<?PAB ;4>D<F<@< 45B C9D9>D<F<@< B5'T>F4@<, 
BE>V?P>< 6BA4 CB>?484TFPES A4 >B@VD>< EVF>< 8?S 79A9DG64AAS CDB7AB;V6. 
�DV@ FB7B, K9D9; B8ABCDBIV8AG CD<DB8G YOLO, 6BA4 @B:9 @4F< 
B5@9:9AAS 6 FBKAB@G 6<S6?9AAV B5'T>FV6 DV;AB7B @4ELF45G A4 
;B5D4:9AAV. 

' >BAF9>EFV B5DB5>< F9>EFG, CB84AB7B D4;B@ V; ;B5D4:9AAS@<, F4 
C9D96VD>< 6V8CB6V8ABEFV @V: F9>EFB@ V ;B5D4:9AAS@, 5G?B 6<DVL9AB 
;4EFBEG64F< @B89?P BERT (Bidirectional Encoder Representations from 
Transformers) [3] 8?S ;484K B5DB5>< CD<DB8ABW @B6< (NLP).  B89?P BERT 
6<>BD<EFB6GT transformer 4DIVF9>FGDG, S>4 E>?484TFPES ; 89>V?P>BI L4DV6 
; @9I4AV;@4@< E4@BG647<. *S 4DIVF9>FGD4 8B;6B?ST @B89?V HV>EG64F< 
;4?9:ABEFV F4 ;6'S;>< @V: E?B64@< 6 D9K9AAV, F<@ E4@<@ ;459;C9KGRK< 
7?<5L9 DB;G@VAAS F9>EFG. �6BA4CD46?9A<= I4D4>F9D BERT F4 7?<5B>9 
DB;G@VAAS >BAF9>EFG DB5?SFP =B7B 9H9>F<6A<@ 8?S DB;CV;A464AAS F9>EFG 
6 E<EF9@V T�BDB7. �<>BD<EFB6GRK< BERT, @< ;@B:9@B 6?B6<F< E>?48AV 
;A4K9AAS F4 AR4AE<, CD<EGFAV 6 F9>EFB6<I BC<E4I, CB6'S;4A<I ; 
A48VE?4A<@< ;B5D4:9AAS@<. 

' A4LB@G >BA>D9FAB@G 6<C48>G 6<>BD<EF4AAS @B89?P BERT 5G89 
6V8CB6V84F< ;4 DB;CV;A464AAS F4 DB;G@VAAS F9>EFB6BW VAHBD@4JVW, A484ABW 
>BD<EFG64K4@< G CBT8A4AAV ; A48VE?4A<@< ;B5D4:9AAS@<. 
�<>BD<EFB6GRK< CBC9D98APB A46K9AG @B89?P, BEAB6ABR JV??R 5G89 
BFD<@G64F< ; F9>EFG ;@VEFB6A9 CD98EF46?9AAS VAHBD@4JVW, S>9 @B:A4 
6<>BD<EF4F< 8?S BJVA>< 6V8CB6V8ABEFV @V: F9>EFB6<@< BC<E4@< F4 
6V;G4?PA<@ >BAF9AFB@, ;B5D4:9A<@ A4 6V8CB6V8A<I HBFB7D4HVSI. 

"8AVTR ; CB@VFA<I C9D9647 @B89?V BERT T WW ;84FAVEFP 79A9DG64F< F4 
DB;CV;A464F< ;6'S;AG F4 >BAF9>EFG4?PAB 5474FG F9>EFB6G VAHBD@4JVR. *S 
;84FAVEFP A9B5IV8A4 8?S BJVA>< FB7B, A4E>V?P>< FBKAB F9>EF 6V8B5D4:4T 
6V;G4?PA<= >BAF9AF - 6BDB:G F9IAV>G 45B :<6G E<?G. �<>BD<EFB6GRK< 
;84FAVEFP BERT HV>EG64F< E9@4AF<KAV ;6'S;>< V >BAF9>EFAG VAHBD@4JVR, 
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@< @B:9@B CDB4A4?V;G64F< 6V8CB6V8AVEFP @V: F9>EFB@ V ;B5D4:9AAS@ V 
6<;A4K<F< DV69AP 6V8CB6V8ABEFV 45B A96V8CB6V8ABEFV @V: J<@< 86B@4 
@B84?PABEFS@<. "8A4> 8BJV?PAB ;69DAGF< G647G, MB 8?S ;459;C9K9AAS 
6<EB>BW FBKABEFV DB;CV;A464AAS V DB;G@VAAS F9>EFG @B:9 ;A48B5<F<ES 
8B84F>B69 8BA46K4AAS @B89?V 6<>BD<EFB6GRK< DB;@VK9A<= A45VD 84A<I ; 
F9>EFB6<@< BC<E4@<. 

�474?PA<= 4?7BD<F@ BJVA>< 6V8CB6V8ABEFV @V: F9>EFB@ F4 6V;G4?PA<@ 
>BAF9AFB@ 5G89 6<7?S84F< A4EFGCA<@ K<AB@: 

1. �<8V?9AAS B;A4> (features). "FD<@4AAS B;A4> ;B5D4:9AP ; 
6<IV8A<I B5@9:G64?PA<I D4@B> F4 F9>EFB6<I B;A4> ; F9>EFB6<I BC<EV6. 

2. #BDV6ASAAS F4 6V8CB6V8AVEFP. "5K<E?9AAS CB>4;A<>4 CB8V5ABEFV 
45B @9FD<>< 6V8EF4AV @V: 9?9@9AF4@< ;B5D4:9AAS V F9>EFG, A4CD<>?48, 
>BE<AGEB6BW CB8V5ABEFV [4] 45B 96>?V8B6BW 6V8EF4AV [5]. *9= CB>4;A<> 
6>4;GT A4 EFGCVAP 6V8CB6V8ABEFV @V: F9>EFB6<@ BC<EB@ V 6<S6?9A<@ 
6V;G4?PA<@ >BAF9AFB@, MB 84T ;@B7G >V?P>VEAB BJVA<F< EIB:VEFP 45B 
6V8@VAAVEFP @V: 9?9@9AF4@<. 

3. �4EFBEG64AAS CBDB7G 8B BJVA>< CB8V5ABEFV, MB5 6<;A4K<F<, K< 
8BEF4FAPBR @VDBR F9>EF V ;B5D4:9AAS 6V8CB6V84RFP B8<A B8AB@G. -B5 
6<;A4K<F< J9= CBDV7, @< @B:9@B 6<>BD<EFB6G64F< 64?V84JV=A<= A45VD 
84A<I ; 4ABFB64A<@< C4D4@< F9>EF-;B5D4:9AAS. #BDV6ARRK< BJVA>< 
CB8V5ABEFV, BFD<@4AV ;4 8BCB@B7BR 4?7BD<F@G, ; 54;B6<@< 4ABF4JVS@<, @< 
@B:9@B 6<5D4F< 6V8CB6V8A9 CBDB7B69 ;A4K9AAS, S>9 6V8CB6V84T 54:4AB@G 
DV6AR FBKABEFV WI 6V8CB6V8ABEFV. 

$94?V;G646L< J9= 4?7BD<F@, @< @B:9@B 9H9>F<6AB BJVA<F< FBKAVEFP 
6V8CB6V8ABEFV F9>EF-;B5D4:9AAS 6 E<EF9@V T�BDB7, ;5V?PLGRK< ;474?PAG 
CDB8G>F<6AVEFP DB5BF< E<EF9@< F4 ;459;C9KGRK< 8VT6G HV?PFD4JVR EC4@ 
;4S6B>, 4 F4>B: CB?97L<F< DB5BFG 4A4?VF<>V6 E<EF9@<. 
 

�VB5@0BC@0 
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���%&��"%&� �" ��!�&"$!�) �"!(��'$�*�� &� 
�)!� ���"$�%&�!!/ � �" ��!�&"$!�� "#&� ���*�� 

!48VS &<@BHVT64 
 V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 

 
PROPERTIES OF COMBINATORY CONFIGURATIONS AND 

THEIR USE IN COMBINATORY OPTIMIZATION 

 
Abstract. The properties of combinatorial configurations are considered, 

the use of which allows to explain some phenomena that exist in combinatorics 
and combinatorial optimization. This is the similarity of problems of 
combinatorics and combinatorial optimization, which explains the universality 
of algorithms and methods for solving the specified problems. The peculiarity 
of the structure of combinatorial sets, which are the argument of the objective 
function, explains the situation of uncertainty in combinatorial optimization 
problems.  

 
�ABC?. � EF4FFV BC<E4AB 6?4EF<6BEFV >B@5VA4FBDA<I >BAHV7GD4JV=, 

6<>BD<EF4AAS S><I 8B;6B?ST CBSEA<F< 89S>V S6<M4, MB A4S6AV 6 
>B@5VA4FBD<JV F4 >B@5VA4FBDAV= BCF<@V;4JVW. *9 3 CB8V5AVEFP 
>B@5VA4FBDA<I >BAHV7GD4JV= F4 ;484K >B@5VA4FBDABW BCF<@V;4JVW, 
BEB5?<6VEFP EFDG>FGD< >B@5VA4FBDA<I @AB:<A, S>V T 4D7G@9AFB@ JV?PB6BW 
HGA>JVW, ;468S>< S>V= 6 >B@5VA4FBDAV= BCF<@V;4JVW 6<A<>4T E<FG4JVS 
A96<;A4K9ABEFV. �<S6?9AB ;484KV, S>V CB8V5AV ;4 4D7G@9AFB@ JV?PB6BW 
HGA>JVW, 4 F4>B: 6EF4AB6?9A4 CB8V5AVEFP >B@5VA4FBDA<I >BAHV7GD4JV=, 
@AB:<A< S><I 79A9DGRFPES B8A<@ V F<@ :9 4?7BD<F@B@ 45B =B7B 
@B8<HV>4JVTR. *VTR 6?4EF<6VEFP CBSEARTFPES GAV69DE4?PAVEFP @9FB8V6 F4 
4?7BD<F@V6 6 >B@5VA4FBDAV= BCF<@V;4JVW. 

#>4V1=VABL :><1V=0B>@=8E :>=DV3C@0FV9. #V8 >B@5VA4FBDABR 
>BAHV7GD4JVTR DB;G@VT@B 5G8P-S>G EG>GCAVEFP 9?9@9AFV6, S>4 
GF6BDRTFPES ; GEVI 45B ; 89S><I 9?9@9AFV6 ;484ABW 54;B6BW @AB:<A< 

},...,{ 1 naaA = . #B;A4K<@B WW GCBDS8>B64ABR @AB:<ABR 

https://www.researchgate.net/publication/262525676_Semantic_Cosine_Similarity
https://www.researchgate.net/publication/262525676_Semantic_Cosine_Similarity
https://doi.org/10.1016/0146-664X(80)90054-4
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),...,( 1
kkk www ø= , 89 },...,1{ nþø  3 >V?P>VEFP 9?9@9AFV6 G kw  (6 

CB84?PLB@G ø  CB;A4K4F<@9@B V S> kø ), qkwW 1}{=  3 @AB:<A4 

>B@5VA4FBDA<I >BAHV7GD4JV=. �9DIAV= VA89>E k  ( },...,1{ qkþ ) G kw  

CB;A4K4T CBDS8>B6<= AB@9D kw  G W , q  3 >V?P>VEFP kw  G W .  

$9>GD9AFA<@ >B@5VA4FBDA<@ BC9D4FBDB@ A4;69@B EG>GCAVEFP 
CD46<?, ;4 8BCB@B7BR S><I ; 9?9@9AFV6 54;B6BW @AB:<A< A  GF6BDRTFPES 

>B@5VA4FBDA4 >BAHV7GD4JVS kw . $V;AB@4AVFAV F<C< >B@5VA4FBDA<I 
>BAHV7GD4JV= GF6BDRRFPES ;4 8BCB@B7BR FDPBI D9>GD9AFA<I 
>B@5VA4FBDA<I BC9D4FBDV6: 6<5<D4AAS, FD4AECB;<JVS, 4D<H@9F<KA<= [1]. 

"7=0G5==O 1. �6V A9FBFB:AV >B@5VA4FBDAV >BAHV7GD4JVW 
),...,( 1

kkk
kwww ø=  F4 ),...,( 1

iii
iwww ø=  A4;69@B V;B@BDHA<@<, S>MB 

ik ø=ø .  

"7=0G5==O 2. #V8@AB:<AG WW k üø  A4;69@B CV8@AB:<ABR 

V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV=, S>MB WW 9?9@9AF< 3 V;B@BDHAV 
>B@5VA4FBDAV >BAHV7GD4JVW. 

"7=0G5==O 3. !4;69@B CB8V5A<@< ;484KV ; >B@5VA4FBD<>< 45B ;484KV 
>B@5VA4FBDABW BCF<@V;4JVW DV;A<I >?4EV6, S>V DB;69S;GRFPES ;4 B8AVTR V 
FVTR : B5K<E?R64?PABR EI9@BR 45B @B8<HV>4JVTR B8AB7B V FB7B : 
4?7BD<F@G. 

#B8V5AVEFP >B@5VA4FBDA<I >BAHV7GD4JV= 6EF4AB6?RTFPES ;4 
ECBEB5B@ WIAPB7B GF6BD9AAS. %CB?GK9AAS S> ; CB6FBD9AAS@< F4> V 59; 
CB6FBD9AAS GF6BDRRFPES T8<ABR BC9D4JVTR 3 6<5<D4AAS@. 
#9D9EF4AB6>< GF6BDRRFPES 45B FD4AECB;<JVTR 45B 6<5<D4AAS@. 
$B;5<FFS K<E?4 GF6BDRRFPES B8AVTR BC9D4JVTR 3 4D<H@9F<KABR. 
$B;5<FFS n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A< GF6BDRRFPES 86B@4 
D9>GD9AFA<@< >B@5VA4FBDA<@< BC9D4FBD4@<: 45B 4D<H@9F<KA<@ 45B 
FD4AECB;<JVTR. $B;@VM9AAS S> ; CB6FBD9AAS@< F4> V 59; CB6FBD9AAS 
GF6BDRRFPES 86B@4 BC9D4JVS@<: 45B 6<5<D4AAS@ 45B FD4AECB;<JVTR. 
�VA4DAV CBE?V8B6ABEFV  @B:GFP GF6BDR64F<ES 86B@4 BC9D4JVS@<: 
4D<H@9F<KABR 45B BC9D4JVTR 6<5<D4AAS. �B FB7B :, >V?P>VEFP 5VA4DA<I 
CBE?V8B6ABEF9= G WIAV= @AB:<AV 8BDV6ART n2 , 4 >V?P>VEFP ECB?GK9AP 59; 
CB6FBD9AAS 3 6V8CB6V8AB 12 2n . �9A9DG64AAS DB;5<FFS n -9?9@9AFABW 
@AB:<A< A4 CV8@AB:<A< CDB6B8SFP 4?7BD<F@B@ DB;5<FFS K<E?4 V 
79A9DG64AAS@ C9D9EF4AB6B>. 'CBDS8>G64AAS DB;@VM9AAS S> 59; 
CB6FBD9AAS, F4> V ; CB6FBD9AAS@< CDB6B8SFP 4?7BD<F@4@< 79A9DG64AAS 
ECB?GK9AP V C9D9EF4AB6B>. (BD@G64AAS 5VA4DA<I CBE?V8B6ABEF9= ; 
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6<>BD<EF4AAS@ D9>GD9AFAB7B >B@5VA4FBDAB7B BC9D4FBD4 6<5<D4AAS 
CDB6B8SFP ;4 F<@< : CD46<?4@<, MB V GF6BD9AAS ECB?GK9AP 59; 
CB6FBD9AAS. 

"F:9, ;4 ECBEB5B@ GF6BD9AAS CB8V5AV F4>V >B@5VA4FBDAV 
>BAHV7GD4JVW: 5VA4DAV CBE?V8B6ABEFV V ECB?GK9AAS 59; CB6FBD9AAS; 
DB;5<FFS n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A< V DB;5<FFS A4FGD4?PAB7B 
K<E?4 F4 C9D9EF4AB6><; DB;@VM9AAS 59; CB6FBD9AAS (; CB6FBD9AAS@<) V 
ECB?GK9AAS 59; CB6FBD9AP (; CB6FBD9AAS@<) F4 C9D9EF4AB6><. 
#>4V1=VABL 7040G :><1V=0B>@=>W >?B8<V70FVW. !46989@B @4F9@4F<KAG 
CBEF4AB6>G ;484KV >B@5VA4FBDABW BCF<@V;4JVW.  

!9I4= ;484AB B8AG A  45B >V?P>4 @AB:<A, A4CD<>?48 A  F4 B [1]. 
�47BR A4;69@B 69?<K<AG, S>4 6EF4AB6?RT ;4?9:AVEFP, MB VEAGT @V: 
9?9@9AF4@< Aas þ  V Bbl þ  45B @V: 9?9@9AF4@< B8AVTW V FVTW : @AB:<A<, 

},...,1{ nsþ , }~,...,1{ nl þ , n  3 >V?P>VEFP 9?9@9AFV6 @AB:<A< A , n~  3 

>V?P>VEFP 9?9@9AFV6 @AB:<A< B . #B>?489@B, MB nn ~= . �A4K9AAS 647 @V: 
9?9@9AF4@< @AB:<A A  V B  ;484@B B8AVTR 45B 86B@4 E<@9FD<KA<@< 45B 
A9E<@9FD<KA<@< @4FD<JS@< C  V )( kwQ , 89 )( kwQ  3 >B@5VA4FBDA4 

@4FD<JS, Wwk þ  3 C9D9EF4AB6>4. 3>MB ;A4K9AAS 647 BC<EGRFPES B8AVTR 
@4FD<J9R C , FB 8?S 6<;A4K9AAS A4S6ABEFV ;6'S;>V6 @V: 9?9@9AF4@< 
;484A<I @AB:<A 8?S k -7B 64DV4AFG DB;6'S;>G ;484KV G6989@B E<@9FD<KAG 
45B A9E<@9FD<KAG (0,1)-@4FD<JR )( kwQ . �?9@9AF 1)( =k

ls wg , S>MB @V: 

Aasþ  F4 Bblþ  45B Aasþ  V Aalþ  8?S 64DV4AFG kw  VEAGT ;6'S;B>, V 
0)( =k

ls wg  6 VALB@G D4;V; )()( kk
ls wQwg þ . 

#B84@B 9?9@9AF< h  A488V47BA4?9= E<@9FD<KABW >B@5VA4FBDABW 
@4FD<JV )( kwQ  >B@5VA4FBDABR HGA>JVTR 

,...),)1(((|),)(( 11
kmk wfwjf ò=ò  )),)((..., k

m wmfò , 4 9?9@9AF< h  

A488V47BA4?9= E<@9FD<KABW @4FD<JV C  3 HGA>JVTR A4FGD4?PAB7B 

4D7G@9AFG ))(...,),1((|)( 1 mj m úú=ú , 89 
2

)1( 2
=

nn
m  3 >V?P>VEFP 

9?9@9AFV6 h  A488V47BA4?9= @4FD<JP C  V )( kwQ , 1,1 2= nh . 3>MB @4FD<JV 

)( kwQ  V C  3 A9E<@9FD<KAV, FB mkwjf 1|),)((ò  V mj 1|)(ú  @VEFSFP GEV WIAV 

9?9@9AF<, 4 2nm=  (45B nnm ~= ). (GA>JVS JV?V 8?S J<I ;484K A45G64T 
6<7?S8G  
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1
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j
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�B ;484KV >B@5VA4FBDABW BCF<@V;4JVW, 4D7G@9AFB@ JV?PB6BW HGA>JVW 

6 S>V= T C9D9EF4AB6>4, ;6B8SFPES ;484K4 >B@V6BS:9D4, ;484K4 CDB 
CD<;A4K9AAS, ;484K4 DB;@VM9AAS B8AB7454D<FA<I B59T>FV6 A4 CB69DIAV 
FBMB. *V?PB64 HGA>JVS 8?S A<I @B89?RTFPES 6<D4;B@ (1), ;4 S><@ 
CDB6B8<FPES BJVA>4 D9;G?PF4FG. �468S>< JPB@G ;484KV >B@5VA4FBDABW 
BCF<@V;4JVW, 4D7G@9AFB@ JV?PB6BW HGA>JVW 6 S><I T C9D9EF4AB6>4 V A4 
CV8@AB:<AV V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV= (;484K4 
>?4EF9D<;4JVW) DB;69S;GRFPES GAV69DE4?PA<@< @9FB84@<, ;B>D9@4 
@9FB8B@ EFDG>FGDAB-4?H46VFAB7B CBLG>G ;4 B8AVTR V FVTR : EI9@BR. � 
;484KV >?4EF9D<;4JVW A4 89S><I V;B@BDHA<I CV8@AB:<A4I JV?PB64 HGA>JVS 
;@VARTFPES F4> S> V 6 ;484KV >B@V6BS:9D4. 

#D<>?48AV ;484KV E>?48AV ;4 E6BTR CD<DB8BR V BEAB6A4 ;484K4, S> 
CD46<?B, DB;8V?STFPES A4 CV8;484KV, 4 JV?PB64 HGA>JVS, ;4 S>BR BJVARTFPES 
BCF<@4?PA<= DB;69S;B>, ;4?9:<FP 6V8 >V?P>BI ;@VAA<I, S><@< T 
>B@5VA4FBDAV >BAHV7GD4JVW DV;A<I F<CV6. 3>MB CB5G8G64F< @4F9@4F<KAV 
CBEF4AB6>< ;484K DB;CV;A464AAS @B6?9AAT6<I E<7A4?V6 F4 >?VAVKABW 
8V47ABEF<>< ; 6<>BD<EF4AAS@ F9BDVW >B@5VA4FBDABW BCF<@V;4JVW, FB @B:A4 
CB54K<F<, MB 6BA< DB;8V?SRFPES A4 FD< CV8;484KV:  

4) EFDG>FGD<;4JVS 5V5?VBF9>< 9F4?BAV6;  
5) CBLG> G 5V5?VBF9JV 9F4?BAABW VAHBD@4JVW;  
6) ;484K4 CBDV6ASAAS 9F4?BAABW V 6IV8ABW VAHBD@4JVW.  
�?S B5BI >?4EV6 ;484K 4D7G@9AFB@ JV?PB6BW HGA>JVW 6 C9DLV= 

CV8;484KV T DB;5<FFS n -9?9@9AFABW @AB:<A< A4 CV8@AB:<A<, 6 8DG7V= 
CV8;484KV 3 DB;@VM9AAS 59; CB6FBD9AP, 4 6 FD9FV= 3 ECB?GK9AAS 59; 
CB6FBD9AP. &B5FB, JV ;484KV CB8V5AV ;4 4D7G@9AFB@ JV?PB6BW HGA>JVW. 

!5287=0G5=VABL 2 7040G0E :><1V=0B>@=>W >?B8<V70FVW, I> 
?>29O70=0 7V AB@C:BC@>N <=>68=8 :><1V=0B>@=8E :>=DV3C@0FV9. 
%<FG4JVS A96<;A4K9ABEFV 6 ;484K4I JPB7B >?4EG 6<A<>4T 6A4E?V8B> 
BEB5?<6BW EFDG>FGD< @AB:<A< >B@5VA4FBDA<I >BAHV7GD4JV=, MB T 
4D7G@9AFB@ JV?PB6BW HGA>JVW. 

�4>BAB@VDAVEFP ;@VA< ;A4K9AP JV?PB6BW HGA>JVW 6 ;484K4I 
>B@5VA4FBDABW BCF<@V;4JVW ;4?9:<FP 6V8 GCBDS8>G64AAS >B@5VA4FBDA<I 
>BAHV7GD4JV= (4D7G@9AFG) Wwþ . !4 CV8@AB:<AV V;B@BDHA<I 
>B@5VA4FBDA<I >BAHV7GD4JV= øW  JV?PB64 HGA>JVS (1) ;@VARTFPES F4>, S> 
V A4 @AB:<AV C9D9EF4AB6B>.  B:A4 8B69EF<, MB A4 @AB:<AV C9D9EF4AB6B> 
V A4 CV8@AB:<AV V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV= CD< 
6<>BD<EF4AAV JV?PB6BW HGA>JVW (1) E<FG4JVS A96<;A4K9ABEFV ;6B8<FPES 8B 
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@VAV@G@G. �?9 A4 @AB:<AV W , S>4 E>?484TFPES ; CV8@AB:<A WW üø , 

;4>BAB@VDAVEFP ;@VA< ;A4K9AP HGA>JVW (1) B8A4>B64 A9;4?9:AB 6V8 6IV8A<I 
84A<I, 4 D9;G?PF4F DB;69S;>G ;484KV 3 A9B8AB;A4KA<=.  

�8A=>2>:. "F:9 8BE?V8:9AAS F4 6<S6?9AAS  6?4EF<6BEF9= 
>B@5VA4FBDA<I >BAHV7GD4JV= 8B;6B?ST 6EF4AB6<F< CB8V5AVEFP ;484K 
>B@5VA4FBD<>< F4 >B@5VA4FBDABW BCF<@V;4JVW. �V8CB6V8AB @B:A4 
CBSEA<F< CD<DB8G GAV69DE4?PABEFV 4?7BD<F@V6 F4 @9FB8V6 WIAPB7B 
DB;69S;4AAS. "EB5?<6VEFP EFDG>FGD< >B@5VA4FBDA<I @AB:<A, S>V T 
4D7G@9AFB@ JV?PB6BW HGA>JVW, CBSEART E<FG4JVR A96<;A4K9ABEFV 6 ;484K4I 
>B@5VA4FBDABW BCF<@V;4JVW (>?4EF9D<;4JVW, ;484K4 CDB D4A9JP FBMB). 

 
�VB5@0BC@0 
1. &<@BHVT64 !.�. &9BD9F<>B-K<E?B6V @9FB8< DB;6'S;4AAS ;484K 

>B@5VA4FBDABW BCF<@V;4JVW. �6FBD9H. 8<E... 8B>F. F9IA. A4G> / �A-F 
>V59DA9F<>< V@. �. . �?GL>B64 !�! '>D4WA<, �<W6.  2007. 32 E. 

2. &<@BHVT64 !.�. #DB CB8V5AVEFP ;484K >B@5VA4FBDABW BCF<@V;4JVW 
F4 GAV69DE4?PAVEFP 4?7BD<F@V6. %<EF9@AV 8BE?V8:9AAO F4 VAHBD@4JV=AV 
F9IAB?B7VW.  2013.  7 4.  %. 27337. 
 
 
 

#�$�$���!!/ � ����+�) '#"$/��'��!!/ ��$,�! 
�$�*�"�!�) ��$�� 

�4?9AF<A4 &GDK<A4, �679A �B64?9A>B 
�AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9EO �BAK4D4 

 
INTERRUPTIONS IN THE GRACEFUL TREES' VERTICES 

PARALLEL SEQUENCING PROBLEMS 

 
Abstract. This research aimed to investigate the parallel sequencing 

problems for cases when a digraph has a structure of a tree which allows 
graceful labeling. The main attention was paid to the subclass called stars. The 
optimal solutions for cases of allowed and denied interruptions were 
compared. Directions for further research on this problem were stated. 

 
�?4E<KAV CBEF4AB6>< ;484K GCBDS8>G64AAS 69DL<A BD7D4HV6 

G = (V,U)  EHBD@G?PB64AV 6 [1]. 
!4EFGCAV 86V BEAB6AV ;484KV CBEFV=AB CD<69DF4RFP 8B E959 G647G:  
- CD< ;484AV= L<D<AV h(S) CB5G8G64F< GCBDS8>G64AAS S 

@VAV@4?PABW 8B6:<A<; 
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- CD< ;484AV= 8B6:<AV l(S) CB5G8G64F< GCBDS8>G64AAS S 
@VAV@4?PABW L<D<A<. 

� 84AV= DB5BFV DB;7?S84TFPES C9DL4 ; A<I 8?S EC9JV4?PA<I CV8>?4EV6 
7D4HV6. 

!46989@B 89S>V 6V8B@V B;A4K9AAS [2]. 
"7=0G5==O 1. �A8G>B64A4 @VF>4 D95D4 4 J9 45EB?RFA4 69?<K<A4 

DV;A<JV @VFB> 69DL<A, VAJ<89AFA<I 8B JPB7B D95D4. 
"7=0G5==O 2. �D4JVB;ABR A4;<64RFP F4>G DB;@VF>G 69DL<A 

A9BDVTAFB64AB7B 7D4H4 G V; n D95D4@<, CD< S>V= >B:AV= 69DL<AV EF46<FPES 
G 6;4T@AB B8AB;A4KAG 6V8CB6V8AVEFP @VF>4 V; @AB:<A< {0, 1, & n}, 
CD<KB@G 6EV VA8G>B64AV @VF>< D959D T DV;A<@<. 

"7=0G5==O 3. �D4H A4;<64RFP 7D4JVB;A<@, S>MB 6VA 8BCGE>4T 
7D4JVB;AG DB;@VF>G. 

�?S C9DLBW ; 6>4;4A<I ;484K DB;7?S84TFPES 6<C48B>, >B?< ;484A<= 
BD7D4H @4T EFDG>FGDG 7D4JVB;AB7B 89D964. 

"E>V?P>< CBASFFS 7D4JVB;ABEFV 6V8ABE<FPES 8B A9BDVTAFB64A<I 89D96, 
4 6 CB84?PLB@G 5G8GFP DB;7?S84F<ES BDVTAFB64AV, FB @B:?<6V DV;AV 
64DV4AF< ;4@VA< D959D A4 8G7<. ">DV@ FB7B 5G89@B 664:4F<, MB JV 7D4H< 
;64:9AV F4 WI 69DL<A< @4RFP B8<A<KAG 647G. "8A<@ ; A4=C9DL<I >?4EV6 
89D96, 8?S S><I 5G?B 8B6989AB @B:?<6VEFP 7D4JVB;ABW DB;@VF><, T ;VD><. 

�V8B@B, MB ;VD>BR A4;<64TFPES 89D96B, MB @4T B8AG 69DL<AG 
EF9C9AS, 5V?PLB7B ;4 1, 4 EF9CVAP D9LF< 8BDV6ART 1. 

#D< 89F4?PAVLB@G DB;7?S8V BDVTAFB64A<I ;VDB> @B:A4 6<8V?<F< F4>V 
FD< 6<C48>< A4 BEAB6V FB7B, S><@ E4@9 K<AB@ D95D4 ;4@VARRFPES 8G74@<. 

1. �EV 8G7< 6<IB8SFP V; J9AFD4?PABW 69DL<A< ;VD>< (D<E.1 4). 
2. �EV 8G7< 6IB8SFP 6 J9AFD4?PAG 69DL<AG ;VD>< (D<E.1 5). 
3. +4EF<A4 8G7 6IB8SFP 6 J9AFD ;VD><, D9LF4 4 6<IB8SFP (D<E.1 6). 
 

 
$<E. 1 4 �<8< BDVTAFB64A<I ;VDB> 

 
#D< DB;69S;4AAV ;484K C4D4?9?PAB7B GCBDS8>G64AAS 8?S 6<C48>G 1 

ECBK4F>G J9AFD4?PA4 69DL<A4 ;VD>< EF46<FPES A4 C9DL9 @VEJ9 6 
GCBDS8>G64AAS. #VE?S JPB7B, BE>V?P>< D9LF4 69DL<A ;VD>< A9 CB69S;4AV 
8G74@<, 6BA< 6ABE<FPES 6 GCBDS8>G64AAS F4>, AV5< T V;B?PB64A<@<. �?S 
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6<C48>G 2 4A4?B7VKA<@ K<AB@ EC9DLG 6EV 69DL<A<, >DV@ J9AFD4?PABW, 
DB;@VMGRFPES 6 GCBDS8>G64AAV S> V;B?PB64AV, CVE?S KB7B ;4ABE<FPES 
J9AFD4?PA4. �<C48B> 3 T >B@5VA4JVTR CBC9D98AVI 86BI. &4 K4EF<A4 
69DL<A, V; S><I 8G7< CDS@GRFP 8B J9AFDG ;VD>< 6ABESFPES 8B 
GCBDS8>G64AAS C9DL<@<, S> V;B?PB64AV, CBFV@ J9AFD ;VD><, CVE?S KB7B 4 
D9LF4 69DL<A. �484KV GCBDS8>G64AAS 8?S 7D4HV6 ; V;B?PB64A<@< 
69DL<A4@< 89F4?PAB DB;7?S84?<ES 6 [3]. 

!9I4= E>VAK9AA4 @AB:<A4 DB5VF, A4 CBDS8B> 6<>BA4AAS S><I 
A4>?484RFPES G@B6< E?V8G64AAS, @B89?RTFPES 89D96B@, MB T 
BDVTAFB64ABR ;VD>BR. �9SEGT@B 6C?<6 C9D9D<64AP CD< 6<>BA4AAV DB5VF A4 
BCF<@4?PAVEFP DB;69S;>G 6 6V8CB6V8A<I ;484K4I GCBDS8>G64AAS 8?S J<I 
6<C48>V6 F4 BJVA<@B J9= 6C?<6 ;4 HBD@G?BR, ;4CDBCBAB64ABR 6 [3]: 

*

*
1 100% ,�lW

l

ö ö
= 2 ÷÷ ÷
ø ø

 

89 l*, *
�l  4 8B6:<A4 6V8CB6V8AB BCF<@4?PAB7B GCBDS8>G64AAS 59; 

C9D9D<64AP F4 ; C9D9D<64AAS@<. 
#D< CBDV6ASAAV 6<S6?STFPES, MB BCF<@4?PA9 GCBDS8>G64AAS 8?S 

6IV8A<I F4 6<IV8A<I ;VDB> V; >V?P>VEFR 69DL<A (D+1) 6V8DV;ASTFPES 6V8 
6<C48>G 7D4H4 ; D V;B?PB64A<@< 69DL<A4@< ?<L9 F<@, MB @VEF<FP M9 
B8AG 69DL<AG A4 C9DLV= (8?S 6<IV8A<I ;VDB>) K< BEF4AAV= (8?S 6IV8A<I) 
CB;<JVW. *9 F4>B: B;A4K4T, MB 8B6:<A4 BCF<@4?PAB7B GCBDS8>G64AAS 
5G89 5V?PLBR A4 69?<K<AG, MB DV6A4 64;V J9AFD4?PABW 69DL<A<, AV: 8?S 
6V8CB6V8AB7B 7D4H4 ; V;B?PB64A<@< 69DL<A4@< A9;4?9:AB 6V8 L<D<A< 
GCBDS8>G64AAS h. 

&B8V 8?S 6<C48>G B8<A<KABW 647< 6<7D4L EF4AB6<FP 

1
1 100% .

1

p

hW
p

h

ö ö
+÷ ÷

÷ ÷= 2 ÷
ù ù÷ ÷+÷ ÷ú úú úø ø

 

�?S 1h p= 2  BFD<@GT@B 
1

2
1

1 100% .
3

p
W

ö ö+÷ ÷2÷ ÷= 2 ÷
÷ ÷
÷ ÷
ø ø

 

#D< 1D þþ  

1
0 33,(3)% .

1
W

D
³ þ ³

2
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"F:9, 8?S 8BEF4FAPB 69?<>BW >V?P>BEFV 69DL<A G 6IV8AV= K< 6<IV8AV= 
;VDJV 8B;6V? C9D9D<64AP 8464F<@9 VEFBFA<= 6<7D4L CD< 1h p= 2 . &9C9D 
G;474?PA<@B @VD>G64AAS, CD<CGE>4RK<, MB 2 1h pó ó 2  V CB>4:9@B 
;4?9:AVEFP W(h) 8?S ;A4K9AAS p = 100. 
 

 
$<E. 2 4 �4?9:AVEFP 6<7D4LG 6V8 L<D<A< GCBDS8>G64AAS CD< D = 100 
 
�?S >B@5VAB64AB7B 6<C48>G, >B?< 6 ;VDJV T D1 8G7, MB 6IB8SFP 8B 

J9AFD4?PABW 69DL<A<, F4 D2 F4><I, S>V 6<IB8SFP ; A9W (D1 + D2 = D), 6<7D4L 
;A4IB8<FPES A4EFGCA<@ K<AB@: 

1 2

1 2

1 2 1 2

1
1 100% 45> 1 100% ,

1 1

p p
p p hhW W

p p p p
h

h h h h

ö öö ö+ ÷ ÷+÷ ÷ + +÷ ÷÷ ÷= 2 ÷ = 2 ÷
÷ ÷ù ù ù ù ö öù ù ù ù÷ ÷+ + + +÷ ÷ ÷ ÷÷ ÷ú ú ú ú ú ú ú úú ú ú úø ø ú ú ú úø øø ø

 

89 2h ó , 4 6V8CB6V8AB 1 2, 3p p ó . 

�EF4AB6<@B ;4?9:ABEFV 6<7D4LG 6V8 DV;A<I ;A4K9AP C4D4@9FDV6 p1, p2 
F4 h. �?S 6<;A4K9ABEFV CD<CGEF<@B, MB 

1 2p pó . 3> 6<8AB V; D<E. 2, 
@4>E<@4?PA9 ;A4K9AAS 6<7D4LG 8BES74TFPES CD< ;A4K9AASI h 5?<;P><I 8B 
>V?P>BEFV 8G7. +9D9; J9 664:4F<@9@B, MB 2  1h p= 2 . �<7D4L CD< DV;A<I 
>B@5VA4JVSI ;A4K9AP p1, p2 F4 h 8?S D = 100 A46989AB A4 D<E. 3. 
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$<E. 3 4 �4?9:AVEFP 6<7D4LG 6V8 C4D4@9FDV6 CD< D = 100 
 
3> 6<8AB ; 7D4HV>G, @4>E<@4?PA9 ;A4K9AAS 6<7D4LG 8BES74TFPES CD< 

p1 = p2. �9SEGT@B, 8B S>B7B ;A4K9AAS EIB8<FPES 6<7D4L. �6989@B 
CB;A4K9AAS p' = p1 = p2, V 6V8CB6V8AB @4T@B p' = h + 1. #VE?S CV8EF4AB6>< 
BFD<@GT@B: 

3 2
1 100% ,

1 1
1

h
W

h h
h

h h

ö ö
÷ ÷+÷ ÷= 2 ÷
÷ ÷ö + + öù ù ù ù+ +÷ ÷÷ ÷ú ú ú úú ú ú úø øø ø

 

45B CD< ECDBM9AAV 
3 2

1 100%
5

h
W

h

+ö ö= 2 ÷÷ ÷
ø ø

. 

�?S ;A4K9AP 2h þþ  (4 BF:9 V 2Dò þþ ) 6<7D4L 40%W ³ . 

�B;6V? C9D9D<64AP G ;484K4I GCBDS8>G64AAS, 89 BD7D4H T ;VD>BR, 
@B:9 VEFBFAB 6C?<AGF< A4 BCF<@4?PA<= DB;69S;B>, G F<I 6<C48>4I, >B?< 
69DL<A< @4RFP B8<A<KAG 647G, 4 ;484A4 L<D<A4 5?<;P>4 8B >V?P>BEFV 
6<ESK<I 69DL<A (>DV@ >B@5VAB64AB7B 6<C48>G). #B84?PLB7B 6<6K9AAS 
CBFD95GRFP ;484KV, 6 S><I: 

" 6V8CB6V8A<= BD7D4H @4T EFDG>FGDG VALB7B CV8>?4EG 
7D4JVB;A<I 89D96; 
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" 647< 69DL<A DV;AV; 
" L<D<A4 GCBDS8>G64AAS ;484A4 8B6V?PAB. 

 
�VB5@0BC@0 
1. �GD8R> �.3., &GDK<A4 �.�. �?7BD<F@O C4D4??9?PAB7B 

GCBDS8BK9A<S: GK95AB9 CBEB5<9. �.: ��', 1985. 84 c. 
2. #9FD9AR> �.�. �D4JVB;AV 89D964. �A4?V; CDB5?9@< F4 

C9DEC9>F<6<. 'CD46?SRM<9 E<EF9@O < @4L<AO. 2016. %.163
25,33. 

3. �B64?9A>B �."., &GDK<A4 �.�. �A4?V; EFDG>FGD< 7D4HV6 6 ;484K4I 
C4D4?9?PAB7B GCBDS8>G64AAS ; C9D9D<64AAS@<. �DBC<6A<JP><=: 
## «�>E>?R;<6-%<EF9@». 2021. %.86-90. 

 
 
 

���"$�%&�!!/ ($�� �!&�$!"� 
 "���� &� ��"�.*��!"�" ���"$�& ' ��/ 

$"��9/��' ����+ $"�#"���' $�%'$%�� +�%' 

 <I4=?B )GD84=?B 
�4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 

 
USING FRAGMENTAL MODELS AND EVOLUTIONARY 

ALGORITHM FORSOLVING THE PROBLEMS OF TIME 

RESOURCE DISTRIBUTION 

 
Abstract. $B5BF4 CD<E6SK9A4 DB;DB5JV 7V5D<8A<I 4?7BD<F@V6 A4 

BEAB6V HD47@9AF4DABW @B89?V 8?S ;484KV DB;CB8V?G D9EGDEV6 K4EG. 
 
!4 EPB7B8AV A9 6V8B@V 4?7BD<F@< ; CB?VAB@V4?PABR E>?48AVEFR 8?S 

BCF<@4?PAB7B 6<DVL9AAS J<I ;484K, FB  4>FG4?PA<@ T 8BE?V8:9AAS 
A45?<:9A<I @9FB8V6 CBLG>G BCF<@4?PAB7B 6<DVL9AAS ;484K DB;CB8V?G 
D9EGDEV6 K4EG F4 WI CD<>?48AB7B ;4EFBEG64AAS 8?S >9DG64AAS 6 
9>BAB@VKA<I E<EF9@4I. �474FBB5VJSRK<@ A4CDS@>B@ 6 JV= J4D<AV T 
DB;DB5>4 4?7BD<F@V6, MB ;4EAB64AV A4 @9FB84I @9F496D<EF<><, 4 E4@9 A4 
6<>BD<EF4AAV 96B?RJV=A<I 4?7BD<F@V6 [1]. 

�474FB ;484K ; F9BDVW DB;>?48V6 @B:GFP 5GF< ;6989AV 8B CBLG>G 
BCF<@4?PABW C9D9EF4AB6><. �474?PA9 HBD@G?R64AAS ;484KV CDB 
BCF<@4?PAG C9D9EF4AB6>G F4>9: A4 CV8@AB:<AV X @AB:<A< 6EVI 
C9D9EF4AB6B> ; n 9?9@9AFV6 ;484AB HGA>JVR 1:F X R³  �4684AAS ;A4=F< 
C9D9EF4AB6>G x*þX, 8?S S>BW ;A4K9AAS HGA>JVW F @VAV@4?PA9 
(@4>E<@4?PA9).  
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$B;7?SA9@B B8AG ; F4><I ;484K, S>4 K4EFB 6<A<>4T CV8 K4E E>?484AAS 
DB;>?48G ;4ASFP G A46K4?PA<I ;4>?484I.  4T 6BA4 F4>G VAF9DCD9F4JVR: 8?S 
>B:ABW 7DGC< EFG89AFV6 T A46K4?PA<= C?4A, G S>B@G ;4;A4K9AB, S>V 
8<EJ<C?VA< 5G8GFP 6<>?484F<ES 6 E9@9EFDV. �B:A4 8<EJ<C?VA4 i 
BC<EGTFPES CV8@AB:<ABR AB@9DV6 F<:AV6 @AB:<A< 6EVI F<:AV6 G 
E9@9EFDV, 89 AB@9D F<:AS  j G CV8@AB:<AV i B;A4K4T, MB 8<EJ<C?VA4 i 
6<>?484TFPES A4 j-@G F<:AV 6V8 CBK4F>G K<F4AAS JVTW 8<EJ<C?VA<. 
#9D9854K4TFPES, MB >B:9A CD98@9F >B:AB7B F<:AS 6<>?484TFPES 
B8A4>B6G >V?P>VEFP 7B8<A. #BFDV5AB DB;@VEF<F< 6EV 8<EJ<C?VA< ; 
A46K4?PAB7B C?4AG F4>, MB5 DB;CB8V? A464AF4:9AAS A4 EFG89AF4 5G6 
;4C?4AB64A<= DV6AB@VDAB. $V6AB@VDAVEFP A464AF4:9AAS @B:9 8BES74F<ES 
BCF<@V;4JVTR DV;A<I >D<F9DVW6. "8<A V; A<I, @VAV@V;4JVS @4>E<@4?PAB7B 
F<:A96B7B A464AF4:9AAS ;4 E9@9EFD, DB;7?S84TFPES 6 JV= CBEF4AB6JV. 

 B:?<64 V 5V?PL ;474?PA4 VAF9DCD9F4JVS @B89?V. �B:9A CD98@9F 
@B:9 DB;7?S84F<ES S> DB5BF4, MB 6<@474T 8?S E6B7B 6<>BA4AAS B8<A 
D9EGDE. �<>BD<EFB6GTFPES J9= D9EGDE G >V?P>4 9F4CV6, CD<KB@G B5ES7 
A9B5IV8AB7B D9EGDEG A4 >B:AB@G 9F4CV ;48B6V?PA<= V A9 C9D96<MGT 1. &B8V 
;@VAA<@< GCD46?VAAS T K4E CBK4F>G 6<>BA4AAS 84ABW DB5BF<, 4 F4>B: 
@4L<A4, A4 S>G JS DB5BF4 CD<;A4K9A4 8?S 6<>BA4AAS. &4>B: 
VAF9DCD9F4JVTR @B89?V @B:9 5GF<, A4CD<>?48, >B@C'RF9DA4 @9D9:4. 
$9EGDEB@ FGF T CDBJ9EBDA<= K4E. &B8V CD98@9F< VAF9DCD9FGRFPES S> 
;4684AAS ; 6<8V?9A<@< V 6V8B@<@< A4C9D98 9F4C4@< DV;AB7B ECB:<64AAS 
K4EG CDBJ9EBD4. 

#B>4;4AB, MB DB;7?SAGF4 ;484K4 @4T HD47@9AF4DAG EFDG>FGDG V @B:9 
5GF< ;6989A4 8B ;484KV 59;G@B6ABW BCF<@V;4JVW A4 @AB:<AV C9D9EF4AB6B>. 

#DBCBAGTFPES 8BE?V8<F< 7VCBF9;G, MB 8?S CBLG>G EG5BCF<@4?PA<I 
DB;69S;>V6 84ABW ;484KV @B:?<6B 6<>BD<EFB6G64F< 7V5D<8A<= 4?7BD<F@, 
MB CBT8AGT G EB5V >B@5VA4JVR B8AVTW ; 6V8B@<I @9F496D<EF<> 
96B?RJV=A<I 4?7BD<F@V6 (79A9F<KA<= 4?7BD<F@ 45B @GD4L<A<= 
4?7BD<F@) D4;B@ ; HD47@9AF4DA<@ 4?7BD<F@B@ [2]. 

�4 D9;G?PF4F4@< 8BE?V8:9AAS, ;'SEG64?BES, MB ;484KV E>?484AAS 
BCF<@4?PAB7B DB;>?48G 6 ;474?PAB@G 6<C48>G T NP-E>?48A<@< [3].  

&4>B: A9 @B:A4 G;474?PARRK< EF69D8:G64F<, MB 6<>BD<EF4AAS 
96B?RJV=A<I 4?7BD<F@V6 @B:9 A48464F< DB;69S;4AAS 6EVI F<CV6 ;484K ;V 
E>?484AAS K< BCF<@V;4JVW DB;>?48V6, CDBF9 T 5474FB GECVLA<I CD<>?48V6 
;4EFBEG64AAS 96B?RJV=A<I 4?7BD<F@V6 8?S 8BES7A9AAS EG5BCF<@4?PAB7B 
D9;G?PF4FG [4]. 

#DBF9 A4D4;V ;484K4 E>?484AAS DB;>?48G A9 @4T F4>B7B 4?7BD<F@G 
6<DVL9AAS, MB ;4 5G8P-S><I G@B6 F4 B5@9:9AP A4846 5< BCF<@4?PA<= 
D9;G?PF4F, 4 BF:9 = 6<>BD<EF4AAS EG5BCF<@4?PA<I D9;G?PF4FV6, MB 
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BFD<@4AV ;4 8BCB@B7BR ;4CDBCBAB64AB7B 7V5D<8AB7B 4?7BD<F@G JV?>B@ 
@B:?<6B 664:4F< CD<84FA<@< 8?S 6<>BD<EF4AAS. 
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�BS  ,9D@4A 
 V:A4DB8A<= T6DBC9=EP><= GAV69DE<F9F 

 
SQUARE DIFFERENCE LABELING FOR EDGE CONNECTION  

OF SOME GRAPHS 

Abstract. In this paper some methods for constructing Square Difference 
Labeling of  edge connection of �-copies of the cycle ÿ2�+1 and cycle ÿ� are 
discussed. 

 
� F9BDVW DB;@VFB> 7D4HV6 T 69?<>4 >V?P>VEFP A9DB;69S;4A<I ;484K. 

�AF9D9E 6<>?<>4RFP C96AV ;484KV, 6 S><I T A9B5IV8AVEFP 8BE?V8<F< 
VEAG64AAS >648D4FABW DV;A<J96BW DB;@VF>< 7D4HV6, BFD<@4AV ?4AJR7B6<@ 
;9T8A4AAS@ F4 8<;9RA>F<6A<@ B59T8A4AAS@. +4EF>B6B JS ;484K4 
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DB;69S;4A4 6 DB5BFV Geetha F4 Kalamani «Square Difference Labeling for 
Some Graphs» G 2019 DBJV [1]. �6FBD< CB>4;4?<, MB VEAGT >648D4FA4 
DV;A<J964 DB;@VF>4 7D4H4-;VD>< þ� ; ?4AJR7B@ ÿ� , 86BI >BCV= J<>?4 ÿ� ; 
?4AJR7B@ ÿ� F4 B5@9:9AB7B CB6AB7B 7D4HG þ�,�. -BDVKA<= B7?S8 6EVI 
VEAGRK<I DB;@VFB> CD98EF46?9A<= 6 9?9>FDBAAB@G :GDA4?V �4?PSAB «A 
dynamic survey of graph labeling» [2].  
' 84AV= DB5BF4 DB;7?S84TFPES >648D4FA4 DV;A<J964 DB;@VF>4 45B SDL 

D959DAB7B ;9T8A4AAS  �  >BCV= J<>?G ÿ2�+1 V J<>?4 ÿ�. 
#V8 7D4HB@ DB;G@VRFP E>VAK9A<= A9BDVTAFB64A<= 7D4H 59; C9F9?P V 

>D4FA<I D959D. !9I4= G=(V, E) T 7D4H ; @AB:<ABR 69DL<A V(G) V 
@AB:<ABR D959D E(G). �G89@B 664:4F<, MB |V(G)|=p, |E(G)|=q. 

(GA>JVR f A4;<64RFP >648D4FABN DV;A<J96BN DB;@VF>BN 7D4H4 G ; 
p 69DL<A4@<, S>MB f 3 5VT>JVS ; V(G) A4 @AB:<AG {0, 1, 2, &, p31} F4 
VA8G>B64A4 A9R D959DA4 DB;@VF>4 f*(u,v) = |[f(u)]23[f(v)]2| T VA'T>JVTR ; E(G) 
6 @AB:<AG A4FGD4?PA<I K<E9?. �D4H, MB 8BCGE>4T >648D4FAG DV;A<J96G 
DB;@VF>G, A4;<64TFPES >648D4FA<@ DV;A<J96<@ 7D4HB@ 45B SD 7D4HB@. 

#V8 D959DA<@ ;9T8A4AAS@  �  >BCV= J<>?G ÿ2�+1 V J<>?G ÿ� 5G89@B 
DB;G@VF< 7D4H, GF6BD9A<= ;9T8A4AAS@ 8B6V?PABW 69DL<A<  >BCV= J<>?G ÿ2�+1 F4 >B:ABW 69DL<A< J<>?G ÿ� D95DB@ S> CB>4;4AB A4 D<E. 1. 

 9FBR DB5BF< T 8BE?V8:9AAS VEAG64AAS >648D4FABW DV;A<J96BW 
DB;@VF>< D959DAB7B ;9T8A4AAS  �  >BCV= J<>?G ÿ2�+1 V J<>?G ÿ�. 

&5>@5<0. $959DA9 ;9T8A4AAS  �  >BCV= J<>?G ÿ2�+1 V J<>?G ÿ� 8BCGE>4T >648D4FAG DV;A<J96G DB;@VF>G 8?S 5G8P-S><I A4FGD4?PA<I 
K<E9? �, � 89 � g 3.  

�>2545==O. !9I4= {
1ÿ , 
2ÿ , 
3ÿ , & , 
2�+1ÿ  } 3 @AB:<A4 69DL<A i-W >BCVW 
J<>?G ÿ2�+1, { �1, �2, & , �� } 3  @AB:<A4 69DL<A J<>?G ÿ�, 89 � g 3. 
�484@B 69DL<AG DB;@VF>G � 7D4H4 � CBDS8>G |�(�)| = 2�(� +1)  A4EFGCA<@ K<AB@: 

 �(�ÿ) = 2�(ÿ 2 1), 
 �(
�ÿ) = 2�(ÿ 2 1) + �, 
 

89 ÿ = 1, 2, & , �, � = 1, 2, & , 2� + 1 . 
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&4><@ K<AB@, f 3 5VT>FA9 6V8B5D4:9AAS @AB:<A< 69DL<A A4 

@AB:<AG K<E9? {0, 1, 2, 3, 4, & , 2�(� + 1) 2 1}. 
�?S D959D J<>?G ÿ2�+1 BFD<@4T@B @VF><: 

f*(
�ÿ , 
�+1ÿ  )=|[f(
�ÿ)]23[f(
�+1ÿ  ]2|=|2�(ÿ 2 1) + � +2�(ÿ 2 1) + � + 1|= = 4�(ÿ 2 1) + 2� + 1             (1) 
 
f*(
2�+1ÿ , 
1ÿ  )=|[f(
2�+1ÿ )]23[f(
1ÿ  ]2|= |(2�(ÿ 2 1) + 2� + 1)2 2 (2�(ÿ 21) + 1)2| == 8��(ÿ 2 1) + 4�2 + 4�             (2) 
 

�?S D959D J<>?G ÿ� F4 D959DAB7B ;9T8A4AAS  �  >BCV= J<>?G ÿ2�+1 
BFD<@4T@B @VF><: 
  
f*(
1ÿ , �ÿ )=|[f(
1ÿ )]23[f(�ÿ  ]2|=|2�(ÿ 2 1) + 1 +2�(ÿ 2 1)|= = 4�(ÿ 2 1) + 1,                   (3) 
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3�  


1�  


2�  
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$<E. 1. $959DA9 ;9T8A4AAS  �  >BCV= J<>?G ÿ2�+1 V J<>?G ÿ� 
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f*(�ÿ, �ÿ+1 )=|[f(�ÿ)]23[f(�ÿ+1 ]2|=|2�(ÿ 2 1)2 2 2�ÿ2| = 4�ÿ 2 2�,        (4) 
 
89 1 f ÿ f � 2 1,  
 
f*(��, �1 )=|[f(��)]23[f( �12|=|2�(� 2 1)2 2 0| = 2�3 2 2�2 + 2�,       (5) 
 

 VF>< D959D, B5K<E?9AV ; 6<>BD<EF4AAS@ HBD@G? (1) F4 (3) 
GF6BDRRFP @AB:<AG A9C4DA<I DV;A<I K<E9? þ1 ={1, 3, 5, 7, 9, &, 4�(� + 1) 2 3}. � HBD@G?< (2) B89D:<@B B8AB9?9@9AFAG @AB:<AG þ2 ={2�3 2 2�2 + 2�}. 

 VF>< D959D, B5K<E?9AV ; 6<>BD<EF4AAS@ HBD@G? (4) F4 (5)  
GF6BDRRFP @AB:<AG C4DA<I DV;A<I K<E9? þ3 ={2�, 6�, 10�, &, 4�2 22�}.  

' D9;G?PF4FV ;4;A4K9A<I 8V= HBD@GTFPES @AB:<A4 þ = þ1 , þ2 ,þ3 ¢ �, MB E>?484TFPES ; DV;A<I K<E9?. "F:9, f 3 >648D4FA4 DV;A<J964 
DB;@VF>4. &9BD9@G 8B6989AB. 

�?S CD<>?48G DB;7?SA9@B 7D4H, BFD<@4A<= D959DA<@ ;9T8A4AAS@  5  
>BCV= J<>?G ÿ5 V J<>?G ÿ5, ;B5D4:9A<= A4 D<E. 2. #B5G8GT@B 69DL<AAG 
DB;@VF>G f F4 BFD<@4T@B SDL  84AB7B 7D4H4.  

$<E. 2. $959DA9 ;9T8A4AAS  5  >BCV= J<>?G ÿ5 V J<>?G ÿ5 
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$��"�.*�/ 

))V  V6=0@>4=>3> =0C:>2>-?@0:B8G=>3> A5<V=0@C «�><1V=0B>@=V 
:>=DV3C@0FVW B0 WE=V 70AB>AC20==O» 

14-16 G5@2=O 2023 @. 
 

'K4EA<>< ))V  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B E9@VA4DG 
«�B@5VA4FBDAV >BAHV7GD4JVW F4 WIAV ;4EFBEG64AAS», BD74AV;B64AB7B ;4 
CV8FD<@><  VAVEF9DEF64 BE6VF< V A4G>< '>D4WA<, !4JVBA4?PA<@ 
GAV69DE<F9FB@ «�4CBDV;P>4 CB?VF9IAV>4» (>4H98DBR E<EF9@AB7B 4A4?V;G 
F4 B5K<E?R64?PABW @4F9@4F<><) F4 �PBFABR 4>489@VTR !4JVBA4?PAB7B 
46V4JV=AB7B GAV69DE<F9FG (@.�DBC<6A<JP><=), CD98EF46<?< 34 
A46K4?PA<I ;4>?48< F4 BD74AV;4JVW '>D4WA< F4 E6VFG. � E9@VA4DV 5D4?< 
GK4EFP CD98EF46A<>< 6<M<I A46K4?PA<I ;4>?48V6 F4 BD74AV;4JV=: 
1. !4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 
2. �PBFA4 4>489@VS !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG  
3. �AEF<FGF >V59DA9F<>< V@9AV �.  . �?GL>B64 !�! '>D4WA<  
4. �<W6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV &4D4E4 ,96K9A>4 
5. !4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F  
6. �4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 
7. *9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 
8. )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F @VEP>B7B 7BECB84DEF64 
V@9AV ".�9>9FB64 
9. !4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F «�AVCDB6EP>4 CB?VF9IAV>4» 
10.  V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 
11. !4JVBA4?PA<= GAV69DE<F9F «�P6V6EP>4 CB?VF9IAV>4» 
12. ��!� «�BA54EP><= 89D:46A<= C9847B7VKA<= GAV69DE<F9F» 
13. �4CBDV;P><= B5?4EA<= VAEF<FGF CVE?S8<C?B@ABW C9847B7VKABW 
BE6VF< 
14. ��!� «':7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F» 
15. �AEF<FGF HV;<>< !�! '>D4WA< 
16. �AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9ES �BAK4D4 
17. !4JVBA4?PA<= GAV69DE<F9F 6B8AB7B 7BECB84DEF64 F4 
CD<DB8B>BD<EFG64AAS 
18. *9AFD4?PABG>D4WAEP><= 89D:46A<= C9847B7VKA<= GAV69DE<F9F 
V@9AV �. �<AA<K9A>4 
19. *9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 
20. �V8>D<F<= @V:A4DB8A<= GAV69DE<F9F DB;6<F>G ?R8<A< <'>D4WA4= 
21. �DB@48EP>4 BD74AV;4JVS «%<EF9@AV 8BE?V8:9AAS» 
22. '>D4WAEP>9 HV;<KA9 FB64D<EF6B 
23. �AEF<FGF CDB5?9@ @4L<AB5G8G64AAS V@. �. . #V87BDAB7B !�! 
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'>D4WA< 
24. �AEF<FGF F9IAVKABW @9I4AV>< !�! '>D4WA<, 
25. �AEF<FGF @4F9@4F<>< !�! '>D4WA< 
26. #D<8AVCDB6EP>4 89D:46A4 4>489@VS 5G8V6A<JF64 F4 4DIVF9>FGD< 
27. Freshcode, @.�4CBDV::S 
28. Institute of Control Systems, Azerbaijan National Academy of 
Sciences 
29. Warwick Business School, UK 
30. School of Computer Science, University of St Andrews, UK 
31. University of Telecommunications and Posts, Sofia, Bulgaria 
32. �AEF<FGFG VAHBD@4JV=A<I F9IAB?B7V= �B8;PEP>B7B 
CB?VF9IAVKAB7B GAV69DE<F9FG, #B?PM4 
33. %4@4D>4A8EP><= HV?V4? &4L>9AFEP>B7B GAV69DE<F9FG 
VAHBD@4JV=A<I F9IAB?B7V=, ';59>VEF4A 
34. 'D79AKEP><= 89D:46A<= GAV69DE<F9F, ';59>VEF4A 

 
'K4EA<>< E9@VA4DG DB;7?SAG?< A4=5V?PL 4>FG4?PAV C<F4AAS, 

CB69S;4AV V; >B@5VA4FBDA<@< >BAHV7GD4JVS@< F4 WIAV@< ;4EFBEG64AAS@< 8B 
6<DVL9AAS EGK4EA<I CDB5?9@ @B89?R64AAS F4 CD<=ASFFS DVL9AP 6 
GCD46?VAAV E>?48A<@< E<EF9@4@< F4 CDBJ9E4@< ;4 F4><@< A4CDS@4@<: 
1. �B@5VA4FBDAV DB;@VM9AAS, 7D4H< V ;484KV BCF<@V;4JVW A4 A<I, 

46FB@4F<, E>VAK9AAV 4?795D<, @4F9@4F<KA4 ?B7V>4 V F9BDVS @AB:<A, 
F9BDVS V7BD V F9BDVS CD<=ASFFS DVL9AP F4 WIAV ;4EFBEG64AAS 6 DV;A<I 74?G;SI; 
2. $94?V;4JVS @4F9@4F<KA<I @B89?9= A4 8<E>D9FA<I F4 A9C9D9D6A<I 

@AB:<A4I (46FB@4F<;B64AV E<EF9@< >9DG64AAS, E<EF9@< 
46FB@4F<;B64AB7B CDB9>FG64AAS, E<EF9@< CV8FD<@>< CD<=ASFFS 
DVL9AP); 
3. #DB7D4@A9 ;459;C9K9AAS E<AF9;G F4 4A4?V;G >B@5VA4FBDA<I 

>BAHV7GD4JV=; 
4. $B;CV;A464AAS B5D4;V6, A9=DB@9D9:V F4 @9FB8< @4L<AAB7B A46K4AAS; 
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