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THE PROBLEM OF AUTOMATING THE RUBRICATION 

IN PRODUCTION OF THE ABSTRACT JOURNAL 

"MATHEMATICS" 
Arkhipova N. A., Voblyi V. A. 

VINITI RAS 
 

Abstract. The authors analyze the problem of automating the rubrication of 
documents in the production of the abstract journal "Mathematics". The system of 
automatic thematic classification of texts developed at VINITI RAS allows us to 
partially solve this problem. 
 

VINITI RAS has an automated workstation "Proofreader, Editor, 
Referent" (KOREF), which provides changes to the descriptions of 
documents directly in the Unified Technological Database (UTDB) 
when performing operations of thematic markup, abstracting, 
scientific editing, indexing, proofreading in the production of the 
abstract journal "Mathematics" [1]. An important technological stage 
of document processing is its rubrication, that is, the assignment of 
the classifier section code to the document. For the abstract journal 
"Mathematics", documents are categorized according to the UDC 
(Universal Decimal Classification) and SRSTI (State Rubricator 
Scientific and Technical Information). Rubrication of documents is 
necessary to speed up their information search in a large array of 
documents. For domestic articles and conference materials in 
accordance with GOST R 7.0.7-2009, the indication of the UDC 
when publishing is mandatory. However, the share of Russian-
language documents submitted to VINITI for the abstract journal 
"Mathematics" is only about 20% of the total flow, and the 
categorization of foreign documents is currently performed manually 
by the editors of the journal sections. Due to the constant growth of 
the volume of processed information, the task of automating the 
rubrication of English-language documents is relevant. 

It is necessary to distinguish between rubrication (classification) 
and clustering. For a rubrication, the rubrics are set, but when 
clustering, the number of rubrics may not be known, and the set of 
documents is divided into groups (clusters) based on similarity. In 
our case, the rubricator is set, and it rarely changes. 
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Rubrication is complicated by the possible ambiguity of 
assigning a rubric to a document due to the intersection of the 
thematic areas of the rubrices. For example, a traveling salesman's 
task is assigned by different experts to the section "Operations 
Research. Discrete programming. Combinatorial methods" (UDC 
519.854.2), or in the section "Algorithmic problems of combinatorial 
analysis" (UDC 519.16), or in the section "Algorithmic problems of 
graph theory" (UDC 519.178). The way out of this situation is to rank 
the resulting categories, that is, to assign several UDC documents 
with certain ranks or probabilities. 

Automatic rubrication methods are divided into two classes: 
knowledge-based methods and machine learning methods [2]. 
Knowledge-based methods use the knowledge base to build a 
categorization model, such as a thesaurus or an ontology. On the basis 
of this database, experts build rules for assigning documents to 
rubrics, usually in the form of boolean formulas. These methods 
require a lot of manual work by experts in the subject area. 

Machine learning methods based on the training collection of 
documents create a model that can do rubrication new documents 
[3,4]. A number of machine learning methods are known: metric, 
statistical, and linear classification methods, regression methods, and 
neural networks. The disadvantage of these methods is the need to 
have a marked-up array of documents, which is not always possible. 
VINITI has a huge stock of hand-classified documents that can be 
used to train the robot program. 

The most well-known machine learning method is the Bayes 
method. This method consists in calculating the probabilities of 
matching a document to each of the categories and selecting the 
category with the highest probability. Training is performed by 
calculating the probabilities of categories on a marked-up collection 
of documents. The method has a high speed of operation and a simple 
mathematical model, it is often used as a basic method when 
comparing different methods of machine learning. 

VINITI RAS has developed a system of automatic thematic 
classification of texts (ATCT) [5]. The main structural and functional 
components of the ATCT software package are a text preprocessor, 
a vectorizer, and a classifier program. The text preprocessor module 



 19 

solves the problem of cleaning the input document from markup 
elements, service characters, and also performs lemmatization, that 
is, bringing all words to the initial form. As a result, the text is 
translated into a universal internal representation, independent of the 
input format. To take into account the specifics of Russian - and 
English-language texts, the ATCT provides appropriate tools. The 
vectorizer converts the text to its vector model of the specified 
dimension. 

To do this, the ATCT uses the Word2Vec technology, which 
allows to represent the text as a numeric vector, while preserving its 
semantics in the form of the most significant or averaged thematic 
features of the words that make up the text. The main parameter of 
Word2Vec is the dimension of the resulting vector; it determines the 
detail of the expression of meaning in the thematic space. The 
classifier program, based on the vector representation of the text, 
makes a decision about which categories the text belongs to, and 
evaluates its probability for each category. This program forms a 
thematic profile of the text-for all variants of classification schemes, 
which it is trained to work with. This module implements the 
possibility of applying several of the currently most well-known 
machine learning algorithms and decision-making models that use 
natural language processing methods based on computer analysis 
using artificial intelligence and computational linguistics. 

The ATCT system is based on machine learning technology, 
training samples contain the results of manual classification of 
documents performed by VINITI specialists for already published 
issues of the abstract journal. The essential input data for the ATCT 
system are the titles, annotations, and keywords of the documents. 
Machine learning methods such as logistic regression and perceptron 
are mainly used. 

Currently, the ATCT system works in VINITI in an experimental 
mode, it can process 1-3 million documents per day. For each 
document, the probability of the SRSTI category of the 2nd level is 
determined [5]. However, the VINITI rubricator is a development of 
SRSTI up to level 9. Therefore, in the near future, it is impossible to 
completely abandon the manual rubrication of documents by the 
editors of the sections of the abstract journal. 
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CONCEPTUAL MODEL OF AUTOMATED SYSTEMS 

FOR DEVELOPMENT OF A PERSONAL DIET PLAN 
Kondruk N. E. 

Uzhhorod National University 
 
Abstract. The development of human-machine systems in the field of medicine, 

which combine the capabilities of modern technical means and knowledge and 
skills of doctors in decision-making, is becoming increasingly important. The paper 
describes the features of the conceptual model of  automated systems for compiling 
individualized diets for patients.  

 
Today, more and more attention is paid to the creation of systems 

that combine the capabilities of modern technology and human 
knowledge and skills in decision making. In the medical field, in 
particular, the development of computer information systems is 
relevant, which is used to support various activities in situations 
where it is impossible or undesirable to have an automatic system that 
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fully performs the entire process of finding solutions. In this way, the 
system does not replace the person, but only helps him in the process 
of solving the problem. One of such problems is the task of creating 
a diet plan for therapeutic, therapeutic and prophylactic nutrition and 
belongs to the field of diet therapy and hygiene. It involves the 
individualization of therapeutic nutrition, taking into account the 
possible presence of several diseases in the patient, his sex, age, body 
weight, intolerance of certain products. 

The conceptual model of such systems includes a user-system 
interface that implements tools for generating and managing 
dialogue, a product database (PD), and a model database (MD). 

The PD should contain a sufficient number of types of products 
for the preparation of various diets and information about the content 
of basic nutrients and their maximum allowable doses in the daily 
diet of the patient. 

The interface of the system should provide the user with the 
opportunity to select the required set of products from the PD, 
physiological norms of nutrients (set taking into account age, sex, 
weight of the patient) and determine the purpose of the diet 
(enrichment of the diet with vitamins and minerals). 

The MD should include the formation of flexible models for 
decision-making. That is, models should be automatically generated 
based on the emerging needs of the user. To implement this, it is 
proposed to use a general mathematical model of balanced human 
nutrition problems [1], which belongs to the class of linear 
programming problems with a large criterion space and fuzzy 
parameters. [2-3] describes the information model of the process of 
solving this problems. 

The development of the described machine systems [3] 
eliminates the technical difficulties of calculating the components of 
diets with the required content of fats, proteins, carbohydrates, 
calories, the main nutrients of some diet therapy and balanced 
nutrition and reduces the time of medical treatment. The diet is 
economically justified and provides a choice of its components. In 
addition, the individualization of the diet increases its preventive and 
curative effectiveness, which leads, in particular, to a shorter period 
of rehabilitation of the patient. 
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RIGIDITY OF PLANAR TRUSSES WITH REMOVED 

FRAGMENTS  
Revyakin A.M.  

National Research University of Electronic Technology – MIET 
Isachenko A. N. 

 Belarusian State University  
 

Abstract. The authors continued to study the applications of matroids in 
mathematical modeling of various systems. The problems related to the rigidity of 
frameworks are considered. It is shown how the rigidity of planar frames with 
removed fragments is related to the bases of a cyclic matroid of a specially 
constructed graph. 

 
The study of the rigidity of planar trusses was continued [1-5]. In 
statics, the equilibrium condition is usually determined by a system 
of differential or algebraic equations. By constructing an appropriate 
matroid for a system of equations, we can formulate a criterion for its 
solvability.  
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Consider a kxl square lattice as a planar truss consisting of rigid rods 
and connecting hinges. If you add additional diagonal rods to some 
squares, then in some cases the truss becomes rigid, i.e. it does not 
give in to deformation, and in others it does not. A natural question 
arises: where should we add the diagonal rods to make the truss rigid?  

Let's define a bipartite graph ( , )G V Eý  with a set of vertices 

1 2 1 2{ , , , , , , , }k lV v v v u u uý  and connect the vertices and 

an edge in it, if and only if a diagonal rod is placed in the square of 
the grid corresponding to i-th row and j-th column. 
Bolker and Krapo proved [6,7] that a square lattice with a certain set 

of diagonal rods is rigid if and only if the bipartite graph  

is connected. Hence, the minimum number of diagonal bars that need 

to be added for the rigidity  square truss is 1k lû  . This number 
is equal to the number of edges in the corresponding spanning tree of 

the graph  .  
For example, the 3x3-truss in Figure 1 is not a truss, since the 
corresponding bipartite graph is not connected. The possible 
deformation of the truss is also shown in Figure 1. 
 

 

Let us now consider a truss obtained from a square -lattice 
by removing a u sô -fragment from it (see Fig. 2). 

 

iv ju

( , )G V Eý

k lô

G

k lô

 
 

 
 

Fig. 1. Planar truss, its bipartite graph and deformation 
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Fig. 2. Planar 5x4-farm with a remote3 2ô -fragment 
 

Now the question: what is the minimum system of diagonal rods 
that will make the truss rigid? To answer this question, let's update 
our old bipartite graph.  

Replace each vertex corresponding to the line containing the 
deleted fragment with a pair of vertices, calling them left and right 
vertices, respectively. Connect the left and right vertexes with a red 
edge. We will do the same with the vertices corresponding to the 
columns of the farm. The left and right ends are connected by a green 
edge. 

The resulting "new graph" is shown in Figure 3. Denote it by

, , ,k l s uG . 

 

 
 

Fig. 3. Graph , , ,k l s uG  

 

Theorem 1. Suppose that a square -lattice is removed from 

its u sô -fragment. Then adding 3k l s uû û û   diagonal rods to the 
truss will make it rigid if and only if the set of edges corresponding 

k lô
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to the added diagonal rods forms the base of the cyclic matroid of the 

graph , , ,k l s uG  after adding exactly one edge of each color.  

In other words, the edges of the graph corresponding to the added 
diagonal elements form a 3-component forest F and there is one "red" 
edge a and one "green" edge b such that { , }F a bø   the tree in 

, , ,k l s uG . 

For example, for a planar 5x4-truss with a deleted 3x2 fragment, 
you need to add 11 diagonal elements for rigidity (Fig. 4). 

 

 

 
Fig.  4. Rigid truss graph 

 

Consider a truss obtained from a square k lô  lattice by 
removing two parallel rectangular u sô -fragments (Fig. 5). 

 

 

 
Fig. 5. A farm with two parallel fragments removed 

 

Update the bipartite graph. Replace each vertex corresponding 
to the line of the deleted fragment with three vertices. Connect the 
first and second copies of the top row vertex with the first color, and 
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the second and third copies with the second color. Similarly, replace 
each vertex of the corresponding column that contains the deleted 
cells with a pair of vertices, connecting them with edges of different 
(third or fourth) colors, depending on the number of the deleted 
fragment. The number of edges in the graph remains the same. Only 
the vertices of the column graph of the farm over which there were 
no deleted cells are connected to the first copies of the vertexes of the 
farm rows, the vertexes of the farm columns lying between the 
deleted fragments are connected to the second, and the remaining 
vertexes of the farm columns are connected to the third copies of the 
vertexes of the farm rows. The resulting graph (Fig.6) denote by 

, ,2 ,2k l s uG . 

Theorem 2. Suppose that two parallel rectangular u sô -

fragments are removed from a square -lattice. Then adding 

2 2 5k l s uû û û   diagonal rods to the truss will make it rigid if and 
only if the set of edges corresponding to the added diagonal rods 

forms the base of the cyclic matroid of the graph  , ,2 ,2k l s uG  after 

adding exactly one edge of each color. 
 

 
 

Fig. 6. Graph , ,2 ,2k l s uG  

 
For example, for a square 5x7-lattice in which two parallel 3x2-

fragments are removed, 17 diagonal rods must be added for rigidity. 
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MATHEMATICAL MODELS OF DATA PROCESSING  

UNDER THE MANIFOLD COORDINATE SYSTEMS 
Riznyk V.V. 

Lviv Polytechnic National University 
 
Abstract. Mathematical models of data processing under the manifold 

coordinate systems based on multidimensional combinatorial configurations, 

namely the concept of Ideal Ring Bundles (IRBs) regarded. IRBs are cyclic 

sequences of positive integers, which form perfect partitions of a finite interval [1,S] 

of integers. The sums of connected sub-sequences of an IRB ebumerate the set of 

integers [1,S] exactly R-times.Proposed concept involves techniques forming 

manifold coordinate grid m1 ô m2 ô…ô mt  over an object that exists in dimension 

t+1 with t disjoint axes and common reference point of the grid grounded on a set 

of t-stage vectors as basis for data coding and processing under the manifold 
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coordinate system. A set of these vectors t-stage vectors and their summing modulo 

mod m1 , mod m2 , …, mod mt  enumerate node points grid of the manifold 
coordinate system with the corresponding sizes and dimensionality exactly R times. 

Besides, we require each indexed vector data "category-attribute" set mutually 

uniquely corresponds to the eponymous point set of the coordinate grid.  Therefore, 

a combination of binary code with vector weight discharges of the database is 

allowed, and the set of all values of indexed vector data sets are the same that a set 

of numerical values. The model allows develop advanced vector information 

technologies under manifold coordinate systems. 

 

In recent times, vector data-sets often involve a number of factors, 
such as national economic, national defense, and other indexes of 
infrastructure, which have led to difficulties in large-scale data 
processinga great number of new concepts, parallel algorithms, 
processing tools, platform, and applications are suggested and 
developed to improve the value of big vector data. Big spatial vector 
data management presented in global review [1]. A comprehensive 
survey of the existing techniques and technologies from both 
academia and industry given in [2]. Unlike customary coding designs, 
the vector data puts it in basis of  t-dimensional manifold coordinate 
system, where basis is the smallest of the general number coordinate 
set, which it creates taking mi modulo addition, i=1,2,&., t. This 
scientific method reduces to the indexing t-dimensional data in the 
manifold coordinate set basis of t-dimensional reference system, 
where the basis is a set of less than the total number of the point node 
coordinates set [3].  

The known vector data coding methods [1312] characterized by 
limited number of attributes and categories for signal coding and 
processing information encoded by two or more attributes and 
categories, as well as are high complexity.  Mathematical problem is 
reduced to establishing a mutually unambiguous display of vector 
binary code combinations sets according to vector data attribute-
categories sets on the coordinate grid of the t-dimensional surface of 
the tmanifold. The task is to increase the number of code combinations 
of t- dimensional binary code for the formation of information 
parameters of signals by the number of attributes and categories in the 
basis of the outlined t- dimensional coordinate system. We require the 
code combinations enumerate exactly R-times both vector data 
attribute-categories sets and node points set of the coordinate grid with 
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sizes m1× m2 ×&× mi ×&×mt, where mi  3 number markers for 
referencing indexed categories on i-th axis, which corresponds to one 
of t attributes in  the manifold coordinate system [13].  

      Mathematical model of t-dimensional vector data processing 
system under manifold coordinate system is a set of nodal dots of the 
t-dimensional spatial coordinate grid of fixed sizes, which one-to-one 
correspond to a set of t-dimensional vector data attributes and 
categories. 

      In the case of two- dimensional (t=2) vector data processing 
system is a coordinate grid of sizes m1× m2, which covers a surface 
of usual torus with two (t=2) concurred axes of the torus with (0,0) 
reference point.  (Fig.1). 

 

 

Let us form toroidal coordinate system for vector data coding 

two (t = 2) attributes with two (m1 = 2) categories of the first, and 

three (m2 = 3) - the second attribute accordingly under the basis of 

m1 (0,0) 

m2 

 

Fig.1. Two-dimensional (t=2) vector data processing 

system as a coordinate grid of sizes m1× m2 covered surface 
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three (n = 3) two-dimensional (t=2) vectors {(1,1), (0,2), (0,1)}. The 

basis forms toroidal coordinate system by summing these vectors as 

a set of all its combinations taking modulo 2, and modulo 3 

accordingly: (0,0) ≡ (0,2) + (0,1) (mod 2,3); (1,0) ≡ (1,1) + (0,2) 

(mod 2,3); (1,2) ≡ (0,1) + (1,1) (mod 2,3).  So long as the terms 

{(1,1), (0,2), (0,1)} of the 3-stage (n=3) ring sequence themselves 

are two-dimensional vector sums also, the set of the modular (m1=2, 

m2=3) vector sums forms a set of nodal points of annular reference 

grid over 2ô3 exactly once (R=1). After arranged of all vectors, we 

derive the coordinate grid m1 × m2= 2 × 3: 

  
 

 
The binary 2D code under the basis {(1,1),  (0,2), (0,1)} of 

toroidal coordinate system m1×m2=2×3 given below (Table 1). 
Table 1. 
The binary 2D vector code under the basis {(1,1),(0,2),(0,1)} of 

toroidal coordinate system m1×m2=2×3 
 

n/n 

2D vector code combinations under the 
reference grid m1×m2=2×3 

Vector 
Digit weights of the code 
(0,1) (0,2) (1,1) 

1 (0,0) 1 1 0 

2 (0,1) 1 0 0 

3 (0,2) 0 1 0 

4 (1,0) 0 1 1 

5 (1,1) 0 0 1 

6 (1,2) 1 0 1 

 

The underlying code is <perfect= toroidal code because only three 

(n=3) its code combinations make a set of n (n-1) =6 combinations 

which make it possible to configure a toroidal coordinate system  

n × (n-1) over surface of torus, and the set of the code combinations  

(1,0)c(1,1)+(0,2)  (1,1)   (1,2) c (0,1) + (1,1)  
(0,0)c(0,2)+(0,1)   (0,1) (0,2) 
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enumerates the set of node points of the reference grid exactly once 

(R =1).  

The following example refers to the use of manifold coding 

system for storing and efficiently processing vector data indexed 

arrays in the form of 3D tables. To do this, the  basis 

{(0,1,0),(0,2,3),(1,1,2),(0,2,2),(1,0,3),(1,1,1)} of six (n=6) code 

combinations make it possible to shape a manifold coordinate system 

m1 × m2 × m3  = 2 × 3 × 5 over surface of the manifold,  and the set of 
the code combinations  enumerates the set of node points of the 

reference grid exactly once (R =1). In calculations, it is necessary to 

take into account the values of modules m1 =2, m2 = 3, m3 = 5  

(Table 2). 

Table 2. 
The binary 3D vector code under the basis 

{(0,1,0),(0,2,3),(1,1,2),(0,2,2),(1,0,3),(1,1,1)} of manifold coordinate 
system m1 × m2 × m3  = 2 × 3 × 5 

 

 

The result of the calculation forms the 2×3×5 matrix which 
enumerates 3-modular three-dimensional vector-sums and each of its 
meets exactly once (R=1).  
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A rough drawing of manifold reference system about three (t=3) 
concurrent axes m1 , m2 , and m3  with ground coordinate (0,0,0) is 
given below as a developed projection of these axes on the plane of 
sketch (Fig.2).   

 
 
The underlying mathematical models of data processing under the 

manifold coordinate systems provides opportunities to apply them to 

configure suitable relation big vector data models, e.g., processing two 

or more categories of attributes simultaneously [13]. Each indexed 

vector data "category-attribute" set mutually uniquely corresponds to 

the eponymous point set of the coordinate grid. The models allow 

develop advanced vector information technologies under the toroidal 

or manifold coordinate systems. 

There are a priory infinite set of manifold coordinate systems the 
underlying techniques can be used for easy-to-grasp representation 
and multidimensional big vector data processing under the systems. 
Advanced intelligent big vector data information technologies based 
on concept of multidimensional Ideal Ring Bundles provide 
competitive advantages with respect to processing speed and storage 
capacity due to vector IRB-coding.  Proposed models of data 
processing under the manifold coordinate systems make it possible to 
improve the value of big vector data from both academia and industry. 

 

Fig.2 A rough drawing of manifold reference system about 
three (t=3) concurrent axes m1 , m2, and m3  with ground 

coordinate (0,0,0) 
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ON THE KAMACHI-ARUMUGAM CONJECTURE ON 

DISTANCE ANTIMAGIC LABELING OF GRAPHS 
Semeniuta M.F., Sherman Z.A. 

 
National Aviation University 

Donetsk National Medical University 
 
Abstract. Graphs obtained as a result of connection operation on certain 

types of graphs are investigated for distance antimagic graphs. 
 
Arumugam S. and Kamatchi N. introduced in [1] the concept of 

remote antimagic labeling of the graph in 2013. 

Let ø ùEVG ,ý  be an undirected graph of order n  with neither 

loops nor multiple edges. Let us consider a function 

 nVf ,,2,1: û , given on the set of vertices )(GV . The weight 

)(xw  of vertex x  is understood as the sum of labels of vertices 

adjacent to x , then õ
þ

ý
)(

)()(
xNz

f zfxw , where )(xN  is a set of 

adjacency of vertex x . Function  nVf ,,2,1: û  is called 

distance magic labeling of graph G , if function f  is bijection and 
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)()( ywxw ff ù  for every two vertices )(, GVyx þ . The graphs for 

which such labeling is possible are called distance antimagic. In work 
[1] it was supposed that the graph G  be distance antimagic if and 
only if when )()( yNxN ù  for any vertices )(, GVyx þ . In general, 

this hypothesis has not yet been proven and refuted, although there 
are many works devoted to it. More information about it can be found 
in [2]. Let us study antimagic properties of graphs, obtained by 
performing a join operation on certain types of graphs and ),1( Q -

split graphs. 
According to Zykov, connection of graphs G  and H  such as 

that ý÷ )()( HVGV ö, is called a graph HG û  
with a set of vertices 

)()( HVGVV øý  and set of edges 

)}(),(:{)()( HVxGVaxaHEGEE þþøøý . If ù÷ )()( HVGV

ö, then before the connection operation one remarks the vertices of 
the operand graphs so that the new sets of their vertices do not have 
elements in common. 

Lemma 1. Graph nm KK û  is distance antimagic for every 

integer numbers m  and n . 
Proof. The result  of the operation of joining complete graphs is 

a complete graph, i.e nmnm KKK ûýû . This graph is a distance 

antimagic for any integer number m  V n . The lemma has been 
proved. 

Theorem 1. Graph GKm û  is distance antimagic, if G  or 

xG   is distance antimagic graph and 1)( ü nG , where 1þm , 

x  is isolated vertex in G , )(G  is maximum degree of the graph G  

of order n . 
Proof. Suppose, that   is distance antimagic labeling of graph 

G  of order n . We will denote the vertices of graph mK  as 

mxxx ,,, 21 û , and vertices of G  as nyyy ,,, 21 û . Let us define the 

labeling f  of graph GKm û  as 

)()(,)( jji yyfnixf ýûý , 
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where njmi ,,2,1,,,2,1 ûû ýý . Function f  is a bijection from 

the set )( GKV m û  on a set of numbers  mn,,2,1 û . We will define 

weight  of vertices as following: 
 

.
2

)1(
)()(

,
2

)1(

2

)1(
)(

mn
mm

ywyw

nn
imn

mm
xw

jjf

if

û
û

ûý

û
ûû

û
ý



 

 
According to the condition 1)( ü nG , then 

).()( jfif ywxw ù  Thus, function f  is distance antimagic labeling 

of graph GKm û . The theorem has been proved. 

Obviously, if equality holds )()( yNxN ý  for )(, GVyx þ , 

then G  does not allow distance antimagic labeling. This statement is 
a necessary condition for the existence of the specified labeling and 
it proves corollary 1 of theorem 2. 

Corollary 1. Graph HG û  does not allow distance antimagic 
labeling, if one of the graphs G  or H  does not hold more than one 
isolated vertices. 

Corollary 2. Graph GKm û  is not distance antimagic, if G  is 

not complete graph, 1)( ý nG  and nm ó , where 1þm , )(G  is 

maximum degree of graph G  of order n . 
Proof.  Suppose, there is distance antimagic labeling f  of graph 

GKm û  and the vertices of graph G  are corresponding to numbers 

from a set },,2,1{ nû . Let denote the vertices of mK  as 

mxxx ,,, 21 û , and the vertices of G  3 nyyy ,,, 21 û . Let vertex sy  

have maximum degree in graph G , then s
nn

yw sf 
û

ý
2

)1(
)( . 

Equation )()( sfif ywxw ý  for weight of vertices ix  and sy  is 

performed when si ý , where ni ó . We have come to a 
contradiction. The corollary has been proved. 
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ANALOGUE OF COMBINATORY KOGANOV IDENTITY 

FOR ORDERED BELL NUMBERS 

Voblyi V.A. 
VINITI RAS  

 
Abstract. We prove combinatorial identity with Stirling numbers of the first 

kind and ordered Bell numbers, which is an analogue of the combinatorial 
Koganov identity. 

 
We denote by s(n,k) 3 Stirling numbers of the 1st kind, and by 

B(k) 3 Bell numbers. In [1] L. M. Koganov proved the combinatorial 
identity 

 ∑ ĉ(Ą, ā)þ(ā) = 1  .                                (1)Ą
ā  

 
Let S(n,k) be Stirling numbers of the 2nd kind, and O(k) be 

ordered Bell numbers, which are also called Fubini numbers [2, 3, 4]. 
The ordered Bell numbers were introduced by Cayley in 1859 to 
enumerate some plane trees with ordered pendant vertices. For O(k), 
the expression (2) is known. 

 þ(ā) = ∑ ÿ(ā, Ā)Ā!ā
Ā=0   .                              (2 )    
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In the report, we obtaine an analog of the identity (1) for the 
numbers O(k). 

Theorem. For ng0, the combinatorial identity is true 
 ∑ ĉ(Ą, ā)þ(ā) = Ą!Ą

ā=0  .                                 (3) 

 
Proof. The Stirling numbers s (n,k), S(n, k) satisfy the 

orthogonality relation [5, p. 47] 
 ∑ ĉ(Ą, ā)ÿ(ā, Ā) = �ĄĀ ,Ą

ā=Ā  

 
where �ĄĀ is the Kronecker symbol. 

Substituting (2) in the left part of (3) and changing the order of 
summation, we get 
 ∑ ĉ(Ą, ā)þ(ā) = ∑ ĉ(Ą, ā) ∑ ÿ(ā, Ā)Ā! =ā

Ā=0
Ą

ā=0
Ą

ā=0  

= ∑ Ā! ∑ ĉ(Ą, ā)ÿ(ā, Ā) =Ą
ā=Ā

ā
Ā=0 ∑ Ā! �ĄĀ = Ą! .ā

Ā=0  

 
(Note that  ÿ(ā, Ā) = 0   for ā < Ā)). 
The proof is completed. 
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THE PATTERN METHOD APPLICATION TO THE 

ANALYSIS OF THE DYNAMICS INDICATORS OF 

DEVELOPMENT OF SOCIO-ECONOMIC SYSTEMS 
 

Abstract. The subject of research of this work is the application of the method 
of patterns to the analysis of structural features of financing and dynamics of 
development of communities in the South of Ukraine. The advantages of the pattern 
method are the ability to detect hidden connections, standard patterns and visualize 
them. Based on the method of patterns and the principles of system dynamics, a 
method for predicting the type of dynamics of newly formed communities according 
to their patterns of funding structure is proposed. 

 
1. �ABC? 
$B;6<FB> EBJV4?PAB-9>BAB@VKA<I E<EF9@ 6<;A4K4єFPES 

DV6A9@ WIAPB7B HVA4AEB6B7B ;459;C9K9AAS. #DBJ9E< 
89J9AFD4?V;4JVW MB 6V85G64RFPES 6 '>D4WAV, CD<;6B8SFP 8B 
E>?48ABW EFDG>FGD< 8:9D9? HVA4AEG64AAS A4 DV6AV B5’є8A4A<I 
F9D<FBDV4?PA<I 7DB@48 ("&�): FD4AEH9DF<, EG569AJVW, 8BF4JVW, 
@V:5R8:9FAV FD4AEH9DF< FBMB. #D98@9F 8BE?V8:9AAS 84ABW 
DB5BF< E>?484є ;4EFBEG64AAS @9FB8G C4F9DAV6 8B 4A4?V;G 
EFDG>FGDA<I BEB5?<6BEF9= HVA4AEG64AAS F4 8<A4@V>< DB;6<F>G 
"&� B5?4EF9= #V68AS '>D4WA<.  9FB8 C4F9DAV6 6V8ABE<FPES 8B 
@9FB8V6 Data Mining, MB 8B;6B?SRFP 6<S6?SF< CD<IB64AV 
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;6’S;><, EF4A84DFAi ;4>BAB@iDABEFi F4 6V;G4?V;G64F< WI. #BASFFS 
C4F9DA4 DB;7?S84єFPES S> EFV=>4 >B@5VA4JVS EGFFє6<I ;@VAA<I, 
MB CB6’S;4AV ; I4D4>F9DABR @B89??R CB698VA>< 5474FB6<@VDA<I 
E<EF9@, F4 є 9@CVD<KA<@ 4A4?B7B@ CBASFP «F<C», «>?4EF9D»  
[1-2]. 

 
2. $57C;ьB0B8 70AB>AC20==O <5B>4C ?0B5@=V2 4> 0=0;V7C 

@>728B:C "&� 
�?S 4A4?V;G 5G?B CB5G8B64AB C4F9DA< 86BI 6<8V6: EFDG>FGD< 

HVA4AEG64AAS F4 8<A4@V>< DB;6<F>G. #4F9DA< EFDG>FGD< 
HVA4AEG64AAS 5G8G64?<EP A4 BEAB6V F4><I CB>4;A<>V6 S>: 

 
1. - �?4EAV 8BIB8< A4 1 BEB5G, 7DA.;  
2. - �<84F>< DB;6<F>G (>4CVF4?PAV 6<84F><) A4 1 BEB5G, 

7DA.;  
3. - �AHD4EFDG>FGDA4 EG569AJVS A4 1 BEB5G, 7DA.;  
4. - �4;B64/D969DEA4 8BF4JVS A4 1 BEB5G, 7DA.  
#4F9DA< 8<A4@V>< DB;6<F>G @4?< F4>V 54;B6V CB>4;A<><:  %1. - &9@C ;DBEF4AAS 6?4EA<I 8BIB8V6 A4 1 BEB5G, %;  %2. - &9@C ;DBEF4AAS 6<84F>V6 DB;6<F>G (>4CVF4?PAV 

6<84F><) A4 1 BEB5G, %;  %3. - &9@C ;DBEF4AAS VAHD4EFDG>FGDABW EG569AJVW A4 1 
BEB5G, %;  %4. - �BIV8 A4 8GLG A4E9?9AAS "&�, 7DA. 

 
�EV 54;<EAV CB>4;A<>< 5G?B ABD@B64AB 6V8 0 8B 1.  
�4;6<K4= A4 BEAB6V C96ABW @B6< C4F9DAV6 5G8GRFPES 

EF4A84DFAV CV8IB8< 8B 8BE?V8:9AAS 84A<I ; 6<>BD<EF4AAS@ 
C4F9DAi6. � A4LB@G 6<C48>G ;474?PA4 >V?P>VEFP C4F9DAV6 
>B:AB7B 6<8G 6<;A4K4єFPES >B@5VA4JVєR FDPBI A4CDS@V6 6 
EFDG>FGDV ;6’S;>V6 @V: KBF<D@4 54;<EA<@< CB>4;A<>4@< {², ±, ³}, FB5FB ;474?B@ @4є@B 4!=24 DV;A<I GCBDS8>G64AAS 54;<EA<I 
CB>4;A<>V6, S>V @B:GFP GF6BDR64F< @4>E<@4?PAB (4?9 A9 
B5B6’S;>B6B) 33=27 F<CV6 C4F9DAV6 (>?4EF9DV6). �4?V ;GC<A<@BEP 
A4 66989AB@G 6<M9 6CBDS8>G64AAV 54;<EA<I CB>4;A<>V6 6V8 1 8B 
4 (45B 6V8 %1 8B %4). 
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�V;G4?V;4JVS C4F9DAV6 6<>BA4A4 ;4 8BCB@B7BR @9FB8G 
C4D4?9?PA<I >BBD8<A4F 6 KBF<D<@VDAB@G CDBEFBDV, 89 
>BBD8<A4F< 6V8CB6V84RFP 54;B6<@ CB>4;A<>4@, 8?S C4F9DAV6 
EFDG>FGD< HVA4AEG64AAS F4 C4F9DAV6 8<A4@V>< DB;6<F>G B>D9@B. 
 9FB8 C4D4?9?PA<I >BBD8<A4F D94?V;B64AB 6 C4>9FV MatLab [3] 
;4 6V8>D<F<@< 84A<@< [4]. 

�?S CDB7AB;G64AAS F<CG 8<A4@V>< DB;6<F>G AB6BGF6BD9A<I 
"&� ;4CDBCBAB64AB @9FB8<>G, MB ґDGAFGєFPES A4 CD<AJ<C4I 
E<EF9@ABW 8<A4@V>< [5]: EFDG>FGD4 E<EF9@< 6<;A4K4є WW 8<A4@V>G; 
F4 CD<AJ<CV VEFBD<;@G - CB6FBDA4 >BAHV7GD4JVS 84A<I 6 8<A4@VJV 
CD<;6B8<FP 8B 4A4?B7VKAB7B D9;G?PF4FG. "EAB6AV >DB>< 
@9FB8<>< F4>V. 

�DB> 1. #B5G8B64 8V47D4@ C4F9DAV6 EFDG>FGD< HVA4AEG64AAS 
V 8<A4@V>< DB;6<F>G 6 C4D4?9?PA<I >BBD8<A4F4I. !4 D<E.1 F4 
D<E.2 A46989AB CD<>?48< 6V;G4?V;4JVW C4F9DAV6 ;4 @9FB8B@ 
C4D4?9?PA<I >BBD8<A4F. 

 

 
 

$<E.1. #0B5@=8 AB@C:BC@8 DV=0=AC20==S C 2018 @. 
"45AP:8E "&�, I> 1C;8 CB2>@5=V 2 2016 @. 
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$<E.2 #0B5@=8 48=0<V:8 @>728B:C C 2018 @. "45AP:8E 

"&�, I> 1C;8 CB2>@5=V 2 2016 @. 
 
�DB> 2. �B8G64AAS 8V47D4@ CBE?V8B6AVEFR FDPBI A4CDS@V6 

6 EFDG>FGDV ;6’S;>V6 @V: KBF<D@4 54;<EA<@< CB>4;A<>4@<  {², ±, ³}. 
�DB> 3. �<;A4K9AAS >?4EF9DV6, MB E>?484RFPES ; 

B8A4>B6<I C4D CBE?V8B6ABEF9= ;6’S;>V6 @V: KBF<D@4 54;<EA<@< 
CB>4;A<>4@< EFDG>FGD< HVA4AEG64AAS F4 6V8CB6V8A<@< 
CB>4;A<>4@< 8<A4@V>< DB;6<F>G. 

�DB> 4. #B5G8B64 F45?<JV ECV6EF46?9AAS C4F9DAV6 
EFDG>FGD< HVA4AEG64AAS V 8<A4@V>< DB;6<F>G. 

�DB> 5. $B5<FPES 6<EAB6B> CDB F<C 8<A4@V>< 
AB6BGF6BD9A<I "&� ;4 WIAPBR EFDG>FGDBR HVA4AEG64AAS F4 
4A4?B7VKAV= EFDG>FGDV D4AVL9 GF6BD9ABW "&�. 

 
3.�8A=>2:8 B0 >13>2>@5==O  
�4CDBCBAB64A4 @9FB8<>4 CDB7AB;G64AAS 8B;6B?Sє ;DB5<F< 

CD<CGM9AAS CDB F<C 8<A4@V>< AB6BGF6BD9A<I 6 2019 F4 2020 
DB>4I "&� CV68AS '>D4WA< ;4 WI C4F9DA4@< EFDG>FGD< 
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HVA4AEG64AAS, MB @4RFP 4A4?B7< E9D98 "&�, GF6BD9A<I 6 2015-
2018 DB>4I F4 ;DB5<F< HVA4AEB6V C?4AG64AAS A4 A4EFGCAV 
C9DVB8<. 
$B5BF4 6<>BA4A4 6 D4@>4I 8B7B6BDG CDB ECV6CD4JR @V: 

!4JVBA4?PA<@ GAV69DE<F9FB@ «�<є6B- B7<?SAEP>4 4>489@VS» F4 
!4JVBA4?PA<@ GAV69DE<F9FB@ «�4CBDV;P>4 CB?VF9IAV>4», 
��05038 « 4F9@4F<KA9 @B89?R64AAS EBJV4?PAB-9>BAB@VKA<I 
CDBJ9EV6 F4 E<EF9@» (2018-2021DD). 

 
�VB5@0BC@0 
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�A4?<; C4FF9DAB6 6 EF4F<>9 < 8<A4@<>9, K4EFP 1: "5;BD 
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�$�( �&��� ��&�"�!� ' #$������) 
�BA84D ". #.,  

�P>B=0 0:045<VS !0FV>=0;P=>3> 02V0FV9=>3> 
C=V25@A8B5BC 

 
Abstract. Examples of numbers and mathematical operations, which are the 

basis of bitcoin formation, are considered. The examples show the use of arithmetic 
modulo. Its comparison with arithmetic over the field of real numbers is given. This 
provides an opportunity, especially for mathematicians, to gain an idea of the 
principles of formation of cryptocurrencies. 

 
!4L4 @9F4 3 84F< >BD<EFG64K4@ >D<CFB64?RF, C9D964:AB, 

A9 @4F9@4F<>4@, CBASFFS CDB @4F9@4F<KA9 CV8ґDGAFS EF6BD9AAS 
>D<CFB64?RF A4 9?9@9AF4DA<I CD<>?484I ;4E48 HBD@G64AAS 
5VF>BVAG. 
 4F9@4F<KA<@< 4EC9>F4@< HBD@G64AAS V HGA>JVBAG64AAS 

>D<CFB64?RF 664:4єFPES 9?VCF<KA4 >D<CFB7D4HVS 3 DB;8V? 
>D<CFB7D4HVW, S><= ґDGAFGєFPES A4 9?VCF<KA<I >D<6<I A48 
E>VAK9AA<@< CB?S@<. 
�?S HBD@G64AAS 5VF>BVAG V BC9D4JV= ; A<@ 6<>BD<EFB6GєFPES 

>D<CFB7D4HVKA<= 4?7BD<F@ ECDSA (Elliptic Curve Digital Signature 
Algorithm) ; 9?VCF<KA<@< >D<6<@< (elliptic curve) V E>VAK9AA<@< 
CB?S@< (finite field). 

#DBFB>B? 5VF>BVAG @VEF<FP HV>EB64A<= 8?S 6EVI >BD<EFG64KV6 
CDBFB>B?G A45VD C4D4@9FDV6: 

- y² = x³ + 7 DV6ASAAS 9?VCF<KABW >D<6BW, 
- m - BEAB6A<= @B8G?P CB?S, 
- P 3 54;B6G FBK>G A4 >D<6V=, 
- k 3 CBDS8B> 54;B6BW FBK><. 

#9DLV FD< C4D4@9FD< ;484RFPES G CDBFB>B?V V A9 ;4?9:4FP B8<A 
6V8 B8AB7B. #BDS8B> k 54;B6BW FBK>< є HGA>JVєR J<I C4D4@9FDV6, 
FB5FB 6<;A4K4єFPES A<@<. 
�EV CDB7D4@< ECDSA, CB6’S;4AV ; 5VF>BVAB@, 6<>BD<EFB6GRFP 

8G:9 69?<>V K<E?4 8?S 54;B6BW FBK><, CDBEFB7B @B8G?S F4 CBDS8>G. 
�64:4єFPES, MB JV 69?<>V ;A4K9AAS 74D4AFGRFP 59;C9>G 

4?7BD<F@G. +B@G V ><@ B5D4AB E4@9 JV K<E?4? "8AB;A4KABW 
6V8CB6V8V A4 JV C<F4AAS A9@4є [1]. 
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!4D4;V 6V8B@B, MB 6>4;4A4 >BA>D9FA4 D94?V;4JVS CV8 A4;6BR 
secp256k1 є K4EF<ABR EV@9=EF64 DVL9AP 9?VCF<KABW >D<6BW A48 
E>VAK9AA<@< CB?S@<, ;4CDBCBAB64A<I 8?S 6<>BD<EF4AAS 6 
>D<CFB7D4HVW. 

�?S A4BKABEFV GS6?9AAS CDB 9?VCF<KAG >D<6G, 54;B6G FBK>G, 
CDBEF<= @B8G?P F4 CBDS8B> 54;B6BW FBK>< DB;7?SA9@B 9?9@9AF4DAV 
CD<>?48< J<I C4D4@9FDV6 A4 A969?<><I K<E?4I. 

#@8:;04 1. #B?9 ?<L>V6 (DBE. 6OK9FB6) ;4 @B8G?9@ 11 є 
E>VAK9AA<@ ; 11 9?9@9AF4@<: 

F11 = {0, 1, 2, & , 10}. 
� JPB@G CB?V, A4CD<>?48, 27 (mod 11) = 5,  4  3 27 (mod 11) = 6. 
#9D96474@< 6<>BD<EF4AAS @B8G?PABW 4D<H@9F<>< 6 

>D<CFB7D4HVW є 6<EB>4 L6<8>VEFP B5DB5>< VAHBD@4JVW CD< @4?B@G 
ECB:<64AAV 9A9D7VW, 4 F4>B: CV86<M9AAS EFV=>BEFV CDBJ9EBDV6 8B 
@B:?<6<I CB@<?B>. 

#@8:;04 2. "59DA9A<= 8B K<E?4 3 9?9@9AF ;4 @B8G?9@ 11: 
331 (mod 11) = 4, 

FB@G MB ;4 B;A4K9AAS@ B59DA9AB7B 9?9@9AF4 
3 (mod 11) * 331 (mod 11) = 3 * 4 = 12,  4 12 (mod 11) = 1. 

�4ABAVKA9 DV6ASAAS 9?VCF<KABW >D<6BW þ2 = ý3 + ÿý + Ā 
CD< 0=0 є 9?VCF<KABR >D<6BR CDBFB>B?G 5VF>BWA4 A48 
E>VAK9AA<@ CB?9@ Fm þ2 = ý3 + 7 (ăąĂ ă). 
�B5D4:GєFPES >D<64 B>D9@<@< FBK>4@<. 

#@8:;04 3. �BBD8<A4F< FBKB> 9?VCF<KABW >D<6BW  þ2 = ý3 + 7 (ăąĂ 11) 
BFD<@4AB ; DB;D4IGA>G: 
 

 
�V8F4>, FBK>4@< 84ABW 9?VCF<KABW >D<6BW ;4 @B8G?9@ 11 є 

FBK><: 
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(2, 2), (2, 9), (3, 1), (3, 10), (4, 4), (4, 7), (5, 0), (6, 5), (6, 6), (7, 3), 
(7,8). �D4HV>B@ є @AB:<A4 J<I FBKB>: 
 

 
 

!9 E<A7G?SDAV >D<6V @4RFP ;4EFBEG64AAS 6 >D<CFB7D4HVW 
;468S>< E6BW@ BEB5?<6BEFS@, S>V 84RFP @B:?<6VEFP CB5G8B6< 
7DGC< FBKB> J<I >D<6<I ; BC9D4JVS@< EG@< V, S> A4E?V8B>, 
CB86BєAAS. 
%G@BR 86BI FBKB> (x1, y1) V (x2, y2) є FBK>4 (x3, y3), 8?S S>BW  

x3 = t 2 3 x1 3 x2 (mod m), V y3 = t (x1 3 x3) 3 y1 (mod m), 
89 t = (y2 3y1) / (x2 3 x1) (mod m). 

#@8:;04 5. %G@4 86BI FBKB> ;4 @B8G?9@ 11: 
(4, 4) + (2, 9) (mod 11) = (3, 10), 

89 t = (9 3 4) / (2 3 4) = 3 5/2 = 3 (mod 11). 
� D9;G?PF4FV CB86BєAAS FBK>< (x1, y1) BFD<@4є@B FBK>G (x3, 

y3): 
x3 = t 2 3 2x1 (mod m),  y3 = t (x1 3 x3) 3 y1 (mod m), 

89 t = 3x1
2 / (2y1) (mod m). 

#@8:;04 6. #B86BєA4 FBK>4 ;4 @B8G?9@ 11 
2(3, 1) (mod 11) = (3, 10), 

89 t = 3·9 / (2·1) = 27/2 = 8 (mod 11). 
#Bє8A4AAS BC9D4JV= ;A4IB8:9AAS EG@< V CB86BєAAS 

A4;<64RFP E>4?SDA<@ @AB:9AAS@. !4CD<>?48, FBK>G $ @B:A4 
CB@AB:<F< A4 6 8B8464AAS@ WW 8B E959 6 D4;V6:   6$ = $ + (P + (P 
+ (P + (P + P))))  45B ;4 8BCB@B7BR >B@5VA4JVW BC9D4JV= 
8B8464AAS FBKB> F4 WI CB86BєAAS: 

6$ = 2 (P + 2P). 

    1       2       3      4      5       6       7       8         

E 

C 
10 
 
8 

6 
 
4 
 
2 

0 
0 
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!9=FD4?PA<@ 9?9@9AFB@ 7DGC< FBKB> 9?VCF<KABW >D<6BW 
59DGFP F4> ;64AG «FBK>G A4 A9E>VAK9AABEFV» "(E, ∞), 8?S S>BW 

$ + (3 $) = ". 
!48 CB?9@ 8V=EA<I K<E9? 3 J9 FBK>4 «C9D9F<AG» CDS@BW, MB 
CDBIB8<FP K9D9; (E, 0) C4D4?9?PAB BEV BD8<A4F, ; 9?VCF<KABR 
>D<6BR. !48 CB?9@ Fm 3 J9 EG@4 FBKB> (E, C1) V (E, C2), 
E<@9FD<KA<I 6V8ABEAB CDS@BW C = m/2. 
�4 8BCB@B7BR ;4;A4K9A<I G 7DGCV FBKB> 9?VCF<KABW >D<6BW 

BC9D4JV= 6<;A4K4єFPES CBDS8B> FBK>< A4 >D<6V= 3 J9 A4=@9AL9 JV?9 
K<E?B k, CD< S>B@G kP = O(x;∞). 

#@8:;04 7. &BK>4 (3, 1) 9?VCF<KABW >D<6BW  þ2 = ý3 + 7 (ăąĂ 11 ) 
@4є CBDS8B> k = 3, BE>V?P><  

3(3, 1) = (3, 1) + 2(3, 1) = (3, 1) + (3, 10) = O(x;∞). 
#@8:;04 8. &BK>4 (7, 3) 9?VCF<KABW >D<6BW þ2 = ý3 + 7 (ăąĂ 11 ) 

@4є CBDS8B> k = 12, MB @B:A4 BFD<@4F< ; D9;G?PF4FV6 E>4?SDAB7B 
@AB:9AAS FBK>< (7, 3) A4 12. 

$B;7?SAGFV A4@< CD<>?48< @4F9@4F<KA<I BEAB6 HBD@G64AAS 
5VF>BVAG @4RFP 84F< CBASFFS CDB >D<CFB64?RFG, CB>4;4F< B>D9@V 
@4F9@4F<KAV 6;4є@B;6’S;><, MB VEAGRFP @V: 89S><@< WW 
C4D4@9FD4@<. � J9, ;B>D9@4, CB6<AAB A484F<, 6 C9DLG K9D7G, A9 
@4F9@4F<>4@ @B:?<6VEFP V 54:4AAS DB;G@VF< ;4>BA< 
HGA>JVBAG64AAS EGK4EAB7B HVA4AEB6B7B D<A>G [2]. 

 
�VB5@0BC@0 
1. An Introduction to Bitcoin, Elliptic Curves and the Mathematics 

of ECDSA. URL: https://www.slideshare.net/NikeshMistry1/ 
introduction-to-bitcoin-and-ecdsa (84F4 ;69DA9AAS: 12.03.2021). 

2.  B8<HV>4JVS >BA>GD9AFA<I @9I4AV;@V6 A4 7?B54?PAB@G 
HVA4AEB6B@G D<A>G 6 G@B64I 8V8:<F4?V;4JVW. URL:https:// 
galicianvisnyk.tntu.edu.ua/?art=743 (84F4 ;69DA9AAS: 12.03.2021). 

 
 
 
 

https://www.slideshare.net/NikeshMistry1/%20introduction-to-bitcoin-and-ecdsa
https://www.slideshare.net/NikeshMistry1/%20introduction-to-bitcoin-and-ecdsa
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&$�%!" ���0!�� $"�#"��� 
�B?>B6 2.�., �B=A4?B6<K !. ., 

*5=B@0;P=>C:@0W=AP:89 45@602=89 ?5403>3VG=89 C=V25@A8B5B 
V<5=V �>;>48<8@0 �8==8G5=:0 

 

TRESNOMIAL PROBABILITY 
 

Abstract. We enter the concept of tresnomial distribution that is one 
generalizations the binomial distribution and we his properties study. 
Keywords: distribution, binomial, tressnomial,  expectation, variance. 

 

!9I4= 0,0,21)( 2 þþûûý yayayyw , V A9I4=   6<C48>B64 
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"FD<@4A<= DB;CB8V? A4;<64F<@9@B 5;5<5=B0@=8< 
B@5A=><V0;P=8< @>7?>4V;>< ; C4D4@9FD4@<  E V 0.. 

";A4K9AAS. �C45<> 3>2>@8B8, I> 28?04:>20 25;8G8=0 ξ <0є 
B@5A=><V0;P=89 @>7?>4V; 7 ?0@0<5B@0<8 n,x,a, S:I> 2>=0 є 
AC<>R n =570;56=8E 28?04:>28E 25;8G8=, :>6=0 7 S:8E <0є 
5;5<5=B0@=89 B@5A=><V0;P=89 @>7?>4V; 7 ?0@0<5B@>< 0. 

3>MB 0=1. FB BFD<@4є@B 5VAB@V4?PA<= DB;CB8V? 
�9A9D4FD<EBR FD9EAB@V4?PAB7B DB;CB8V?G 5G89 HGA>JVS  

ý
ûû

ý
n

n

yw

zyayz
zP

)(

)21(
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22
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"F:9, S>MB  6<C48>B64 69?<K<A4 ξ @4є FD9EAB@V4?PA<= 
DB;CB8V? ; C4D4@9FD4@< (n, x ,a), FB 

nkaxbaxbaknCk knk 2,,2,1,0,),1(),(),,()Pr( 2/2/ ûýýý  . 

*9 ;4C<EG64F<@B F4>: ξ € Tres(n,x,a). 
�EF4AB6?9AB F4>V D9;G?PF4F<. 
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1),(),,()2(),(),(),( 01 ýûýû xcs xcscnxxcs
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axvxcs mmm  
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&9BD9@4 2. !5E09 ,12,,1,0, ý nkxk û  @>72’S7:8 @V2=S==S 
)Pr()1Pr( kk ýýûý  . 
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V S>MB ),( 1 kk xxx þ , FB A4=5V?PL =@B6VDA<@ ;A4K9AAS@ 6.6. ξ 

5G89 K<E?B k, S>MB kxx ý , FB A4=5V?PL =@B6VDA<@< ;A4K9AAS@<  
6.6. ξ 5G8GFP K<E?4  k V k+1. 
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!4CD<>?48, A9I4= ξ € Tres(3, 0.7 ,1.2). &B8V A4=5V?PL 
=@B6VDA<@ ;A4K9AAS@ 6.6. ξ 5G89 K<E?B 5, 5B 

0.714286x551181,x ýý 54 .0 { û0.283511ýý )5Pr( }. 

!9I4= ξ € Tres(4, 40179/70883 , 2). &B8V A4=5V?PL 
=@B6VDA<@< ;A4K9AAS@< 6.6. ξ 5G8GFP K<E?4 4 V 5, 5B 
x4=40179/70883 { û0.314688ýýýý )5Pr()4Pr(  }. 

 #DB ;4EFBEG64AAS FD9EAB@V4?PAB7B DB;CB8V?G 6 F9BDVW 
A45?<:9AAS HGA>JV= 8<6 [1]. 
 
�VB5@0BC@0 
1. 2.�.�B?>B6, "5B5M9AAB9 CD9B5D4;B64A<9 �9;P9, 

 0B5<. 70<5B:8, 2015, FB@ 97, 6OCGE> 5, 655-664. 
 
 
 

#$" #�$��&� !� ��/��) #"��$)!/) 
�?GIB6 ".�. 

!0FV>=0;P=89 02V0FV9=89 C=V25@A8B5B 
 

ON THE TILLING OF SOME SURFACES 
 

Abstract. The article deals with the tilings of a rectangle, torus, Moebius strip 
and Klein bottle 

 
#V8 C4D>9FB@ (tiling, tessellation) 5G89@B DB;G@VF< F4>9 

CB>D<FFS 89S>BW CB69DIAV C?<F>4@< -@AB7B>GFA<>4@<, 6 S>B@G 
5G8P-S>V 864 @AB7B>GFA<>< @4RFP 45B ECV?PAG EFBDBAG, 45B 
FV?P>< ECV?PAG 69DL<AG, 45B ;B6EV@ A9 @4RFP ECV?PA<I FBKB> [1]. 
!9I4= n,m  -A4FGD4?PAV K<E?4, 5G89@B CB;A4K4F< K9D9; 

R(n,m) CDS@B>GFA<> ;V EFBDBA4@< 8B6:<A<  n V m, S><= DB;5<F<= 
A4 n×m 9?9@9AF4DA<I >648D4FV6 (DB;@VDG  1×1) , 4 K9D9; T(n,m), 
M(n,m), K(n,m)  - E>?9єAV ; APB7B FBD, EFDVK>G  95VGE4 F4 C?SL>G 
�?9=A4, 6V8CB6V8AB.  
� 84AV= DB5BFV DB;7?S84єFPES ;484K4 ;4@BM9AAS CB69DIBAP 

T(n,m), M(n,m), K(n,m)  C?<F>4@<, S>V E>?484RFPES ; 4-I 
9?9@9AF4DA<I >648D4FV6. &BKAVL9, 5G89 DB;7?S84F<ES C<F4AAS 
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VEAG64AAS C4D>9FV6, S>V E>?484RFPES ; B8A4>B6<I C?<FB> 
A4EFGCA<I KBF<DPBI F<CV6: a, b, c, d (D<E.1). 
 

 

 

      
 a-C?<F>4                      b - C?<F>4            c-C?<F>4           d - C?<F>4 

   $<E. 1. 
 
-B8B a-C?<F><, FB 6V8B@B, MB C4D>9F A4 CDS@B>GFA<>G V 

F4>B: A4 FBDV VEAGє, FV?P>< G 6<C48>G,  >B?< IBK4 5 B8A9 ; K<E9? 
n, m >D4FA9 4 [ 2,  3 ]. &4>B: BK96<8AB, MB :B89A ; 84A<I 
KBF<DPBI C4D>9FV6 a, b, c, d, A9 VEAGє, S>MB n×m A9 >D4FA9 4. &B@G 
6 CB84?PLB@G  5G89@B DB;7?SAGF< 6<C48B>: n = 4s+2, m = 4t+2. 
$9;G?PF4F< 8?S CDS@B>GFA<>4 ( R ), FBD4 ( T ), EFDVK>< 

 95VGE4 ( M ) F4 C?SL>< �?9=A4 ( K ) G 6<C48>G n c mc 2(mod4) 
;V5D4AV 6 A4EFGCAV= F45?<JV. 
 

 
3>MB 6V8CB6V8A<= C4D>9F VEAGє, =B7B ;6<K4=AB A9E>?48AB 

CB5G8G64F<. &4>, A4 D<EGA>4I 2 V 3 CB>4;4AV CD<>?48< a-C4D>9FG 
V b-C4D>9FG A4 EFDVKJV  95VGE4, 4 A4 D<EGA>G 4 -  c-C4D>9F A4 FBDV 
CD< n=m=10 ( EFDV?>< CB>4;GRFP BDVєAF4JVR CD< E>?9=JV 
CDBF<?9:A<I EFBDVA CDS@B>GFA<>4). 

    

    

   

      

   

      

   

   

     
  &<C C?<F>< 

         �EAG64AAS C4D>9FG 
 

 

     R 
 

    T     M     K 

      a 

 

AV AV F4> F4> 

      b 

 

AV AV F4> F4> 

      c 

 

AV F4> AV F4> 

      d 

 

AV AV AV AV 
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�B6989AAS FB7B, MB C4D>9F 84AB7B F<CG A4 ;484AV= CB69DIAV 
A9 VEAGє 54;GєFPES A4 CD46<?PAB@G DB;H4D5G64AAV CB69DIAV A4 
864 >B?PBD<, FB5FB F4>B@G, MB >V?P>VEFP 9?9@9AF4DA<I 
>648D4FV6, DB;H4D5B64A<I >B:A<@ >B?PBDB@, B8A4>B64.  
#D< ;484AB@G CD46<?PAB@G DB;H4D5G64AAV CB69DIAV C?<F>G 

5G89@B  A4;<64F< ;54?4AEB64ABR, S>MB K<E?B WW 9?9@9AF4DA<I 
>648D4FV6, DB;H4D5B64A<I B8A<@ >B?PBDB@ C4DA9 (4 V 0 45B 2 V 2 ) 
V A9;54?4AEB64ABR 6 VALB@G D4;V (1 V 3). 
"K96<8AB, MB C4D>9F 84AB7B F<CG A9 VEAGє, S>MB @B:?<69 

F4>9 CD46<?PA9 DB;H4D5G64AAS CB69DIAV, CD< S>B@G K<E?B 
A9;54?4AEB64A<I C?<FB> 5G89 A9C4DA<@. �4G64:<@B, MB 
BE>V?P>< :B8A9 ; K<E9? n, m A9 >D4FA9 4, FB ;474?PA9 K<E?B 
C?<FB> ;46:8< 5G89 A9C4DA<@.  
!4 D<EGA>4I 5, 6 A46989AV CD46<?PAV DB;H4D5G64AAS EFDVK>< 

 95VGE4, S>V CB>4;GRFP A9@B:?<6VEFP VEAG64AAS c-C4D>9FG F4 d- 
C4D>9FG 3 6V8CB6V8AB. !4CD<>?48, A4 D<E. 6 B8D4;G 6<8AB, MB GEV 
25 d-C?<FB> 5G8GFP A9;54?4AEB64A<@<. 
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$<E. 6. 

 
 �VB5@0BC@0 
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��%�$�#&��!� �"���� &� #$�$"�!" "�!� 
%�%&� � �!�!0 

�B79DK4> �.�. 
�8W2AP:89 =0FV>=0;P=89 C=V25@A8B5B V<5=V &0@0A0 

Ш52G5=:0 
 

DESCRIPTION LOGICS AND NATURAL LANGUAGE 

KNOWLEDGE SYSTEMS 
 

Abstract. An overview of description logics theory basics is considered. 
Abstract covers ways of extending the basic attribute language with constructors. 
Problem of concept executability is stated. Overview of logics application to 
natural language texts analysis is presented. 

 
#BFD954 BC<EG ;A4AP ;4 8BCB@B7BR HBD@4?PA<I ;4EB5V6 

CD<;69?4 8B CBS6< AB6B7B >?4EG ?B7V> 3 89E>D<CF<6A<I [1]. 
!4=5V?PLB7B CBL<D9AAS A4D4;V A45G?B EV@9=EF6B AL  ?B7V>, 
BEAB6G S><I E>?484є 4FD<5GF<6A4 @B64. 
!9I4=  1 },. .{ . , mCN AAý  F4 1 },. .{ . , nRN RRý  3 E>VAK9AAV 

A9CGEFV @AB:<A< V@9A >BAJ9CFV6 (4FB@4DA<I >BAJ9CFV6) F4 V@9A 
DB?9= (4FB@4DA<I DB?9=). &B8V E<AF4>E<E 54;B6BW ?B7V>< AL   
6<;A4K4єFPES A4EFGCA<@ K<AB@. 

 
"7=0G5==O 1.  AB:<A4 >BAJ9CFV6 ?B7V>< AL  ;484єFPES 

VA8G>F<6AB: 
 

 E<@6B?< •  (GAV69DE4?PA<= >BAJ9CF) F4 þ  (CGEF<= 
>BAJ9CF) є >BAJ9CF4@<; 

 8B6V?PA9 V@’S >BAJ9CFG A CNþ  є >BAJ9CFB@; 
 S>MB A  3 V@’S >BAJ9CFG, FB Aø  (8BCB6A9AAS 8B A ) - 

>BAJ9CF; 
 S>MB C  F4 D  - >BAJ9CF<, FB C Dó  (C9D9F<A)  3 >BAJ9CF; 
 S>MB C  3 >BAJ9CF, 4 R  3 4FB@4DA4 DB?P, FB .R •  

(B5@9:9A<= >64AFBD VEAG64AAS) F4 .R C  (B5@9:9AAS A4 
;A4K9AAS) 3 >BAJ9CF<; 

 :B8A<I VAL<I >BAJ9CFV6 A9 VEAGє. 
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%9@4AF<>G ?B7V>< AL  @B:A4 ;484F< ;4 8BCB@B7BR CBASFFS 
VAF9DCD9F4JVW ; CD<DB8AV@< F9BD9F<>B-@AB:<A<@< 
VAF9DCD9F4JVS@< ;7484A<I 6<M9 BC9D4JV=. 
�B7V>4 AL  @4є 8B6B?V E?45>G 6<D4;AG CBFG:AVEFP, CDBF9 WW 

@B:A4 DB;L<DR64F< ;4 8BCB@B7BR 8B84F>B6<I BC9D4JV= A48 
>BAJ9CF4@< F4 DB?S@<. #D46<?4 DB;L<D9AAS ;4;6<K4= 
A4;<64RFP >BAEFDG>FBD4@< ?B7V> EV@9=EF64 AL . 

 
&45?<JS 1. 
�BAEFDG>FBD< >BAJ9CFV6 F4 DB?9= @B6 EV@9=EF64 AL  
 �BAEFDG>F

BD 
�AF9DCD9F4JVS 

U  C Dò   ( )I I ID C DC ý øò  
E  .R C   }. ) [(( ){ ],|I I I IR C b aa b CbR ù  þ þý þ  
N  ,nR nRó ó  }( { | { | ) }) ( ,I I InR a a Rb b nþ þó ý ó

 

}( { | { | ) }) ( ,I I InR a a Rb b nþ þó ý ó
 

C  Cø  ( \)I I ICCø ý
 

Q
 .nR Có , 

.nR Có   

. { | { | ( , ) } }( )I I InR C a b a b bR C nþ þó ý ù óþ
 

. { | { | ( , ) } }( )I I InR C a b a b bR C nþ þó ý ù óþ
 

I  1R
 

1 }( {( , ) | ( , ))I I I IR Rb a a b þ  þý ô  

 
&4><@ K<AB@ @B:A4 6<;A4K<F< A<;>G @B6 ;4?9:AB 6V8 FB7B, 

S>V >BAEFDG>FBD< 5G8GFP 8B A<I 6>?RK9AV. 
&9D@VAB?B7VS T  54;< ;A4AP HBD@GєFPES ; 4>EVB@ 6<7?S8G 

C Dú , C Dô , R Sú  F4 R Sô  ;V ;6<KA<@< F9BD9F<>B-
@AB:<AA<@< VAF9DCD9F4JVS@< 6<>BD<EF4A<I BC9D4FBDV6. 

">DV@ BC<EG 6V8ABL9AP @V: >BAJ9CF4@< F4 DB?S@<, 54;4 
;A4AP F4>B: CB6<AA4 @VEF<F< VAHBD@4JVR CDB B>D9@V H4>F<, CDB 
B>D9@V B5’є>F< CD98@9FABW B5?4EFV (VA8<6V8<) 6 F9D@VA4I 
>BAJ9CFV6 F4 DB?9=. 

�6989@B 8B84F>B6B AB6G @AB:<AG 1 },. .{ . , mIN aaý  V@9A 
VA8<6V8V6. +4EF<A4 54;< ;A4AP, MB EFBEGєFPES ;A4AP CDB B>D9@V 
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VA8<6V8<, A4;<64єFPES ABox (assertion box) F4 E>?484єFPES ; 86BI 
F<CV6 H4>FV6: 

 :a A  (A4?9:AVEFP VA8<6V84 a INþ  8B >BAJ9CFG A ); 

 aRb  (;6’S;B> 86BI VA8<6V8V6 ,a b INþ  DB??R R ). 

"E>V?P>< VAF9DCD9F4JVS I  EF46<FP >B:AB@G 4FB@4DAB@G 
>BAJ9CFG !  G 6V8CB6V8AVEFP C96AG CV8@AB:<AG B5?4EFV 
VAF9DCD9F4JVW II! ý  , FB F4>B@G >BAJ9CFG @B:A4 CBEF46<F< G 
6V8CB6V8AVEFP B8AB@VEA<= CD98<>4F ( )CP x  A4?9:ABEFV VA8<6V84 x  

>BAJ9CFG ! . �A4?B7VKA<@ K<AB@ @B:A4 6<;A4K<F< 86B@VEA<= 
CD98<>4F ( , )RP x y  VEAG64AAS 6V8ABL9AAS R  @V: VA8<6V84@< x  F4 
y . 

*9 84є ;@B7G 7B6BD<F< CDB ECD4698?<6VEFP A4EFGCAB7B 
F69D8:9AAS. 
&5>@5<0 1. �B7V>< EV@9=EF64 AL  6>?484RFPES G ?B7V>G 

CD98<>4FV6 C9DLB7B CBDS8>G. 
"7=0G5==O 3. �BAJ9CF !  A4;<64єFPES 6<>BAG64A<@ 6 

F9D@VAB?B7VW T , S>MB VEAGє VAF9DCD9F4JVS I , MB ;48B6B?PASє 
4>EVB@4@ F9D@VAB?B7VW T , F4>4, MB I!  A9CGEF4. 
">DV@ @B:?<6BEFV 6<>BD<EF4AAS @9FB8G D9;B?RJV= G 

F9D@VA4I ?B7V>< CD98<>4FV6, 89E>D<CF<6AV ?B7V>< @4RFP 6?4EA<= 
4?7BD<F@VKA<= 4C4D4F, MB CD98EF46?9A<= ;B>D9@4 4?7BD<F@B@ 
E9@4AF<KAB7B F45?B [1]. 
!4S6A<= EF4A DB;6’S;4AAS CDB5?9@ B5DB5>< CD<DB8A<I @B6 

A484є S>VEAV 6IV8AV 84AV 8?S ;484KV A4CB6A9AAS ; F9>EFV6 
CD<DB8ABW @B6< 54; ;A4AP, MB ;4EAB64AV A4 ;4E484I F9BDVW 
89E>D<CF<6A<I ?B7V>. &4>, EGK4EAV @B89?V @4L<AAB7B A46K4AAS 
8?S 4A4?V;G ;4?9:ABEF9=, >BD9H9D9AFABEF9= F4 K4EF<A @B6< 
8B;6B?SRFP ;8V=EA<F< C9D9F6BD9AAS F9>EFG 6 5V?PL 
VAHBD@4F<6AV 4?7BD<F@VKAV EFDG>FGD<, 4 6V8F4> ;8V=EAR64F< 
6<8B5G64AAS F4 4A4?V; ;A4AP ; 8B6V?PABW @B6<, ;4 G@B6< S>VEAB7B 
DB;6’S;4AAS 8?S A9W 6V8CB6V8A<I ?VA76VEF<KA<I ;484K [2]. 
�B CD<>?48G, D9K9AAS 
%2V9AP:V :>B8 @V4H5 709<0RBPAS 28;>2>< <8H59 B0 

?>:;040RBPAS 1V;PH5 =0 2;0A=8E E07SW2. 
@B:A4 CD98EF46<F< ;4 8BCB@B7BR A4EFGCABW 54;< ;A4AP: 
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A  

89 T  - F9D@VAB?B7VS, A  - @AB:<A4 H4>FV6. 
 
 

 
$<E.1. %E5<0 0=0;V7C B5:AB>2>W V=D>@<0FVW =0 >A=>2V 107 

7=0=P 
 

#B5G8B64A4 F4><@ K<AB@ E<EF9@4 ;A4AP 8B;6B?Sє 
;8V=EAR64F< 4A4?V; 6?4EF<6BEF9= F9>EFG K9D9; 4A4?V; 
6?4EF<6BEF9= 6<8B5GF<I ; APB7B ;A4AP ;4 8BCB@B7BR 4?7BD<F@V6 
89E>D<CF<6A<I ?B7V>, F9BDVW 7D4HV6 FBMB. 
�B>D9@4, ;4 8BCB@B7BR F4>B7B CD98EF46?9AAS @B:A4 

4A4?V;G64F< F9>EF< ; @9FBR DB;CV;A464AAS >B@4A8, C9D96VD>< 
JV?VEABEFV, CBLG>G EGC9D9KABEF9=, CB5G8B6< A4 BEAB6V 54;< 
;A4AP 8V4?B7B6BW E<EF9@< 8?S 6V8CB6V89= A4 ;4C<F4AAS 
>BD<EFG64K4, C9D96VD>< 6V8CB6V8ABEFV F69D8:9AAS CB84AB@G 
F9>EFG FBMB. 
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!�%�!�*�"!"��!�) ��� &� �&�� �  �$���) 

�BDB59JP �.�., �G5DB6VA �. �., &69D8BI?V5 2.�. 
!0FV>=0;P=89 C=V25@A8B5B <�0?>@V7P:0 #>;VB5E=V:0=, 

FRESHCODE 
 

Abstract. Behavioural methods based on the models of "normal" 
functioning of an information network. The principle of work is in identifying 
differences between the current state of the information system functioning and the 
one that is thought to be examplary for this network. Any discrepancy is seen as an 
intrusion or anomaly.  
Keywords: wavelet basis, wavelet analysis, wavelet filter, de-noise suppression, 
network traffic. 

#BEF4AB6>4 CDB5?9@<. �V8B@V @9D9:96V 4AB@4?VW A4EFV?P>< 
DV;AB@4AVFAV, MB WI A9 @B:A4 >4F97BD<;G64F< ;4 8BCB@B7BR 
B8AVєW CDBEFBW >?4E<HV>4JVW. ,6<8>B ;DBEF4є >V?P>VEFP 4F4>, WI 
CBFG:AVEFP F4 E>?48AVEFP. �?B6@<EA<>< LG>4RFP CD<AJ<CB6B 
AB6V @9FB8< A9;4>BAA<I 6FDGK4AP A4 @9D9:G V 8G:9 K4EFB 
VEAGRKV ;4EB5< ;4I<EFG 6<S6?SRFPES 59;E<?<@< C9D98 A<@<.  

%6VFB6V ?V89D< ; VAHBD@4JV=ABW 59;C9>< EF46?SFP 
A9B5IV8AVEFP 6<S6?9AAS DDoS-4F4> V CDBF<EFBSAAS W@ S> 
C9DLBK9D7B69 ;4684AAS 6 E6BWI 8BE?V8:9AASI V DB;DB5>4I. !4 
84A<= K4E A9 VEAGє S>B7BEP GAV69DE4?PAB7B ;4EB5G 8?S CDBF<8VW 
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A9E4A>JVBAB64A<@ 6FBD7A9AAS@. �V?PLVEFP @9FB8V6 @4RFP 
B5@9:9AAS 6 ;4EFBEG64AAV 8B A9EF4JVBA4DA<I E<7A4?V6. 

 9FB8< 6<S6?9AAS @9D9:96<I 4F4>.  9FB8< 6<S6?9AAS 
@9D9:96<I 4F4>, ;4 ECBEB5B@ VAF9DCD9F4JVW 6IV8A<I 84A<I, 
>?4EVHV>GRFPES A4 @9FB8< 6<S6?9AAS 4AB@4?V= < @9FB8< 
6<S6?9AAS ;?B6:V64AP.  �B @9FB8V6 6<S6?9AAS 4AB@4?V= @B:A4 
6V8A9EF< CB698VA>B6V @9FB8< E<EF9@<. �BA< ;4EAB64AV A4 
6<>BD<EF4AAV VAHBD@4JVW CDB ABD@4?PAG CB698VA>G E<EF9@< F4 WW 
CBDV6ASAAV ; C4D4@9FD4@< ECBEF9D9:G64ABW  CB698VA>< [1]. � 
CDBJ9EV E6BєW DB5BF< E<EF9@<, MB 6<>BD<EFB6GRFP 84A<= CV8IV8, 
CBDV6ARRFP CBFBKAV CB>4;A<>< 4>F<6ABEFV ; CDBHV?9@ 
ABD@4?PABW 8VS?PABEFV, V 6<C48B> ;A4KA<I 6V8I<?9AP @B:9 
DB;7?S84F<ES S> E6V8K9AAS A4S6ABEFV 4F4><. �4AV @9FB8< 
I4D4>F9D<;GRFPES A4S6AVEFR I<5ABCB;<F<6A<I ECD4JPB6G64AP, 
S>V CBSEARRFPES 6 C9DLG K9D7G E>?48AVEFR FBKAB7B V CB6AB7B 
BC<EG 59;?VKV ?97VF<@A<I 8V= >BD<EFG64KV6. �DV@ FB7B, 8?S 
5V?PLBEFV CB8V5A<I E<EF9@ A9B5IV8A9 CDB6989AAS 9F4CG 
CBC9D98APBW A4EFDB=><, CV8 K4E S>BW E<EF9@4 «A45<D4єFPES 
8BE6V8G» 8?S EF6BD9AAS @B89?V ABD@4?PAB7B CB698VA><. 
&D<64?VEFP F4>B7B ;5BDG 84A<I @B:9 ;4=@4F< 6V8 >V?P>BI F<:AV6 
8B >V?P>BI @VESJV6. �B CB698VA>B6<I @9FB8V6 6V8A9E9AV A4EFGCAV 
@9FB8< 6<S6?9AAS 4F4>: 69=6?9F-4A4?V;, EF4F<EF<KA<= 4A4?V;, 
4A4?V; 9AFDBCVW, EC9>FD4?PA<= 4A4?V;, HD4>F4?PA<= 4A4?V;,  
>?4EF9DA<= 4A4?V;.  

 9FB8 69=6?9F-4A4?V;G. "8AVєR ; C9DEC9>F<6A<I F9IAB?B7V= 
4A4?V;G 84A<I є 69=6?9F-C9D9F6BD9AAS, =B7B VAEFDG@9AF< 
;A4IB8SFP ;4EFBEG64AAS 6 E4@<I DV;A<I EH9D4I VAF9?9>FG4?PABW 
8VS?PABEFV. &D48<JV=AV @9FB8< EC9>FD4?PAB7B 4A4?V;G, ;4EAB64AV 
A4 C9D9F6BD9AAV (GD'є 45B J<HDB6BW HV?PFD4JVW, A484RFP 
IBDBL<= 4A4?V; EF4JVBA4DA<I V CE968BEF4JVBA4DA<I E<7A4?V6. 
"8A4> JV @9FB8< @4RFP B5@9:9AAS 6 ;4EFBEG64AAV 8B 
A9EF4JVBA4DA<I E<7A4?V6 (FB5FB E<7A4?V6, EC9>FD4?PAV 
I4D4>F9D<EF<>< S><I ;@VARRFPES 6 K4EV), 8?S HGA>JV= ; 
?B>4?PA<@< BEB5?<6BEFS@<, ;B>D9@4 8?S V@CG?PEA<I V J<HDB6<I 
E<7A4?V6 V ;B5D4:9AP. *9 CB6'S;4AB ; F<@, MB 54;B64 HGA>JVS 
DS8V6 (GD'є - E<AGEBW84 6<;A4K9A4 A4 CDBEFBDV 6V8 -∞ 8B + ∞ V ;4 
E6BєR CD<DB8BR є 7?48>BR V EFDB7B C9DVB8<KABR HGA>JVєR. 
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&4>4 HGA>JVS A4 CD4>F<JV (6 G@B64I B5@9:9AAS K<E?4 K?9AV6 
DS8G 45B EC9>FD4 DB;>?484AAS) CD<AJ<CB6B A9 ;84FA4 BC<EG64F< 
8B6V?PAV E<7A4?< V HGA>JVW [2]. 

�9=6?9F-4A4?V; 8B;6B?Sє 6<8V?SF< B8ABK4EAB S> K4EFBFAG, 
F4> V K4EB6G >B@CBA9AF< @VA?<6BEFV, 84є @B:?<6VEFP 4A4?V;G64F< 
K4EB6G @VA?<6VEFP K4EFBFAB7B EC9>FD4 CDBJ9EG. �9=6?9F-
C9D9F6BD9AAS 6B?B8Vє E4@BA4?47B8:G64?PA<@ DGIB@<@ 
K4EFBFAB-K4EB6<@ 6V>AB@, B8A4>B6B 8B5D9 6<S6?Sє S> 
A<;P>BK4EFBFAV, F4> V 6<EB>BK4EFBFAV I4D4>F9D<EF<>< E<7A4?G A4 
DV;A<I K4EB6<I @4ELF454I. �9=6?9F-HV?PFD< 8B;6B?SRFP A9 
FV?P>< 5BDBF<ES ; LG@4@<, 4?9 V 6<FS7G64F< A9B5IV8AV 
>B@CBA9AF< E<7A4?G. "E>V?P>< 69=6?9F< @4RFP 74DAG K4EFBFAB-
K4EB6G 484CF4JVR, 6BA< @B:GFP E?G:<F< ;DGKA<@ VAEFDG@9AFB@ 
8?S 8BE?V8:9AAS K4EFBFA<I I4D4>F9D<EF<> A9EF4JVBA4DAB7B 
E<7A4?G. 

"8AVєR ; CDB5?9@ є 6<5VD @4F9D<AEP>B7B 69=6?9F4 (69=6?9F-
54;<EG) CD< CDB6989AAV 69=6?9F-4A4?V;G, S><= є B>D9@<@ 
;4684AAS@, 4?9 J9= 6<5VD AVK<@ A9 B57DGAFB64A<=, @4є 
6<C48>B6<= I4D4>F9D V EC<D4єFPES FV?P>< A4 8BE6V8 V 8G@>G 
E4@B7B 8BE?V8A<>4 [2].  

�<>BA4AAS 69=6?9F-C9D9F6BD9AAS 8B;6B?Sє 6<8V?<F< 
A4=5V?PL 647B@G VAHBD@4JVR S> E<7A4?, 6V8CB6V8A<I >B?<64AP ; 
6<EB>BR 4@C?VFG8BR, V V7ABDG64F< @9AL >BD<EAG VAHBD@4JVR 6 
>B?<64AASI ; A<;P>BR 4@C?VFG8BR S> LG@B6G E>?48B6G. 
�<S6?9AAS 4AB@4?V= ;4 8BCB@B7BR 69=6?9F-4A4?V;G. !4 CD4>F<JV 
6 S>BEFV 6<IV8A<I 84A<I 6<>BD<EFB6G64?< 47D97B64AV ;4 
C'SF<I6<?<AAV VAF9D64?< E9D98AV ;A4K9AAS A4EFGCA<I 69?<K<A: 
>V?P>VEFP 54=F ;4 E9>GA8G, >V?P>VEFP C4>9FV6 ;4 E9>GA8G, >V?P>VEFP 
CBFB>V6 ;4 E9>GA8G, 69?<K<A4 E9D98APB7B DB;@VDG TCP-C4>9F4 
[3]. 

!4S6AVEFP DV;><I 4@C?VFG8 6 >B:AB@G ; CD98EF46?9A<I 
E<7A4?V6 6V8CB6V84?B C96A<@ 7DGC4@ 4AB@4?V=: 
- 4AB@4?VW, 6<>?<>4AV CB@<?>4@< 6 A4?4LFG64AASI @9D9:96B7B 
B5?48A4AAS, 4 F4>B: ;5Bє@ 6 DB5BFV B5?48A4AAS (G1); 
- @9D9:96V 4F4><, CD98EF46?9AV >?4EB@ «6V8@B64 6 
B5E?G7B6G64AAV» (G2); 
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- C9D964AF4:9AAS 6 @9D9:V (flash crowd), S>V 6<A<>4RFP 
6A4E?V8B> DV;><I EC?9E>V6, A4CD<>?48, 6 @B@9AF< ;5V?PL9AAS 
?97VF<@A<I ;4C<FV6 A4 E>4KG64AAS AB6<I D9?V;V6 CDB7D4@AB7B 
;459;C9K9AAS (G3); 
- VALV 4AB@4?VW, 8B K<E?4 S><I 6V8ABESFPES B5@VA 69?<>BR 
>V?P>VEFR 84A<I, CB@<?>< CV8 K4E ;4C<EG FD4HV>G A4 E9AEBDV 45B 
6V8CD46>< 84A<I >B?9>FBD4 NetFlow, MB 84є @B:?<6VEFP 4A4?V;G 
@9D9:96B7B FD4HV>G A4 DV6AV E94AEV6 (G4). 

�G?< 6<8V?9AV FD< E>?48B6<I >B@CBA9AF4 C9D6<AAB7B 
E<7A4?G [3]. !<;P>BK4EFBFA<= >B@CBA9AF E<7A4?G ;4IBC?R646 
FD<64?V ;4 K4EB@ @9D9:96V 4AB@4?VW, S>V CDB8B6:G64?<EP 6V8 
89>V?P>BI 8AV6. %9D98APBK4EFBFA4 K4EF<A4 @4?4 AG?PB69 
@4F9@4F<KA9 ECB8V64AAS V 5G?4 CD<;A4K9A4 8?S 4A4?V;G >B?<64AP 
6 @9:4I B8AB7B 8AS. �<EB>BK4EFBFA4 K4EF<A4 6V8CB6V84?4 
A969?<><@ >BDBF>BEFDB>B6<@ ;@VA4@, S>V @B:GFP DB;7?S84F<ES 
S> LG@. 

#VE?S DB;5<FFS 6<IV8AB7B E<7A4?G [3] 5G?B ;4EFBEB64AB 8B 
C9DL<I 86BI =B7B >B@CBA9AFV6 CDBJ98GDG B5K<E?9AAS ?B>4?PABW 
8<EC9DEVW 6 D4@>4I >B6;4RKB7B 6V>A4 DB;@VDB@ 3 7B8<A<. �4?V 
;4EFBEB6GєFPES @9FB8 CBDB7B6B7B 4A4?V;G. �AB@4?VS 
V89AF<HV>GєFPES 6 D4;V, S>MB CV>B64 FBK>4 BEF4AAPB7B E<7A4?G 
C9D96<M<?4 ;484A<= CBDV7. 

� D9;G?PF4FV 8BE?V8:9AAS 5G?B ;DB5?9AB 6<EAB6B> CDB F9, 
MB CD98EF46?9AV F<C< 4AB@4?PA<I CB8V= @B:GFP 5GF< 
V89AF<HV>B64AV A4 >BA>D9FA<I, CD<F4@4AA<I W@ K4EFBF4I. &4>, 
7DG5B;9DA<EFV 4AB@4?VW >?4EV6 G1, G2 V G4 DB;CV;A4RFPES A4 
6<EB><I V E9D98AVI K4EFBF4I, 6 FB= K4E S> 4AB@4?V= >?4EG G3 
6V8CB6V84RFP A<;P>BK4EFBFAV V E9D98APBK4EFBFAV E<7A4?< [4]. 

!98B?V>4@< 69=6?9F-4A4?V;G є A9B8AB;A4KAVEFP 6<5BDG 
54;<EA<I HGA>JV=, 69?<>4 B5K<E?R64?PA4 E>?48AVEFP CD< 
DB;D4IGA>G >B9HVJVєAFV6 DB;>?484AAS E<7A4?G. !9FD<6V4?PA<@ є 
;4684AAS CD46<?PAB7B ;4684AAS DB;@VDG 6V>A4. 3> 5G?B 
6V8;A4K9AB, S>MB DB;@VD >B6;4RKB7B 6V>A4 A45474FB C9D96<MGє 
FD<64?VEFP 4AB@4?VW [4], FB 6V8CB6V8A<= W= K4EFBFA<= EC?9E> 
@B:9 5GF< ;7?48:9A<=, V F<@ E4@<@ 4F4>4 5G89 CDBCGM9A4. � 
VALB@G 6<C48>G, S>MB 69?<K<A4 6V>A4 ;4A48FB @4?4, FB 
A9@<AGK<= CBFV> 59;7?G;8<I 4AB@4?V=. 
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Abstract. The work compares two main algorithms for detecting traffic 

anomalies, based on the processing of squares of wavelet coefficients. The 
probabilities of errors of the first and second kinds, as well as the size of the 
analysis window were taken as parameters that will characterize the accuracy of 
the considered detection algorithms. Sliding windows were used to adapt the 
algorithms to online detection. The analysis, carried out in this work, allows to 
establish that the algorithm that based on the sum of the squares of the wavelet 
coefficients, which were obtained by the decomposition of the original traffic, is 
more efficient than the algorithm without summation. 

 
� DB5BFV 5G6 ;4CDBCBAB64A<= B7?S8 EGK4EA<I @9FB8V6 

69=6?9F-4A4?V;G 8?S @B89?R64AAS @9D9:96B7B FD4HV>G, MB 
;459;C9KGє CV86<M9AAS 8BEFB6VDABEFV CD<=ASF<I DVL9AP 
E<EF9@4@< ;4I<EFG 6 G@B64I C4D4@9FD<KABW A96<;A4K9ABEFV 
VEAGRK<I VAHBD@4JV=A<I CDBJ9EV6. 
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%GK4EAV EF4F<EF<KAV @9FB8< 6<S6?9AAS CBDGL9AP G @9D9:V 
;474?B@ ;4EAB64AV A4 ;VEF46?9AAV EF4F<EF<KA<I ?B>4?PA<I 
I4D4>F9D<EF<> CBFB>G C4>9FV6, GE9D98A9A<I ;4 6V8ABEAB 
A969?<><= K4EB6<= CDB@V:B>, V WI A4EFGCAB@G CBDV6ASAAV V; 
6V8CB6V8A<@< 7?B54?PA<@< I4D4>F9D<EF<>4@<, MB ;V5D4AV A4 
FD<64?B@G G K4EV VAF9D64?V. 
"8A<@< ; C9DEC9>F<6A<I @9FB8V6 6<S6?9AAS 4AB@4?V= 

@9D9:96B7B FD4HV>G є @9FB8< 69=6?9F-4A4?V;G, MB ;8V=EARRFPES 
A4 BEAB6V 69=6?9F 89>B@CB;<JVW 4A4?V;B64AB7B, 6 ;474?PAB@G 
6<C48>G, A9EF4JVBA4DAB7B E<7A4?G. 
�9=6?9F-89>B@CB;<JVS 8B;6B?Sє GS6<F< 4A4?V;B64A<= 

@9D9:96<= FD4HV> G 6<7?S8V A45BDG 69=6?9F->B9HVJVєAFV6, S>V 
CD98EF46?SRFP EB5BR EF4F<EF<KAG 6<5VD>G, MB @4є E6BW 6?4EAV 
I4D4>F9D<EF<><. ' DB5BFV [1] CDBCBAGєFPES 6<>BD<EFB6G64AAS 
;@VA< 8<EC9DEVW S> B;A4>< A4S6ABEFV 4AB@4?PA<I 6<><8V6. � [2] 
CD98EF46?9A<= 4?7BD<F@, ;4EAB64A<= A4 8<E>D9FAB@G 69=6?9F-
C9D9F6BD9AAV F4 �4=9EB6B@G 4A4?V;V, MB 8B;6B?Sє 6<S6<F< V 
6<;A4K<F< @VEJ9 DB;F4LG64AAS 5G8P-S><I ;@VA 6 DV;A<I 
K4EFBFA<I E@G74I 84AB7B K4EB6B7B DS8G, B8A4> @4ELF45 
DB;>?484AAS CD< JPB@G є B5@9:9A<@. � [3] A484AB WADeS 
@9I4AV;@ CDBF<8VW DDoS 4F4>4@, MB 54;GєFPES A4 69=6?9F-
C9D9F6BD9AASI FD4HV>G V A4EFGCAV= BJVAJV DV;A<JV 69=6?9F-
>B9HVJVєAFV6 A4 DV;A<I K4EB6<I VAF9D64?4I ; @9FBR 6<;A4K9AAS 
F4 BJVA>< @B@9AFG 4F4><. � [4] A46989AB @9FB8 6<S6?9AAS DDoS 
4F4>, MB 6<>BD<EFB6Gє 9A9D79F<KA<= DB;CB8V?, ;4EAB64A<= A4 
69=6?9F-4A4?V;V. 
�A4?V; ?VF9D4FGDA<I 8:9D9? 8B;6B?Sє ;DB5<F< 6<EAB6B> CDB 

F9, MB @9FB8< 6<S6?9AAS 4AB@4?V=, ;4EAB64AV A4 69=6?9F-
C9D9F6BD9AAV, є 9H9>F<6A<@ VAEFDG@9AFB@ CDBF<8VW @9D9:96<@ 
4F4>4@. �<IB8SK< ; DB;7?SAGF<I @9FB8V6 8?S 6<DVL9AAS ;484KV 
6<S6?9AAS 4AB@4?V= FD4HV>G, 6 DB5BFV CDB6B8<FPES CBDV6AS?PA<= 
4A4?V; 86BI BEAB6A<I 4?7BD<F@V6 6<S6?9AAS 4AB@4?V= FD4HV>G, 
MB 54;GRFPES A4 B5DB5JV >648D4FV6 69=6?9F->B9HVJVєAFV6: 

- 4?7BD<F@ A4 BEAB6V EG@< >648D4FV6 69=6?9F->B9HVJVєAFV6; 
- 4?7BD<F@ A4 BEAB6V @4>E<@G@G >648D4FV6 69=6?9F-

>B9HVJVєAFV6. 
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' S>BEFV C4D4@9FDV6, MB I4D4>F9D<;G64F<@GFP FBKAVEFP 
DB;7?S84є@<I 4?7BD<F@V6 6<S6?9AAS, 5G?< 6;SFV =@B6VDABEFV 
CB@<?B> C9DLB7B V 8DG7B7B DB8V6 (=@B6VDAVEFP CDBCGE>G V 
CB@<?>B6B7B 6<S6?9AAS 4AB@4?V= 6V8CB6V8AB), 4 F4>B: DB;@VD 
6V>A4 4A4?V;G. 
�?S 484CF4JVW 4?7BD<F@V6 8B BA?4=A 6<S6?9AAS 5G?4 

6<>BD<EF4A4 F9IAV>4 >B6;4RK<I 6V>BA, B>D9@4 G6474 
CD<8V?SєFPES DB;@VDG 6V>A4 4A4?V;G, MB D4;B@ V; DV6A9@ 
;A4K<@BEFV >D<F9DVR (α) CD< C9D96VDJV 7VCBF9;<, 6<EFGC4RFP 
B8A<@< V; 64:?<6<I >D<F9DVW6 CBDV6ASAAS, MB @4RFP EGFFє6<= 
6C?<6 A4 D9;G?PF4F< 6<S6?9AAS 4AB@4?V= DV;ABW FD<64?BEFV. 
#DB6989A<= 6 DB5BFV 4A4?V; 8B;6B?Sє 6EF4AB6<F<, MB 

4?7BD<F@, ;4EAB64A<= A4 EG@V >648D4FV6 69=6?9F->B9HVJVєAFV6, 
BFD<@4A<I 6 D9;G?PF4FV 89>B@CB;<JVW 6<IV8AB7B FD4HV>G, @4є 
5V?PLG 9H9>F<6AVEFP G CBDV6ASAAV ; 4?7BD<F@B@ 59; 
CV8EG@B6G64AAS. !4=5V?PL<= 9H9>F 6 ;484KV 6<S6?9AAS 4AB@4?V= 
FD4HV>G ECBEF9DV74єFPES CD< 6<>BD<EF4AAV >B9HVJVєAFV6 
4CDB>E<@4JVW 8?S 69=6?9FV6 )44D4. #D< JPB@G ;5V?PL9AAS 6V>A4 
4A4?V;G CD<;6B8<FP 8B ;DBEF4AAS =@B6VDABEFV CD46<?PAB7B 
6<S6?9AAS, CDBF9 ;DBEF4AAS 84AB7B CB>4;A<>4 CDS@B 
CDBCBDJV=A9 ;5V?PL9AAR =@B6VDABEFV CB@<?>B6B7B 6<S6?9AAS. 
#BDV6AS?PA<= 4A4?V; I4D4>F9D<EF<> 8BEFB6VDABEFV 6<S6?9AAS 
4AB@4?PA<I 6<><8V6 89@BAEFDGє, MB ;V ;5V?PL9AAS@ AB@9D4 
DV6AS DB;>?484AAS ;DBEF4є =@B6VDAVEFP CD46<?PAB7B 6<;A4K9AAS 
4AB@4?V=. 
&4><@ K<AB@, @B:A4 ;DB5<F< 6<EAB6B> CDB F9, MB CD< 

6<EB>B@G ;A4K9AAV >B9HVJVєAF4 DV6AS EF4F<EF<KABW ;A4K<@VEFV  
(α = 0,01) F<C 69=6?9F4 EF4AB6<FP VEFBFA<= 6C?<6 A4 D9;G?PF4F 
DB5BF< 4?7BD<F@G. � ;474?PAB@G 6<C48>G 6<>BD<EF4AAS 69=6?9F4 
)44D4 8B;6B?Sє BFD<@4F< A4=5V?PL VEFBFA<= 9H9>F A4 69DIAVI 
DV6ASI DB;>?484AAS, 6 FB= K4E S> CD< α = 0,05 F<C 
6<>BD<EFB6G64AB7B 69=6?9F4 CD4>F<KAB A9 6C?<64є A4 ;474?PA<= 
D9;G?PF4F. 

 
�VB5@0BC@0 
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І=AB8BCB :V15@=5B8:8 V<5=V �.  . �;CH:>20 !�! ':@0W=8 

 
FUZZY COMBINATORIAL MODEL OF A CHOICE 

PROBLEM BASED ON FUZZY RELATIONS 
 

Abstract. A fuzzy model has been developed for the operation of a labor 
market employment center using fuzzy combinatorial configurations and taking 
into account the types of S. Stevens’ classification scales that can be used to 
determine the characteristics of labor market actors. Fuzzy relations are built on 
fuzzy sets under presence of quantitative and qualitative components that 
determine the prospects of the unemployed – to be aimed at one of the activities of 
state employment centers when planning their work. 

 

$B;7?SA9@B B8AG ; BEAB6A<I CDB5?9@, S>4 6<A<>4є G CDBJ9EV 
DB5BF< 89D:46A<I J9AFDV6 ;4=ASFBEFV, 4 E4@9 3 CD<=ASFFS 
DVL9AAS MB8B A4CD46?9AAS 59;DB5VFA<I, ;4D9єEFDB64A<I G 

https://link.springer.com/conference/networking
https://link.springer.com/conference/networking
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J9AFDV, A4 ;4IB8< ; A46K4AAS 45B CV86<M9AAS >64?VHV>4JVW. !9I4= 
 1,..., nU u uý   @AB:<A4 59;DB5VFA<I, S>V BHVJV=AB 

;4D9єEFDB64AV 6 89D:46AB@G J9AFDV ;4=ASFBEFV;  1,..., pV v vý 3 
@AB:<A4 BE6VFAVI ;4IB8V6, S>V CDB6B8SFPES 89D:46A<@ J9AFDB@ 
;4=ASFBEFV; n, p 3 6V8CB6V8AB, WIAS >V?P>VEFP;  1Ф ,..., qý     

@AB:<A4 I4D4>F9D<EF<> 59;DB5VFA<I, S>V 6V8CB6V84RFP 6<@B74@, 
MB EF46?SFPES 8B A<I CD< A4CD46?9AAV A4 JV ;4IB8<, q 3 >V?P>VEFP 
I4D4>F9D<EF<>. �64:4є@B, MB >B:9A 9?9@9AF @AB:<A U F4 V @4є 
IBK4 5 B8AG ; I4D4>F9D<EF<> @AB:<A< ö . �V8CB6V8AVEFP 
I4D4>F9D<EF<> 9?9@9AFV6 V; U 9?9@9AF4@ @AB:<A< 
I4D4>F9D<EF<> ö  6<;A4K<@B ;4 8BCB@B7BR A9KVF>B7B 
86B@VEAB7B 6V8ABL9AAS  ý: Ф 0,1R U ô  , HGA>JVS A4?9:ABEFV 
S>B7B Rf  ;48464F<@9 ">V?P>VEAV BJVA>< EFGC9AS 6B?B8VAAS 
I4D4>F9D<EF<>4@<". 
�484@B A4 @AB:<AV V ôö  A9KVF>9 86B@VEA9 6V8ABL9AAS 

 ý: 0,1 ,S V ôö  S>9 6<;A4K4є EFGCVAP 64:?<6BEFV 
I4D4>F9D<EF<> @AB:<A< ö  8?S 9?9@9AFV6 V; @AB:<A< V. 

�A4K9AAS HGA>JVW A4?9:ABEFV Sf  ;484RFP >V?P>VEAV BJVA>< 
6V8ABL9AAS S 3 "EFGCVAP "64:?<6BEFV" I4D4>F9D<EF<> 
59;DB5VFA<I MB8B ;4IB8V6". �<;A4K<@B  ý: 0,1T U Vô   

A9KVF>9 86B@VEA9 6V8ABL9AAS, S>9 I4D4>F9D<;Gє 6V8CB6V8AVEFP 
9?9@9AFV6 @AB:<A< U 9?9@9AF4@ @AB:<A< V, FB5FB 6D4IB6Gє 
EFGCVAP 6V8CB6V8ABEFV 9?9@9AFV6 J<I 86BI @AB:<A ;4 
I4D4>F9D<EF<>4@<, S>V V 6<;A4K4RFPES @AB:<ABR ö . !9KVF>9 
6V8ABL9AAS & ;484є@B S> >B@CB;<JVR A9KVF><I 6V8ABL9AP R V S-

1, S-1 3 B59DA9A9 8B S A9KVF>9 6V8ABL9AAS, 1T R Sý . �<8 
>B@CB;<JVW 6<;A4K4є@B ; GD4IG64AAS@ F<CG L>4?< 6<@VDR64AP 
;A4K9AP HGA>JV= A4?9:ABEFV. !9KVF>9 86B@VEA9 6V8ABL9AAS & 

;484є@B @4FD<J9R ø ùø ù
1 1

ˆ , ,
n p

T i j
i j

T f u v
ý ý

ý  89  ý: 0,1Tf U Vô  3 

HGA>JVS A4?9:ABEFV A9KVF>B7B 6V8ABL9AAS &. (GA>JVS 
A4?9:ABEFV Tf  6<;A4K4є A9KVF>9 6V8ABL9AAS T 3 
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"C9DEC9>F<6AVEFP" 59;DB5VFA<I". � D9;G?PF4FV BFD<@4є@B A9KVF>G 
@AB:<AG  

 ø ù ø ùø ù , , , ,T i j T i jA u v f u vý ø ù, .i ju v U Vþ ô              (1) 

(GA>JVR A4?9:ABEFV A9KVF>B7B 6V8ABL9AAS 
"C9DEC9>F<6AVEFP", S>4 6<;A4K4є "6V8CB6V8AVEFP" 59;DB5VFAB7B 

iu Uþ  ;4IB8G jv Vþ  G 6<C48>4I 6<@VDR64AP ;A4K9AP HGA>JV= 

Rf  F4 Sf  ;4 L>4?4@< 6V8ABL9AP (45B ;4 45EB?RFA<@< L>4?4@<) 

B5K<E?Rє@B F4>: ø ù
ø ù ø ùø ù

ø ù ø ùø ù

1

1

1

1

min , , ,

, .

max , , ,

q

R i m m jS
m

T i j q

R i m m jS
m

f u f v

f u v

f u f v





ý

ý

 

ý

 

õ

õ
 

' 6<C48>G, >B?< 6<@VDR64AAS CDB6B8SFPES ;4 L>4?4@< 
CBDS8>G 45B VAF9D64?V6, m þö  ;4@VEFP ;A4K9AP HGA>JV= 

( ),R i mf u ,   1,..., ,i nþ  F4 1 ( ),m jS
f ,v    1,..., ,j pþ  

;4EFBEB6Gє@B ABD@B64AV ;A4K9AAS D4A7V6 ; 6<>BD<EF4AAS@ 
8DB5B6<I D4A7V6. &B8V ;A4K9AAS ø ù,T i jf u v  5G8GFP 6<;A4K4F<EP ;4 
45EB?RFABR L>4?BR. ' 6<C48>G, >B?< ;A4K9AAS HGA>JVW Sf  

@4RFP E9AE B5@9:9AP, FB5FB m þö  ø ù, ,S j m jf v const ý ü ý  4 
CD< 6<@VDR64AASI J<I ;A4K9AP 5G?4 6<>BD<EF4A4 45EB?RFA4 
L>4?4, FB m þö  ;A4K9AAS HGA>JVW A4?9:ABEFV ø ù,T i jf u v  
B5K<E?Rє@B ;4 HBD@G?BR 

ø ùø ù1( , )= max min ( ), , ,T i j R i m m jSm
f u v f u , f v

ù ù û û  ø ù, .i ju v U Vþ ô  

&B5FB, ø ùø ù1min ( , ), , ,R i m m j jS
f u f v  ý ü  4 E4@9, G 

6<C48>G, >B?< ø ù( , ) , ,i R i m S j mu U f u f v þ  ó   FB 

ø ù( , ) ,T i j S j mf u v f vý  ý  .jý ü  3>MB VEAGє iu Uþ , 8?S S>B7B 

ø ù( , ) , ,R i m S j mf u f v ó   4 F4>B: VEAGRFP ku Uþ , 8?S S><I 
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ø ù( , )< , ,R k m S j mf u f v   FB V 6 JPB@G 6<C48>G ( , ) ;T i j jf u v ý ü  

S>MB ø ù( , )< ,R i m S j mf u f v  , FB ( , ) .T i j jf u v ü ü  

#B;A4K<@B U VM ô   >B@5VA4FBDA<= CDBEFVD >B@5VA4JV=, 
S><= є @AB:<ABR GEVI CV8@AB:<A @AB:<A< ,U Vô  A9I4= )  
9?9@9AF CDBEFBDG U VM ô , 

ø ù   , 1,..., , ,i j i jk
X u v k X u U v Vý þ þ þ , Х   CBFG:AVEFP 
@AB:<A< ).  

"7=0G5==O 1. !9KVF>BR >B@5VA4JVєR X  A4;69@B @AB:<AG 
GCBDS8>B64A<I C4D  

 

             ø ù ø ùø ù ø ù ø ùø ù 1 1 1 1, , , ,..., , , , ,n p n pX XX u v u v u v u vý ñ ñ      (2) 

                      

ø ù ø ù ø ù 

ø ù ø ù
ø ù

, min , , , ,

1, , ,
,

0, , ,

i j T i j X i jX

i j
X i j

i j

u v f u v u v

u v X
u v

u v X

ñ ý 

ü þÿ ý ý
ÿÿþ

                 (3) 

89 U VХ M ôþ , ø ù, .i ju v U Vþ ô  

"F:9, ;4 B;A4K9AAS@ X 3 ABEV= A9KVF>BW @AB:<A< Х . �7V8AB 
; (2), (3) >B:A4 A9KVF>4 >B@5VA4JVS ,TХ Aý  4 A9KVF>4 @AB:<A4 

TA  6<;A4K4єFPES ;4 HBD@G?BR (1). &4><@ K<AB@, >B:AB@G 
9?9@9AFG X >B@5VA4FBDAB7B CDBEFBDG >B@5VA4JV= U VM ô  

6V8CB6V84є A9KVF>4 >B@5VA4JVS ,X  >B:A4 >B@5VA4JVS ,X  є 
A9KVF>BR >B@5VA4FBDABR >B@5VA4JVєR (B5’є>FB@) C9DLB7B 
CBDS8>G C9DLB7B F<CG [1] 3 [2] 1

(1) (1), , , ,Y X ý    89 

ø ù1: ,Y X   ø ù1X  3 54;B64 @AB:<A4, 

ø ù ø ù ø ù ø ùø ù1,1 ,..., 1, ,..., ,1 ,..., , ,Y p n n pý  B5@9:9AAS   6<;A4K4RFP   

S> EFDB7B @BABFBAA9 6V8B5D4:9AAS. 
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"7=0G5==O 2. �B@5VA4FBDA<@ CDBEFBDB@ A9KVF><I 
>B@5VA4JV= ø ùU VM ô  A4;69@B @AB:<AG 6EVI A9KVF><I >B@5VA4JV= 

Х .  

�484KG BCF<@4?PAB7B 6<5BDG X ú  EHBD@G?Rє@B S> A9KVF>G 
;484KG >B@5VA4FBDABW BCF<@V;4JVW:  
;A4=F< 9?9@9AF ø ù

*
U VХ D M ôþ ý , F4><=, MB  

 

ø ù*F Х ýmax { ø ùF Х  ý Х  þ ø ùU VD M ôý }, 

 
89 F  ;484A<= >D<F9DV= S>BEFV, D  8BCGEF<@4 B5?4EFP, MB 
6<;A4K4єFPES B5@9:9AAS@< ;484KV.  
�8A=>2:8. �4CDBCBAB64A4 A9KVF>4 @B89?P GCD46?VAAS 

DB5BFBR 89D:46AB7B J9AFDG ;4=ASFBEFV ; 6<>BD<EF4AAS@ 
CBASFFS A9KVF><I >B@5VA4FBDA<I >BAHV7GD4JV= 8B;6B?Sє 
GD4IB6G64F< DV;AV F<C< L>4? ;4 >?4E<HV>4JVєR %. %FV69AE4. 
�4EFBEG64AAS F9BDVW A9KVF><I @AB:<A ;459;C9KGє 5V?PL 
4D7G@9AFB64A9 6<DVL9AAS CDB5?9@, CD<AJ<CB6BR BEB5?<6VEFR 
S><I є F9, MB CBK4F>B6V 84AV @B:GFP 5GF< CB84AV 69D54?PAB 45B 
6 F9D@VA4I HBD@4?PABW K< CDBH9EV=ABW @B6< S> ECBEB5G BC<EG 
A<;>< C4D4@9FDV6 F4 I4D4>F9D<EF<> EG5’є>FV6 D<A>G CD4JV. 
!4CDS@>B@ CB84?PLBW DB5BF< є B5ґDGAFG64AAS 489>64FABEFV 
CB5G8B64ABW @B89?V ; GD4IG64AAS@ BEAB6A<I CB?B:9AP 
D9CD9;9AF4F<6ABW F9BDVW 6<@VDR64AP. 
 
�VB5@0BC@0 
1. �G?SA<JP><= �.(., $SEA4 �.�. �B HBD@4?V;4JVW ;484K 

>B@5VA4FBDABW BCF<@V;4JVW A4 A9KVF><I @AB:<A4I. &5>@VS 
>?B8<0;P=8E @VH5=P. �<W6: �A-F >V59DA9F<>< V@9AV 
�. . �?GL>B64 !�! '>D4WA<. 2016. C. 17 3 25. 

2. Hulianytskyi L. F., Riasna I. I. Formalization and 
classification of combinatorial optimization problems. Optimization 
Methods and Applications (eds. Butenko S., Pardalos P. M., Shylo 
V.). Cham: Springer International Publishing AG, 2017. P. 2393250. 
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� �&�*��!�  "���.��!!/ �&��"!!"� 
 "���� %'�’Є�&� !��+�!!/ 

�:G@4 �.  ., %9D984 ".�. 
�P>B=0 0:045<VS !�' 

 
THE STUDENT REFERENCE MODEL SIMULATION 

 
Abstract. In this paper we represented a possibility of the estimation of 

adequacy and efficiency of the student reference model in designing intellectual 
training systems for operators of the navigation service systems and air traffic 
control by simulation modeling. Also, foundation of tool for simulation is 
represented. 

 

%FDV@><= DB;6<FB> VAHBD@4JV=A<I F9IAB?B7V= EGFFє6B 
6C?<64є A4 GEV EH9D< 8VS?PABEFV ?R8<A<, 6>?RK4RK< BE6VFG. �?S 
46V4JV=ABW BE6VF< J9 є BEB5?<6B 4>FG4?PA<@, BE>V?P>< 64:?<6G 
DB?P 6 WW E>?48V 6V8V7D4є FD9A4:9DA4 CV87BFB6>4, EC9J<HV>BR S>BW 
є A9@B:?<6VEFP ;48B6V?PABW D94?V;4JVW E4@BEFV=ABW CV87BFB6><. 
�4DV4AF< 6CDB648:9AAS E4@BEFV=ABW DB5BF< ;6B8SFPES 8B 
EF6BD9AAS DV;A<I 46FB@4F<;B64A<I A46K4?PA<I E<EF9@. &4>, 6 
BEAB6V VAF9?9>FG4?PABW A46K4?PABW E<EF9@< «�<EC9FK9D Tower», 
MB DB;DB5?RєFPES A4 >4H98DV VAHBD@4JV=A<I F9IAB?B7V= 
�PBFABW 4>489@VW !�', ;4>?489AB @AB:<AG @B89?9=, MB 
I4D4>F9D<;GRFP CD98@9FAG B5?4EFP. "F:9, 6<A<>4є A9B5IV8AVEFP 
G 6<5BDV ;4EB5G 8?S BJVA>< 9H9>F<6ABEFV F4 489>64FABEFV 
@B89?9=, B8A<@ ; S><I є V@VF4JV=A9 (B5’є>FAB-BDVєAFB64A9) 
@B89?R64AAS [1]. 
�AF9?9>FG4?PA4 A46K4?PA4 E<EF9@4 «�<EC9FK9D Tower» 

DB;DB5?SєFPES 6V8CB6V8AB 8B A46K4?PABW @9FB8B?B7VW, MB @4є 
A4;6G «4VO;ь=VA=89 ?V4EV4». *9= CV8IV8 S6?Sє EB5BR B8AG ; 
A4=5V?PL CDB7D9E<6A<I 5474FBB5VJSRK<I >BAJ9CJV= 6 BE6VFV V; 
;4EFBEG64AAS@ 46FB@4F<;B64A<I A46K4?PA<I E<EF9@, ;4 S>BW 
;4E6BєAAS ;A4AP 6V85G64єFPES ;4 D9;G?PF4F4@< 8VS?PABEFV 
EG5'є>F4 A46K4AAS, MB HBD@Gє WIAV= ;@VEF F4 S>VEAV 
I4D4>F9D<EF<><. "EB5?<69 ;A4K9AAS CD< JPB@G A484єFPES @B89?V 
EG5’є>F4 A46K4AAS, S> B8AB@G ; A4=64:?<6VL<I 9?9@9AFV6 
E<EF9@<. �;474?V, @B:A4 DB;7?S84F< G>B8@8 2848 <>45;59 
EG5'є>F4 A46K4AAS: EF4DFB6G, ABD@4F<6AG (9F4?BAAG, JV?PB6G), 
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CBFBKAG F4 @B89?P CB@<?B>. !>@<0B82=0 (5B0;>==0) <>45;P є 
A4=64:?<6VLBR ; A<I, BE>V?P>< 6BA4 ;484є @9FG A46K4AAS, F4 ; 
A9R CB6'S;4AV EF4A84DF< BE6VF<. �BA4 S6?Sє EB5BR ;A4AAS CDB F9, 
S><@ @< IBK9@B 54K<F< EG5'є>F A46K4AAS, 6<@B7< 8B =B7B 
>VAJ96B7B EF4AG [2]. $94?V;4JVS 9F4?BAABW @B89?V EG5’є>F4 
A46K4AAS VAF9?9>FG4?PABW A46K4?PABW E<EF9@< «�<EC9FK9D 
Tower» є @B:?<6BR ;468S>< 6<S6?9AAR ;4>BAB@VDABEF9= G 
8VS?PABEFV 8<EC9FK9D4 ��� CD< 6<>BA4AAV ;?VFAB-CBE48>B6<I 
BC9D4JV= A4 CV8EF46V 4A4?V;G K4EG 6<>BA4AAS A<@ F9IAB?B7VKA<I 
BC9D4JV= (&"), 4 F4>B: G J<D>G?SJVW VAHBD@4JV=A<I CBFB>V6 A4 
6V8CB6V8AB@G DB5BKB@G @VEJV [1; 3]. 
">D9@4 G6474 CD< 6<>BD<EF4AAV 8VS?PAVEAB7B CV8IB8G 

CD<8V?SєFPES CDB5?9@V BJVA>< 489>64FABEFV @B89?9=. ' 
;474?PAB@G DB;G@VAAV, CV8 045:20B=VABN <>45;V DB;G@VRFP 
6V8CB6V8AVEFP D9;G?PF4FV6, BFD<@4A<I A4 @B89?V, CB698VAJV 
D94?PAB7B B5'є>F4. #V8 5D5:B82=VABN <>45;V DB;G@VRFP 
CD4>F<KAG >BD<EAVEFP (BCF<@4?PA9 CBє8A4AAS S>BEF9= 
489>64FABEFV F4 CDBEFBF<) [4; 5]. 
' ;6’S;>G ; F<@, MB CDBH9EV=A4 8VS?PAVEFP BC9D4FBDV6 E<EF9@ 

A46V74JV=AB7B B5E?G7B6G64AAS = GCD46?VAAS DGIB@ CB6'S;4A4 ; 
8BE<FP E>?48A<@ @9I4AV;@B@ HBD@G64AAS F4 B5@VAG 
VAHBD@4JV=A<@< CBFB>4@< 6 E<EF9@V B5E?G7B6G64AAS 
CB6VFDSAB7B DGIG, S>4 CD98EF46?Sє EB5BR 6V8>D<FG, E>?48AG, 
59;C9D9D6AB-8<E>D9FAG, EFBI4EF<KAG, 8<A4@VKAG E<EF9@G 
GCD46?VAAS [6], 6 S>BEFV @9FB8G BJVA>< 489>64FABEFV F4 
9H9>F<6ABEFV @B89?V 5G?B B5D4AB <5B>4 V<VB0FV9=>3> 
(>1'є:B=>->@Vє=B>20=>3>) <>45;N20==O. !4 6V8@VAG 6V8 
4A4?VF<KAB7B @B89?R64AAS, V@VF4JV=A9 @B89?R64AAS ;AV@4є 
5V?PLVEFP B5@9:9AP, CB6'S;4A<I ; @B:?<6VEFR 6V8B5D4:9AAS 6 
@B89?SI D94?PAB7B CDBJ9EG HGA>JVBAG64AAS 8BE?V8:G64ABW 
E<EF9@<, 8<A4@VKABW 6;4є@ABW B5G@B6?9ABEFV CBFBKA<I V 
CB84?PL<I CB8V=, >B@C?9>EAB7B 6;4є@B;6'S;>G @V: C4D4@9FD4@< 
= CB>4;A<>4@< 9H9>F<6ABEFV E<EF9@< [1; 6]. 
$B5BK9 @VEJ9 BC9D4FBD4 E<EF9@ A46V74JV=AB7B 

B5E?G7B6G64AAS = GCD46?VAAS DGIB@ @4є A45VD 6?4EF<6BEF9=, 
S><= 8B;6B?Sє ;8V=EAR64F< V@VF4JV=A9 @B89?R64AAS ;4 
8BCB@B7BR F4><I VAEFDG@9AFV6: 
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1. &9BDVW @4EB6B7B B5E?G7B6G64AAS. 
2.  9D9:V #9FDV. 
3. #DB7D4@AV ;4EB5< B5’є>FAB-BDVєAFB64AB7B @B89?R64AAS. 
"EB5?<6VEFR ;4EFBEG64AAS F9BDVW @4EB6B7B B5E?G7B6G64AAS 

є @B:?<6VEFP BC<EG ?<L9 59;C9D9D6ABW E>?48B6BW CD98@9FABW 
B5?4EFV, 4 F9BDVW @9D9: #9FDV - ?<L9 8<E>D9FABW E>?48B6BW. &4><@ 
K<AB@, 8?S 6V8B5D4:9AAS 59;C9D9D6AB-8<E>D9FABW (7V5D<8ABW) 
CB698VA>< 8BJV?PAB 6<>BD<EFB6G64F< CDB7D4@AV ;4EB5< 
B5’є>FAB-BDVєAFB64AB7B @B89?R64AAS [6]. 
"EAB6A<@ ;4EB5B@ V@VF4JV=AB7B @B89?R64AAS, MB 

6<>BD<EFB6GєFPES 8?S BJVA>< 489>64FABEFV 9F4?BAABW @B89?V 
EG5’є>F4 A46K4AAS CD< DB;DB5JV VAF9?9>FG4?PABW A46K4?PABW 
E<EF9@< «�<EC9FK9D Tower», є CDB7D4@4 AnyDynamics, F4>B: 
6V8B@4 CV8 A4;6BR Rand Model Designer. 

AnyDynamics - J9 E<EF9@4 V@VF4JV=AB7B @B89?R64AAS, MB 
8B;6B?Sє EF6BDR64F< @B89?V E>?48A<I 8<A4@VKA<I E<EF9@ V 
CDB6B8<F< B5K<E?R64?PAV 9>EC9D<@9AF< ; A<@<. �<5VD E4@9 JVєW 
CDB7D4@< 8?S BJVA>< 489>64FABEFV F4 9H9>F<6ABEFV 9F4?BAABW 
@B89?V EG5’є>F4 A46K4AAS �!% «�<EC9FK9D Tower» 5G6 
B5G@B6?9A<= F4><@< BEB5?<6BEFS@< E<EF9@<: 

- B5'є>FAB-BDVєAFB64A4 @B64 @B89?R64AAS; 
- VAFGWF<6A9 VAF97DB64A9 E9D98B6<M9; 
- >BAFDB?P A48 >BD9>FAVEFR @B89?V A4 6EVI 9F4C4I WW 

EF6BD9AAS; 
- 46FB@4F<KA4 CB5G8B64 6<>BAG64ABW @B89?V ;4 EF6BDR64A<@ 

6 VAF97DB64AB@G E9D98B6<MV BC<EB@; 
- CV8FD<@>4 VAF9D4>F<6AB7B = 46FB@4F<;B64AB7B 

9>EC9D<@9AFG ; 6<>BAG64ABR @B89??R; 
- @B:?<6VEFP CB>DB>B6B7B A4?47B8:9AAS @B89?V; 
- L<DB><= EC9>FD ;4EB5V6 CDB6989AAS F4 6V;G4?V;4JVW 

VAF9D4>F<6AB7B V 46FB@4F<;B64AB7B 9>EC9D<@9AFG; 
- 2D- V 3D-4AV@4JVS; 
- @B:?<6VEFP @B89?R64AAS 59;C9D9D6A<I, 8<E>D9FA<I V 

7V5D<8A<I (59;C9D9D6AB-8<E>D9FA<I) E<EF9@; 
- EF4A84DFAV 5V5?VBF9>< >?4EV6; 
- @B:?<6VEFP 6<>BD<EF4AAS 6<>BAG64ABW @B89?V 6 S>BEFV 

A9;4?9:ABW CDB7D4@<. 
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�?S ;4C<EG >B@4A8 6<>BD<EFB6GRFPES @B6< CDB7D4@G64AAS: 
C# F4 Ada. �?S ;59DV74AAS 6AGFDVLAPBW VAHBD@4JVW 
6<>BD<EFB6GRFPES ;@VAAV DV;A<I 6<8V6, A4=CBL<D9AVLV ; A<I: 
F<CG �>=B0:B V #>B>: (double) 8?S ;@VAA<I 69?<K<A F4 F<CG 
Boolean 8?S CB;A4K9AAS VEF<AABEFV/I<5ABEFV F69D8:9AP [7]. 

!4 D<E. 1 ;B5D4:9AB CB5G8B64AG A4@< >4DFG CB698VA>< 
8<EC9FK9D4 TWR CD< 6<84KV 8B;6B?G A4 ;?VF CD< ;@VAA<I 
;A4K9AASI A4CDS@G 6VFDG F4 6<8<@BEFV A4 �#%. !4CDS@ 6VFDG F4 
6<8<@VEFP A4 �#% FGF 6<D4:4єFPES ;@VAA<@< F<CG double (FB5FB 
;4 >B:A<@ «CDB7BAB@» E<EF9@< 6<84єFPES 6<C48>B69 ;A4K9AAS 
6VFDG 6V8 1 8B 360 F4 6<8<@BEFV 3 6V8 1 8B 10000). &4>B: FGF 
A4S6A4 B8A4 ;@VAA4 F<CG boolean (bad_visibility 3 CB74A4 
6<8<@VEFP), ;4 G@B6BR >4DF< CB698VA>< 6BA4 4>F<6V;GєFPES CD< 
6<8<@BEFV 2000 F4 @9AL9.  

 

 
$<E 1. �0@B0 ?>254V=:8 48A?5BG5@0 TWR 3 2840G0 4>72>;C 

=0 7;VB ?@8 7<V==8E 7=0G5==SE =0?@S<C 2VB@C B0 2848<>ABV =0 
�#% 
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&4><@ K<AB@, V@VF4JV=A9 @B89?R64AAS ;4 8BCB@B7BR 
CDB7D4@A<I ;4EB5V6 B5’є>FAB-BDVєAFB64AB7B @B89?R64AAS є 
A4=5V?PL D4JVBA4?PA<@ @9FB8B@ C9D96VD>< 489>64FABEFV F4 
9H9>F<6ABEFV 9F4?BAABW @B89?V EG5’є>F4 A46K4AAS 
VAF9?9>FG4?PABW A46K4?PABW E<EF9@< «�<EC9FK9D Tower». !4 
84A<= @B@9AF, 4>FG4?PA<@ ;4684AAS@ 8?S DB;DB5A<>V6 E<EF9@< 
є D94?V;4JVS 9F4?BAABW @B89?V EG5'є>F4 A46K4AAS ;4 8BCB@B7BR 
>B@C'RF9DA<I CDB7D4@ ; GAVHV>B64ABR @B6BR @B89?R64AAS, 4 
F4>B: CDB6989AAS BJVA>< WW 489>64FABEFV F4 9H9>F<6ABEFV ;4 
8BCB@B7BR E<EF9@< V@VF4JV=AB7B @B89?R64AAS AnyDynamics.  

 

�VB5@0BC@0 
1. �46D<A9A>B �.%.  B89?P B5GK49@B7B >4> 54;B6O= 

>B@CBA9AF <AF9??9>FG4?PAB= B5GK4RM9= E<EF9@O. #>;VB. 
%CG0A=V ?@>1;5<8 =0C:8: @4F9DV4?< )V @V:A4D. A4G>.-CD4>F. 
>BAH., @. �<W6, 8-9 >6VFAS 2015 D. �<W6, 2015. %. 66. 
2. �?R><A �. 1. Web-BD<9AF<DB64AAO9 <AF9??9>FG4?PAO9 

B5GK4RM<9 E<EF9@O A4 BEAB69 A9K9F>B7B 89SF9?PABEFAB7B 
CB8IB84 6 B5GK9A<<. !0C:0 8 >1@07>20=85: Э;5:B@>==>5 =0CG=>5 
8740=85. 2012. № 11. %. 445-476. URL: 
http://technomag.edu.ru/doc/489620.html (84F4 B5D4M9A<S: 
10.03.2021). 
3. �46D<A9A>B �. �@<F4J<BAAB9 @B89?<DB64A<9 >4> @9FB8 

BCD989?9A<S QHH9>F<6ABEF< QF4?BAAB= @B89?< EG5N9>F4 
B5GK9A<S. �2V0FVS B0 :>A<>=02B8:0: AB0=, 4>AS3=5==S V 
?5@A?5:B828: @4F9DV4?< )))VII 6E9G>D. A4G>.-CD4>F. >BAH., @. 
�DBC<6A<JP><=, 12 >6VFAS 2017 D. �DBC<6A<JP><=, 2017.  
% 230-231. 
4. �G5?4AB6  .%. #DB69D>4 489>64FABEF< @4F9@4F<K9E><I 

@B89?9=. !0CG=O9 25AB=8:  �&' ��. 2015. № 211. %. 29-36. 
5. �89>64FABEFP < QHH9>F<6ABEFP @4F9@4F<K9E><I @B89?9=. 

URL: https://ru.calameo.com/read/002696504d9de7849146f  
(84F4 ;69DA9AAS: 24.04.2021). 

6. #V?VCPBAB> ". .  9FB8 CV86<M9AAS S>BEFV GCD46?VAAS 
CB6VFDSA<@< EG8A4@< BC9D4FBD4@< E<EF9@ A46V74JV=AB7B 
B5E?G7B6G64AAS = GCD46?VAAS DGIB@: 8<E & >4A8. F9IA. A4G>: 
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05.22.13/ �VDB6B7D48EP>4 ?PBFA4 4>489@VS !4JVBA4?PAB7B 
46V4JV=AB7B GAV69DE<F9FG. �DBC<6A<JP><=, 2017. 265 E. 

7. $G>B6B8EF6B CB?P;B64F9?S AnyDynamics. URL: 
https://www.mvstudium.com/downloads/AD8manual-ru.pdf.  
(84F4 ;69DA9AAS: 24.04.2021). 
 

 

 

�" ��!�&"$!� %&$'�&'$� � !�%&��0!�) 

&� ���$&!�) ��$�) 
�BJ9A>B %.�. 

�8W2AP:89 =0FV>=0;P=89 C=V25@A8B5B 
 V<5=V &0@0A0 Ш52G5=:0 

 
COMBINATORIAL STRUCTURES IS BOARD GAMES AND 

GAMBLING 
 

Abstract. A short history of combinatorial game theory is considered. Then, 
some examples of quantitative indicators calculation for several board games are 
delivered. These examples may be used as good cases in point in combinatorics 
learning. 

 

�B@5VA4FBDA4 F9BDVS V7BD (>.F.V.) 6<A<>?4 S> DB;8V? @4F9@4-
F<><,  MB 6<6K4є CBE?V8B6AV V7D< ; V894?PABR VAHBD@4JVєR, 4?9 ; 
C?<AB@ K4EG 7D4A<JV 6<6K9AAS >.F.V. CBEFV=AB DB;L<DRєFPES.  
#9DLBR EF4F9R ; >.F.V. 664:4єFPES EF4FFS *9D@9?B "#DB 

;4EFBEG64AAS F9BDVW @AB:<A 6 F9BDVW 7D< 6 L4I<" (1912), 6 S>V=, 
;B>D9@4, 5G?B 8B6989AB F4>9 F69D8:9AAS: VEAGє 6 FBKABEFV B8<A 
; FDPBI 4?7BD<F@V6: 4?7BD<F@ 6<7D4LG 8?S 5V?<I (S> 5< A9 7D4?< 
KBDAV), 4?7BD<F@ 6<7D4LG 8?S KBDA<I 45B 4?7BD<F@, MB 8B;6B?Sє 
>B:AB@G ; 7D46JV6 8B5<F<ES AVK<W. !4:4?P, CB F9C9D<LAV= K4E A9 
;'SEB64AB, S><= E4@9 ; FDPBI 4?7BD<F@V6 VEAGє. 
!484?V CD98@9FB@ 8BE?V8:9AP EF4?<, ;B>D9@4, F4>V 8<FSKV 

V7D<, S> "AV@" F4 "I4>9@5GL", 4 D9;G?PF4F< 8BE?V8:9AP 6<S6<?<EP 
A9FD<6V4?PA<@< ;4EFBEG64AA@< >B@5VA4FBDA<I @9FB8V6 F4 EF4?< 
E>?48B6BR K4EF<ABR >.F.V. 
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� 1948 D. �:BA !9L CD<8G@46 7DG ")9>E" (L9EF<>GFA<><) 
F4 6 CDBJ9EV 8BE?V8:9AAS JVєW 7D< 6<A4=LB6 >BAJ9CJVR 
"6>D489ABW EFD4F97VW".  
#V8D4IGA>< >V?P>BEFV 64DV4AFV6 45B >V?P>BEFV CB;<JV=, S>V 

@B:GFP E>?4EF<ES 6 A4EFV?PA<I V7D4I @B:GFP 5GF< 
V?REFD4F<6A<@< CD<>?484@< G 6<>?489AAV 8<EJ<C?VA< 
"8<E>D9FA4 @4F9@4F<>4". 
&4>, G 7DV 6 A4D8<, A4 HVA4?PAV= EF48VW 7D<, >B:9A ; 7D46JV6 

;4ABE<FP 15 E6BWI L4LB> G K4EF<AG 8BL><, MB @VEF<FP 6 >B@VDB> 
F4 ABE<FP A4;6G "8V@". �<S6?SєFPES, MB  B5K<E?9AAS >V?P>BEFV 
64DV4AFV6 DB;@VM9AAS 6EVI 15 L4LB> G 8B@V @B:A4 ;8V=EA<F< ;4 
8BCB@B7BR HBD@G?< >V?P>BEFV ECB?G> ; CB6FBD9AAS@<:  

155045
20

15
20

15
1156

15
6 ýýýý û CCCC . 

-B5 B5K<E?<F< >V?P>VEFP >V?P>VEFP CB;<JV=, 6D4IB6GRK< FV, 
6 S><I 89S>V L4L>< 6:9 5G?B 6<A9E9AB ; 8BL><, FD954 8B84F< M9 
B8AG >B@VD>G, FB8V >V?P>VEFP 64DV4AFV6 EF4AB6<F<@9: 

542646
21

15
21

15
1157

15
7 ýýýý û CCCC . 

"5K<E?9AAS >V?P>BEFV 64DV4AFV6 DBCB8V?G HVLB> 45B >4DF 
@V: 7D46JS@< A4 CBK4F>G 7D< є 684?BR V?REFD4JVєR 
;4EFBEG64AAS CB?VAB@V4?PABW HBD@G?<: 

 

!...!

)!...(
),...,(

1

1
1

m

m
m kk

kk
kkp

÷÷
ûû

ý . 

 
&4>, >V?P>VEFP 64DV4AFV6 DB;84KV >4DF G 7DV "CD9H9D4AE" (7D4 

6989FPES >B?B8BR G 32 >4DF<, 3 7D46JV BFD<@GRFP CB 10 >4DF) 

E>?484є 15

3
1075.2

!2)!10(

!32
÷û

÷
ýn ,  

G 7DV "8B@VAB" (7D4 6989FPES A45BDB@ ; 28 HVLB> (45B 
>VEFBKB>), 7D46JV BFD<@GRFP CB 7 HVLB>) G 6GC48>G 86BI 7D46JV6 

E>?484є  11

2
1037.1

!14)!7(

!28
÷û

÷
, 4 G 6<C48>G FDPBI 45B KBF<DPBI 

7D46JV6 JS 69?<K<A4 E>?484F<@9  14

4
1073.4

)!7(

!28
÷û . 
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�?9 A4=5V?PL4 >V?P>VEFP 64DV4AFV6 DB;84KV @4є @VEJ9 G 7DV 6 
5D<8:. ' 7DV 59D9 GK4EFP 4 7D46JV, 7D4 6989FPES >B?B8BR G 52 
>4DF< V >V?P>VEFP 64DV4AFV6 DB;84KV F4><@ K<AB@ E>?484є 

28

4
1036.5

)!13(

!52
÷ûýn . 

%9D98 7D46JV6 6 5D<8: DB;CB6ER8:9ABR є 54=>4 CDB "13 
CV>". �9IFB DB;CB6V84є, A4K95FB =B@G 6 D9;G?PF4FV DB;84KV 
CD<=L?B 13 >4DF B8AVєW @4EFV (K4EFVL9 CV>B6<I, 5B J9 
A4=ECD<SF?<V6L<= DB;>?48 ; GEVI @B:?<6<I). !4ECD468V 
>V?P>VEFP 64DV4AFV6 F4><I DB;84K E>?484є 

18

3
1035.1

)!13(

!39
44 ÷û÷÷ýk , V F4><@ K<AB@ K4EF>4 DB;>?48V6, 6 

S><I 89IFB BFD<@46 6EV >4DF< 89S>BW @4EFV E>?484є 
111052.2 ÷û

m

k . "F:9, >B@5VA4FBDAV CV8D4IGA>< ECDBEFB6GRFP 

JR 54=>G.  &B5FB, MB5 F4>4 CB8VS FD4C<?4EP, FD954, MB5 GE9 
8BDBE?9 A4E9?9AAS �9@?V CD<C<A<?B E6BW ECD46< F4 G69EP K4E 
7D4?B 6 5D<8:. 
�;4DFA4 7D4, 6 S>G 7D4?< #GL>VA F4 =B7B 79DB= �9D@4A, 

C9DEBA4: «#V>B6BW 84@<», �9D@BAFB6 V 79DBW =B7B F6BDV6 
« 4E>4D48» V «,FBE» A4;<64?4ES «,FBE», V 6<S6?SєFPES, 6BA4 
;B6EV@ A9 JV>464 V A9 VAF9?9>FG4?PA4, V є8<A9, MB @B:A4 ;DB5<F< 
JV>46B7B, J9 B5K<E?<F< L4AE< 7D46JV6 A4 6<7D4L ;4 8BCB@B7BR 
>B@5VA4FBDA<I >B9HVJVєAFV6.  
�D4 6989FPES >B?B8BR ; 52 >4DF (13 AB@VA4?V6, 6V8 86V=>< 8B 

FG;4, 4 @4EFV).  4EFP >4DF G 84AV= 7DV A9 @4є AVS>B7B ;A4K9AAS. 
"D74AV;4FBD 7D< A4;<64єFPES 54A>B@9FB@, 6VA 6989 7DG CDBF< 
>B:AB7B ; 7D46JV6. %F46>< DB5?SFPES A4 >4DF< C96AB7B AB@VA4?G 
(A4CD<>?48, A4 86V=>G), @4EFP A9 @4є ;A4K9AAS.  
�4A>B@9F DB;>?484є >B?B8G 3 C9DLG >4DFG 3 CD46BDGK, 8DG7G 

3 ?V6BDGK, FD9FR 3 CD46BDGK, K9F69DFG 3 ?V6BDGK V F.8. 3>MB >4DF4 
FB7B AB@VA4?G, A4 S>G CBEF46<6 7D469JP, ;'S6<FPES 6 ?V6V= (FB5FB 
C4DAV=) EFBCJV D4AVL9, AV: G CD46V= (A9C4DAV=), FB 7D469JP 
6<7D46, V 7D469JP BFD<@Gє 6V8 54A>B@9F4 6<7D4L, DV6A<= EF46JV, 4 
S>MB G CD46V= (FB5FB, A9C4DAV=) EFBCJV D4AVL9, AV: G ?V6V= 
(C4DAV=), FB 7D469JP 6FD4K4є EF46>G. !4 C9DL<= CB7?S8 7D469JP V 
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54A>B@9F ;A4IB8SFPES 6 B8A4>B6B@G EF4AB6<MV V @4RFP DV6AV 
L4AE<, 4?9 A4ECD468V J9 A9 F4>, V CB>4;4F< J9 @B:A4 A4EFGCA<@ 
K<AB@.  
�G89@B 6 >B?B8V ; 52 >4DF DB;DV;ASF< >4DF< C96AB7B AB@VA4?G 

(A4CD<>?48, 86V=><) V 6EV VALV >4DF<. +BF<D< 86V=>< @B:GFP 
DB@VEF<F<ES<ES 6 52 CB;<JVSI 2707254

52 ýC ECBEB54@<.  
"5K<E?<@B F9C9D >V?P>VEFP ECBEB5V6, CD< S><I 6<7D4є 

54A>B@9F. -B5 54A>B@9F 6<7D46, CBFDV5AB, MB5 B8A4 ; 86V=B> 
DB;F4LB6G64?4ES 6 CB;<JVW i, 89 i 3 A9C4DA9 K<E?B, 4 D9LF4 FD< 
86V=>< 3 6 CB;<JVSI ; AB@9D4@<, 5V?PL<@<, AV: i, F4><I CB;<JV= 
5G89, BK96<8AB 52-i. #D< JPB@G AB@9D C9DLBW 86V=><, MB 
6<=L?4, ;@VARєFPES 6 @9:4I 6V8 1 8B 49. "5K<E?<@B >V?P>VEFP 
ECBEB5V6, CD< S><I B8A4 86V=>4 ;4=@4є CB;<JVR i, 4 D9LF4 FD< 3 
CB;<JVW ; AB@9D4@<, 5V?PL<@<, AV: i. &D< >4DF< @B:GFP 
DB;F4LG64F<ES 6 52-i CB;<JVSI 3

52 iC  ECBEB54@<. "F:9, >V?P>VEFP 
ECBEB5V6 DB;>?48>< >4DF, CD< S><I 6<7D4є 54A>B@9F, 8BDV6ARє 

EG@V õ
ý



49

1

3
52

i
iC , 89 i CB6<AAB 5GF< A9C4DA<@. 

#B;A4K<@B i = 2k-1. 3>MB i 3 A9C4DA9 K<E?B, S>9 ;@VARєFPES 
6 @9:4I 6V8 1 8B 49, FB 2i-1 ;@VARєFPES 6 @9:4I 6V8 1 8B 25,   52-

i = =53-2k V LG>4A4 EG@4 A45G64є 6<7?S8G õ
ý



25

1

3
253

k
kC . *S EG@4 

6<S6?SєFPES DV6ABR 140725, BF:9, LG>4A4 =@B6VDAVEFP 6<7D4LG 

54A>B@9F4 8BDV6ARє 52.0
280725

140725
û , BF:9, L4AE< A4 6<7D4L 

7D46JS DV6AV 8B84F>B6V= V@B6VDABEFV, FB5FB 0.48. 
 
�VB5@0BC@0 
1. K.G.Binmore. Fun and games: a text on game theory. D.C. 

Heath, 1992, 602 pp. 
2. K.G.Binmore. Playing for real: a text on game theory. Oxford 

university press, 2007, 639 pp. 
3. C. �BJ9A>B . �B KFB <7D4?< #GL><A < 97B 79DB< < CD< K9@ 

;89EP >B@5<A4FBD<>4. %FD4A4 ;A4A<=, № 4, 2021 7. 
www.krainaz.org/2021-04/742-combinatorics. 
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Є68B><@B6 �.�., 'E %.�. 
!0FV>=0;P=89 B5E=VG=89 C=V25@A8B5B  

«�=V?@>2AP:0 ?>;VB5E=V:0» 
 

CHOOSING THE CINEMA`S LOCATION 

ON A CITY MAP 
 

Abstract. The purpose of this work is studying the problem of choosing a 
cinema`s possible location on city map, considering there are several selected 
potential points and incl. a number of established criteria that directly affect the 
choosing a locality`s area. 

 
&4><= 5V;A9E3CDB9>F, S> 6V8>D<FFS >VABF94FDG (A484?V �&), є 

8BE<FP 6<7V8A<@, 4?9 G FB= :9 K4E =B7B D94?V;4JVS C9D9854K4є 
6<DVL9AAS 5474FPBI CDB5?9@ 3 ; 6>?RK9AAS@ L<DB>B7B EC9>FDG 
;484K 3 6V8 6<;A4K9AAS @VEJS DB;F4LG64AAS ;4>?48G, =B7B 
DB;@VDV6 F4 BEA4M9AAS B5?48A4AAS@ 8?S CDB6989AAS E94AEV6 8B 
E>?484AAS 7D4HV>G CB>4;V6 F4 E<EF9@< ?BS?PABEFV.  
 5B0 40=>W @>1>B8 3 8BE?V8:9AAS CDB5?9@< 6<5BDG 

@B:?<6B7B @VEJS DB;@VM9AAS �& A4 @4CV @VEF4 ; GD4IG64AAS@ 
A4S6ABEFV 89>V?P>BI B5D4A<I CBF9AJV=A<I FBKB> F4 A<;>< 
6EF4AB6?9A<I >D<F9DVW6 V B5@9:9AP, S>V 59;CBE9D98APB 
6C?<64RFP A4 B5D4AAS D4=BAG A4E9?9AB7B CGA>FG. 
�<VAB>2=0 ?>AB0=>2:0 7040GV. !9I4= G 89S>B@G @VEFV 

VA69EFBDB@/>9DV6A<>B@ CDB9>FG 5G?B B5D4AB 89>V?P>4 FBKB> A4 
@4CV 8?S @B:?<6B7B DB;@VM9AAS �&. �B:A4 ; A<I 
I4D4>F9D<;GєFPES C96A<@< CB>4;A<>4@< MB8B @B:?<6BEFV 
6V8>D<FFS ;4>?48G V =B7B CBF9AJV=ABW 9H9>F<6ABEFV, S>V 
A9B5IV8AB 6D4IB6G64F< CD< 6<5BDV: FV=0 BD9A8</>GCV6?V 
5G8V6?V/;9@?V, ;474?PA4 ?;>I0 5G8V6?V/;9@?V, >V?P>VEFP 
CBF9AJV=A<I :;Vє=BV2 G B5D4AB@G D4=BAV, E9D98AV= DV69AP 
70@>1VB=>W ?;0B8 A46>B?B B5D4ABW FBK><, @B:?<6VEFP 8?S 
CB84?PLB7B =@B6VDAB7B @>7H8@5==S ;BA< >VABF94FDG. 
(D47@9AF 84A<I 8?S DB;6`S;G64AAS ;484KV CD98EF46?9AB G 

F45?<JV 1. 
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&45?<JS 1. 
�<IV8AV 84AV 8?S DB;6`S;G64AAS ;484KV (HD47@9AF) 

FBK>4 
DB;@VM9AAS 

JVA4 C?BM4 �?VєAF< ;4DC?4F4 DB;L<D9AAS 

1 

2.5 
@?A. 
G@. 
B8. 

2500 
>6. @. 

20 F<E. 
KB?. 

20 F<E. 
7DA. 3 

& & & & & & 

9 
5 @?A. 
G@. 
B8. 

2500 
>6. @. 

20 F<E. 
KB?. 

30 F<E. 
7DA. + 300 >6. @. 

10 

2.5 
@?A. 
G@. 
B8. 

1500 
>6. @. 

5 F<E. 
KB?. 

50 F<E. 
7DA. + 150 >6. @. 

?>@>7>69 
7=4ч9==я 

min 
1500 
:2. <. 

10 B8A. 
G>;. 

30 B8A. 
3@=. + 200 :2. <. 

  
!9B5IV8AB ;A4=F< BCF<@4?PAG FBK>G 8?S DB;@VM9AAS �&, 

6D4IB6GRK< A4;64AV 6<M9 I4D4>F9D<EF<><. 
$B5BF4 CDB6B8<?4ES 8?S 5474FB@V?P=BAAB7B @VEF4, 

CB8V?9AB7B A4 D4=BA<, >B:9A ; S><I 3 ;V E6BW@< C9D96474@< V 
A98B?V>4@<. 
#>1C4>20 <0B5<0B8G=>W <>45;V 7040GV. !9I4= 
 10...,,2,1ýN  3 @AB:<A4 @B:?<6<I @VEJP DB;@VM9AAS �&. 

�6989@B F4>V CB;A4K9AAS 8?S i3I FBKB> DB;@VM9AAS:  
10,1, ýici  3 JVA4, 

10,1, ýisi  3 C?BM4, 
10,1, ýipi  3 >?VєAF<, 

10,1, ýibi  3 ;4DC?4F4, 
10,1, ýim i  3 DB;L<D9AAS; 

þ
ý
ü




ýý
F>GFі.=GEяD>з<іщGєFь=еКТя>щ>0,

F>GFі,=GEяD>з<іщGєFьКТя>щ>1,
10,1,

i

i
ixi  

&B8V @4F9@4F<KAG @B89?P ;484KV @B:A4 ;4C<E4F< F4>: 
 



 83 
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ý

õ

õ

ý

ý

i

ii

i

ii

xsxxf
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 
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ÿ
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ÿ
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ÿ
ÿ
ÿ
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.10,1,1;0

,1

,200

,30

,10

10

1

10

1

10

1

10

1
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x

xm
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i

i

i

i

ii

i

ii

i
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(3) 

 
 

(4) 
 
 

(5) 
 

(6) 

(7) 

 
&GF: >D<F9DV= (1) 6V8ABE<FPES 8B ;474?PABW 64DFBEFV 

BD9A8</;9@?V, 4 (2) 3 8B C?BMV CBF9AJV=A<I @VEJP DB;F4LG64AAS  
�&; B5@9:9AAS (3) BC<EGє >V?P>VEFP CBF9AJV=A<I 6V86V8G64KV6 
�&, S>4 A9 @B:9 5GF< A<:K9 ;4 6EF4AB6?9A<= DV69AP, (4) 3 DV69AP 
;4DB5VFABW C?4FAV, (5) 3 VEAGRKG @B:?<6VEFP CBF9AJV=AB7B 
DB;L<D9AAS ;4>?48G G @4=5GFAPB@G. '@B6< (6) V (7) 
;459;C9KGRFP ;A4IB8:9AAS FV?P>< B8AB7B @VEJS DB;@VM9AAS.  
$>72`O7C20==O. #B5G8B64A4 @B89?P є ;484K9R 

5474FB>D<F9DV=ABW BCF<@V;4JVW. �?S WW DB;6`S;G64AAS 5G?B 
6<>BD<EF4AB @9FB8 7B?B6AB7B >D<F9DVR; ;7V8AB ; A<@, E9D98 GEVI 
CD98EF46?9A<I B5<D4єFPES FV?P>< B8<A 3 7B?B6A<= 3 >D<F9DV=, 
FB8V S> VALV C9D9F6BDRRFPES A4 B5@9:9AAS ; GD4IG64AAS@ 
A484A<I CBDB7B6<I ;A4K9AP [1].  
�4 7B?B6A<= >D<F9DV= >9DV6A<> V VA69EFBD CDB9>FG B5D4?< 

64DFVEFP BD9A8</;9@?V (1). &B8V >D<F9DV= (2) C9D9F6BDRєFPES A4 
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6V8CB6V8A9 =B@G B5@9:9AAS; 6 D9;G?PF4FV BFD<@4є@B A4EFGCA9: 

,1500

10

1

óõ
ýi

ii xs  6D4IB6GRK< ;484A9 CBDB7B69 ;A4K9AAS 8?S 

;474?PABW C?BMV �&, FB5FB 1500 >6. @. #B84?PL9 DB;6`S;G64AAS 
5G?B ;8V=EA9AB 8?S E>4?SDABW ;484KV 5G?96B7B CDB7D4@G64AAS.  

"CF<@4?PA<@ DB;6`S;>B@ BFD<@4ABW ;484KV є FBK>4 
DB;@VM9AAS №9, 8?S S>BW 6<;A4K9AB DB;@VD 6>?489AP VA69EF<JV= 
A4 DV6AV 5 @?A. G@. B8.; WW ;474?PA4 C?BM4 EF4AB6<FP 2500 >6. @. ; 
@B:?<6VEFR CB84?PLB7B DB;L<D9AAS M9 A4 300 >6. @.; 
>?VєAFEP><= CBFV> C9D9854K9AB A4 DV6AV 20 F<E. KB?., FB8V S> 
E9D98AS ;4DC?4FAS A46>B?B 3 30 F<E. 7DA. 

�4G64:<@B, MB ;484K4 6<5BDG BCF<@4?PAB7B @VEJS 
DB;@VM9AAS F4>B: @B:9 5GF< 6<DVL9A4 @9FB8B@ 4A4?V;G VєD4DIV= 
[2]. 
�8A=>2:8. �4EFBEG64AAS @4F9@4F<KAB7B @B89?R64AAS V 

@9FB8G 7B?B6AB7B >D<F9DVR 8B;6B?<?B 6<;A4K<F< FBK>G 8?S 
DB;@VM9AAS >VABF94FD4?PAB7B ;4>?48G A4 @4CV @VEF4,  S>4 
CB6AVEFR 6V8CB6V84є CB54:4AAS@ >9DV6A<>4/VA69EFBD4 CDB9>FG V 
8B;6B?Sє 6V8>D<F< 6V8ABEAB A98BDB7<= �& (8B 5 @?A. G@. B8.) ; 
;474?PABR C?BM9R A9 @9AL9 1500 >6. @. G G@B6AB@G J9AFDV 
A4E9?9AB7B CGA>FG ; CBF9AJV=A<@ CBFB>B@ >?VєAFV6 A4 DV6AV 20 
F<E. KB?. (;4 1 >4?9A84DA<= @VESJP). 

 
�VB5@0BC@0 
1. 'E %. �.  B89?V = @9FB8< CD<=ASFFS DVL9AP: A46K. CBEV5. 

/ %. �. 'E, �. %. �BDSL>VA4;  36B BE6VF< V A4G>< '>D4WA<, !4J. 
F9IA. GA-F «�AVCDB6EP>4 CB?VF9IAV>4». 3 2379 6<8. 6<CD. 3 �AVCDB 
: !&' «�#», 2018. 3 302 c. 

2. Є68B><@B6 �. �. �<5VD @VEJS DB;F4LG64AAS >VABF94FDG A4 
BEAB6V 5474FPBI >D<F9DVW6 [�?9>FDBAA<= D9EGDE] / �. �. 
Є68B><@B6, %. �. 'E // �AHBD@4JV=AV F9IAB?B7VW: F9BDVS V 
CD4>F<>4:  4F9DV4?< �V �E9G>D4WAEP>BW VAF9DA9F3>BAH9D9AJVW 
;8B5G64KV6 6<MBW BE6VF< V @B?B8<I GK9A<I. �AVCDB, 17 3 19 
59D9;AS 2021 D. 3 �AVCDB : !&' «�#». 3 2021. 3 
http://ir.nmu.org.ua/handle/123456789/157651. 
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#"�'�"�� &� �!���� �$�(' ��’/�!"%&� �"��&��� 

'  "���0!" '  �����!� GOOGLE PLAY 
�;64?B6 ".�.. 

�P>B=0 0:045<VS !0FV>=0;P=>3> 02V0FV9=>3> C=V25@A8B5BC 
 

BUILDING AND ANALYZING THE CONNECTIVITY 

GRAPH OF THE APPLICATIONS IN THE GOOGLE PLAY 

MOBILE STORE 
 

Abstract. One of the main sources of applications visibility in the Google Play 
mobile store is their presence in the list of <Apps like this= presented on the pages 
of the other applications in the store. Considering the suchlike presence as a 
pointed edge of a graph defined on the set of applications, the connectivity graph 
is built and its properties are analyzed. Corresponding software tool is released as 
freeware.  
 

"EAB6A<@ 8:9D9?B@, 89 >BD<EFG64KV @B5V?PA<I CD<EFDBW6 ; 
BC9D4JV=ABR E<EF9@BR Android ;A4IB8SFP AB6V 8B84F>< F4 V7D<, 
є @B5V?PA<= @474;<A Google Play. �B7B 6EF4AB6?9AB A4 2 
@V?PSD8< 4>F<6A<I CD<EFDBW6 G E6VFV. #DBFS7B@ 2020 DB>G K9D9; 
Google Play 5G?B 6<>BA4AB 108 @V?PSD8V6 ;464AF4:9AP 8B84F>V6 
F4 V7BD [1] �EPB7B G @474;<AV CD98EF46?9AB 2.9 @V?P=BA< 
8B84F>V6, E9D98 S><I 400 F<ESK - V7D< [2].  
�BD<EFG64KV Google Play @B:GFP ;A4IB8<F< JV>46V 8?S E959 

8B84F>< A4EFGCA<@< ECBEB54@<:  
 CBLG>B@ ;4 >?RKB6<@< E?B64@<; 
 G D9=F<A74I A4=5V?PL ;464AF4:G64A<I 8B84F>V6; 
 G D9>B@9A84JVSI D984>JVW Google Play A4 7B?B6AV= EFBDVAJV 

@474;<AG F4 EFBDVA>4I >4F97BDV=; 
 C9D97?S84RK< D9>?4@AV 54A9D< DB;DB5A<>V6 F4 C45?<L9DV6 

8B84F>V6, S>V DB;@VMGRFPES G Google Play; 
 G EC<E>G <EIB:V 8B84F><=, MB DB;F4LB6GєFPES CV8 BC<EB@ 

>B:AB7B 8B84F>G G Google Play (D<E.1); 
 G EC<E>G <VALV 8B84F>< FB7B : DB;DB5A<>4=, MB 

DB;F4LB6GєFPES CV8 BC<EB@ >B:AB7B 8B84F>G. 
�?S VA8<6V8G4?PA<I DB;DB5A<>V6 F4 A969?<><I >B@4A8, 

;A4IB8:9AAS WIAVI DB;DB5B> G >4F97BDVSI <EIB:V 8B84F><= є 
B8A<@ ; A4=5V?PL EGFFє6<I >4A4?V6 ;8B5GFFS AB6<I 
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>BD<EFG64KV6. *9 CV8F69D8:GєFPES F<@, MB >B?< 21 K9D6AS 2018 
DB>G Google Play CB@VAS6 4?7BD<F@< HBD@G64AAS EC<E>G EIB:<I 
8B84F>V6, B5ES7< GEF4AB6B> 8?S 5V?PLBEFV DB;DB5A<>V6 
;@9AL<?<ES G 10-20 D4;V6 [3].  

 

 
$<E.1. �83;S4 A?8A:C <AE>6V 4>40B:8=, @5:;0<>20=>3> 
A?8A:C B0 A?8A:C V=H8E 4>40B:V2 @>7@>1=8:0 

 
"EB5?<6VEFP HBD@G64AAS EC<E>G <EIB:V 8B84F><= CB?S74є G 

6V8EGFABEFV E<@9FD<KABEFV EIB:BEFV: S>MB 8B84FB> � 6>4;4A<= 
4?7BD<F@B@ Google Play S> <EIB:<== 8B 8B84F>G �, FB A9 
B5B6’S;>B6B 8B84FB> � 5G89 664:4F<ES <EIB:<@= 8B 8B84F>G �. 
&4><@ K<AB@, @B:A4 DB;7?S84F< BDVєAFB64A<= 7D4H A48 
@AB:<ABR 8B84F>V6 G, A4CDS@?9A<@< D95D4@< (a, b) S>B7B 5G89 
A4?9:AVEFP 8B84F>G b 8B EC<E>G EIB:<I A4 EFBDVAJV 8B84F>G a.  
#B6A<= DB;7?S8 @AB:<A< G ; 2,9 @V?P=BAV6 A4S6A<I 

8B84F>V6 G Google Play F4 CB5G8B64 GEVI D959D EIB:BEFV є 
D9EGDEB6<@B7?<6BR F4 A9CD4>F<KABR ;484K9R. !4FB@VEFP, @< 
DB;7?S84є@B CV87D4H F4>B7B 7D4HG ; >B:ABW 69DL<A< S>B7B 
6<IB8SFP A9 5V?PL9 FDPBI D959D. *9 B5@9:9AAS ;GE?B6?9AB F<@, 
MB IBK4 DB;8V? <EIB:V 8B84F><= G Google Play @B:9 @VEF<F< 
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K<E?9AAV 8B84F><, K4EFVL9 6EPB7B >BD<EFG64K 6;4є@B8Vє V; 
C9DL<@< FDPB@4 CB;<JVS@<, S>V 6<8<@V 59; A9B5IV8ABEFV 
CDB>DGKG64AAS EFBDVA><. #V8@AB:<A4 69DL<A G1 8?S CB5G8B6< 
7D4HG B5<D4?4ES A4EFGCA<@ K<AB@. %CBK4F>G 8B A9W 6>?RK<?< 
8B84F><, MB 6>4;4AV G Google Play S> <FBC >4F97BDV== ;4 
;464AF4:9AVEFR. !484?V 8B G1 D9>GDE<6AB 6>?RK4?< 8B84F><, MB 
A4?9:4FP 8B JVєW : >4F97BDVW F4 ;6’S;4AV ; VEAGRK<@< 9?9@9AF4@< 
G1 6<IV8A<@< D95D4@<, CB5G8B64A<@< ;4 C9DL<@< FDPB@4 
;4C<E4@< G >4F97BDVW <EIB:<I=. 
�4CGEF<6L< 4?7BD<F@ CB5G8B6< 7D4HG A4 >4F97BDVW <�7D<= F4 

B5D46L< 8?S CBK4F>B6BW @AB:<A< 50 V7BD ;V EC<E>G <&BC 
59;>BLFB6A<I=, BFD<@4AB A4EFGCAV D9;G?PF4F<.  AB:<A4  G1  
A4CD<>VAJV DB5BF< E>?484єFPES ; 7551 7D<. "F:9, @B:A4 664:4F<, 
MB ?<L9 1,9% ; VEAGRK<I G Google Play V7BD CBFD4C?SRFP 8B 1-
3 CB;<JVW EC<E>G D9>B@9A84JV=. 'EV 6<IV8AV D95D4 ; 9?9@9AFV6  G1 
CD<IB8SFP G 9?9@9AF< G1 45B 69?< 5 8B 8B84F>V6, MB A9 6IB8SFP 
G >4F97BDVR <�7D<=. �4 >V?P>VEFR 6IV8A<I D959D 9?9@9AF<  G1 
DB;CB8V?SRFPES K<AB@, A46989A<@ G F45?<JV 1. 

 
&45?<JS 1. 
K(N) - >V?P>VEFP 69DL<A 7D4HG V; N 6IV8A<@< D95D4@< 
 

N K(N) N K(N) N K(N) N K(N) 

0 27 5 573 10 28 15 0 

1 1687 6 349 11 14 16 1 

2 1943 7 192 12 5 17 0 

3 1559 8 92 13 6 18 3 

4 1015 9 55 14 2 19 0 

 
#VE?S B5DB5>< 7D4H ;6’S;ABEFV 8B84F>V6 G Google Play 

@B:?<6B 6V;G4?V;G64F< (D<E.2). �V8CB6V8A9 CDB7D4@A9 
;459;C9K9AAS BCG5?V>B64AB ;4 59;>BLFB6ABR ?VJ9A;VєR [4]. 
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�?S DB;DB5?9AB7B CDB7D4@AB7B ;459;C9K9AAS @B:A4 
B>D9E?<F< 864 A4CDS@< ;4EFBEG64AAS. �AHBD@4F<6A9: 
DB;DB5A<>< @B5V?PA<I 8B84F>V6, S>V CBL<DRRFP WI G Google 
Play, @B:GFP A4BKAB CB54K<F<, S>V ; VAL<I 8B84F>V6 
D9>B@9A8GRFP WIAє S> <EIB:9=. �A4?VF<KA9: CD< 8BE?V8:9AAV 
D<A>G 8?S AB6B7B @B5V?PAB7B 8B84F>G @B:A4 BFD<@4F< GS6?9AAS 
CDB F9, S>V ; VEAGRK<I 8B84F>V6 Google Play D9>B@9A8Gє 
>BD<EFG64K4@, F4 6<8V?<F< >D<F9DVW EIB:BEFV V; 8B84F>B@, MB 
;A4IB8<FPES G DB;DB5JV. 

 

 
$<E.2. �V7C0;V70FVS 3@0DC 72’S7=>ABV 4>40B:V2 C Google Play 
 
%9D98 CB84?PL<I A4CDS@V6 8BE?V8:9AAS - DB;7?S8 7D4H4 

;6’S;ABEFV G 8<A4@VJV, 4A4?V; 8B84A<I F4 6<?GK9A<I ; APB7B 
8B84F>V6 6V8 F<:AS 8B F<:AS. &4>B: C?4AGєFPES 484CF4JVS 
DB;DB5?9A<I 4?7BD<F@V6 8?S 4A4?V;G AppStore, BEAB6AB7B 
@474;<AG @B5V?PA<I 8B84F>V6 8?S BC9D4JV=ABW E<EF9@< iOS.  

 
�VB5@0BC@0 
1. �DBEF4AAS B5ES7V6 ;464AF4:9AP 8B84F>V6 ; Google Play  

https://www.statista.com/statistics/734332/google-play-app-installs-
per-year/ 
2. �V?P>VEFP 8B84F>V6 F4 V7BD G Google Play 

https://www.appbrain.com/stats/android-market-app-categories 
3. �C?<6 ;@VA< 4?7BD<F@V6 Google Play A4 6<8<@VEFP 

8B84F>V6 

https://www.statista.com/statistics/734332/google-play-app-installs-per-year/
https://www.statista.com/statistics/734332/google-play-app-installs-per-year/
https://www.appbrain.com/stats/android-market-app-categories
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https://www.gamasutra.com/blogs/VladChetrusca/20180626/32073
4/Thousands_of_indie_android_devs_on_the_brink_of_extinction_
after_Play_store_changes_visibility_algorithm_rules.php 
4. $B;DB5?9A9 CDB7D4@A9 ;459;C9K9AAS 8?S CB5G8B6< 7D4HG 

https://www.airapport.com/p/similar-games-network-builder.html 
 
 
 

#�$�$�)'��!!/ !���" "$(!�) 
��"�"�0"$"��) )"$�"��) "-����$�  $"�' &$� 

� "�!�  %�$�  (��" +"$!� ) *���"  
�48G5B6EP><= ".�. 

��!� «�>=10AP:89 45@602=89 ?5403>3VG=89 C=V25@A8B5B» 
 

ENUMERATION OF 2-COLOR CHORD O-DIAGRAMS OF 

THE GENUS THREE THAT HAVE ONE GREY (OR 

BLACK) FACE UNDER ROTATION 
 

Abstract. In this paper we consider 2-color chord O-diagrams (of order 
n) with one grey and (n−6) black faces under the action of the rotation group 
(cyclic of the order n). We have established explicit formulas for counting the 
number of non-isomorphic diagrams from the specified class. In addition, for 
natural 7 30nó ó  we have also listed the exact value of the number of non-
isomorphic such diagrams. 
 
�B5D9 6V8B@B, MB IBD8B6V 8V47D4@< 9H9>F<6AB 

6<>BD<EFB6GRFP 6 5474FPBI 74?G;SI A4G><, ;B>D9@4 @4F9@4F<JV 
(FBCB?B7VW, F9BDVW 6G;?V6), HV;<JV, 5VB?B7VW, 79A9F<JV FBMB (A4CD. 
[2], [5], [6-7], [10]). 
"7=0G5==O 1. �B?B ; 2n  FBK>4@< A4 APB@G (MB є 69DL<A4@< 

CD46<?PAB7B 2n >GFA<>4), 8G7< S>B7B CBK9D7B6B DB;H4D5B64AV 
G 864 >B?PBD< (KBDA<= i EVD<=) F4 HV>EB64ABR AG@9D4JVєR 
69DL<A ;4 7B8<AA<>B6BR EFDV?>BR, 5G89@B A4;<64F< 
86B>B?PBDB6<@ 2nL45?BAB@ 3 D<E. 1 )a . 

"7=0G5==O 2. 2->B?PBDB6BR IBD8B6BR n 8V47D4@BR 
5G89@B A4;<64F< n 8V47D4@G, CB5G8B64AG A4 BEAB6V 
86B>B?PBDB6B7B 2nL45?BAG; 2->B?PBDB6G 8V47D4@G, S>4 A9 

https://www.gamasutra.com/blogs/VladChetrusca/20180626/320734/Thousands_of_indie_android_devs_on_the_brink_of_extinction_after_Play_store_changes_visibility_algorithm_rules.php
https://www.gamasutra.com/blogs/VladChetrusca/20180626/320734/Thousands_of_indie_android_devs_on_the_brink_of_extinction_after_Play_store_changes_visibility_algorithm_rules.php
https://www.gamasutra.com/blogs/VladChetrusca/20180626/320734/Thousands_of_indie_android_devs_on_the_brink_of_extinction_after_Play_store_changes_visibility_algorithm_rules.php
https://www.airapport.com/p/similar-games-network-builder.html
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@VEF<FP IBD8 (@VEF<FP IBD8<), MB ECB?GK4RFP 69DL<A< ; 
AB@9D4@< B8A4>B6BW C4DABEFV, A4;<64F<@9@B O 8V47D4@BR (
N 8V47D4@BR) 3 D<E. 1 ùA , 1 ùb . 

 

 
$<E.1. ùa  42>:>;P>@>289 20-H01;>=; ùb  N 4V03@0<0;  

ùc  O 4V03@0<0. 
 
"7=0G5==O 3. +BDA<@ (EVD<@) J<>?B@ 2->B?PBDB6BW  

O 8V47D4@< ; n  IBD84@< 5G89@B A4;<64F< CBE?V8B6AVEFP IBD8 
F4 KBDA<I (6V8CB6V8AB EVD<I) 8G7, S>V GF6BDRRFP 7B@9B@BDHA<= 
B5D4; (BDVєAFB64AB7B) >B?4 3 D<E. 1 ùb , ùA . 

"7=0G5==O 4. $B8B@ 2->B?PBDB6BW O 8V47D4@< ; n  
IBD84@< A4;<64RFP K<E?B g , S>9 6<;A4K4єFPES DV6AVEFR 
2 1 ( )g n k lý û  û , 89 k  V l  3 K<E?B KBDA<I F4 (6V8CB6V8AB) EVD<I 
J<>?V6 8V47D4@<. 
 AB:<AG O8V47D4@ ; n  IBD84@<, S>V @4RFP l  EVD<I F4 k  

KBDA<I J<>?V6 5G89@B CB;A4K4F< K9D9; ,
;n g

k l . 

"7=0G5==O 5. )BD8B6V 8V47D4@< A4;<64RFP V;B@BDHA<@<, 
S>MB B8AG @B:A4 B89D:4F< ; VALBW 6 D9;G?PF4FV CB6BDBFG.  
� DB5BFV [1] 6C9DL9 6EF4AB6?9AB D9>GD9AFAV HBD@G?<, ;4 

8BCB@B7BR S><I є CD<AJ<CB6B @B:?<6<@ CV8D4IGAB> K<E?4 
8V47D4@ ; >?4EG ,

;n g
k l . �DV@ FB7B, 8?S CBK4F>B6<I 0;1;2;3g ý  6 [1] 

6EF4AB6?9AB S6AV HBD@G?<, S>V CV;AVL9 5G?< B89D:4AV F4 
GFBKA9AV 6 [4], 4 6 [3] 3 ;4CDBCBAB64AB VALG D9>GD9AFAG 
HBD@G?G.  
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� ;474?PAB@G 6<C48>G ;484K4 CDB CV8D4IGAB> K<E?4 
A99>6V64-?9AFA<I (6V8ABEAB 8VW 7DGC< 8V98D4 CBDS8>G 2n ) 8V47D4@ 
; >?4EG ,

;n g
k l  є =5@>72’S70=>R. �484K4 CB6AVEFR 5G?4 DB;6’S;4A4 

8?S >?4EV6 ,0
;n

k l  F4 ,
1;1n g  ?<L9 G 2015 D. 6 [6], [7]. �V8B@<@< F4>B: 

є S6AV HBD@G?< 8?S CV8D4IGA>G K<E?4 A9V;B@BDHA<I 8V47D4@ ; 
>?4EV6 ,1

2;1
n
n , ,1

3;2
n
n , ,1

4;3
n
n  F4 ,2

4;1
n
n  [8], [9]. $B;6’S;4AAR ;484KV 

;484KV 8?S >?4EG ,3
6;1

n
n  = CD<E6SK9AB 84A9 CB6V8B@?9AAS. 

� GD4IG64AAS@ D9;G?PF4FV6 DB5BF< [4], B89D:4AB ECD4698?<6VEFP 
&25@465==O 1. �?S 8B6V?PAB7B A4FGD4?PAB7B 7n ó  
 

ø ù ø ù,3 8 4 3 2
6;1 1

1
9 18 57 34 80

72
n
n n! n n n n d n û ý ÷ ÷   û û ý .      (1) 

 
�<>BD<EFB6GRK< ?9@G �9DAE4=84 6EF4AB6?9AB F69D8:9AAS 
&5>@5<0 1 (>A=>2=0). +<E?B ø ù*d n  A9V;B@BDHA<I 

(A99>6V64-?9AFA<I 6V8ABEAB 8VW J<>?VKABW 7DGC< CBDS8>G n ) 

8V47D4@ ; >?4EG ,3
6;1

n
n  @B:A4 B5K<E?<F< ;4 HBD@G?BR 

 

ø ù ø ù ø ù
 

*

| , 2;3;4;6;7;8;9;12

1
;

j n j

n
d n d n j n

n j
ö ò

þ

ö öö ö
ý û÷ ÷÷ ÷÷ ÷ø øø ø

õ ,          (2) 

 

89: ø ùö q  3 HGA>JVS �=?9D4, ø ùd n  6<;A4K4єFPES ;4 HBD@G?BR 

(1), 4 69?<K<A< ø ù; n
jnò  8?S  2;3;4;6;7;8;9;12jþ  6<;A4K4RFPES 

;4 8BCB@B7BR A4EFGCA<I ECV66V8ABL9AP: 
 

ø ù12;
12

n n
nò ý ;  ø ù9

2
;

9
n n

nò ý ;  ø ù8;
4

n n
nò ý ;        (3) 

ø ù7

5
;

7
n n

nò ý ;   ø ù 2

6

6

; n
nn Cò ý ; ø ù 2

4

4

40
;

12
n

n

n
n Cò û

ý ÷ ;          (4) 

ø ù 3

3

3

3 29
;

4
n

n

n
n Cò û

ý ÷ ; ø ù
2

4

2

2

37 294 2320
;

120
n

n

n n
n Cò û 

ý ÷ ;       (5) 
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&45?<JS 1. 

#BK4F>B6V ;A4K9AAS 69?<K<A ø ùd n  F4 ø ù*d n  

n  ø ùd n  ø ù*d n   n  ø ùd n  ø ù*d n  

7 180 30 19 1 801 329 010 94 806 790 
8 3 044 385 20 3 600 529 450 180 028 084 
9 26 060 2 900 21 6 925 187 830 329 770 930 
10 152 900 15 308 22 12 869 925 310 584 999 362 
11 696 905 63 355 23 23 190 544 696 1 008 284 552 
12 2 641 925 220 242 24 40 637 416 600 1 693 230 295 
13 8 691 683 668 591 25 69 427 501 000 2 777 100 040 
14 25 537 655 1 824 311 26 115 901 728 800 4 457 765 752 
15 68 396 900 4 559 818  27 189 426 912 675 7 015 811 753 
16 169 537 940 10 596 558  28 303 616 322 295 10 843 450 498 
17 393 481 660 23 145 980  20 477 960 911 025 16 481 410 725 
18 862 928 092 47 941 370  30 739 984 318 125 24 666 159 267 

 

 
�VB5@0BC@0 
1. �8D<4AB6 !.  . �A4?B7 HBD@G?O )4D9D4-*47<D4 8?S 

B8AB>?9FBKAOI 86G>D4L9AAOI >4DF. (C=:F8>=0;P=O9 0=0;87 8 
53> ?@8;>65=8S. 1997. &B@ 31, № 3. C. 139. 

2. %ori R., Marcus M. Counting non-isomorphic chord 
diagrams. Theoretical Computer Science. 1998. Vol. 204. P.  55373. 

3. Chapuy G. A new combinatorial identity for unicellular maps, 
via a direct bijective approach. Advances in Applied Mathematics. 
2011. Vol. 47, No. 4. P. 8743893. 

4. Goupil A., Schaeffer G. Factoring n-cycles and counting 
maps of given genus. European Journal of Combinatorics. 1998. 
Vol. 19, No. 7. P. 8193834. 

5. Stoimenov A. Enumeration of chord diagrams and an upper 
bound for Vassiliev invariants. Journal of Knot and its Ramifications. 
1998. Vol. 7, No. 1. P. 933114. 

6. �48G5B6E><= �. �. " K<E?9 FBCB?B7<K9E>< 
A9Q>6<64?9AFAOI HGA>J<= E B8AB= 6ODB:89AAB= >D<F<K9E>B= 
FBK>B= F<C4 E98?B A4 86G@9DAB= EH9D9, ��. &@C4O 
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<564C=0@>4=>3> 35><5B@8G5A:>3> F5=B@0. 2015. &B@ 8, № 1. 
%. 46361. 

7. �48G5B6EP><= ". �. #9D9D4IG64AAS FBCB?B7VKAB 
A99>6V64?9AFA<I 7?48><I @VAV@4?PA<I HGA>JV= A4 ;4@>A9A<I 
CB69DIASI // &BCB?B7VS 6V8B5D4:9AP @4?B6<@VDA<I @AB7B6<8V6 : 
�1V@=8: ?@0FP І=AB8BCBC <0B5<0B8:8 !�! ':@0W=8. 2015. 
&B@ 12, № 6. C. 1053145. 

8. �48G5B6EP><= ". �. #9D9D4IG64AAS 86B>B?PBDB6<I 
IBD8B6<I O-8V47D4@ DB8G 1, S>V @4RFP FD< EVD<I (45B KBDA<I) 
J<>?<, 6V8ABEAB 8VW 7DGC< 8V98D4. �1V@=8: =0C:>28E ?@0FP DV78:>-
<0B5<0B8G=>3> D0:C;PB5BC ��#'. 2019. �<C. 9. %. 25341. 

9. �48G5B6EP><= ".�., %<CKG> Є.2. #DB K<E?B 
A9V;B@BDHA<I 86B>B?PBDB6<I IBD8B6<I O-8V47D4@ DB8G 2, S>V 
@4RFP B8<A EVD<= (45B KBDA<=) J<>?. �1V@=8: =0C:>28E ?@0FP 
DV78:>-<0B5<0B8G=>3> D0:C;PB5BC ��#'. 2020. �<C. 10. 
%. 21332. 

10. ,4D>B �.�. �?48>4S < FBCB?B7<K9E>4S Q>6<64?9AFABEFP 
HGA>J<= A4 CB69DIABEFSI. ':@0W=AP:89 <0B5<0B8G=89 6C@=0;. 
2003. &. 55, № 5. %. 6873700. 

 
 
 

��/�� '�����0!�!!/ ����+�  
#�$����0!"�" '#"$/��'��!!/ 

�4D464є6 �. �., &GDK<A4 �.�. 
�=V?@>2AP:89 =0FV>=0;P=89 C=V25@A8B5B V<5=V ";5AS 

�>=G0@0 
 

SOME GENERALIZATIONS OF  

PARALLEL SEQUENCING PROBLEM 
 

Abstract. The paper considers problems of parallel sequencing, which belong 
to discrete optimization problems. Generalizations of the classical problem arising 
from concrete practical applications are presented, namely, problems with 
sophisticated structure of jobs and executors, with additional conditions and 
different variants of objective functions. Contemporary challenges related to these 
problems are formulated: identification of cases solvable in polynomial time, 
derivation of theoretical estimates of accuracy, the reachability of these estimates, 
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application of local search algorithms, and universality of approaches to finding 
solutions. 

 

#9DL<@ CBLFB6IB@ 8B DB;6<F>G ;484K BCF<@4?PAB7B 
GCBDS8>G64AAS 69DL<A 7D4HV6 GE9D98<AV @<AG?B7B EFB?VFFS 
EF4?4 CDB5?9@4, CB6’S;4A4 ; BCF<@V;4JVєR CBDS8>G 6<>BA4AAS 
DB5VF A4 >BA69єD4I 46FB@B5V?PAB7B 6<DB5A<JF64. �H9>F<6A<= 
DB;6’S;B> HBD@4?V;B64ABW ;484KV 5G6 ;A4=89A<= 6V8ABEAB 
L6<8>B, FB@G C4AG64?4 8G@>4, MB ;484K4 @B:9 5GF< DB;6’S;4A4 
G ;474?PAB@G 6<C48>G ;4 CB?VAB@V4?PA<= K4E. 
�CDB8B6: A4EFGCA<I DB>V6 8BE?V8:9AAS @4F9@4F<>V6 5G?< 

ECDS@B64AV A4 DB;DB5>G FBKA<I @9FB8V6, ;4EAB64A<I A4 EI9@4I 
A4CD46?9AB7B C9D95BDG, F4 6<8V?9AAV CV8>?4EV6 ;484K, 8?S S><I 
VEAGRFP CB?VAB@V4?PAV 4?7BD<F@< ;A4IB8:9AAS FBKA<I 
DB;6’S;>V6. &4>V 4?7BD<F@< ;A4IB8SFP E6Bє ;4EFBEG64AAS 6 
DV;AB@4AVFA<I EH9D4I: G CDBJ9EBD4I B5K<E?R64?PA<I CD<EFDBW6, 
CD<?48B5G8G64AAV, 6<DB5A<KV= F4 ECB:<6KV= EH9D4I, FBMB. 
$B;7?SA9@B >?4E<KAG CBEF4AB6>G ;484KV BCF<@4?PAB7B 

GCBDS8>G64AAS F4 WW G;474?PA9AAS, MB 6<A<>?< ; A9B5IV8ABEFV 
6D4IB6G64F< 8B84F>B6V B5@9:9AAS F4 G@B6<, CD<F4@4AAV 
>BA>D9FA<@ CD4>F<KA<@ ;4EFBEG64AAS@. 
!9I4= @4є@B Ą ;4684AP, 8?S S><I A4S6AV 89S>V 6<DB5A<KV 

;6’S;><, MB D97?4@9AFGRFP CBDS8B> WI 6<>BA4AAS.  4F9@4F<KAG 
@B89?P F4>BW ;484KV CD<DB8AB CB8464F< G 6<7?S8V BDVєAFB6AB7B 
7D4HG ÿ(Ă, ā), G S>B@G 69DL<A< 6V8CB6V84RFP ;4684AAS@, 4 8G7< 
3 6<DB5A<K<@ ;6’S;>4@. � >?4E<KAV= CBEF4AB6JV 664:4єFPES, MB 
6<FD4F< K4EG A4 6<>BA4AAS >B:AB7B ;4684AAS B8A4>B6V. 
"7=0G5==O 1. #4D4?9?PA<@ GCBDS8>G64AAS@ 69DL<A 

BDVєAFB6AB7B 7D4HG ÿ = (Ă, ā) A4;<64єFPES F4>9 GCBDS8>G64AAS 
=B7B 69DL<A CB @VEJSI, DB;F4LB64A<I G ?VAVR, CD< S>B@G ; FB7B, 
MB C4D4 (ÿ, Ā) ∈ ā 6<C?<64є, MB 69DL<A4 ÿ DB;F4LB6GєFPES 6 
GCBDS8>G64AAV ÿ ?V6VL9 69DL<A< Ā, FB5FB ; FB7B, MB (ÿ, Ā) ∈ ā ∧(ÿ ∈ ÿ[Ć], Ā ∈ ÿ[ć]) 6<C?<64є, MB Ć < ć. 
"7=0G5==O 2. �B6:<ABR Ă GCBDS8>G64AAS ÿ A4;<64єFPES 

K<E?B A9CBDB:AVI @VEJP 6 APB@G: Ă(ÿ) = ∑ sign|ÿ[ÿ]|Ąÿ=1 , 89 ÿ[ÿ] 3 
@AB:<A< 9?9@9AFV6, MB ;A4IB8SFPES 6 GCBDS8>G64AAV ÿ A4 @VEJV ÿ.  
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"7=0G5==O 3. ,<D<ABR / GCBDS8>G64AAS ÿ A4;<64єFPES 
69?<K<A4, MB 8BDV6ARє A4=5V?PLV= >V?P>BEFV 9?9@9AFV6, MB 
DB;F4LB64AV A4 B8AB@G @VEJV: /(ÿ) = maxÿ |ÿ[ÿ]|, 89 ÿ = 1, & , Ą. 

�;0A8G=0 7040G0. #B ;484A<@ 7D4HG ÿ V ;A4K9AAR L<D<A< / CB5G8G64F< C4D4?9?PA9 GCBDS8>G64AAS @VAV@4?PABW 8B6:<A<. 
' ;474?PAB@G 6<C48>G JS ;484K4 є NP-64:>BR. &BKAV 

4?7BD<F@< CB?VAB@V4?PABW E>?48ABEFV 6V8B@V ?<L9 8?S 89S><I 
EC9JV4?PA<I 6<8V6 7D4HG ÿ F4 / = 2. 
';474?PA9AAS >?4E<KABW ;484KV BIBC?RRFP GEV E>?48B6V 

;484KV: 66B8SFPES 8B84F>B6V G@B6< A4 6<>BA4AAS DB5VF, 
;@VARєFPES EFDG>FGD4 ;4684AP,  6?4EF<6BEFV 6<>BA46JV6 45B 
JV?PB64 HGA>JVS. 
�B C7030;P=5=P V7 CA:;04=5=>R AB@C:BC@>R 70240=P @B:A4 

6V8A9EF< A4EFGCAV. !9B5IV8AVEFP 6D4IB6G64F< DV;A<= K4E 
6<>BA4AAS ;4684AP EF4?4 CBLFB6IB@ 8B 8BE?V8:9AAS ;484K, 6 
S><I B8A4 69DL<A4 @B:9 ;4=@4F< 89>V?P>4 @VEJP. ">DV@ JPB7B 
8?S 6<>BA4AAS 89S><I ;4684AP B8AB7B 6<>BA46JS @B:9 5GF< 
A98BEF4FAPB, K< @B:GFP 5GF< CBFDV5AV 89S>V >BA>D9FAV 
6<>BA46JV, FB8V DB;7?S84RFP ;484KV, 6 S><I B8A4 69DL<A4 @B:9 
;4=@4F< 89>V?P>4 CB;<JV= A4 B8AB@G @VEJV. 
�B 7040G V7 CA:;04=5=>R AB@C:BC@>R 28:>=02FV2 6V8ABESFP 

F4>V. �?S 6<C48>V6, >B?< 6 DV;AV @B@9AF< K4EG 8BEFGCA4 DV;A4 
>V?P>VEFP 6<>BA46JV6, 66B8SFPES ;484KV, 89 >V?P>VEFP 69DL<A, S>V 
@B:A4 EF46<F< A4 ÿ-F9 @VEJ9, A9 5V?PL4 AV: /ÿ. �484KV ; DV;A<@ 
K4EB@ B5DB5>< ;4684AP 8B84F>B6B CB8V?SRFPES A4 ;484KV V; 
C9D9D<64AAS@< (@B:A4 ;GC<A<F< 6<>BA4AAS ;4684AAS F4 
CDB8B6:<F< =B7B CBFV@) F4 59;, S>V є V@VF4JVєR 6<F<E>4?PABW 
5474FB;484KABEFV. &4>B: DB;7?S84RFPES K4EB6V ;4FD<@>< @V: 
6<>BA4AAS@ ;4684AP, MB @B:GFP 5GF< CB6’S;4AV ; A9B5IV8AVEFR 
C9D984KV D9;G?PF4FV6 @V: 6<>BA46JS@<. �<8V?SRFP ;484KV, 89 
;4FD<@>< є EF4?<@< V 6<A<>4RFP ?<L9 ;4 A9B5IV8ABEFV 
>B@GAV>4JVW, F4 ;484KV, 6 S><I ;4FD<@>< ;4?9:4FP 6V8 6<>BAG64A<I 
;4684AP.  

�040GV 7 4>40B:>28<8 C<>20<8 CB6’S;GRFP ; A4S6AVEFR 
8<D9>F<6A<I F9D@VAV6 6<>BA4AAS F4 K4EB@ CBK4F>G 6<>BA4AAS 
;4684AP. #9DLV 6<A<>4RFP, >B?< є A9B5IV8AVEFP ;469DL<F< 89S>V 
;4684AAS G ;484A<= F9D@VA K9D9; B5@9:9AG 6 K4EV A4S6AVEFP FB7B 
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K< VALB7B D9EGDEG. &4>V ;484KV CB8V?SRFP A4 ;484KV ;V EFDB7<@< 
(A9 @B:A4 CBDGLG64F<) F4 A9EFDB7<@< (@B:A4 CBDGLG64F<) 
F9D@VA4@<. �V8@VF<@B F4>B:, MB ;484K4 V; EFDB7<@< 
8<D9>F<6A<@< F9D@VA4@< @B:9 A9 @4F< 8BCGEF<@<I DB;6’S;>V6. 
#BFD954 DB;7?S84F< 8DG7<= F<C ;484K 6<A<>4є 6 4A4?B7VKA<I 
G@B64I, CDBF9 D97?4@9AFGєFPES K4E CBK4F>G 6<>BA4AAS ;4684AAS, 
4 A9 =B7B >VA9JP. ">D9@B 6<B>D9@?RRFP BA?4=A 64DV4AF ;484KV, 
89 CDB ;4684AAS F4 EFDG>FGDG 7D4HG ÿ 8V;A4є@BES CDBFS7B@ 
6<>BA4AAS ;4684AP, MB 6V8CB6V84є DB;CB8V?9AAR B5K<E?9AP @V: 
CDBJ9EBD4@< G B5K<E?R64?PAV= F9IAVJV.  
!4 DS8G ; >?4E<KABR FV;P>2>R DC=:FVєR (8B6:<A4 

GCBDS8>G64AAS) DB;7?S84RFPES F4>B: EG@4 K4EV6 6<>BA4AAS 6EVI 
;4684AP F4 WW ;64:9A<= 64DV4AF. �?S ;484KV ; A9EFDB7<@< 
8<D9>F<6A<@< EFDB>4@< DB;7?S84RFP EG@4DA9 ;4CV;A9AAS, =B7B 
;64:9A<= 64DV4AF F4 >V?P>VEFP DB5VF, 6<>BA4A<I 6K4EAB. 
&4>B: 8BE?V8:GRFPES ;484KV ; >B@5VA4JVєR J<I G;474?PA9AP 

F4 JV?PB6<I HGA>JV=. 
!46989AV ;484KV G ;474?PAB@G 6<C48>G є F4>B: NP-64:><@<. 

�V?PLVEFP ; A<I F4>B: є NP-64:><@< 8?S 6<C48>V6, >B?< 7D4H  ÿ 
3 є ?VEB@ 45B A45BDB@ ?4AJR:>V6, F4 A46VFP G 6<C48>4I ; B8A<@ 
6<>BA46J9@. #B?VAB@V4?PAV 4?7BD<F@< 8?S F4><I ;484K 6V8B@V 
?<L9 8?S EC9J<HVKA<I G@B6. 
&9BD9F<KAV 8BE?V8:9AAS J<I ;484K, B>DV@ 8BE?V8:9AAS ;484K 

A4 E>?48AVEFP, 6>?RK4RFP DB;DB5>G 4?7BD<F@V6 8?S @9FB8V6 7V?B> 
F4 @9: F4 CBLG> FBKA<I CB?VAB@V4?PA<I 4?7BD<F@V6 8?S ;484K V; 
EC9J<HVKA<@< G@B64@< 8?S CB84?PLB7B ;4EFBEG64AAS WI 6 S>BEFV 
96D<EF<>< 8?S A45?<:9AB7B DB;6’S;4AAS G ;474?PAB@G 6<C48>G. 
�?S BJVA>< FBKABEFV 4?7BD<F@V6 A4=K4EFVL9 6<>BD<EFB6GRFP 
7D4A<JR 6V8ABL9AAS 8B6:<A< ;A4=89AB7B ;4 4?7BD<F@B@ 
GCBDS8>G64AAS 8B 8B6:<A< BCF<@4?PAB7B GCBDS8>G64AAS. 
�A4IB8:9AAS A4=>D4MB7B 8BES:AB7B ;A4K9AAS F4>B7B 
6V8ABL9AAS CB6’S;4A9 A9 ; >BA>D9FA<@ 4?7BD<F@B@, 4 V; 
E>?48AVEFR ;484KV 6<;A4K9AAS, K< є 8B6:<A4 BCF<@4?PAB7B 
GCBDS8>G64AAS @9ALBR, 4AV: 89S>9 HV>EB64A9 K<E?B Ă. &4>, 
S>MB ;484K4 6<;A4K9AAS, K< VEAGє GCBDS8>G64AAS 8B6:<A< 
@9AL9  Ă, є NP-64:>BR, FB8V A9 VEAGє CB?VAB@V4?PAB7B 
4?7BD<F@G ; CBI<5>BR @9ALBR ;4 (Ă + 1)/Ă, S>MB ÿ b ýÿ. 
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">D9@B @B:A4 6V8@VF<F< A4CDS@B>, MB ;4=@4єFPES 
484CF4JVєR 4?7BD<F@V6 ?B>4?PAB7B CBLG>G 8?S ;484K F9BDVW 
DB;>?48V6. +9D9; A9B5IV8AVEFP 6D4IB6G64F< F9IAB?B7VKAV 
B5@9:9AAS F4 8B84F>B6V G@B6<, BD74AV;4JVS CDBJ9EG CB5G8B6< 
B>B?G 8BCGEF<@<I DB;6’S;>V6 є E>?48ABR, FB@G F4>V 4?7BD<F@<, 
S> V A45?<:9AV CB?VAB@V4?PAV 4?7BD<F@<, @4RFP 6G;P>G B5?4EFP 
9H9>F<6AB7B ;4EFBEG64AAS.  
"F:9, 64:?<6BR CDB5?9@BR F9BDVW DB;>?48V6 є 6V8EGFAVEFP 

GAV69DE4?PA<I CV8IB8V6.  &4> 5V?PLVEFP CB?VAB@V4?PA<I 
4?7BD<F@V6, B>DV@ FB7B, MB є A45?<:9A<@< G ;474?PAB@G 
6<C48>G, M9 = 6 CD<AJ<CV A9 @B:GFP ;A4=F< FBKA<= DB;6’S;B> 
K9D9; A4S6AV 6?4EF<6BEFV, A9;4?9:AB 6V8 CBK4F>B6<I G@B6. 
%CDB5G CB8B?4F< JR CDB5?9@G 8?S >?4E<KABW ;484KV ;DB5?9AB G 
DB5BFV [1], 89 5G?B CB>4;4AB, MB JR ;484KG @B:A4 ;69EF< 8B 
;484KV ; GCBDS8>G64AAS@ BEB5?<6B7B 6<7?S8G, 8?S S>BW VEAGє 
CB?VAB@V4?PA<= 4?7BD<F@, MB ;46:8< @B:9 ;A4=F< BCF<@4?PA<= 
DB;6’S;B> CD< CD46<?PAB B5D4AB@G CBK4F>B6B@G A45?<:9AAV. 

 

�VB5@0BC@0 
1. Turchyna V., Karavaiev K. Analysis of algorithms for 

constructing dense sequencing of digraphs vertices. 3 Proceedings of 
The Third International Workshop on Computer Modeling and 
Intelligent Systems (CMIS-2020), Zaporizhzhia, Ukraine, April 27-
May 1, 2020. CEUR Workshop Proceedings 2608, CEUR-WS.org 
2020 3 Pp. 690-703. 
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V<5=V ";5AS �>=G0@0 

 
GRAPH STRUCTURE ANALYSIS IN PROBLEMS OF 

PARALLEL ORDERING WITH INTERRUPTIONS 

 
Abstract. The parallel ordering problems, which belong to the scheduling 

theory are considered as the optimization problems on graphs. The initial 
conditions imply that a finite set of jobs is needed to be done with a limited amount 
of resources (workers, machines, processors, etc.). In addition, there are consistent 
technical restrictions on the jobs sequencing. Also, each worker can perform each 
job with equal efficiency, but each job may take a different time to be fulfilled. The 
main questions were about the possibility of interruptions in jobs, can they, and 
how exactly can they affect the optimal solution? For this reason, the structure of 
graphs was analyzed, particularly in the case when there are no technological 
restrictions, which means the graph contains only isolated vertices.  

 
%9D98 ;484K F9BDVW DB;>?48V6 JV>46<@< S> ; F9BD9F<KABW, F4> 

V ; CD4>F<KABW FBKB> ;BDG, є ;484KV, 6 S><I 8BCGE>4RFPES 
C9D9D<64AAS CD< 6<>BA4AAV DB5VF. �4 D4IGAB> 8B;6B?G 
C9D9D<64AP VA>B?< 8B6B8<FPES EGFFє6B CB>D4M<F< ;A4K9AAS 
JV?PB6BW HGA>JVW. $B;7?SA9@B B8AG V; ;484K, S>4 CB6’S;4A4 ; 
BCF<@4?PA<@ 6<>BA4AAS@ E>VAK9AABW @AB:<A< DB5VF, A4 
CBDS8B> CDB6989AAS S><I A4>?484RFPES A9EGC9D9K?<6V 
F9IAB?B7VKAV B5@9:9AAS, E>VAK9AABR @AB:<ABR D9EGDEV6. *S 
;484K4, S>4 6 [1] 6<;A4K9A4 S> ;484K4 C4D4?9?PAB7B 
GCBDS8>G64AAS 69DL<A BD7D4HV6, @4є A4EFGCA9 HBD@G?R64AAS. 

!9I4= ;484A4 E>VAK9AA4 @AB:<A4 DB5VF 1,  2,  },{A ný ü . 

�484AB 7D4H G(V,U), |V| = n, S><= @B89?Rє F9IAB?B7VKAV 
B5@9:9AAS. 
"7=0G5==O 1. #4D4?9?PA<@ GCBDS8>G64AAS@ S 69DL<A 

BD7D4HV6 є F4>9 DB;@VM9AAS 9?9@9AFV6 @AB:<A< V A4 n @VEJSI, 
DB;F4LB64A<I 6 ?VAVR (8BCGE>4RFPES CBDB:AV @VEJS), >B?< 
>B:9A 9?9@9AF DB;@VMGєFPES ?<L9 A4 B8AB@G @VEJV. �DV@ FB7B, 
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S>MB V; 69DL<A< V =89 8G74 6 69DL<AG j, FB5FB (i, j) ϵ U, FB 
69DL<A4 i ;A4IB8<FPES 6 S ?V6VL9 ;4 69DL<AG j.  
"7=0G5==O 2. �B6:<ABR GCBDS8>G64AAS l(S) 5G89@B 

A4;<64F< >V?P>VEFP A9CBDB:AVI @VEJP 6 S.  
"7=0G5==O 3. ,<D<ABR GCBDS8>G64AAS h(S) 5G89@B 

A4;<64F< 69?<K<AG 
1
max | [ ] |

i l
S i

ó ó
. 

�040G0 1. �4 ;484A<@ BDVєAFB64A<@ 7D4HB@ G F4 L<D<ABR 
C4D4?9?PAB7B GCBDS8>G64AAS h(S) FD954 ;A4=F< C4D4?9?PA9 
GCBDS8>G64AAS @VAV@4?PABW 8B6:<A<, FB5FB  ( ) min

S
l S  . 

� >?4E<KAV= CBEF4AB6JV [2] 664:4єFPES, MB K4E 6<>BA4AAS 
>B:AB7B ;4684AAS 8BDV6ARє 1, FB@G ;484A<= 7D4H 4 A9;64:9A<=. 
$B;7?SA9@B G;474?PA9AAS JVєW ;484KV A4 6<C48B>, >B?< J9 
B5@9:9AAS A9 6<>BAGєFPES. �?S >B:ABW DB5BF< ;484AB K4E WW 
6<>BA4AAS ti, 1 2    ,  {   , , }nT t t tý ü , 1,i ný . �64:4є@B, MB >B:9A 
6<>BA469JP @B:9 6<>BAG64F<  5G8P-S>G DB5BFG. �<A<>4є 
C<F4AAS, K< @B:9 ;@9AL<F<ES ;A4K9AAS JV?PB6BW HGA>JVW, S>MB 
8B;6B?<F< C9D9D<64AAS CD< 6<>BA4AAV ;4684AP, V 6 D4;V 
CB;<F<6ABW 6V8CB6V8V, 8BE?V8<F< S> A4 J9 6C?<64є EFDG>FGD4 
E4@B7B 7D4H4? #D< JPB@G 6<7D4L 6V8 C9D9D<64AAS 5G89@B 
BJVAR64F< A4EFGCA<@ K<AB@: 

*

*
1 100%�lW

l

ö ö
ý  ÷÷ ÷
ø ø

, 

89 l* 4 BCF<@4?PA4 8B6:<A4 GCBDS8>G64AAS 59; C9D9D<64AP, 
*
�l  4 BCF<@4?PA4 8B6:<A4 GCBDS8>G64AAS ; C9D9D<64AAS@<. 
"JVA<@B 6<7D4L 8?S 7D4HV6 G1, G2 F4 G3. 

 

$<E.1. �@0D G1 
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$<E.2. '?>@S4:C20==S 3@0D0 G1 157 ?5@5@820=P B0 7 

?5@5@820==S<8 ?@8 h = 5 
 
�?S 7D4H4 G1 GCBDS8>G64AAS ; C9D9D<64AAS@< 84є 6<7D4L 

W ≈ 22%. �97>B 54K<F<, MB BCF<@4?PA9 GCBDS8>G64AAS 59; 
C9D9D<64AP A99H9>F<6A9 ; FBK>< ;BDG ;464AF4:9ABEFV 
6<>BA46JV6.  

$B;7?SA9@B 6<C48B>, >B?< U ýö . 
 

$<E.3. �@0D G2 

 

 

$<E.4. '?>@S4:C20==S 3@0D0 G2 157 ?5@5@820=P B0 7 
?5@5@820==S<8 ?@8 h = 4 
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�<8AB, MB BCF<@4?PA<= DB;6’S;B> V; 6<>BD<EF4AAS@ 
C9D9D<64AP 84є 6<7D4L W = 33,(3)% 6V8ABEAB BCF<@4?PAB7B 
DB;6’S;>G 59; C9D9D<64AP. $B;7?SA9@B CD<>?48 8?S 8B6V?PAB7B 
K<E?4 @ > 1, p ϵ N. 

 
$<E.5. �@0D G3 

 

 
$<E.6. '?>@S4:C20==S 3@0D0 G3 157 ?5@5@820=P B0 7 

?5@5@820==S<8 ?@8 h = @ 
 
"CF<@4?PA4 8B6:<A4 C4D4?9?PAB7B GCBDS8>G64AAS 59; 

C9D9D<64AP E>?484є * 2l pý , 4 8B6:<A4 ; C9D9D<64AAS@< 
*   1�l pý û . "K96<8AB, MB CD< 5V?PL<I ;A4K9AASI @ 6V8ABL9AAS 
8B6:<A GCBDS8>G64AAS 5G89 ;@9ALG64F<ES, F4><@ K<AB@ CD< 
@   

*

*

1
0,5

2
�l @
l @

û
ý  , 

; KB7B 6<C?<64є, MB 6<7D4L 

1
1 100% 50%

2

@
W

@
ö öû

ý  ÷ ÷ ÷
ø ø

. 

3> 6<8AB ; CD<>?48G, G 6<C48>G >B?< U ýö  8B;6V? 
C9D9D<64AP @B:9 EGFFє6B CB>D4M<F< ;A4K9AAS JV?PB6BW HGA>JVW. 
#B84?PLB7B 6<6K9AAS CBFD95Gє 8BE?V8:9AAS 6C?<6G EFDG>FGD< 
7D4HV6, MB ;484RFP F9IAB?B7VKAV B5@9:9AAS, A4 BCF<@4?PAVEFP 
DB;6’S;>G. �B>D9@4 C4D4?9?PAB-CBE?V8B6A<I 7D4HV6, 7D4HV6, MB 
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;484RFP B5K<E?9AAS A9DB;74?G:9A<I 4D<H@9F<KA<I 6<D4;V6, 
;@VL4A<I 89D96 F4 VAL<I. 

 
�VB5@0BC@0 
1. �GD8R> �.3. �?7BD<F@O C4D4??9?PAB7B GCBDS8BK9A<S: 

GK95AB9 CBEB5<9 / �.3. �GD8R>, �.�. &GDK<A4. 4 
�A9CDBC9FDB6E>: ��', 1985. 4 84 c. 

2. �BD8BA �.%. �484K< F9BD<< D4EC<E4A<= E ;484AAO@ 
K4EF<KAO@ CBDS8>B@ / �.%. �BD8BA, �.�. �B?7<=. 4 �6FB@4F. < 
F9?9@9I., 2010, 6OCGE> 10, E. 15325 

 
 
 

($�� �!&�$!�/  "���0  

����+� TREEDEPTH ���" #"��*�� �$�(� 
�B;<A �. �., �9@?SAE><= �.�., �6E996 ".�. 
�0?>@>6A:89 =0F8>=0;P=O9 C=825@A8B5B 

 
FRAGMENTARY MODEL 

TREEDEPTH DECOMPOSITION OF GRAPH 
 

Abstract. The paper considers a problem of minimum height Treedepth 
decomposition of connected graph. Proposes a fragmentary model for this task. 
Based on a fragmented model constructed metaheuristics for finding suboptimal 
solutions to the problem of Treedepth decomposition of the graph.  

 

"?@545;5=85 1. Treedepth 89>B@CB;<J<9= (7?G5<AAO@ 
89D96B@) E6S;AB7B 7D4H4 ÿ = (Ă, Ā), E @AB:9EF6B@ 69DL<A V < 
@AB:9EF6B@ D959D E A4;O649FES  89D96B Ā = (Ă, Ā�) E F9@ :9 
@AB:9EF6B@ 69DL<A, CBEFDB9A<9 >BFBDB7B CDB<EIB8<F CB 
A<:9<;?B:9AAB= D9>GDE<6AB= CDBJ98GD9. �E?< ÿ <@99F B8AG 
69DL<AG, FB784 Ā = ÿ. � CDBF<6AB@ E?GK49, 6O5<D49FES 
69DL<A4 Č ∈ Ă, >4> >BD9AP 89D964 Ā. #DB<;6B8<FES treedepth-
89>B@CB;<J<S >4:8B= >B@CBA9AF4 E6S;ABEF< ÿ\{Č} . 6 >4:8B@ 
<; CB?GK9AAOI 89D96P96 6O5<D49FES 69DL<A4, >BFBD4S 
EB98<AS9FES D95DB@ E 69DL<AB= v[1].  
1F< 6O5D4AAO9 69DL<AO 5G89@ A4;O64RFES CBFB@>4@< 

69DL<AO v. %BBF69FEF69AAB, 69DL<AG v 5G89@ A4;O64FP 
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DB8<F9?PE>B= 69DL<AB= 8?S 6O5D4AAOI 69DL<A <; 
A<:9?9:4M<I 89D96P96. &4><@ B5D4;B@, 6 treedepth 
89>B@CB;<J<< Ā = (Ă, Ā�) E6S;AB7B 7D4H4 ÿ = (Ă, Ā) >4:8B9 
D95DB E6S;O649F C4DG 69DL<A, <@9RM<I BFABL9A<9 DB8<F9?P-
CBFB@B> 6 89D969 Ā. 
�4:8B= 69DL<A9 Č ∈ Ă CD<C<L9@ K<E?B L(v)-GDB69AP 

69DL<AO CB E?98GRM9@G CD46<?G. �9DL<A4 7D4H4 v0, >BFBD4S 
6O5<D49FES C9D6B= <@99F GDB69AP L(v0)=0. 'DB69AP >4:8B= 
69DL<AO-CBFB@>4 A4 98<A<JG 5B?PL9 GDB6AS 99 DB8<F9?PE>B= 
69DL<AO.  4>E<@4?PAO= <; GDB6A9= 69DL<A 7D4H4 A4;O649FES 
6OEBFB= CBEFDB9AAB= Treedepth 89>B@CB;<J<<.  
�484K4 treedepth 89>B@CB;<J<< 7D4H4 ;4>?RK49FES 6 

CBEFDB9A<< 7?G5<AAB7B 89D964 @<A<@4?PAB= 6OEBFO.  
� B5M9@ E?GK49 ;484K4 treedepth 89>B@CB;<J<< 7D4H4 

S6?S9FES NP-FDG8AB= [2]. #BQFB@G 8?S CB<E>4 EG5BCF<@4?PAOI 
D9L9A<= BCD4684AB CD<@9A9A<9 @9F4Q6D<EF<>. 
#B>4:9@, KFB ;484K4 treedepth 89>B@CB;<J<< 7D4H4 @B:9F 

D4EE@4FD<64FPES >4> BCF<@<;4J<BAA4S ;484K4 A4 HD47@9AF4DAB= 
EFDG>FGD9 <, E?98B64F9?PAB, > QFB= ;484K9 CD<@9A<@O @9FB8O 
BCF<@<;4J<< 8?S ;484K A4 HD47@9AF4DAB= EFDG>FGD9 BC<E4AAO9 
6 [3]. 
� EBBF69FEF6<< E [3] HD47@9AF4DAB= EFDG>FGDB= A4 

>BA9KAB@ @AB:9EF69 ) A4;O649FES EB6B>GCABEFP 97B 
CB8@AB:9EF6 Ā = {Ā1,Ā2, & , ĀĄ}, Āÿ ⊆ �, F4>GR, KFB   

1. ø ∈ Ā, 
2. ∀Āÿ ∈ Ā, Āÿ b ø, ∃ă ∈ Āÿ , Āÿ{ă} ∈ Ā. 
1?9@9AFO @AB:9EF64 � 5G89@ A4;O64FP 4>?CAB8<O<8 

D@03<5=B0<8. "8ABQ?9@9AFAO9 8BCGEF<@O9 HD47@9AFO 
A4;O64RFES Q;5<5=B0@=O<8 D@03<5=B0<8. �BCGEF<@O= 
HD47@9AF 5G89@ A4;O64FP <0:A8<0;P=O<, 9E?< BA A9 S6?S9FES 
CB8@AB:9EF6B@ A<>4>B7B 8BCGEF<@B7B HD47@9AF4. 
#BEFDB9A<9 treedepth 89>B@CB;<J<< Ā E6S;AB7B 7D4H4 ÿ =(Ă, Ā) A4 BEAB69 HD47@9AF4DAB= @B89?< A4K<A49FES E 

BCD989?9A<S  Q?9@9AF4DAOI HD47@9AFB6. � >4K9EF69 
Q?9@9AF4DAOI HD47@9AFB6 6O59D9@ B8ABQ?9@9AFAO9 
@AB:9EF64, EB89D:4M<9 69DL<AO 7D4H4. "C<L9@ 4?7BD<F@ 
CBEFDB9A<S treedepth 89>B@CB;<J<<: 
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1. �4849FES CBDS8B>(AG@9D4J<S) Q?9@9AF4DAOI 
HD47@9AFB6 (69DL<A) 7D4H4 

0 1
, , ...,

n

v v v . 

2. �O5<D49FES C9D64S 69DL<A4 
0

v <; CBE?98B64F9?PABEF<. 
"A4 EF4AB6<FES >BDA9@ 89D964-treedepth 89>B@CB;<J<<  Ā. 
3. '84?SRFES <; 7D4H4 ÿ 6E9 D95D4 <AJ<89AFAO9 69DL<A9 

0
v . 

4. !4 BK9D98AB@ L479 4?7BD<F@4 6 >4:8B= >B@CBA9AF9 
E6S;ABEF< BEF46L9=ES K4EF< 7D4H4 6O5<D49FES B8A4, C9D64S 
CB ;484AAB@G CBDS8>4 69DL<A4. 1F< 69DL<AO S6?SRFES 
CBFB@>4@< 69DL<AO

0
v . � 89D96B Ā 8B546?SRFES 69DL<AO-

CBFB@>< < D95D4, EB98<ASRM<9 69DL<AG 
0

v  E 99 CBFB@>4@<.  
5. �4:84S 69DL<A4-CBFB@B> D4EE@4FD<649FES >4> 
DB8<F9?PE>4S 69DL<A4 8?S EBBF69FEF6GRM9= >B@CBA9AFO 
E6S;ABEF<. ,47< 2-4 4?7BD<F@4 CB6FBDSRFES 8?S >4:8B= 
F4>B= 69DL<AO. 
6.  #DBJ9EE CDB8B?:49FES CB>4 6 Ā A9 6B=8GF 6E9 
69DL<AO. 
 
#D<698ё@ CD<@9D treedepth 89>B@CB;<J<< 7D4H4 (D<E. 1). 

%?964 <;B5D4:ёA <EIB8AO= 7D4H ÿ = (Ă, Ā), ECD464 3 97B 
treedepth 89>B@CB;<J<S Ā = (Ă, Ā�), CBEFDB9AA4S A4 BEAB69 
CBE?98B64F9?PABEF< 2 2 5 2 4 2 6 2 1 2 0 2 3 

 

   
$<E.1 %2S7=O9 3@0D 8 53> Treedepth-45:><?>78F8S. 
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%GM9EF6G9F NP-CB?A4S ;484K4 CBEFDB9A<= Treedepth 

@<A<@4?PAB= 6OEBFO. �OEBFB= treedepth S6?S9FES E4@O= 
8?<AAO= CGFP BF >BDAS 89D964 > 69DL<A9. �?S @<A<@<;4J<< 
6OEBFO Treedepth < CB<E>4 BCF<@4?PAB7B, <?< CD<5?<:9AAB7B > 
BCF<@4?PAB@G D9L9A<S HD47@9AF4DAO= 4?7BD<F@, BC<E4AAO= 
6OL9, @B:AB EB6@9EF<FP E ?R5B= @9FBQ6D<EF<>B= A4 
HD47@9AF4DAB= EFDG>FGD9 [3].  
� A4EFBSM9= D45BF9 <ECB?P;B64?ES Q6B?RJ<BAAO= 

4?7BD<F@. #4D4@9FDO Q6B?RJ<BAAB7B 4?7BD<F@4 BCD989?S?<EP 
BCOFAO@ CGFё@ 8?S >4:8B= >BA>D9FAB= ;484K< < ;46<ESF BF 
D4;@9DB6 6IB8AOI 84AAOI, @BMABEF< 6OK<E?<F9?PAB7B 
GEFDB=EF64 < 8BEFGCAB7B 8?S CDB6989A<S 6OK<E?9A<= 6D9@9A<. 
1HH9>F<6ABEFP A<:9BC<E4AAB7B Q6B?RJ<BAAB7B 4?7BD<F@4 

A4 HD47@9AF4DAOI EFDG>FGD4I 6 ;484K9 @<A<@<;4J<< 6OEBFO 
Treedepth 5O?4 8B>4;4A4 CD< D9L9A<< ;484K A4 @9:8GA4DB8AB@ 
>BA>GDE9 >B@CPRF9DAOI Q>EC9D<@9AFB6 < 
C4D4@9FD<;<DB64AAOI 6OK<E?9A<= PACE-2020 [4]. 
�?S CDB6989A<S 6OK<E?<F9?PAB7B Q>EC9D<@9AF4 5O? 

CD<@9AёA Q6B?RJ<BAAO= 4?7BD<F@ E A4K4?PAB= CBCG?SJ<9= 16-
1024 BEB5<. $4EKёFO 6OCB?AS?<EP A4 6OK<E?<F9?PAB@ 
GEFDB=EF69 E 16 C4D4??9?PAO@< CBFB>4@<. �4:8O= CBFB> 
A9;46<E<@O=, E EB5EF69AAB= GA<>4?PAB= A4K4?PAB= CBCG?SJ<9= 
< 69F6PR Q6B?RJ<<. �4:8GR <F9D4J<R Q6B?RJ<< 6 CBFB>9 
CDB<;6B8<FES EBDF<DB6>4 CBE?98B64F9?PABEF9= (BEB59=) BF 
?GKL9= > IG8L9=. � CB?GK<6L9@ES EC<E>9 CDB6B8<FES CBC4DAB9 
E>D9M<64A<9 BEB59=, C9D64S BEB5P E>D9M<649FES EB 6FBDB=, 
FD9FPS E K9F6ёDFB= < F.8. �GKL4S CB?GK9AA4S BEB5P EBID4AS9FES 
6 A9<;@9AAB@ 6<89 < C9D9IB8<F 6 E?98GRMGR <F9D4J<R, 9E?< 6 
D9;G?PF4F9 E>D9M<64A<S A9 5O?B CB?GK9AB ?GKL99 89D96B. 
"EF4?PAO9 BEB5< 6O@<D4RF CBE?9 E>D9M<64A<S. &4><@ 
B5D4;B@, >B?<K9EF6B 89D96P96 6 >4:8B= <F9D4J<< G@9APL49FES 
6 864 D4;4. 
 GF4J<S CD98EF46?9A4 <A69DE<9= K4EF< C9D9EF4AB6>< 

E?GK4=AB= 8?<AO. �9DBSFABEFP @GF4J<< <;@9AS9FES BF ?GKL<I 
BEB59= > IG8L<@. �?S ?GKL<I BEB59= 69DBSFABEFP @GF4J<< 
@9APL9, 8?S IG8L<I 69DBSFABEFP 5B?PL9. 
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%>D9M<64A<9 CDB6B8<FES 8B F9I CBD, CB>4 6 >4:8B@ CBFB>9 
A9 BEF4A9FES 2 - 4 BEB5<. %>D9M<64A<9 CBE?98A<I 2 - 4 BEB59= 
@9:8G EB5B= A9 CDB6B8<FES. � >BAJ9 CDB<EIB8<F ED46A9A<9 
BEF46L<IES BEB59= < 6O5BD ?GKL9=. 

 
�8B5@0BC@0 
1. Bodlaender, Hans L.; Deogun, Jitender S.; Jansen, Klaus; 

Kloks, Ton; Kratsch, Dieter; Müller, Haiko; Tuza, Zsolt 
(1998), "Rankings of graphs" (PDF), SIAM Journal on Discrete 
Mathematics, 11 (1): 1683181 doi:10.1137/S0895480195282550 

2. Pothen, Alex, The complexity of optimal elimination trees, 
Tech. Report CS-88-13, Pennsylvania State University 

3. I. V. Kozin, N. K. Maksyshko,V. A. Perepelitsa Fragmentary 
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4. PACE-challenge. URL: http://pacechallenge.org/2020 /td/  
 
 
 

($�� �!&�$!/� #"�)"� � 
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"#&� ���*�� %"  !"�� � �$�&�$�/ � 
�B;<A �. �., #9D9C9?<J4 �.�., !4D;G??496 '.). 
�0?>@>6A:89 =0F8>=0;P=O9 C=825@A8B5B 

%0<0@:0=4A:89 D8;80; &0H:5=BA:>3> C=825@A8B5B0 
8=D>@<0F8>==OE B5E=>;>389 

 
FRAGMENT APPROACH TO COMPLEXLY FORMALIZED 

OPTIMIZATION PROBLEMS FOR MANY CRITERIA 
 
Abstract. A new method is proposed for finding suboptimal solutions to 

difficult-to-formalize problems with many criteria. The basis of this method is the 
construction of a fragmentary model of the problem, which allows you to search 
for feasible solutions using «greedy» algorithms. 

 

%GM9EF6G9F DS8 CD4>F<K9E><I BCF<@<;4J<BAAOI ;484K, 8?S 
>BFBDOI FDG8AB <?< CD4>F<K9E>< A96B;@B:AB HBD@4?<;B64FP 
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>D<F9D<< BCF<@4?PABEF<. � K<E?G F4><I ;484K @B:AB BFA9EF< 
@AB7<9 CD4>F<K9E><9 ;484K< D4;@9M9A<S, ;484K< EBEF46?9A<S 
D4EC<E4A<=, ;484K< D4ECD989?9A<S D9EGDEB6 < 8DG7<9 [1]. "8A<@ 
<; BEAB6AOI CD<AJ<CB6 CB889D:>< CD<ASF<S D9L9A<= 6 F4><I 
;484K4I S6?S9FES 6;4<@B89=EF6<9 «+9?B69> 3 @4L<A4» A4 6E9I 
GDB6ASI D9L9A<S ;484K< [2]. 1FB A4?4749F DS8 FD95B64A<= A4 
4?7BD<F@O D9L9A<S CD<>?48AOI ;484K, >BFBDO9 @B7GF 
<ECB?P;B64FPES 6 F4><I E<EF9@4I. 
� K<E?G BEAB6AOI FD95B64A<= BFABESFES:  
 4) A95B?PLB9 K<E?B L47B6 <, EBBF69FEF69AAB, 6OEB>4S 

E>BDBEFP 6OCB?A9A<S 4?7BD<F@4;  
 5) 6B;@B:ABEFP >BDD9>J<< D9;G?PF4F4 A4 >4:8B@ L479;  
 6) 6B;@B:ABEFP D94?<;4J<= D4;?<KAOI 64D<4AFB6 CB<E>4. 
1HH9>F<6AO@< 4?7BD<F@4@< F4>B7B >?4EE4 S6?SRFES 

«:48AO9» 4?7BD<F@O, >BFBDO9 ;4 @4?B9 K<E?B L47B6 CD<6B8SF > 
BCF<@4?PAB@G D9L9A<R BCF<@<;4J<BAAOI ;484K. � EB:4?9A<R, 
:48AOI 4?7BD<F@B6, 84RM<I FBKAB9 D9L9A<9 ;484K 8<E>D9FAB= 
@AB7B>D<F9D<4?PAB= BCF<@<;4J<<, EGM9EF6G9F A9@AB7B.  �?S 
CD<5?<:9AAOI 4?7BD<F@B6 E BJ9A>4@< 8B>4;4AB, KFB <I 
FDG8B9@>BEFP A9 A<:9 FDG8B9@>BEF< 4?7BD<F@B6 FBKAOI [3]. 
&4><@ B5D4;B@, A4<5B?99 CD<9@?9@O@< 4?7BD<F@4@< 8<4?B74 
«+9?B69>-@4L<A4» S6?SRFES Q6D<EF<K9E><9 4?7BD<F@O 
D4;?<KAOI F<CB6. 
"8A<@ <; C9DEC9>F<6AOI CB8IB8B6 > EB;84A<R F4><I 

4?7BD<F@B6 S6?S9FES C9D9IB8 > HD47@9AF4DAB= @B89?< 
BCF<@<;4J<BAAB= ;484K< [4]. 
"CD989?S9FES @AB:9EF6B HD47@9AFB6 D9L9A<= < 6A9LASS 

BC9D4J<S EB98<A9A<S HD47@9AFB6. �4:8B9 8BCGEF<@B9 D9L9A<9 
;484K< EBEFB<F <; >BA9KAB7B K<E?4 HD47@9AFB6 <; ;484AAB7B 
@AB:9EF64 HD47@9AFB6, EB98<A9AAOI CGF9@ 6A9LA9= BC9D4J<<. 
�4849FES QHH9>F<6A4S CDBJ98GD4 GCBDS8BK9A<S 

HD47@9AFB6, >BFBD4S CB;6B?S9F CB?GK4FP D4;AO9 CBDS8>< 6 
EBBF69FEF6<< E 6O5D4AAO@< CD46<?4@<. 
�484RFES GE?B6<S CD<EB98<A9A<S HD47@9AF4. �?S G:9 

6O5D4AAB7B CB8@AB:9EF64 HD47@9AFB6 ;4849FES QHH9>F<6A4S 
CDBJ98GD4 CDB69D>< 6B;@B:ABEF< CD<EB98<A9A<S HD47@9AF4, A9 
CD<A48?9:4M97B 6O5D4AAB@G CB8@AB:9EF6G. 



 108 

�BCGEF<@O9 D9L9A<S ;484K< EFDBSFES E?98GRM<@ 
HD47@9AF4DAO@ 4?7BD<F@B@: 
#DBE@4FD<64RFES 6E9 9M9 A9 6O5D4AAO9 HD47@9AFO 6 

;484AAB@ CBDS8>9. �O5<D49FES C9D6O= <; A<I, >BFBDO= 
G8B6?9F6BDS9F GE?B6<S@ CD<EB98<A9A<S < 8B546?S9FES > 
@AB:9EF6G. 'E?B6<9 BEF4AB6>< 4?7BD<F@4 3 A9 G84?BEP A4=F< 
BK9D98AB= HD47@9AF. 
% HD47@9AF4DAB7B 4?7BD<F@4 EASFB BEAB6AB9 FD95B64A<9 3 

GE?B6<9 BCF<@4?PABEF<. "CD989?9A<9 CBASF<S BCF<@4?PABEF< 
C9D9ABE<FES A4 �#$ (?<JB CD<A<@4RM99 D9L9A<9).  
&DG8B9@>BEFP HD47@9AF4DAB7B 4?7BD<F@4 BJ9A<649FES 

E?98GRM<@ B5D4;B@. #GEFP N 3 >B?<K9EF6B HD47@9AFB6,  
m 3 BJ9A>4 FDG8B9@>BEF< CDB69D>< GE?B6<= CD<EB98<A9A<S A4 
>4:8B@ L479, n 3 69DIASS BJ9A>4 K<E?4 HD47@9AFB6, 
EBEF46?SRM<I D9L9A<9 ;484K<. &B784 FDG8B9@>BEFP 
HD47@9AF4DAB7B 4?7BD<F@4 BJ9A<649FES K<E?B@ N·m·n. 
(D47@9AF4DAO= CB8IB8 G84?BEP CD<@9A<FP 8?S D9L9A<S 

A9>BFBDOI CD<>?48AOI ;484K. "8A4 <; A<I 3 ;484K4 D4;@9M9A<S 
CDS@BG7B?PAOI HD47@9AFB6 6 CDS@BG7B?PA<>9 CB >D<F9D<R 
E<@@9FD<< <?< «>D4EBFO» [5]. �4849FES 7DGCC4 G 
CD9B5D4;B64A<= CDS@BG7B?PAB= D9L9F><. �?S >4:8B7B 
@AB:9EF64 G;?B6 BCD989?S9FES 97B EF9C9AP E<@@9FD<< >4> 
BFABL9A<9 @BMABEF< QFB7B @AB:9EF64 > @BMABEF< 97B BD5<FO. 
�484K4 EBEFB<F 6 E?98GRM9@ - 6O5D4FP 6 CDS@BG7B?PAB= 
D9L9F>9 @AB:9EF6B CB8D9L9FB>, >4:84S <; >BFBDOI <;B@BDHA4 
A9>BFBDB= F<CB6B= D9L9F>9, F4> KFB5O EF9C9AP E<@@9FD<< 
@AB:9EF64 G;?B6 6O5D4AAB= E<EF9@O CB8D9L9FB> 5O?4 
@4>E<@4?PAB=.  
�DG74S ;484K4, 6 >BFBDB= B>4;O649FES QHH9>F<6AO@ 

HD47@9AF4DAO= CB8IB8 3 ;484K4 EBEF46?9A<S D4EC<E4A<S EB 
@AB7<@< >D<F9D<S@<, ED98< >BFBDOI >D<F9D<= D46AB@9DAB= 
;47DG;>< B5BDG8B64A<S.  #BEF4AB6>4 QFB= ;484K< E?98GRM4S: 
FD95G9FES CDB<;69EF< B5D45BF>G N 89F4?9= A4 A9>BFBDB@ 
>B?<K9EF69 EF4A>B6 6 F9K9A<9 6D9@9A<  T. �4:84S 89F4?P FD95G9F 
A4 B5D45BF>G 6D9@S ti, i=1,2,&,N. �484K4 F4> D4ECD989?<FP 
B5D45BF>G 89F4?9=, KFB5O, 6B-C9D6OI, G?B:<FPES 6B 6D9@S T, 6B-
6FBDOI, <ECB?P;B64FP CB 6B;@B:ABEF< @9APL99 K<E?B EF4A>B6, 
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6 FD9FP<I, ;47DG;<FP EF4A>< A4<5B?99 D46AB@9DAB, FB 9EFP, KFB5O 
6 ?R5O9 864 @B@9AF4 6D9@9A< A4 CDB@9:GF>9 [0,T] >B?<K9EF64 
EF4A>B6, ;4ASFOI B5D45BF>B= 6 QF< @B@9AFO 6D9@9A< BF?<K4?<EP 
>4> @B:AB @9APL9.  

 

�8B5@0BC@0 
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3. #4C48<@<FDBG, �.%F4=7?<J., �B@5<A4FBDA4S 

BCF<@<;4J<S. �?7BD<F@O < E?B:ABEFP., - ., « <D», 1985, 512E. 
4. I. V. Kozin, N. K. Maksyshko,V.A.Perepelitsa Fragmentary 

Structures in Discrete Optimization Problems, Cybernetics and 
Systems Analysis November 2017, Volume 53, Issue 6, pp 9313936 
DOI: https://doi.org/10.1007/s10559-017-9995-6 
5. �.�.�B;<A (D47@9AF4DAO= 4?7BD<F@ 8?S ;484K< 
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�D<6<= %. �. 
�8W2AP:89 =0FV>=0;P=89 C=V25@A8B5B V<5=V &0@0A0 

Ш52G5=:0 
 
SOLUTION OF SYSTEM OF LINEAR EQUATIONS 

IN ASSOCIATIVE  RINGS WITH UNIT 
 

Abstract. A method for solution of systems of linear equations over 
associative non commutative rings with unit is considered. 
 

$B;7?S84єFPES @9FB8 DB;6’S;4AAS E<EF9@ ?VAV=A<I DV6ASAP 6 
4EBJV4F<6A<I A9 >B@GF4F<6A<I >V?PJSI ; B8<A<J9R. �?S 
4EBJV4F<6AB->B@GF4F<6A<I >V?9JP ; B8<A<J9R 4?7BD<F@< 
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DB;6’S;4AAS E<EF9@ ?VAV=A<I DV6ASAP  DB;7?S84?<ES 6 DB5BF4I 
[1,2].   

1. !5>1EV4=V >7=0G5==O 
�EBJV4F<6A<@ >V?PJ9@ ; B8<A<J9R A4;<64єFPES 4?795D4 

K=(A,{+,•}),  S>4 6V8ABEAB BC9D4JVW 8B8464AAS + є 459?96BR 
(48<F<6ABR) 7DGCBR, 6V8ABEAB BC9D4JVW @AB:9AAS • 
(@G?PF<C?V>4F<6A<@) @BABW8B@ V JV BC9D4JVW  ;6’S;4AV ;4>BA4@< 
8<EFD<5GF<6ABEFV (;A4> BC9D4JVW • G 6<D4;4I A9 C<L9FPES):      (∀ÿ, Ā, ā ∈ ÿ)ÿ(ā + Ă) = ÿā + ÿĂ, (ā + Ă)ÿ = āÿ + Ăÿ. 

!G?P 0 48<F<6ABW 7DGC< A4;<64єFPES AG?9@ >V?PJS, 4 B8<A<JS 1 
@BABW84 3 B8<A<J9R >V?PJS. �?S A<I ECD4698?<6V FBFB:ABEFV:  

( ) 0 0 0, 1 1 .a K a a a a a þ ý ý ý ý  

3>MB 8?S 9?9@9AFV6  a,b þ K\{0} 6<>BAGєFPES DV6AVEFP ab=0, FB 
a A4;<64єFPES ?V6<@ 8V?PA<>B@ AG?S, 4 b 3  CD46<@ 8V?PA<>B@ AG?S. 
�?9@9AF xþK A4;<64єFPES ?V6<@ (CD46<@) 8V?PA<>B@ B8<A<JV (45B 
B59DA9A<@ ;?V64 (ECD464)), S>MB 6 >V?PJV є F4><= 9?9@9AF y, MB xy=1 
(yx=1). �V8B@B, MB @AB:<A4 8V?PA<>V6 B8<A<JV GF6BDRRFP 7DGCG, 
S>4 A4;<64єFPES @G?PF<C?V>4F<6ABR 7DGCBR >V?PJS [3].  

2. �V=V9=V @V2=O==O =04 К 
"E>V?P>< >V?PJ9 K A9 >B@GF4F<6A9,  FB E<EF9@< ?VAV=A<I 

DV6ASAP (%�$) @B:GFP 5GF< CD46<@< V ?V6<@< (A96V8B@V ECD464 
(;?V64) @AB:4FPES A4 >B9HVJVєAF<): ÿÿ = {ÿ11ý1+. . . +ÿ1þýþ = Ā1,⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ÿý1ý1+. . . +ÿýþýþ = Āý 

3 CD464  %�$, 89 aij, bj þK,  i=1,&,p, j=1,&,q. 
$B;7?SA9@B B8A9  ?VAV=A9 DV6ASAAS (�$): 

                             Ā(ý) = ÿ1ý1+. . . +ÿþýþ = Ā,                            (1) 

89  ai, b þ K,  i=1,&,q. &4> S> 8V?PA<>< AG?S 6 JPB@G >V?PJV A9 
E>?484RFP V894?, FB @B:?<64 E<FG4JVS, >B?< EG@4 (DV;A<JS) 86BI 
45B 5V?PL9 8V?PA<>V6 B8<A<JV є 8V?PA<>B@ AG?S V A46C4><, EG@4 
8V?PA<>V6 AG?S є 8V?PA<>B@ B8<A<JV.  $B;7?SA9@B E<FG4JVR >B?< 6EV 
>B9HVJVєAF<  DV6ASAAS (1)  8V?PA<><  B8<A<JV. &B8V, S>MB ai – 
8V?PA<> B8<A<JV, FB VEAGє 9?9@9AF  ci þK F4><=, MB  aici=1. �6V8E< 
;A4IB8<@B B>D9@<= DB;6’S;B> �$ (1) 3 xi = (0,&,0,cib,0,&,0).  
$B;7?SA9@B B8ABDV8A9  �$,  S>9 6V8CB6V84є �$ (1), FB5FB 
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                              Ā(ý) = ÿ1ý1+. . . +ÿþýþ = 0                               (2) 

�D4IB6GRK< G@B6<,  DB;6’S;>4@< JPB7B DV6ASAAS 5G8GFP 
69>FBD< 6<7?S8G:  

x1
0=(c1,- c2,0,&,0), x2

0=(c1,0,-c3,&,0),&,xq-1
0 =(c1,0,&,-cq), 

89 ci  3 CD46V  B59DA9AV  8B  ai,   FB5FB   aici=1, i=1,2,&,q.  
�4G64:<@B, MB ?V69 �$  L(x)=x1a1+x2a2+& + xqaq = 0 5G89 

@4F< JV E4@V DB;6’S;><. $B;7?SA9@B 6<C48B>, >B?< EG@4 
89>V?P>BI >B9HVJVєAFV6 є 8V?PA<>B@ AG?S. H9 B5@9:GRK< 
;474?PABEFV, A9I4= a1+a3+a5=A, 89 c 3 8V?PA<> AG?S. &B8V VEAGє d
þ K  F4><=, MB cd=0 V 69>FBD x=(d,0,d,0,d,0,&,0) 3 DB;6’S;B> �$ 
(2). �V=EAB, a1d+a3d+a5d= =(a1+a3+a5)d=Ad=0. #B>4:9@B, MB 
J9= DB;6’S;B> ;B5D4:GєFPES  ?VAV=ABR >B@5VA4JVєR 69>FBDV6 xi

0. 
#B5G8Gє@B 69>FBD< s1=x1

0-x2
0=(0,-c2, c3,0,0,0,0,&0), s2=x1

0– x4
0 = 

(0,-c2,0,0,c5,0,,&0), FB8V A<:K9A46989A4 ?VAV=A4 >B@5VA4JVS 84є 
A4@ LG>4A9 ;B5D4:9AAS 69>FBD4 x:  

x1
0a1d-s1a3d-s2a5d=(d,-c2a1d-c2a3d-

c2a5d,d,0,d,0,&0)=(d,0,d,0,d,0,&,0)=x, 
BE>V?P>< -c2a1d-c2a3d-c2a5d =-c2(a1 + a3 +a5)d =-c2cd =0.  &4><@ 
K<AB@, ECD4698?<64 
�5<0 1.  =>68=0 25:B>@V2 xi

0,i=[1,q-1] – 1078A <=>68=8 
@>72’S7:V2  �$ (2). 
!0A;V4>:. �030;P=89  @>72’S7>: �$ (1) <0є 283;S4 

0
1 i ix x x dý ûõ , 45  x1 – >:@5<89 @>72’S7>: �$ (1), diþK – 4>2V;P=V,  

i=1,&q-1 . 
 3>MB 6EV >B9HVJVєAF< ai 8V?PA<>< B8<A<JV,  4 b 3 8V?PA<> 

AG?S,  FB ECD4698?<64 ?9@4 1 V A4E?V8B> ; A9W,  IBK4 B>D9@<= 
DB;6’S;B> F9C9D 5G89 8V?PA<>B@ AG?S. �V=EAB, 8B6V?PA<= 
DB;6’S;B> xi=(0,&,0,cib,0,&,0) @4є >BBD8<A4FG cib, S>4 8V?PA<> 
AG?S. "F:9, ;474?PA<= DB;6’S;B> �$ (1) @4є  6<7?S8 x = x1 + 

0
i i

i

x dõ , 89 x1 3 B>D9@<= DB;6’S;B> �$ (1), xi
0 3 54;<EAV DB;6’S;>< 

�$ (2),  di þ K 3 8B6V?PAV. 
�ALV @B:?<6V 6<C48>< 6 JV= DB5BFV A9 DB;7?S84RFPES. 

3. %8AB5<8 ;V=V9=8E >4=>@V4=8E @V2=O=ь 
$B;7?SA9@B E<EF9@G ?VAV=A<I B8ABDV8A<I DV6ASAP (%�"$) 

6<7?S8G 
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ÿÿ2 = {ÿ11ý1+. . . +ÿ1þýþ = 0,ÿ21ý1+. . . +ÿ2þýþ = 0. 
89 >B9HVJVєAF< B5BI DV6ASAP 8V?PA<>< B8<A<JV. #B5G8Gє@B 8?S 
C9DLB7B DV6ASAAS %�"$ 54;<E @AB:<A< DB;6’S;>V6  
�1={e1,e2,&,eq-1}  6<M9BC<E4A<@ ECBEB5B@ V B5K<E?<@B 
;A4K9AAS  di=L2(ei),  i=1,2,&,q-1. 3>MB 6EV di  8V?PA<>< B8<A<JV, 
FB DB;7?SA9@B DV6ASAAS 6<7?S8G  

                               d1y1 + d2y2+& + dq-1yq-1=0                              (3) 
V ;A4=89@B =B7B 54;<EAV DB;6’S;>< g1,&,gq-2. !9I4= 
gi=(ci1,ci2,&,ciq-1), CB5G8Gє@B  ?VAV=AG >B@5VA4JVR  
ui=e1ci1+&+eq-1ciq-1. 
�5<<0 2. �5:B>@8 {ui}, i=1,2,&,q-2  є 1078A>< <=>68=8 

@>72’S7:V2 %�"$ Sr2.  
 �4EFBEB6GRK< J9= ECBEV5 8B %�"$ ; 5V?PL<@ K<E?B@ 
A96V8B@<I, 89  6EV WW >B9HVJVєAF< V CDB@V:AV ;A4K9AAS DV6ASAP 
6<7?S8G (3) 8V?PA<>< B8<A<JV, 5G8Gє@B F4><@ ECBEB5B@ 54;<E 
@AB:<A< WW DB;6’S;>V6. �; ?9@ 1 V 2 ;4 8BCB@B7BR VA8G>JVW 
6<C?<64є 
&5>@5<0. /:I> ?@>1;5<0 >1G8A;5==S  >15@=5=8E 5;5<5=BV2  

2 :V;PFV K 0;3>@8B<VG=> @>72’S7C20=0, :>5DVFVє=B8 %�$ V 
?@><V6=V @V2=S==S 704>2>;P=SRBP C<>2V 1CB8 4V;P=8:0<8 
>48=8FV, B> 7030;P=89 @>72’S7>: B0:8E %�"$ Sr 7=0E>48BPAS 
>?8A0=8< 28I5 A?>A>1><. 

4. %8AB5<8 ;V=V9=8E =5>4=>@V4=8E @V2=O=ь 
#9D9F6BD<@B A9B8ABDV8AG %�$ Sr 8B %�"$, 66B8SK< 

8B84F>B6G A96V8B@G x0 CD< 6V?PA<I K?9A4I, S>V є 8V?PA<>4@< 
B8<A<JV: ÿÿ = {ÿ11ý1+. . . +ÿ1þýþ 2 Ā1ý0 = 0,⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ÿý1ý1+. . . +ÿýþýþ 2 Āýý0 = 0. 

#B5G8Gє@B 54;<E @AB:<A< DB;6’S;>V6 JVєW %�"$: 
B={e1,e2,&, ek}. � JPB@G 54;<EV A9B5IV8AB CB5G8G64F< 
DB;6’S;B>,  G S>B7B BEF4AAS >BBD8<A4Fa 8BDV6ARє 1. �?S JPB7B 
CBFDV5AB ;A4=F< DB;6'S;B>, G S>B7B BEF4AAS >BBD8<A4F4 є 
8V?PA<>B@ B8<A<JV. 3>MB F4>B7B DB;6’S;>G 6 @AB:<AV B A9@4є V 
AVS>4 EG@4 8V?PA<>V6 AG?S A9 84є 8V?PA<>4 B8<A<JV, FB CBK4F>B64 
A9B8ABDV8A4 %�$ A9EG@VEA4.  
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!4 ;4>VAK9AAS 6V8;A4K<@B, MB >V?PJS, 89 40=89 <5B>4 
@>72’S70==S %�$  ?@0FRє 2 ?>2=><C >1’є<V,  є  >V?PJS ; 8V?9AAS@ 
(FV?4). 
+0A>20 A:;04=VABь @9FB8G DB;6’S;4AAS ;4?9:<FP 6V8 

E>?48ABEFV  ;A4IB8:9AAS B59DA9A<I 9?9@9AFV6 6 >V?PJV V 
E>?48ABEFV D94?V;4JVW =B7B BC9D4JV=  @AB:9AAS V 8B8464AAS. 
!4CD<>?48, 6V8B@B, MB 6 >V?PJV @4FD<JP A48 CB?9@ 
D4JVBA4?PA<I K<E9? JV 9?9@9AF< B5K<E?RRFPES 6 
CB?VAB@V4?PAB@G K4EV V FB8V CB5G8B64 ;474?PAB7B DB;6'S;>G %�$ 
F9: 6<>BAGєFPES 6 CB?VAB@V4?PAB@G K4EV [2].  

 

�VB5@0BC@0 
1. �D<6<= %. �. �VAV=AV 8VBH4AFB6V B5@9:9AAS F4 WI 

;4EFBEG64AAS (6<84AAS 2). 3 �: �AF9DE9D6VE. 3 2021. 3 260 E. 
2. Bockmayr A., Weispfenning V. Solving Numerical 

Constraints.3 Handbook of Automated Reasoning.32001. 3 chap. 12. 
3 P. 753-842 

3. �BEFD<><A �. �. �6989A<9 6 4?795DG (K4EFP 2). 3 
 .:(�� �&��&.  3 2004. - 272 E. 
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INFORMATION MODEL OF  BUSINESS ENTITIES 

FINANCIAL SECURITY 

 
Abstract. Financial security of business entities: ensures balanced and stable 

financial condition; promotes the effective operation of the business entity; allows 
in the early stages to identify problem areas in the organization; neutralizes crises 
and prevents bankruptcy. This publication presents an information model for 
determining the level of financial security, which is the state of enterprises 
protection  from unforeseen negative changes. The author proposes modeling the 
level of the enterprises financial security  using the theory of fuzzy sets. The activity 
of economic entities in a market economy is determined primarily by the state of 
their finances. Forecasting the level of financial security is a complex analytical 
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and calculation process and requires a detailed study of development trends and 
prediction  of the studied factor components impact  on the level of the company's 
economic security. Perfomed study was devoted to the current problem of 
developing a model of a multilevel neural network for information technology on 
the example of determining the level of financial security of the company, which 
occurs in the functioning of socio-economic systems and is based on the application 
of fuzzy logic, fuzzy sets and neural phase. 

 
�?B54?PA4 HVA4AEB64 >D<;4 2020 DB>G EGCDB6B8:GєFPES 

;@9AL9AAS@ 8V?B6BW 4>F<6ABEFV G 5474FPBI 74?G;SI F4 
6V8CB6V8A<@ C48VAAS@ ��# G 5474FPBI >D4WA4I. *9 E6V8K<FP CDB 
F9, MB VEAGRKV F9BDVW HVA4AEB6B7B 4A4?V;G V @9FB8< 
CDB7AB;G64AAS DB;6<F>G HVA4AEB6B-9>BAB@VKA<I E<EF9@ 
CD4>F<KAB E959 6<K9DC4?<. &B@G CBEF4є CBFD954 VEFBFAB7B 
C9D9BE@<E?9AAS 6<>BD<EFB6G64A<I @9FB8V6 @4F9@4F<KAB-
EF4F<EF<KAB7B @B89?R64AAS. �K9AV EI<?SRFPES 8B 
6<>BD<EF4AAS A9=DBAA<I @9D9:, S>V 664:4RFPES B8A<@ ; 
A4=5V?PL 6V8B@<I F4 9H9>F<6A<I VAEFDG@9AFV6 VAF9?9>FG4?PAB7B 
4A4?V;G 84A<I. 

�?S 4A4?V;G EF4AG DV6AS HVA4AEB6BW 59;C9>< V CDB7AB;G64AAS 
;47DB; EPB7B8AV 5G8GRFPES @B89?V V; ;4EFBEG64AAS@ 4C4D4FG 
A9KVF><I @AB:<A [1]. "E>V?P>< HVA4AEB64 59;C9>4 CV8CD<є@EF64 
є 8BE<FP VA8<6V8G4?PABR I4D4>F9D<EF<>BR, S>4 ;4?9:<FP 6V8 
;A4KABW >V?P>BEFV H4>FBDV6 ;B6AVLAPB7B F4 6AGFDVLAPB7B 
CBIB8:9AAS, 8BJV?PAB 6<>BD<EF4F< E4@9 A9KVF>V @AB:<A<. 
�C?<6 84A<I H4>FBDV6 V A4E?V8>< JPB7B 6C?<6G B>D9@B 8?S 
>B:AB7B CV8CD<є@EF64 @B:?<6B BJVA<F< ?<L9 ; 8B?9R 
EG5’є>F<6ABW =@B6VDABEFV, MB ;484A4 G S>BEFV VAF9D64?G ;A4K9AP. 

!9I4= 8?S C96AB7B CV8CD<є@EF64 6V8B@4 @AB:<A4 >V?P>VEA<I 
V S>VEA<I CB>4;A<>V6 =B7B HGA>JVBAG64AAS, 4 F4>B: 6V8B@4 
VEFBDVS J<I CB>4;A<>V6 ;4 C96AV C9DVB8< K4EG. �<A<>4є ;4684AAS 
C9D9854K<F< BJVA>G DV6AS HVA4AEB6BW 59;C9>< 84AB7B 
CV8CD<є@EF64. �?S 6<DVL9AAS 84ABW CDB5?9@< CDBCBAGєFPES 
A4EFGCA4 VAHBD@4JV=A4 @B89?P, S>4 CBFD95Gє 6<DVL9AAS A<;>< 
;484K (;4684AP), G 6<7?S8V A9=DB-H4;V @9D9:V (D<E. 1), EFDG>FGD4 
S>BW E>?484єFPES V; EG>GCABEFV CBE?V8B6A<I 9F4CV6, A4 >B:AB@G 
V; S><I DB;6’S;GєFPES >BA>D9FA<= >?4E ;484K [2]. 
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$<E.1. %B@C:BC@=0 AE5<0 =59@>-D07V <5@56V 
 

!4 9F4CV CDB7AB;G64AAS C9D9854K4єFPES A4 BEAB6V VEFBDVW 
CB>4;A<>V6 ;4 C96AV C9DVB8< K4EG ECDB7AB;G64F< ;A4K9AAS J<I 
CB>4;A<>V6 A4 @4=5GFAV C9DVB8< ; 6<>BD<EF4AAS@ @B89?9= F4 
@9FB8V6 D97D9EV=AB7B 4A4?V;G V @4L<AAB7B A46K4AAS. 
�F4C H4;<HV>4JVW 6>?RK4є CD98EF46?9AAS CB>4;A<>V6 

(>D<F9DVW6) 9H9>F<6ABEFV ;4 8BCB@B7BR 4C4D4FG A9KVF>BW 
@4F9@4F<><. 
!4 9F4CV 47D974JVS DB;7?S84єFPES ;484K4 B5’є8A4AAS 

CB>4;A<>V6, CD98EF46?9A<I G 6<7?S8V A9KVF><I K<E9?, G C96AV 
7DGC< (>?4EF9D<). �?4EF9D<;4JVS 84A<I є CDBJ9EB@ DB;CB8V?G 
9?9@9AFV6 A4 >?4E< 45B 7DGC< F4>, MB5 9?9@9AF< 6 B8AB@G >?4EV 
5G?< S>B@B74 5?<;P><@<, 4 9?9@9AF< DV;A<I >?4EV6 є A4EFV?P>< 
DV;ABDV8A<@<, A4E>V?P>< J9 @B:?<6B. �?S JPB7B 
6<>BD<EFB6GRFPES DV;AV @VD< CB8V5ABEFV, CD<KB@G @VD4 
CB8V5ABEFV 6<;A4K4є E4@V >?4EF9D<.  
�?4EF9DA<= 4A4?V; ;4=@4є B8A9 ; J9AFD4?PA<I @VEJP E9D98 

@9FB8V6 4A4?V;G 84A<I V є EG>GCAVEFR CV8IB8V6, @9FB8V6 V 
4?7BD<F@V6, CD<;A4K9A<I 8?S ;A4IB8:9AAS 89S>B7B DB;5<FFS 
8BE?V8:G64ABW EG>GCABEFV B5’є>FV6 A4 CV8@AB:<A< EIB:<I @V: 
EB5BR B5’є>FV6. #D< JPB@G 6<IV8A<@ CD<CGM9AAS@ 8?S 
6<8V?9AAS F4><I CV8@AB:<A, MB BFD<@4?< EC9JV4?PAG 
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A4;6G >?4EF9DV6, E?G:<FP ?<L9 A9HBD@4?PA9 CD<CGM9AAS CDB 
F9, MB B5’є>F<, S>V 6V8ABESFPES 8B B8AB7B >?4EF9D4, CB6<AAV @4F< 
5V?PLG EIB:VEFP @V: EB5BR, K<@ ; B5’є>F4@< ; VAL<I >?4EF9DV6. 
!4EFGCA<= 9F4C C9D9854K4є, ;4 8BCB@B7BR @9FB8V6 ?B7VKAB7B 

6<6989AAS, 6<;A4K4F< A9KVF>G BJVA>G, S>4 є VAF97DB64A<@ 
CB>4;A<>B@. �?S JPB7B A9B5IV8AB HBD@G64AAS A9KVF>BW 54;< 
;A4AP, S>4 7DG5B 6V8B5D4:4є A9?VAV=A<= 6;4є@B;6’S;B> «6IB8< - 
6<IV8» ;4 8BCB@B7BR ?VA76VEF<KA<I CD46<? <3>MB-FB>. *V 
CD46<?4 79A9DGRFPES 9>EC9DFB@ 45B BFD<@GRFPES 6 D9;G?PF4FV 
9>EFD4>JVW A9KVF><I ;A4AP ; 9>EC9D<@9AF4?PA<I 84A<I. 
#4D4@9FD4@<, MB A4EFDBRRFPES, є 647< CD46<? V C4D4@9FD< 
HGA>JV= A4?9:ABEFV A9KVF><I F9D@V6. 
!4 >VAJ96B@G 9F4CV BFD<@4A4 A9KVF>4 BJVA>4 89H4;<HV>GєFPES 

G KVF>9 ;A4K9AAS V 6<;A4K4єFPES WW DV69AP. 
�4A<= CV8IV8 8B;6B?Sє 6<;A4K<F< BJVA>G DV6AS HVA4AEB6BW 

59;C9>< >B@C4AVW K9D9; EG5’є>F<6AG =@B6VDAVEFP. 
 
�VB5@0BC@0 
1. �4=K9A>B 2.#. !9K9F><9 @B89?< < @9FB8O 6 

<AF9??9>FG4?PAOI E<EF9@4I [&9>EF]: GK95. CBEB5<9 / 2. #. 
�4=K9A>B.  �.: %?B6B, 2008.  341E. 

2. ,4D>48V  . . !9KVF>9 @B89?R64AAS CB>4;A<>V6 
HVA4AEB6BW 59;C9>< CV8CD<є@EF64 / ,4D>48i  .  .,  4?SD  . ., 
 4;RF<A9JP �.�. // �VEA<> ':7BDB8EP>B7B GAV69DE<F9FG, E9DVS 
« 4F9@4F<>4 V VAHBD@4F<>4». 3 2020. 3 № 2 (37).  %. 176-183. 
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 4?SD-�4;84 !. ., ,4D>48V  . . 
'63>@>4AP:89 =0FV>=0;P=89 C=V25@A8B5B 

 
FUZZY MODELING IN MEDICAL DIAGNOSIS 

 
Abstract. To diagnose a patient, the doctor must thoroughly and 

systematically examine the patient, that is, collect medical history, objectively 
examine the patient's condition, analyze clinical, laboratory, X-ray and other types 
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of examinations. Processing large amounts of information, often of a non-specific 
nature, over a limited period of time is a difficult task for a physician in which can 
help a pre-diagnosis support system. The article proposes an approach for 
establishing a preliminary diagnosis based on the theory of fuzzy sets, which will 
allow for a given set of symptoms to calculate the probability of a particular 
diagnosis by fuzzy logic.. 

 

!4 EPB7B8AVLAV= 89AP 8BJV?PA<@ є 6CDB648:9AAS E<EF9@ 
VAF9?9>FG4?PAB7B 4A4?V;G 84A<I G EH9DG @98<KABW 8V47ABEF<>< F4 
A484AAS @98<KA<I CBE?G7  C4JVєAF4@. %GK4EA4 @98<J<A4 6B?B8Vє 
69?<>BR >V?P>VEFR ?V>G64?PA<I V 8V47ABEF<KA<I @9FB8V6, MB 
CD<;6B8<FP 8B A9B5IV8ABEFV 6D4IG64AAS 5474FPBI H4>FBDV6 
DV;AB7B DB8G CD< 6EF4AB6?9AAV 8V47AB;G. #D< JPB@G B5’є@ ;A4AP 
A9C9D9D6AB  ;5V?PLGєFPES, 4 K4E, 6V86989A<= 8?S CD<=ASFFS 
DVL9AP ?V>4DR, ;4;6<K4=, ;4?<L4єFPES A9;@VAA<@. &4><= CDBJ9E 
6989 8B DBEFG ?V>4DEP><I CB@<?B>,  MB CD<;6B8<FP 8B  ;A<:9AAS 
9H9>F<6ABEFV E<EF9@< BIBDBA< ;8BDB6’S, 4 F4>B: ;5V?PL9AAS 
DV6AS E@9DFABEFV. !4 CD4>F<JV J9 CDBS6?SєFPES G ;@9AL9AAV 
FD<64?BEFV :<FFS I6BD<I F4 CB7VDL9AAV =B7B S>BEFV. 
�?S 6EF4AB6?9AAS 8V47AB;G C4JVєAFG, ?V>4D CB6<A9A 6E95VKAB 

V E<EF9@AB B5EF9:<F< I6BDB7B, FB5FB, ;V5D4F< 4A4@A9;, 
B5’є>F<6AB 8BE?V8<F< EF4A I6BDB7B, CDB69EF< 4A4?V; >?VAVKA<I, 
?45BD4FBDA<I, D9AF79AV6EP><I F4 VAL<I 6<8V6 B5EF9:9AAS, 4 
F4>B: 6D4IG64F< A4S6AVEFP EGCGFAVI ;4I6BDR64AP G C4JVєAF4. �E9 
J9 CD<;6B8<FP 8B CBS6< ;484KV B5DB5>< 69?<>B7B B5’є@G 
VAHBD@4JVW, S>G @B:A4 6<DVL<F< 6<>BD<EFB6GRK< EGK4EAV 
VAHBD@4JV=AV F9IAB?B7VW. %GK4EAV VAHBD@4JV=AV F9IAB?B7VW - J9 
@B89?V, @9FB8< V ;4EB5< VAF9?9>FG4?PABW B5DB5>< 84A<I. 
"K96<8ABR, CD< 6EF4AB6?9AAV CBC9D98APB7B 8V47AB;G, є 
CDB5?9@4 CDB6989AAS B5DB5>< 69?<>B7B B5’є@G A9KVF>BW 
VAHBD@4JVW, 6<DVL9AAS S>BW A9 @B:?<6B 59; 6<>BD<EF4AAS 
>B@C’RF9DAB7B @B89?R64AAS. #DBJ9E B5DB5?9AAS @98<KA<I 
84A<I CBFD95Gє ;4?GK9AAS DV;AB7B @4F9@4F<KAB7B 4C4D4FG, S><= 
8B;6B?<FP 489>64FAB @B89?R64F< =@B6VDAVEFP C96AB7B 8V47AB;G 
C4JVєAF4.  
#DB5?9@G 6EF4AB6?9AAS CBC9D98APB7B 8V47AB;G 

CD98EF46<@B G 6<7?S8V A4EFGCABW @4F9@4F<KABW @B89?V. 
#D<CGEF<@B, MB ;474?PAV CB>4;A<>< 6<D4:4RFPES K9D9; n  
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CB>4;A<>V6 E<@CFB@V6  niSS i ,1, ýý ,   ;4 S><@< 6<;A4K4єFPES 
8V47AB; V; E>VAK9AABW @AB:<A< I6BDB5  mjdD j ,1, ýý . 

+4EF>B6V CB>4;A<>< E<@CFB@V6 ;4?9:4FP 6V8 DV;A<I C4D4@9FDV6 
B;A4>, FB5FB ),...,,( 21 ki XXXS . !4CD<>?48, 6V>, EF4FP, 
>?VAVKAV CDBS6<, ?45BD4FBDAV, 5VBIV@VKAV CB>4;A<>< V F. C. 
�;4є@B;6’S;B> @V: C4D4@9FD4@< V CB>4;A<>4@< E<@CFB@V6 @B:9 
;48464F<EP A9 FV?P>< 6 K<E?B6B@G 45B 4A4?VF<KAB@G 6<7?S8V, 4 V 
G 6<7?S8V DV;A<I @B89?9= F4 4?7BD<F@V6 HGA>JVBAG64AAS. 
%<@CFB@<, S> CD46<?B, CB8V?SRFPES A4 EC9J<HVKAV, S>V 
CD<F4@4AAV B8AV= I6BDB5V V A9EC9J<HVKAV, S>V EGCDB6B8:GRFP 
JV?<= DS8 I6BDB5. �A4K9AAS E4@<I C4D4@9FDV6 ABESFP A9FBKA<= V 
A96<;A4K9A<= I4D4>F9D, FB5FB W@ 6?4EF<64 A96<;A4K9AVEFP 
VAF9AE<6ABEFV G @9:4I 84AB7B E<@CFB@G. 
#DBCBAGєFPES 8?S D94?V;4JVW @B:?<6BEFV C4D4@9FDV6 

6<>BD<EF4F< A9KVF>V @AB:<A<[1] G 6<7?S8V  )}(,{ llll XxX ýý , 

89 )( ll Xý   - HGA>JVS A4?9:ABEFV, C4D4@9FD<   @B:GFP CD<=@4F< 
;A4K9AAS lx . 

�D4IB6GRK<  6<M9 E>4;4A9, 6<C?<64є, MB 8?S >B:AB7B 
64DV4AFG-8V47AB;G  Ddþ   CB>4;A<>  )(dSi   є A9KVF>BR 
@AB:<ABR  )}(,{ )( idSii SsS

i
ýý , 89 )()( idS S

i
ý  -  HGA>JVS 

A4?9:ABEFV, S>4 VAF9DCD9FGєFPES S> @B:?<6VEFP FB7B, MB  
CB>4;A<> E<@CFB@4F<>< iS   CD<=@9 ;A4K9AAS  is  8?S 8V47AB;G 

Ddþ  [2]. &4><@ K<AB@, CBASFFS 8V47AB;G CD98EF46?SєFPES G 
6<7?S8V A9KVF>BW @AB:<A< )}(,{ dSd

iSil ýý .   

� ;474?PAB@G 6<C48>G @B89?P ;484KV 8V47ABEFG64AAS 
;4I6BDR64AAS @B:A4 CD98EF46<F<  G 6<7?S8V F45?<JV1. 
&45?<JS 1. 
�4;4 84A<I A4?9:ABEFV E<@CFB@V6 >BA>D9FAB@G ;4I6BDR64AAR 
S/d d1 d2 &&. dm 

S1 )( 11
dSý  )( 21

dSý  &&. )(
11 mS dý  

&&. &&. &&. &&. &&. 
Sn )( 1d

nSý  )( 2d
nSý  &&. )( mS d

n
ý  
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�484K4 BFD<@4AAS G;474?PA9AB7B CB>4;A<>4 E<@CFB@V6 
CD98EF46?Sє EB5BR 89S>G BC9D4JVR A48 A9KVF><@< CB8VS@< 

))(,...,)(,)(()( 21 dSdSdSFdS ný  8?S 5G8P-S>B7B 8V47AB;G  

Ddþ . 
&BKAVEFP 6EF4AB6?9AAS CBC9D98APB7B 8V47AB;G ;4?9:<FP 6V8 

CB5G8B6< 6IV8ABW 54;< 84A<I E<@CFB@V6 I6BDB5 V; 6D4IG64AAS@ 
K4EFBF< WI CDBS6V6 CD< 8V47ABEFG64AAV >BA>D9FABW I6BDB5<. 
 
�VB5@0BC@0 
1. �4=K9A>B 2.#. !9K9F><9 @B89?< < @9FB8O 6 

<AF9??9>FG4?PAOI E<EF9@4I [&9>EF]: GK95. CBEB5<9 / 2. #. 
�4=K9A>B. - �.: %?B6B, 2008. - 341E. 
2. �BDB5B64 �. �., �?48><I &. �. $4;D45BF>4 @B89?< 

CD<ASF<S D9L9A<S 8?S CBEF4AB6>< 8<47AB;4 ;45B?964A<= A4 
BEAB69 A9K9F>B= ?B7<>< // �9EFA. ��'�&. 2018. &. 80. № 4. %. 
80389.https://doi.org/10.20914/2310-1202-2018-4-80-8 
 
 
 

 �&"� #$"�$� !"�" � �&�*��!"�" 
 "���.��!!/ �"$�%&'��+�� &� �"&�� ' 

$��" �!��*��!�� %�%&� � 
 9?9L>B Є.�. 

*5=B@0;P=>C:@0W=AP:89 =0FV>=0;P=89 B5E=VG=89 
C=V25@A8B5B 

 
METHOD OF SOFTWARE SIMULATION OF USERS AND 

BOTS IN THE RECOMMENDATION SYSTEM 
 

Abstract. In this work, a computer model of a social network with a 
recommendation system was created. The proposed method of a software 
simulation of users, bots, and objects in a recommendation system consists of the 
following parts: generation of the structure of a social graph of a recommendation 
system and simulation of the behavior of users and bots of a recommendation 
system. The generation of the structure of a social graph of a recommendation 
system was carried out on the basis of a modified Barabashi-Albert algorithm. 
Modeling of user behavior was based on a generation of a dynamic graph Users-
Ratings-Items. 
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' 84AV= DB5BFV 5G?B EF6BD9AB CDB7D4@AG @B89?P EBJV4?PABW 
@9D9:V ; D9>B@9A84JV=ABR E<EF9@BR [1, 2] ;4 8BCB@B7BR 
7D4HB6BW 54;< 84A<I Neo4j [3] F4 @B6< CDB7D4@G64AAS Python. 
�4CDBCBAB64A<= @9FB8 CDB7D4@AB7B V@VF4JV=AB7B 

@B89?R64AAS >BD<EFG64KV6, 5BFV6 F4 B5’є>FV6 D9>B@9A84JV=ABW 
E<EF9@< E>?484єFPES ; A4EFGCA<I K4EF<A: 

3 �9A9D4JVS EFDG>FGD< EBJV4?PAB7B 7D4HG D9>B@9A84JV=ABW 
E<EF9@<. 

3 &4 E<@G?SJVS CB698VA>< >BD<EFG64KV6 V 5BFV6 
D9>B@9A84JV=ABW E<EF9@<. 
�9A9D4JVS EFDG>FGD< EBJV4?PAB7B 7D4HG D9>B@9A84JV=ABW 

E<EF9@< ;8V=EAR64?4ES A4 BEAB6V 4?7BD<F@G �4D454L<-�?P59DF 
(���), MB EF6BDRє 59;@4ELF45AV @9D9:V A4 BEAB6V 2 G@B6: 
$VAB. #BK<A4RK< ; A969?<>B7B K<E?4 n0 6G;?V6, A4 >B:AV= 

AB6V= VF9D4JVW 8B84єFPES B8<A AB6<= 6G;B? ; n ;6’S;>4@< (89 
n <= n0), S>V ;’є8AGRFP AB6<= 6G;B? ; n DV;A<@< G:9 VEAGRK<@< 
6G;?4@<. 
�060=5 ?@8є4=0==O. �@B6VDAVEFP P, ; S>BR AB6<= 6G;B? 

GF6BD<FP ;6’S;B> ; 89S><@ G:9 VEAGRK<@ 6G;?B@ i, F<@ 6<M4, K<@ 
5V?PL9 ;6’S;>V6 G i-7B 6G;?4: 

 
k

k
 = P

j
j

i
i ,

õ
 

(4) 

89 ki 3 EF9CVAP i-7B 6G;?4, 4 6 ;A4@9AA<>G CV8D4IB6GєFPES EG@4 
6EVI EF9C9AV6 VEAGRK<I G @9D9:V 6G;?V6. 
' DB;DB5?9AB@G @9FB8V 6<>BD<EFB6GєFPES 79A9D4JVS 

A4EFGCA<I CV87D4HV6: 1) Users-Friends, Users-Followers, Posts-
Published, Posts-Viewed F4 Posts-Liked - EF6BDRRFPES 
79A9D4FBDB@ 7D4HG EBJV4?PABW @9D9:V, 2) Users-Similarity, Posts-
Similarity F4 Posts-Recommended - EF6BDRRFPES 
D9>B@9A84JV=ABR E<EF9@BR.  

 
�B0?8 @>7@>1;5=>3> <5B>4C: 
�B0? 1. �9A9DGєFPES A9BDVєAFB64A<= CV87D4H Users-Friends 

A4 BEAB6V ���.  
�B0? 2. �9A9DGєFPES A9BDVєAFB64A<= CV87D4H Users-

Followers A4 BEAB6V ���.  
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�B0? 3. #V87D4H< Users-Friends F4 Users-Followers 
B5’є8AGRFPES 6 B8<A 7D4H. 
�B0? 4. �9A9DGєFPES BDVєAFB64A<= CV87D4H Posts-Published 

A4 BEAB6V @B8<HV>B64AB7B ���. !4 C9DLV= VF9D4JVW 6<C48>B6<@ 
K<AB@ B5<D4RFPES n0 >BD<EFG64KV6, S>V "EF6BDRRFP" m0 CBEFV6. 
�@B6VDAVEFP BCG5?V>G64AAS CBEFG 89S><@ >BD<EFG64K9@: 

 
kkk

kkk
 = P

j
jjj

iii
i õ ûû

ûû
)( 321

321  
(5) 

89 k1i 3 >V?P>VEFP 8DG;V6 G i-7B 6G;?4, k2i 3 >V?P>VEFP CV8C<EA<>V6 G 
i-7B 6G;?4, k3i 3 >V?P>VEFP CBEFV6 G i-7B 6G;?4, 4 6 ;A4@9AA<>G 
CV8D4IB6GєFPES EG@4 6EVI J<I ;A4K9AP 8?S GEVI VEAGRK<I 6G;?V6. 
�B0? 5. #V87D4H Posts-Published CD<є8AGєFPES 8B ;474?PAB7B 

7D4HG. 
�B0? 6. �9A9DGєFPES BDVєAFB64A<= CV87D4H Posts-Viewed A4 

BEAB6V @B8<HV>B64AB7B ���. �@B6VDAVEFP, MB CBEF 5G89 
C9D97?SAGF<=: 

 
qqq

qqq
 = P

j
jjj

iii
i õ ûû

ûû
)( 321

321  
(6) 

89 q1i 3 >V?P>VEFP 8DG;V6 G 46FBD4 i-7B CBEF4, q2i 3 >V?P>VEFP 
CV8C<EA<>V6 G 46FBD4 i-7B CBEFG, q3i 3 >V?P>VEFP C9D97?S8V6 G i-7B 
CBEFG, 4 6 ;A4@9AA<>G CV8D4IB6GєFPES EG@4 6EVI J<I ;A4K9AP 8?S 
GEVI VEAGRK<I G @9D9:V 6G;?V6.  
�B0? 7. #V87D4H Posts-Viewed CD<є8AGєFPES 8B ;474?PAB7B 

7D4HG. 
�B0? 8. �9A9DGєFPES CV87D4H Posts-Liked. �@B6VDAVEFP 

6<EF46?9AAS ?4=>G: 

 
qqqq

qqqq
 = P

j
jjjj

iiii
i õ ûûû

ûûû
)( 4321

4321  
(7) 

89 q1i 3 >V?P>VEFP 8DG;V6 G 46FBD4 i-7B CBEF4, q2i 3 >V?P>VEFP 
CV8C<EA<>V6 G 46FBD4 i-7B CBEF4, q3i 3 >V?P>VEFP C9D97?S8V6 G i-7B 
CBEF4, q4i 3 >V?P>VEFP ?4=>V6 G i-7B CBEF4, 4 6 ;A4@9AA<>G 
CV8D4IB6GєFPES EG@4 6EVI J<I ;A4K9AP 8?S GEVI VEAGRK<I 6G;?V6. 

 



 122 

�B0? 9. #V87D4H Posts-Liked CD<є8AGєFPES 8B ;474?PAB7B 
7D4HG. 
�B0? 10. #V87D4H< Users-Similarity, Posts-Similarity F4 Posts-

Recommended 79A9DGRFPES 4?7BD<F@4@< D9>B@9A84JV=ABW 
E<EF9@<. 

 
�G?< CDB6989AV 8BE?V8:9AAS [1], S>V CB>4;4?<, MB C4D4@9FD< 

;79A9DB64A<I EBJV4?PA<I 7D4HV6, ;B>D9@4, F4>V S> MV?PAVEFP, 
8V4@9FD @9D9:V, >B9HVJVєAF >?4EF9D<;4JVW FBMB [4], 
6V8CB6V8A4RFP 6?4EF<6BEFS@ D94?PA<I EBJV4?PA<I @9D9:. 
 B89?R64AAS CB698VA>< >BD<EFG64KV6 F4 5BFV6 6V85G64?BES 

A4 BEAB6V 79A9D4JVW 8<A4@VKAB7B 7D4HG Users-Ratings-Items. 
 

�B0?8 @>7@>1;5=>3> <5B>4C: 
�B0? 1. �AVJV4?V;4JVS C4D4@9FDV6 >BD<EFG64KV6 F4 B5’є>FV6 

E<EF9@<.  
�B0? 2. %F6BD9AAS «�9DA4» EBJV4?PAB7B 7D4HG.  
�B0? 3.  B89?R64AAS K4EB6<I VF9D4JV=. !4 >B:AV= K4EB6V= 

VF9D4JVW 8B @B89?V  CD<є8AGєFPES 89S>4 >V?P>VEFP >BD<EFG64KV6, 
B5’є>FV6, 5BFV6. �BD<EFG64KV F4 5BF< 6<EF46?SRFP BJVA>< 
B5’є>F4@. 
�B0? 4. �GC<A>4 DB5BF< @B89?V F4 ;59D9:9AAS D9;G?PF4FV6. 
�9A9D4JVS BJVA>< 8?S ;6<K4=A<I >BD<EFG64KV6: 
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89 du,m 3 8<EF4AJVS @V: >BD<EFG64K9@ u F4 B5’є>FB@ m G 
5474FB@VDAB@G CDBEFBDV CD<IB64A<I H4>FBDV6; n 3 >V?P>VEFP 
CD<IB64A<I H4>FBDV6; fu,i 3 i-F<= CD<IB64A<= H4>FBD >BD<EFG64K4 
u;  fm,i 3 i-F<= CD<IB64A<= H4>FBD B5’є>FG m; bu 3 ;EG6 
>BD<EFG64K4 6 BJVAR64AAV B5’є>FV6 (DV69AP 6<@B7?<6BEFV 8B 
>BAF9AFG); bm 3 ;EG6 B5’є>FG G B89D:4AAV BJVAB> (DV69AP S>BEFV 
>BAF9AFG); Ψ() 3 HGA>JVS, MB C9D9F6BDRє B89D:4A9 8DB5B69 
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K<E?B G 8<E>D9FA9 K<E?B ; A45BDG BJVAB> [0.5, 1.0, 1.5, 2.0, 2.5, 
3.0, 3.5, 4.0, 4.5, 5.0]. 

 
%9D98 VEAGRK<I @B89?9= 4F4> 8?S CDB7D4@AB7B 

@B89?R64AAS 5G?B B5D4AB 6<C48>B6G, E9D98AR F4 CBCG?SDAG 
4F4><, 3 F4> S> JV @B89?V A4=5V?PL 6:<64AV, GAV69DE4?PAV F4 
V?REFDGRFP DV;AV EFD4F97VW 4F4><. (BD@G?4 8?S 79A9D4JVW BJVAB> 
6V8 5BFV6: 

,
""',0.5

""'Pattern(),
,

þ
ý
ü




ý
FV;ь>689є:B>5я:I>

768G49=89є:B>5я:I>attack
r mu  (10) 

89 attackPattern() 3 HGA>JVS, MB 79A9DGє BJVA>< 8?S A9JV?PB6<I 
B5’є>FV6 6V8CB6V8AB 8B F<CG B5D4ABW @B89?V 4F4><. 

 
�VB5@0BC@0 
1. Meleshko Ye. Computer model of virtual social network with 

recommendation system // Innovative technologies and scientific 
solutions for industries. 3 2019. 3 №2(8). 3 P. 80-85. 

2.  9?9L>B Є.�., �BEP>B �.�., $9;AVK9A>B �.�. $B;DB5>4 
D9>B@9A84JV=ABW E<EF9@< A4 54;V %'�� Neo4j // �5VDA<> F9; V 
 V:A4DB8ABW A4G>B6B-CD4>F<KABW >BAH9D9AJVW «�AHBD@4JV=AV 
F9IAB?B7VW F4 6;4є@B8VW (�&&� 3 2018)», @. �<W6, 20-21 ?<EFBC484 
2018 D. 3 �<W6: �!'. 3 2018. 3 %. 351-352. 

3. Neo4j Documentation // Official website of the graph 
database Neo4j. 3 [Electronic resource] 3 Access mode: 
https://neo4j.com/docs/ 

4. Barabási L.-A., Albert R., Jeong H. Diameter of the world-
wide web // Nature, Vol. 401. 3 1999. 3 P. 130-131. 
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�"%�����!!/  "����"%&�� �$�("�"� ���� 
��!�) NEO4J ��/ ��%&"%'��!!/ ' $"�$"�*� 

$��" �!��*��!�) %�%&�  %"*���0!�)  �$�� 
 9?9L>B Є.�., 3><@9A>B  .%.,  VI46 �.�. 
*5=B@0;P=>C:@0W=AP:89 =0FV>=0;P=89 B5E=VG=89 

C=V25@A8B5B 
 

RESEARCH OF POSSIBILITIES OF GRAPH DATABASE 

NEO4J FOR APPLICATION IN DEVELOPMENT OF 

RECOMMENDATION SYSTEMS OF SOCIAL NETWORKS 
 

Abstract. In this work, the possibility and main advantages of using the 
NEO4J graph database for the development of recommendation systems of social 
networks were researched. 

 

$9>B@9A84JV=AV E<EF9@< ;A4KA<@ K<AB@ 6C?<64RFP A4 F9, 
S><@ >BD<EFG64KV ECD<=@4RFP VAHBD@4JV=A<= CDBEFVD. �<5VD 
@9FB8G CD98EF46?9AAS 84A<I, S><@< BC9DGє D9>B@9A84JV=A4 
E<EF9@4, @4є 647B@<= 6C?<6, BE>V?P>< 9H9>F<6A<= ECBEV5 
CD98EF46?9AAS 84A<I, A9B5IV8A<I 8?S DB5BF< F4>BW E<EF9@<, 
@B:9 ;@9AL<F< >V?P>VEFP CBFDV5A<I D9EGDEV6 F4 ;5V?PL<F< 
>V?P>VEFP 8BEFGCA<I 4?7BD<F@V6 8?S HBD@G64AAS EC<E>V6 
D9>B@9A84JV=. "F:9, 6<5VD %'�� 8?S ;59DV74AAS 84A<I 
D9>B@9A84JV=ABW E<EF9@< є 64:?<6BR ;484K9R. 

� A4L K4E 6E9 5V?PLBW CBCG?SDABEFV ;8B5G64RFP A9D9?SJV=AV 
54;< 84A<I F<CG  NoSQL [1], ;B>D9@4 7D4HB6V 54;< 84A<I. +4EFB 
6BA< 5G64RFP 5V?PL ;DGKA<@<, AV: FD48<JV=AV 54;< 84A<I, 8?S 
6<>BD<EF4AAS G DB;CB8V?9A<I E<EF9@4I F4 I@4DA<I EIB6<M4I. ' 
7D4HB6<I 54;4I 84A<I VAHBD@4JVS ;59DV74єFPES G 6G;?4I 7D4HG, 4 
6;4є@B;6’S;>< @V: DV;A<@< VAHBD@4JV=A<@< B5’є>F4@< 
;59DV74RFPES G D95D4I. 

Neo4j 3 7D4HB64 %'�� ; 6V8>D<F<@ E<DJ96<@ >B8B@, 
EF6BD9A4 G 2003 DBJV 4@9D<>4AEP>BR >B@C4AVєR Neo Technology 
[2]. �?S ;8V=EA9AAS ;4C<FV6 8B JVєW 54;< 84A<I @B:A4 
6<>BD<EFB6G64F< WW 65G8B64AG @B6G Cypher 45B @B6G B5IB8V6 F4 
;@VA< 7D4HV6 Gremlin. &4>B: VEAGRFP 5V5?VBF9>< 8?S DB5BF< ; 
Neo4j 8?S 5474FPBI @B6 CDB7D4@G64AAS, ;B>D9@4, 8?S Java, 
Python, Clojure, Ruby F4 PHP. 
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�DV@ API 8?S @B:?<6BEFV DB5BF< ; %'�� Neo4j ; 
6<>BD<EF4AAS@ DV;A<I @B6 CDB7D4@G64AAS, 6BA4 F4>B: @4є 
;DGKA<= F4 ;DB;G@V?<= 6V;G4?PA<= VAF9DH9=E >BD<EFG64K4. �?S 
8BEFGCG 8B APB7B 8BEF4FAPB ;464AF4:<F< F4 6EF4AB6<F< ; 
BHVJV=AB7B E4=FG 54;< 84A<I 8B84FB> Neo4j Desktop. ' 84AB@G 
8B84F>G @B:A4 59;CBE9D98APB DB5<F< ;4C<F< 8B %'�� Neo4j F4 
B89D:G64F< D9;G?PF4F G 6<7?S8V F45?<JV, 7D4HG 45B F9>EFG. *9= 
HGA>JVBA4? 8B;6B?Sє L6<8>B BC4AG64F< BEAB6< DB5BF< ; 84ABR 
%'�� C9D98 F<@ S> EF6BDR64F< 8B84FB>, MB 5G89 WW 
6<>BD<EFB6G64F<. 

%'�� Neo4j A484є 5474FB @B:?<6BEF9= 8?S CB?97L9AAS 
DB;DB5>< D9>B@9A84JV=A<I E<EF9@ [2-4], ;B>D9@4, E?V8 ;7484F< 
A4EFGCAV ; A<I: 

3 !47?S8AVEFP 3 @B89?V 84A<I G 6<7?S8V 7D4HV6 5V?PL 
A47?S8AV F4 ;DB;G@V?V, AV: D9?SJV=AV @B89?V 84A<I, MB CB?97LGє 
CDB7D4@VEFG CDBJ9E DB;DB5><. 

3 ,6<8>9 @4ELF45G64AAS 3 EFDG>FGDG 84A<I F4 A4CB6A9AAS 
%'�� Neo4j @B:A4 L6<8>B D9847G64F< F4 484CFG64F< A46VFP CD< 
EGFFє6<I ;@VA4I G EFDG>FGDV F4 B5’є@4I 6IV8A<I 84A<I 59; 
69?<><I ;@VA F4 C9D95G8B6, 6 FB= K4E S> D9?SJV=AV @B89?V 
CBFD95GRFP ;A4KABW C9D95G8B6< CD< @4ELF45G64AAV. 

3 #DB8G>F<6AVEFP 3 6AGFDVLAV= @9I4AV;@ Index-free 
adjacency G Neo4j GEG64є A9B5IV8AVEFP G E>?48A<I B5’є8A4AASI V 
;459;C9KGє B5IV8 6 D94?PAB@G K4EV CD< 4A4?V;V 69?<>BW >V?P>BEFV 
84A<I. 

3 �DGKAVEFP 3 ;4 8BCB@B7BR ;4C<FV6 6AGFDVLAPBW @B6< 
;4C<FV6 Cypher G Neo4j @B:A4 D94?V;B6G64F< 4?7BD<F@< 
D9>B@9A84JV=A<I E<EF9@ ;A4KAB L6<8L9, 4 WI ;4C<E 5G89 ;A4KAB 
>B@C4>FAVL<@, AV: G B5’є>FAB-BDVєAFB64A<I @B64I 
CDB7D4@G64AAS. 

3 �5G8B64AV 4?7BD<F@< 3 A4S6AV 65G8B64AV 4?7BD<F@< 8?S 
DB5BF< ; 7D4H4@< F4 EF4F<EF<KABW B5DB5>< 84A<I, S>V є 8BE<FP 
>BD<EA<@< CD< CB5G8B6V D9>B@9A84JV=A<I E<EF9@. 

$B;7?SA9@B BEF4AAV= CGA>F 89F4?PAVL9. #D< DB;DB5JV 
D9>B@9A84JV=A<I E<EF9@ K4EFB 6<>BD<EFB6GRFPES 4?7BD<F@< 
>?4EF9D<;4JVW 84A<I, MB 8B;6B?SRFP HBD@G64F< C9DEBA4?V;B64AV 
D9>B@9A84JVW A4 BEAB6V 6CB8B54AP C96A<I 7DGC >BD<EFG64KV6, 8B 
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S><I 6V8ABE<FPES JV?PB6<= >BD<EFG64K. �4;4 84A<I  Neo4j @4є 
65G8B64AG 5V5?VBF9>G Graph algorithms ; DB;C4D4?9?9A<@< 
4?7BD<F@4@< 8?S DB5BF< ; 7D4H4@<. �?S >?4EF9D<;4JVW 7D4HV6 
84A4 5V5?VBF9>4 @VEF<FP D94?V;4JVW A4EFGCA<I 4?7BD<F@V6 [2, 3]: 

3 Louvain (HGA>JVS algo.louvain) 3 4?7BD<F@ >?4EF9D<;4JVW 
7D4HV6, ;4EAB64A<= A4 BCF<@V;4JVW @B8G?SDABEFV. Є 8BE<FP 
CBCG?SDA<@ 4?7BD<F@B@ V 8B5D9 CD4JRє ; 69?<><@< 7D4H4@<.  

3 Label Propagation (HGA>JVS algo.labelPropagation) 3 
4?7BD<F@ >?4EF9D<;4JVW, ;4EAB64A<= A4 DB;@VFJV 7D4HG. &4>B: є 
CBCG?SDA<@ F4 ?97><@ G 6<>BD<EF4AAV.  

3 Triangle Counting / Clustering Coefficient (HGA>JVS 
algo.triangleCount) 3 6<;A4K4є >V?P>VEFP FD<>GFA<>V6, MB 
CDBIB8SFP K9D9; >B:9A 6G;B? G 7D4HV. &D<>GFA<> S6?Sє EB5BR 
A45VD ; FDPBI 6G;?V6, 6 S>B@G >B:9A 6G;B? @4є ;6’S;>< ; GEV@4 
VAL<@< 6G;?4@<. !4 BEAB6V B89D:4A<I 84A<I 6<;A4K4є 
>B9HVJVєAF >?4EF9D<;4JVW. %?V8 ;4;A4K<F<, MB J9= 4?7BD<F@, 
;A4IB8<FP FV?P>< FD<>GFA<>< G 7D4HV, 4 FD<>GFA<> ?<L9 
K4EF>B6<= 6<C48B> >?4EF9DG. 

'EV C9D9D4IB64AV 4?7BD<F@< @B:GFP 6<>BD<EFB6G64F<ES G 
CDBJ9EV HBD@G64AAS D9>B@9A84JV= >BD<EFG64K4@ EBJV4?PABW 
@9D9:V. 

&4><@ K<AB@ 6<>BD<EF4AAS 7D4HB6BW 54;< Neo4j S> 
VAEFDG@9AFG 8?S CB5G8B6< D9>B@9A84JV=A<I E<EF9@ є 
C9DEC9>F<6A<@ F4 @B:9 ;A4KAB CB?97L<F< CDBJ9E WI DB;DB5><. 

 
�VB5@0BC@0 
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resource] 3 Access mode:  https://doi.org/10.1007/978-3-658-24549-
8  

2. Neo4j Documentation // Official website of the graph 
database Neo4j.  3 [Electronic resource] 3 Access mode:  
https://neo4j.com/docs/ 

3.  9?9L>B Є.�. �BE?V8:9AAS ;4EB5V6 >?4EF9D<;4JVW 7D4HV6 
G 7D4HB6V= %'�� Neo4j 8?S 6<S6?9AAS ECV6FB64D<EF6 G 
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+<A48Vє6B, 16-18 FD46AS 2019 D. 3 �P6V6: �<846A<JF6B �P6V6EP>BW 
CB?VF9IAV><. 3 2019. 3 %. 19-20. 

4.  9?9L>B Є.�., �BEP>B �.�., $9;AVK9A>B �.�. $B;DB5>4 
D9>B@9A84JV=ABW E<EF9@< A4 54;V %'�� Neo4j // �5VDA<> F9; V 
 V:A4DB8ABW A4G>B6B-CD4>F<KABW >BAH9D9AJVW «�AHBD@4JV=AV 
F9IAB?B7VW F4 6;4є@B8VW (�&&� 3 2018)», @. �<W6, 20-21 ?<EFBC484 
2018 D. 3 �<W6: �!'. 3 2018. 3 %. 351-352. 
 

 

 

 

#$" ��/�� ����+� ���&"$!"� "#&� ���*�� 
#4E9AK9A>B 2. �.  

�V9AP:>289 V=AB8BCB B5;5:><C=V:0FV9 B0 V=D>@<0B870FVW 
 V<. �5@>W2 �@CB 

 
ABOUT SOME PROBLEMS OF VECTOR OPTIMIZATION 

 
Abctract. This post discusses a statistical vector optimization problems. The 

formulation of two tasks for product quality management and influence 
management is considered. The solution of problems with many criteria is reduced 
to problems of mathematical programming, for which there are known solution 
methods.  
   

� CB6V8B@?9AAV DB;7?SAGFB EF4F<EF<KAV ;484KV 69>FBDABW 
BCF<@V;4JVW, S>V ;A4IB8SFP ;4EFBEG64AAS 6 GCD46?VAAV S>VEFR 
CDB8G>JVW [3] V 6 GCD46?VAAV 6C?<64@<. 

!9I4= �, �, &3 6<C48>B6V CB8VW 6 CDBEFBDV 9?9@9AF4DA<I 
CB8V= Ω , H=(H1, H2 , &, Hn )   ($(Hi)>0) 3 CB6A4 7DGC4 7VCBF9;:  ∑ ÿ(Āÿ) = 1 ,Ą
ÿ=1  Āÿ ∙ ĀĀ = ∅, ?@и  ÿ b Ā, $(А|Āÿ ), $(�|Āÿ )  3    
G@B6AV  =@B6VDABEFV, 6<D4;<:  ∑ ÿ(ý|ĀÿĄ

ÿ=1 )ÿ(Āÿ ) = ÿ(ý), 
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∑ ÿ(þ|Āÿ Ą
ÿ=1 )ÿ(Āÿ ) = ÿ(þ)                             (1) 

є =@B6VDABEFS@< 6<C48>B6<I CB8V= �, � ;7V8AB HBD@G?< CB6ABW 
=@B6VDABEFV  [1]. *V 6<D4;< @B:A4 DB;7?S84F< S> E9D98AV 
;A4K9AAS G@B6A<I =@B6VDABEF9= ÿ (�|Hi), ÿ (�|Hi) A4 CB6AV= 7DGCV 
7VCBF9; !. �<EC9DEVS 6<C48>B6<I CB8V= �, A4 ! @4є 6<7?S8:   
           ÿ(ý) = ∑(ÿ(ý|Āi Ą

ÿ=1 ) 2 ÿ(ý))²ÿ(Āi ) = 

              =  ∑ ÿ²(ý|Āÿ  Ą
ÿ=1 )ÿ(Āÿ ) 2 ÿ2(ý),                     (2)  

4 E9D98APB>648D4F<KA9 6V8I<?9AAS  ϭ(A)=√ÿ(ý) .  B:A4 669EF< 
F4>B: V >B64DV4JVR 6<C48>B6<I CB8V= �,� A4 7DGCV 7VCBF9; !: āąČ(ý, þ) = ∑(ÿ(ý|Āÿ Ą

ÿ=1 ) 2 ÿ(ý))(ÿ(þ|Āÿ ) 2 ÿ(þ))ÿ(Āÿ  ), (3) 

MB 8B;6B?Sє 6D4IB6G64F< >BD9?PB64AVEFP CB8V=. 
� J<I CD<CGM9AASI BFD<@Gє@B DV;AV BCF<@V;4JV=AV ;484KV 6 

;4?9:ABEFV 6V8 CD<;A4K9AAS >9DB64A<I ;@VAA<I, C4D4@9FDV6 
@B89?V, B5@9:9AP V CD47A9AP "#$ (BEV5, S>V CD<=@4RFP 
DVL9AAS). 

I. $B;7?SA9@B ;484KG GCD46?VAAS S>VEFR. !9I4= � 3 
6<C48>B64 CB8VS B;A4K4є, MB 6<DV5 ;48B6B?PASє C96A<@ 6<@B74@ 
S>BEFV, Āÿ    (i=1,&,n) 3 6<C48>B64 CB8VS B;A4K4є, MB 6<DV5 
6<7BFB6?9A<= 6 V-@G CV8DB;8V?V CV8CD<є@EF64, S>9 6<DB5?Sє 
B8ABDV8AG CDB8G>JVR. #D< JPB@G (1) A484є E9D98AR S>VEFP CB 
GEPB@G 6<DB5A<JF6G, 4 $(�|Āÿ   ) - є >V?P>VEABR @VDBR S>BEFV 
CDB8G>JVW 6  V-@G  CV8DB;8V?V. $B;7?SA9@B ;484KG BCF<@4?PAB7B 
DB;CB8V?G CDB8G>JVW S>BEFV  � CB  ?  CV8DB;8V?4I 6<DB5A<JF64 ; 
@9FBR @4>E<@V;4JVW S>BEFV V @VAV@V;4JVW DB;EVR64AAS WW DV6AS. � 
JPB@G 6<C48>G K4EF>< 6<DB5A<JF64 $(Āÿ   ) (i=1,&,n)  є 
>9DB64A<@< ;@VAA<@<, 4   $(�|Āÿ   )   3 HV>EB64A<@< C4D4@9FD4@< 
@B89?V. �6B>D<F9DV4?PA4  BCF<@V;4JV=A4 ;484K4 A45G64є 6<7?S8G: ÿ(ý) ² ăÿý,     �²(ý) ² min 
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∑ ÿ(Āÿ) = 1,        0 f ÿÿ f ÿ(Āÿ) f Āÿ Ą
ÿ=1  

+4EF>< $(Āÿ   ) @B:GFP ;48B6B?PASF< V VAL<@ B5@9:9AAS@.  
"8<A V; @9FB8V6 DB;6'S;4AAS 5474FB>D<F9DV4?PA<I ;484K 

CB?S74є 6 WI ;4@VAV B8AB>D<F9DV4?PA<@<. �B>D9@4 ;484KG (4) 
@B:A4 ;4@VA<F<  ;484K9R  A9?VAV=AB7B @4F9@4F<KAB7B 
CDB7D4@G64AAS: ÿ(ý) 2 ā ∙ �(ý) ² max                                (5) 

∑ ÿ(Āÿ) = 1 ,Ą
ÿ=1  0 f ÿÿ f ÿ(Āÿ) f Āÿ,  

89 C4D4@9FD k >0  B5<D4єFPES F4>, MB5 ECV6@VDA<@< EF464?< 
E>?48B6V 86BI K4EF<A 6<D4;G (5) V 6D4IB6G64?<ES CD47A9AAS "#$. 
�484KG (5) @B:?<6B DB;6'S;G64F< ;4EB54@< MS Excel [2]. 3>MB 
6<DV5 @4є >V?P>4 S>BEF9=, FB BFD<@Gє@B ;484KG 69>FBDABW 
BCF<@V;4JVW ; 5V?PLBR >V?P>VEFR >D<F9DVW6, CD<KB@G A>v(�,�) 
8B;6B?Sє 6D4IB6G64F< ;4?9:AVEFP S>BEF9=. 

��. $B;7?SA9@B ;484KG GCD46?VAAS 6C?<64@<. !9I4= 
6<C48>B64 CB8VS � B;A4K4є A4S6AVEFP 6C?<6G A4 C96A9 
E9D98B6<M9 Ω, H=(H1, H2 , &, Hn ) 3 DB;8V?9AAS Ω  A4 K4EF<A<, 
MB A9 C9D9F<A4RFPES: Ω=ã ĀÿĄÿ=1  (=@B6VDAVEA4 VAF9DCD9F4JVS: Ω 
- CDBEFVD 9?9@9AF4DA<I CB8V=, ! - CB6A4 7DGC4 7VCBF9;), $(�|Āÿ  ) 
B;A4K4є DV69AP 6C?<6G 6 Āÿ. &B8V $(�) ;7V8AB (1) J9 E9D98AV= 
DV69AP 6C?<6G CB GEPB@G Ω, 4  ($(H1), $(H2), &, $(Hn) ) ∑ ÿ(Āÿ) = 1 ,Ąÿ=1  $(Āÿ)>0 3 EFDG>FGD4 DB;5<FFS Ω. !9I4= "#$ 
BCF<@V;Gє 6C?<6. &B8V  $(Āÿ) – є HV>EB64A<@< C4D4@9FD4@< 
@B89?V, 4  $(�|Āÿ ) 3 >9DB64A<@< ;@VAA<@<.  

3>MB "#$ CD47A9 ;5V?PL<F< 6C?<6, FB BFD<@Gє ;484KG:  ÿ(ý) ² ăÿý,   �²(ý) ² min,   0 f   $(А|Āÿ ) f 1          (6) 0 f ∑ ÿ(ý|Āÿ)ÿ(Āÿ) f 1.   Ą
ÿ=1  

3>MB "#$ CD47A9 ;@9AL<F< 6C?<6, FB BFD<@Gє ;484KG:  ÿ(ý) ² ăÿĄ,   �²(ý) ² min,   0 f   $(А|Āÿ ) f 1          (7) 
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0 f ∑ ÿ(ý|Āÿ)ÿ(Āÿ) f 1.   Ą
ÿ=1  

�484KV (6), (7) F4>B: є 69>FBDA<@<, @B:GFP ;4@VAR64F<ES 
;484K4@< A9?VAV=AB7B @4F9@4F<KAB7B CDB7D4@G64AAS 6<8G (5) V 
DB;6'S;G64F<ES ;4EB54@< MS Excel. 3>MB є >V?P>4 6C?<6V6  
�, �, &, FB WI ;6'S;B> 6D4IB6GєFPES ;4 8BCB@B7BR A>v(�,�) V F4>B: 
@B:?<6B EHBD@G?R64F< ;484KV 69>FBDABW BCF<@V;4JVW. #D<KB@G, 
S>MB 6C?<6< �, �, & є >BA>GDGRK<@<, FB 6V8CB6V8AV 
BCF<@V;4JV=AV ;484KV EF4RFP ;484K4@< F9BDVW V7BD. 
 
�VB5@0BC@0 
1. �B64?9A>B �.!., �A989A>B �.�. &9BD<S 69DBSFABEF9=. 

'K95A<> 8?S GA<69DE<F9FB6 < 6FG;B6. 3 �<96: �<M4 L>B?4, 1990. 
3 328 E. 

2. �9BA9A>B6 �. . $9L9A<9 ;484K BCF<@<;4J<< 6 ED989 MS 
Excel. 3 %#5 : �!V, 2005. 3 704 E. 

3. ">D9C<?B6 �.�. 'CD46?9A<9 >4K9EF6B@. 'K95A<> 8?S 
6G;B6 /2-9 <;8./3 %#5: �"" <�;84F9?PEF6B !4G>4 <,  
2000. 3 912 E. 
 
 
 
#$"&"&�#� �$�(�� "�%&$'�*�� ����!"�" 

!�"$�Є!&"��!"�" $"�' 
#9FD9AR> �. �., #9FD9AR> �. �. 

*5=B@0;P=>C:@0W=AP:89 =0FV>=0;P=89 B5E=VG=89 
C=V25@A8B5B 

 
PROTOTYPES OF GRAPHS OF OBSTRUCTIONS OF A 

GIVEN NON-ORIENTABLE GENUS 

 
Abstract. #@>B>B8?>< (<>45;;R) 3@0D0->1AB@C:FVW G =5>@Vє=B>20=>3> 

@>4C 2 1C45<> =07820B8 3@0D 7040=>3> 1V;PH>3> =5>@Vє=B>20=>3> @>4C, 
>B@8<0=89 H;SE>< ?@8:;5R20==S 2 4>ABC?=8E G0AB8=0E G0AB8=8 G8 
?V43@0D0, 3><5><>@D=> 3> �5 G8 �3,3 , ?@8=09<=V >4=VєW :>?VW ?;>I8==>3> 
?V43@0D0 ! 3@0D->1AB@C:FVW G, G8 0=0;>3VG=><C FP><C ?V43@0DC !. "A=>2=89 
@57C;PB0B- B25@465==S 1. 
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#BASFFS F4 CB;A4K9AAS G;SFV ; [1,2]. З484ч4 CB?S74є 6 
CB5G8B6V 7D4HV6-B5EFDG>JV= A9BDVєAFB64AB7B DB8G A4 BEAB6V 
@AB:<A< 7D4HV6-B5EFDG>JV= A4 A9 5V?PL AV: 10 69DL<A4I 
A9BDVєAFB64AB7B DB8G 2, K< 3, 4 E4@9, CB6ABW 8?S CDB9>F<6ABW 
C?BM<A< K< A9CB6ABW 8?S VAL<I CB69DIBAP, ;B>D9@4 CB69DIAV 
�?9=A4. #DBFBF<CB@ (@B89??R) 7D4H4-B5EFDG>JVW G 
A9BDVєAFB64AB7B DB8G 2 5G89@B A4;<64F< 7D4H ;484AB7B 
A9BDVєAFB64AB7B DB8G, BFD<@4A<= L?SIB@ BFBFB8:9AAS C4D 
FBKB> K< K4EF<A CV87D4H4-BEAB6< �, 7B@9B@BDHAB7B �5 K< �3,3, 

F4, CD<A4=@AV, B8AVєW >BCVW VALB7B CV87D4H4 ! 7D4H4-B5EFDG>JVW 
V; [3,4]. �?S CB5G8B6< CDBFBF<CV6 7D4HV6-B5EFDG>JV= ;484AB7B 
B5@9:9AB7B DB8G  ;4EFBEGє@B >B@5VA4JVR @9FB8G φ-C9D9F6BD9AP 
F4 @9FB8G D9>GDEVW, CD<>?48< 6<>BD<EF4AAS J<I @9FB8V6 
A46989AB A4 D<E. 1 F4 2, 6V8CB6V8AB. �AL<= ECBEV5 - DB;8V?9AAS A4 
C?BM<AV BEAB6ABW >?VF>< 7D4H4-BEAB6< >VAJ96<I FBKB> 
CD<є8A4AAS CV87D4H4 ! 8B 7D4A<JV BEAB6ABW >?VF>< 7D4H4-BEAB6< 
EID9M9A<I C4D  7D4HV6 @9ALB7B DB8G S> 4A4?B74 EID9M9A<I 
D959D, MB DB;8V?SF<@GFP C4D< >VAJ96<I 69DL<A C4D< D959D, 
EID9M9A<I A4 96>?V8B6BW C?BM<A<. 
�<>BD<EF4є@B A4EFGCAV 6<;A4K9AAS. 
�87=0G5==S 1. �G89@B A4;<64F< >?VF>B6BR 8B6:<ABR 

),,( fssd jiG  @V: 7D4A<JS@< >?VFB> ji ss ,  V; ;484A<@< A4 A<I 

CV8@AB:<A4@< ji LL ,  69DL<A 7D4H4 G , 89 ii sGL ö÷ý 0
, 

jj sGL ö÷ý 0
, ),(},{ fNSss Gji ü , (CD< ;484AB@G @VAV@4?PAB@G 

6>?489AAV f  7D4H4 G  8B A9BDVєAFB64ABW CB69DIAV N , S>9 
D94?V;Gє K<E?B 8BES:ABEFV t , tMtG ýõ ),( 0 ), CBFG:AVEFP || J  

A4=@9ALBW CB 6>?RK9AAR 6CBDS8>B64ABW  @AB:<A< J , 

},,...,,{ 1 jkiii ssssJ ûûý , ),( fNSJ Gý , 89 CBE?V8B6AV C4D< >?VFB> @4RFP 
A4 E6BWI 7D4A<JSI, CD<A4=@AV B8A9, ECV?PA9 D95DB 7D4H4 G , 
CD<KB@G CV8@AB:<AG @AB:<A< J , E>?489AG V; 86BI K< 5V?PL9 
>?VFB> ;V ECV?PABR 69DL<ABR, 5G89@B D4IG64F< S> B8AG >?VF>G. 
&4>B: 5G89@B 7B6BD<F<, MB A4 @AB:<AV J  ;484AB  BEB5?<6<= 
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CDBEF<= >?VF>B6<= ?4AJR7 ijL , ),( jiij ssLL ý , S><= ;’є8AGє >?VF>< 

ji ss ,  >?VF>B6B7B 7D4H4 8?S 7D4H4 G . 

�87=0G5==S 2. �G89@B CB;A4K4F< K9D9; T , ),( 0ý MTT G , F4 

A4;<64F<  89D96B@ 8BES:ABEFV  @AB:<A< FBKB> M , 
m
iia� 1}{ ýý , 

C?BM<AAB7B 7D4H4 G C4DG @AB:<A }){,}({ 1 ij
t

i Ls , 89 }{ ijL - 

A4=@9AL4 CB 6>?RK9AAR @AB:<A4 BEB5?<6<I >?VF>B6<I 
?4AJR7V6 ),( ji ssL , MB 45B 59;CBE9D98APB, 45B S> B5’є8A4AAS 
>V?P>BI (;V ECV?PA<@ >VAJ9@ B8AB7B F4 CBK4F>B@ VALB7B),  
;’є8AGRFP 6EV C4D< >?VFB> ji ss ,  F4 @4RFP A4=@9ALG EG@G 8B6:<A 
6;SFG CB 6EV@  ; }{ ijL .  

�87=0G5==S 3. �?S @AB:<A< FBKB> M , 
m
iia� 1}{ ýý , C?BM<AAB7B 

7D4H4 G ; K<E?B@ 8BES:ABEFV ),( 0õMtG ,  89 tMtG ýõ ),( 0 , 2þt , 

5G89@B A4;<64F< >?VF>B6BR 8B6:<ABR ),( tMdG , 89 
õ

þþ
ý

Tss
jiG

fGNf
G

ji

fssdtMd
,

),,(),( min , @V: CV8@AB:<A4@< ji LL ,

@AB:<A< M , ji LLM øý , öý÷ ji LL , DB;F4LB64A<@< A4 

7D4A<JSI 8B6V?PA<I >?VFB> ji ss , , ),(},{ 0 fSss Gji ü , MB D94?V;GRFP 
K<E?B 8BES:ABEFV ),( 0õMtG , 89 fGN - @AB:<A4 6EVI 

A9V;B@BDHA<I 6>?489AP 7D4H4 G  8B 0 , MB D94?V;GRFP K<E?B 
8BES:ABEFV ),( 0õMtG  @AB:<A< FBKB> M . 

�87=0G5==S 4. �G89@B A4;<64F< @AB:<AG M , m
iia� 1}{ ýý , 

FBKB>  7D4H4 G ; K<E?B@ 8BES:ABEFV t , 89 tMtG ýõ ),( 0 , 

>D<F<KABR 6V8ABEAB >?VF>B6BW 8B6:<A< )(MdG  CD< BC9D4JVW 
6<84?9AAS 8B6V?PAB7B 9?9@9AF4 ia , S>MB @4є @VEJ9 A9DV6AVEFP 

)()\( MdaMd GiG ü , K< 6V8ABEAB BC9D4JVW EF<E>4AAS D95D4 6 
FBK>G, S>MB @4є @VEJ9 A9DV6AVEFP )()( MdMd GGu ü . 
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�87=0G5==S 5. �G89@B A4;<64F< 7D4H G  @VAV@4?PA<@ 
6V8ABEAB )(MdG  CD< BC9D4JVW  6<84?9AAS 45B EF<E>4AAS 6 FBK>G 

8B6V?PAB7B D95D4 u , S>MB )()( MdMd GGu ü  , 45B 
)(1)(\ MdMd GuG ýû , 89 Gu - 7D4H ;V EF<EAGF<@ 6 FBK>G D95DB@ u

$<E. 1. #@>B>B8? 3@0D->1AB@C:FVS G33 <V=V<0;P=> 2:;045=89 =0 N3, 
45 :;VB:8 7 3@0=8FS<8 (1,7,9,2) B0 (4,6.8) <0RBP :;VB:>2C 2V4AB0=P 1. 

 

$<E 2. �@0D8->1AB@C:FVW =5>@Vє=B>20=>3> @>4C 6, >B@8<0=V 
H;SE>< A:;59:8 3@0DV2 G3 B0 G35 ?> ?V43@0DC �5. 
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$<E 3. �@0D8->1AB@C:FVW =5>@Vє=B>20=>3> @>4C 6, >B@8<0=V 
H;SE>< A:;59:8 3@0DV2 G1 B0 G18 ?> ?V43@0DC �5 (?5@H0 :0@B0), 

3@0DV2 G3 B0 G33 ?> ?V43@0DC �5 (4@C30 :0@B0), 42>E :>?V9 3@0D0 G26 

?> ?V43@0DC �6, (B@5BS :0@B0) 7;V20 =0?@02>. 

 
�5<0 1.  4RFP @VEJ9 A4EFGCAV F69D8:9AAS: 
1. �6V ;VD><, MB C9D9F<A4RFPES A4 C?BM<AV 9?9@9AF4DAB7B 

8<E>G 6<ESK<@< D95D4@<, @B:?<6B 6>?4EF< A4 CD<>?9єAV= 8B 
8<E>G ?9AFV  95VGE4 59; C9D9F<AG G 6AGFDVLAVI FBK>4I; 

2. !9I4= D95DB e C9D9F<A4є A4 96>?V8B6V= C?BM<AV 
9?9@9AF4DAB7B 8<E>4 D95D4 FD<>GFA<>4 �3. 
4). $95D4 7D4H4 �4 @B:?<6B 6>?4EF< A4 ?9AFV  95VGE4, 

CD<>?9єAV= 8B 9?9@9AF4DAB7B 8<E>4 F4>, MB5 C4D4 ;ID9M9A<I A4 
96>?V8B6V= C?BM<AV D959D F4 B8A9 ; 86BI C4D4?9?PA<I D959D 
DB;F4LG64?<ES A4 ?9AFV  95VGE4: 
5). 3>MB D95DB 9 C9D9F<A4є D95DB-BEAB6G FD<>GFA<>4, FB A4 

CD<>?9єAG ?9AFG  95VGE4 @B:?<6B 6>?4EF< S> D95DB 9 F4> V 6EV 
D95D4 FD<>GFA<>4, 6 VALB@G 6<C48>G @B:?<6B 6>?4EF< A4 
CD<>?9єAG ?9AFG  95VGE4 D95DB 9 F4 864  EG@V:A<I ; A<@ D95D4 
FD<>GFA<>4, 4 D95DB-BEAB6G FD<>GFA<>4 AV;  
3. !9I4= 864 7D4H< G1, G2 @4RFP n1,·n2 A9V;B@BDHA<I 
@VAV@4?PA<I 6>?489AP 8B A9BDVєAFB64ABW CB69DIAV. 3>MB 7D4H  
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G -φ-B5D4; 7D4HV6 G1, G2 CD< E>?9=JV CB 69DL<A4@ CB6A<I 
CV87D4HV6 B8AB7B CBDS8>G, FB 7D4H G @4F<@9 n1,·n2 A9V;B@BDHA<I 
6>?489AP 8B A9BDVєAFB64ABW CB69DIAV. 
 

 

$<E 4. !0 ?5@HV9 :0@BV 3@0D �4 2:;045=> =0 ;5=BC  51VCA0, =0 
V=H8E ?@>V;RAB@>20=> A?V22V4=>H5==S 1) B25@465==S 2 ;5<8 1. 

 

�5<0 2. !9I4= є CDBEF<= ?4AJR7 ),( 21 HHLn  V; n  7D4HV6 

2131 ,.,.., HH�H n , 7B@9B@BDHA<I �4, CD<є8A4A<= 8B 7D4H4 H , 

7B@9B@BDHAB7B �5 K< �3,3 F4 6>?489AB7B 8B CDB9>F<6ABW 
C?BM<A<, A4EFGCA<@ φ-C9D9F6BD9AAS@ 

)}{,())(),,(( 2
1

*
2

212 ý
ý 

ûû õ ii
si

ii hGehHHLH , 89 C4D4 A9EG@V:A<I D959D 

91, 92, 
1
ii He þ , BFBFB:ARєFPES ; C4DBR D959D ih , MB A4?9:<FP 8B 

7D4A<JV A4=5V?PLBW >?VF>< s  7D4H4 H ; D95D4@< ih , 2,1ýi . 

 4RFP @VEJ9 A4EFGCAV F69D8:9AAS: 
1. 3>MB C9D9F<A< 1

3
1
1 HH ÷ , 1

3
1
4 HH ÷ ,&, 1

2
1

1 HH n ÷  C4D 
 ),( 31 HH , ),( 34 HH , ),( 21 HHn 6V8CB6V8AB, @4F<@GFP @AB:<AG 
ECV?PA<I D959D 1

2K , FB @4F<@9@B A4EFGCAV ECV66V8ABL9AAS:  
4). 3>MB 2ýn  F4 D95D4 ih  A9EG@V:AV, FB 7D4H G є 7D4HB@-

B5EFDG>JVєR DB84 2 F4 CD< 6<84?9AAV ECV?PAB7B D95D4 7D4HV6 !1 
, !2  B8A4 ; 86BI ;VDB> ;V ;ID9M9A<@< D95D4@< 6>?484єFPES 8B 
CE968B>?VF>< 's  V; ECV?PA<@ D95DB@ ; s ; 

5). 3>MB 2ýn F4 D95D4 ih  EG@V:AV, FB CD< 6<84?9AAV ECV?PAB7B 
D95D4 7D4HV6 !1 , !2  B8A4 ; 86BI ;VDB> ;V ;ID9M9A<@< D95D4@< 
6>?484єFPES 8B CE968B>?VF>< 's  V; ECV?PA<@ D95DB@ ; 2->?VF>BR 
s  F4 7D4H G - 7D4H-B5EFDG>JVS DB8G 2; 
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6). 3>MB ?4AJR7 ),( 21 HHLn  @4є, CD<A4=@AV, FD< 7D4H<, FB 
A9EGFFє6<@< D95D4@< 7D4H4 G  6V8ABEAB DB8G CD< 6<84?9AAV 
5G8GFP D95D4 V; 1

3H ; 

2. 3>MB C9D9F<A< 1
3

1
1 HH ÷ , 1

3
1
4 HH ÷ ,&, 1

2
1

1 HH n ÷  C4D ),( 31 HH

, ),( 34 HH , ),( 21 HHn , 6V8CB6V8AB, @4F<@GFP @AB:<AG ECV?PA<I 
D959D 1

3K  , FB @4F<@9@B A4EFGCAV ECV66V8ABL9AAS:  
 4). 3>MB 8B 7D4H4 ! CD<>?9WF< CB CDBEF<@ D959DA<@ ?4AJR74@ 

1L , 2L  864 DV;AV ?4AJR7< ),( 212 HHL , )','( 212 HHL , 89 1L , 2L 59; 
ECV?PA<I D959D 7D4H4 !, 45B 21 LL ý , FB  7D4H G є 7D4HB@-

B5EFDG>JVєR DB84 3.  
 

 

 

$<E 5. �@0D8  B0 3@0D->1AB@C:FVW =5>@Vє=B>20=>3> @>4C 3 B0 4, 
>B@8<0=V H;SE>< A:;59:8  ?> ?V43@0DC �33 42>E 3@0DV2 G3. 
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$<E 6. #@>B>B8? 3@0D->1AB@C:FVW B0 3@0D->1AB@C:FVW 
=5>@Vє=B>20=>3> @>4C 3 V 4, >B@8<0=V H;SE>< A:;59:8 3@0DV2 G2 

 

&25@465==S 1. �B:9A 7D4H-B5EFDG>JVS G  8?S kN - 

A9BDVєAFB64ABW CB69DIAV DB84 1, ókk , CB84A<= C9D9F6BD9AAS@: 

)}{,())(),(( 1
*

0
m
ii

m

si
iin aGgagStH ý

ý ÷
õ ûû ,  S> φ-B5D4; 7D4H4H  

F4 ;VD>< )( 0gStn  CD<є8A4ABW 6<ESK<@< 69DL<A4@< ig  8B FBK>< 

ia , 89 m
iia� 1}{ ýý ,

0
21 )( HssM ÷öøöý  -;484A4 @AB:<A4 FBKB> 

C?BM<AAB7B 7D4H4 H  DB;@VMGєFPES A4 7D4A<JSI t  >?VFB> 

tsss ,..., 21 ; @AB:<A< )(\0 Hf , 89 ,2ót ,2óm  mi ,...,2,1ý , 

@VAV@4?PA<@ 6>?489AAS@ f , 0: Hf , F4 ;48B6B?PASє 
A4EFGCA<@ ECV66V8ABL9AAS@: 
1. 3>MB 2),( 0 ýMt� ,  F4 7D4HH є C?BM<AA<@ CV87D4HB@ 

7D4H4-B5EFDG>JVW G 8?S 1N , FB  8?S 21, ss  @4є@B A9DV6AVEFP 
2),(1 21 óó ssd� ; 

�>2545==S. �B6989@B ECV66V8ABL9AAS 1.  !9I4= G - 7D4H-

B5EFDG>JVS  8?S 1N -, CB84A<= S> φ-B5D4; C?BM<AAB7B 7D4H4 H  

F4 ;VD>< )( 0gStn  A4EFGCA<@ C9D9F6BD9AAS@: 

)}{,())(),(( 1
*

0
m
ii

m

si
iin aGgagStH ý

ý ÷
õ ûû , FB5FB 8B 

C?BM<AAB7B 7D4H4 H  CD<є8A4AB ;VD>G )( 0gStn  L?SIB@ 
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BFBFB:A9AAS  C4D ),( ii ga , GF6BD9A<I FBK>4@< ia  7D4H4 H ,  

F4 6<ESK<@< 69DL<A4@< ig , 89 mi ,...,2,1ý . �G89@B 664:4F<, 

MB m
iia� 1}{ ýý  -;484A4 @AB:<A4 FBKB> 7D4H4 H  @4є K<E?B 

8BES:ABEFV 2 , FB5FB @VAV@4?PA<@ 6>?489AAS@ f 7D4H4 H 8B 
96>?V8B6BW C?BM<A< 

0  DB;@VMGєFPES A4 7D4A<JSI 86BI >?VFB> 

21, ss V; @AB:<A<  >?VFB> )(\0 Hf . #D<CGEF<@B, MB 

1),( 21 ùssd� . �7V8AB 6<;A4K9AAS 1 @4F<@9@B 864 
A4EFGCA<I 6<C48><, MB 6<K9DCGRFP 6EV @B:?<6V 64DV4AF<:  
4) 0),( 21 ýssd� , FB5FB 7D4A<JV >?VFB> 21, ss @4RFP ECV?PAG 
69DL<AG a ; 

5) 2),( 21 þssd� , FB5FB @V: >?VF>4@< 21, ss є >?VF>B6<= 
?4AJR7 8B6:<ABR A9 @9AL9 3. 
$B;7?SA9@B 6<C48B> 4). ' 6<C48>G 4) VEAG64F<@GFP D95D4 21,ee

, 2211 )(,)( sefsef öüöü , MB @4RFP ECV?PAG 69DL<AG a . 

�<84?<@B ; J<I D959D K4EF<A< ',' 21 ee , aGee ý÷÷ 0
21 ''  , 

DB;M9C<@B 69DL<AGa  A4 86V 69DL<A< 'a , "a , S>V є J9AFD4@< 
86BI ;VDB> )'(aStG , )"(aStG , B8A4 ; S><I @VEF<FP 

}'{})'\{'( 21 aaeef øø  F4 DB;7?SA9@B AB6G >?VF>G s, S>4 

GF6BD<?4ES ; 86BI >?VFB> 21, ss CD< DB;M9C?9AAV 69DL<A< a . �B 
>?VF>< s CD<>?9W@B ?9AFG  95VGE4 L  A4 S>G DB;@VEF<@B 
6>?489AAS@ 'f  ;VD>G )'(aStG , LaStf G ü))'((' , FB5FB 
C9D9ID9EF<@B 6<ESKV D95D4 ;VD>< ',' 21 ee , 21,ee  F4 BFBFB:A<@B 
69DL<A< 'a , "a  6 69DL<AG a . &4><@ K<AB@ CB5G8Gє@B 
6>?489AAS 

1:' NGf  , 89 HfHf ||' ý ,

)"(|)"(|' 11 aStfaStf GG ý . &<@ E4@<@ BFD<@4є@B EGC9D9KAVEFP 
G@B6V CDB A9BDVєAFB6A<= DV8 2)( ýG÷ , 89 G 7D4H3B5EFDG>JVS 
8?S CDB9>F<6ABW C?BM<A<. #D<CGM9AAS A96VDA9. �<C48B> 4) 
A9@B:?<6<=. 
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$B;7?SA9@B 6<C48B> 5). ' 6<C48>G 5) A9@4є D959D 21,ee ,

2211 )(,)( sefsef öüöü , ;V ECV?PABR 69DL<ABR a , 4?9 @4F<@9@B 
>?VF>B6<= ?4AJR7 8B6:<ABR A9 @9AL9 3, S>V= ;’є8AGє >?VF>< 

21, ss . "E>V?P>< 7D4H4-B5EFDG>JVR G 8?S CB69DIAV 1N  , 

CB84AB S>  -B5D4; C?BM<AAB7B 7D4H4 H  F4 ;VD>< )( 0gStn  

A4EFGCA<@ C9D9F6BD9AAS@: )}{,())(),(( 1
*

0
m
ii

m

si
iin aGgagStH ý

ý
÷

ûû õ

, FB VEAG64F<@9 6>?489AAS  f  7D4H4 H 6 2N  S>9 DB;@VMGє A4 
7D4A<JV 89S>BW >?VF>< s  @AB:<AG FBKB> )}({)( 1

m
iiaf�f ýý . 

#B5G8Gє@B J9 6>?489AAS S> CDB8B6:9AAS @VAV@4?PAB7B 
6>?489AAS 0f  7D4H4 ! 6 0  CD< S>B@G @AB:<A4   

DB;@VMGєFPES A4 7D4A<JV 86BI >?VFB> 21, ss , MB ;’є8A4AV 
>?VF>B6<@ ?4AJR7B@ L , ),( 21)( ssLL Gfý , 8B6:<A< 5V?PL9 2. �?S 
JPB7B CBFDV5AB CD<>?9WF< 8B 96>?V8B6BW C?BM<A< FD< ?9AF< 
 95VGE4 8B >?VF>B6B7B ?4AJR74 L , S> J9 CB>4;4AB A4 C9DLV= 
>4DFV  D<E.7.  $B;@VEF<@B >B:AG C4DG C9D9ID9M9A<I D959D, MB 
GF6BDRRFP >GF F4 A4?9:4FP 8B 7D4A<JP CBE?V8B6A<I >?VFB> 
?4AJR74 L , A4 ?9AFV  95VGE4 A4EFGCA<@ K<AB@. �<DV:<@B A4 
CB69DIAV 9?9@9AF4DA<= 8<E> ; J9AFDB@ 6 x - FBKJV C9D9ID9M9AAS 
86BI  D959D F4 ;4>?9W@B J9= BF6VD ?9AFBR  95VGE4 A4 S>G 
6>?489@B 8V4@9FD4?PAB CDBF<?9:AV C4D< FBKB> K4EF<A D959D, MB 
GF6BD<?<ES CD< 6<84?9AAV FBK>< C9D9F<AG. "E>V?P>< F4><I >GFV6 
@4F<@9@B A9 @9AL9 3, 4 DB8  7D4H4-B5EFDG>JVW G 8?S 1N  

8BDV6ARє 2, FB CB5G8B64A9 6>?489AAS A9 є @VAV@4?PA<@. &B5FB 
8BEF4FAPB 86BI ?9AF, CD<>?9єA<I 8B 96>?V8B6BW C?BM<A<, F4 G 
6<C48>G 6>?489AASG 6 2N -CB69DIAR �?9=A4 F4 DB;@VM9AAS 

@AB:<A< )}({)( 1
m
iiaf�f ýý   A4 CB?B6<A>4I 7D4A<JP >?VFB> 21, ss  V; 

>?VF>B6BR 8B6:<ABR 5V?PL9 2. &B8V @B:?<6<= 6<5VD VALBW C4D< 
>?VFB> ;V ECV?PA<@ D95DB@ A4 7D4A<JSI, S> J9 CB>4;4AB A4 2-= F4 
3-= >4DF4I D<E.7. &B5FB @4F<@9@B EGC9D9KAVEFP G@B6V , MBG - 
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7D4H-B5EFDG>JVS  8?S 1N . �<C48B> 5) A9@B:?<6<=. �V8@VF<@B, 
MB 6 D9;G?PF4FV F4>B7B 6>?489AAS BFD<@4є@B >?VF>G, A4 7D4A<JV 
S>BW 5G8GFP DB;@VMG64F<ES 7D4A<JV 6EVI >?VFB> ?4AJR74 

),( 21)( ssLL Gfý , B>DV@ FVєW, MB @4є A4 7D4A<JV ECV?PA9 D95DB ; 

7D4A<J9R B8AVєW ; >?VFB> 21, ss . �B6989AAS ECV66V8ABL9AAS 1 
;4>VAK9A9. 

 

 
$<E. 7.  >6;8289 281V@ V=H>W ?0@8 :;VB>: 7V A?V;P=8< 
@51@>< =0 3@0=8FSE, ?>:070=> =0 2-9 B0 3-9 :0@B0E. 

 

�VB5@0BC@0 
1. )><5=:>  . #. -C9p9F6Bp9AAS 7p4Hi6. Cp9Cp<AF �  

!�H', �<96, 1973, 383 E. 
2. )><5=:>  . #. &BCB?B7<K9E><9 4EC9>FO F9BD<< 7D4HB6. 

Cp9CpAF �  �H', �<96, 1970, 299 c.  
3. Mohar B., Thomassen C., Graphs on Surfaces, Johns Hopkins 

University Press, 2001- 412 p. 
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4. Hur S. &he �uratowski covering conjecture for graphs of 
order less than 10. Phd, Ohio State University, (2008). 

 
 

 

 �$��� #�&$� ��/  "���.��!!/ $"�#"���' 
 �&�$�����  
%4@4D4= �.#.  

�V4:@8B89 <V6=0@>4=89 C=V25@A8B5B @>728B:C ;R48=8 
<':@0W=0= 

 
Abstracts.The research is devoted to the application of Petri nets for modeling 

the processes of material distribution in different modes. The designed and tested 
workable Petri net for sequential material distribution mode, which allows to 
simulate, visualize, diagnose, predict, optimize the behavior of equipment and 
systems for the implementation and maintenance of SCADA-systems. 

 
#D46<?PA<= BCF<@4?PA<= DB;CB8V? HBD@G64?PABW V 

EFD<:A96BW EG@VLV ((% V %%), 6<IV8A<I @4F9DV4?V6 8?S (%, 
L<IFB6<I V VAL<I @4F9DV4?V6 G ?<64DA<I J9I4I CD98EF46?Sє 
69?<><= VAF9D9E 8?S CV86<M9AAS S>BEFV 6<?<6>V6, >B9HVJVєAFG 
6<>BD<EF4AAS B5?48A4AAS V CDB8G>F<6ABEFV CD4JV, ;@9AL9AAS  
K4EG 6<7BFB6?9AAS V EB5V64DFBEFV 6<DB5V6. 

!4G>B6<= V CD4>F<KA<= VAF9D9E 8B F4><I CDBJ9EV6 DB;CB8V?G 
54;GєFPES A4 CB7?S84I ; DV;A<I FBKB> ;BDG: @B89?R64AAS 
CDBJ9EV6, BCF<@V;4JVS, 4A4?V;, CDB7AB;G64AAS V 8V47ABEFG64AAS 
CB698VA>< D94?PA<I E<EF9@ DB;CB8V?G ; DV;A<@< 4?7BD<F@4@<. 
%<EF9@< DB;CB8V?G @B:GFP EB5BR CD98EF46?SF< EFDVK>B6V V 
C?4EF<AK4EFV >BA69єD< ; 7BD<;BAF4?PA<@ V 69DF<>4?PA<@ 
>BAFGDB@.  

 B:A4 DB;7?S84F< DV;AV D94?V;4JVW @B89?9= E<EF9@ 
DB;CB8V?G @4F9DV4?V6:  
4)EI9@B-F9IAVKAV 6VDFG4?PAV 9?9>FDBAAV @B89?V; 
5)EI9@B-F9IAVKAV D94?PAV 9?9>FDBAAV @B89?V; 
6)@B89?V A4 @B6V GPSS (A4 CV8IB84I V CD<AJ<C4I CB8V= V 
=@B6VDABEFV);  
7)@B89?V 6 CDB7D4@V Any Logic; (A4 CV8IB84I V CD<AJ<C4I CB8V= V 
=@B6VDABEFV); 
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8)V@VF4JV=AV CDB7D4@AV @B89?V A4 DV;A<I @B64I CDB7D4@G64AAS; 
є)>B7AVF<6AV @B89?V; 
:)@B89?V A4 CD<AJ<C4I ?4AJR7V6  4D>B64; 
;)6 F9D@VA4I F4 A4 CD<AJ<C4I V CV8IB84I @9D9: #9FDV; 
V)VALV @B89?V. 

36?Sє 69?<><= VAF9D9E 5G8G64F< @B89?V E<EF9@ DB;CB8V?G 
E4@9 @9D9:4@< #9FDV. 
�C4D4F @9D9: #9FDV A484є @B:?<6VEFP CDB69EF< ґDGAFB6A<= 
4A4?V; CB698VA>< E<EF9@ DB;CB8V?G @4F9DV4?V6 V 6 EF4F<KAB@G, V G 
6V;G4?PAB@G 8<A4@VKAB@G D9:<@4I.  9D9:V #9FDV є 
86B8B?PA<@< 7D4H4@< ; @B:?<6VEFR @B89?R64F< C9D98464AAS V 
C9D9EG64AAS VAHBD@4JVW, D9KB6<A, @4F9DV4?V6, 9A9D7VW V A46VFP 
;8V=EA9AAS @4F9@4F<KA<I V IV@VKA<I DB;D4IGA>V6.  9D9:V #9FDV 
D94?V;B64AV G 6<7?S8V @AB:<A< 5474FBK<E9?PA<I DV;AB@4AVFA<I 
VAF9D4>F<6A<I CDB7D4@A<I CDB8G>FV6, MB A4C<E4AV A4 DV;A<I 
@B64I CDB7D4@G64AAS V S>V 8B;6B?SRFP G VAF9D4>F<6AB@G D9:<@V 
;4CDB7D4@G64F< V @B89?R64F< 8<A4@VKAG CB698VA>G DV;A<I 
E<EF9@. � ;4?9:ABEFV 6V8 @9F< F4><@ K<AB@ @B:A4 ;@B89?R64F< 
5G8P-S>V CD<AJ<C< DB;CB8V?G @4F9DV4?V6 V 6 C9DLG K9D7G 
A4=5V?PL CBCG?SDAV V ;4EFBEB64AV A4 6<DB5A<JF64I CBE?V8B6A<= 
V A9;4?9:A<= D9:<@< V E<EF9@< DB;CB8V?G.  

$9;G?PF4FB@ DB5BF< EF4?B EF6BD9AAS EI9@ @9D9: #9FDV, MB 
@B:GFP 5GF< D94?V;B64AV 6 CDB7D4@A<I E9D98B6<M4I DV;ABW 
E>?48ABEFV V DV;ABW CBFG:ABEFV: 6 CDB7D4@4I @4?BW, E9D98APBW, 
69?<>BW V A4869?<>BW E>?48ABEFV. #DB7D4@< @9D9: #9FDV @4?BW 
E>?48ABEFV 8B;6B?SRFP 6VDFG4?PAB 6V8F6BD<F< 8<A4@VKAG 
CB698VA>G A969?<><I V A9 8G:9 E>?48A<I E<EF9@ 59; @4FD<KAB7B 
4A4?V;G 6EVI @B:?<6<I EF4AV6 E<EF9@< V 59; 4A4?V;G >D<F<KA<I 
FGCV>B6<I E<FG4JV=. 

#DB7D4@< @9D9: #9FDV E9D98APBW E>?48ABEFV 8B;6B?SRFP 
6VDFG4?PAB 6V8F6BD<F< 8<A4@VKAG CB698VA>G 5V?PL 69?<><I V 
E>?48A<I E<EF9@ ; 8B84F>B6<@ @4FD<KA<@ 4A4?V;B@ C9D95BDA<@ 
@9FB8B@ 6EVI @B:?<6<I EF4AV6 E<EF9@< V >D<F<KA<I FGCV>B6<I 
E<FG4JV= ; CD98EF46?9AAS@ D9;G?PF4FV6 G @4FD<KAB@G 6<7?S8V. 

#DB7D4@< @9D9: #9FDV 69?<>BW V A4869?<>BW E>?48ABEFV 
8B;6B?SRFP 6VDFG4?PAB 6V8F6BD<F< 8<A4@VKAG CB698VA>G 
69?<><I V 8G:9 E>?48A<I E<EF9@ ; @4FD<KA<@ 4A4?V;B@ 6EVI 
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@B:?<6<I EF4AV6 E<EF9@< V >D<F<KA<I FGCV>B6<I E<FG4JV= 4?9 
CD< JPB@G @B89?R64AAS V DB;D4IGA>< @B:GFP 6V85G64F<ES 8?S 
GE>?48A9A<I CBK4F>B6<I V @9:A<I G@B6: 
->B?PBDB6V @9D9:V (;48VSA4 A9 B8A4 ;@VAA4, 4 5474FB A9;4?9:A<I 
;@VAA<I); 
-=@B6VDAVEAV @9D9:V (G CB;<JVSI V A4 C9D9IB84I @B:A4 
BD74AV;G64F< CBS6< 6<C48>B6<I CB8V=); 
-B5@9:G64?PAV 5474FB6<@VDAV @9D9:V (@B:GFP @4F< @VEJ9 DV;AV 
B5@9:9AAS G DV;A<I 6<@VD4I); 
-CDBEFBDB6V 5474FB6<@VDAV @9D9:V. 

#B5G8B64AV @9D9:V #9FDV є @B89?PA<@ 4A4?B7B@ 
CBE?V8B6AB7B V A9;4?9:AB7B DB;CB8V?G @4F9DV4?V6 ; D94?V;4JVєR 
A4EFGCA<I >?RKB6<I 9?9@9AFV6 F4><I E<EF9@: 
-7BD<;BAF4?PA4 8V?PA<JS EFDVK>B6B7B 45B C?4EF<AK4EFB7B 
FD4AECBDF9DV6 (>BA69єDV6); 
-69DF<>4?PAV 8V?PA<JV 5GA>9DV6 (S> CD46<?B 4 V 5V?PL9); 
-69DF<>4?PAV E<EF9@< 84FK<>V6 DV6AV6; 
-C9D9@<>4KV CV8>?RK9AAS 5GA>9DV6, HBD@G64?PA<I V 
EFD<:A96<I @4L<A; 
-9?9@9AF< C4@’SFV EF4AG 5GA>9DV6; 
-?4AJR7< >9DG64AAS C?G:>4@<; 
-;6BDBFAV ;6’S;>< @9:A<I 69DIAVI V A<:AVI DV6AV6 ;464AF4:9AAS 
5GA>9DV6.  

 9D9:V #9FDV 8B;6B?SRFP ;8V=EAR64F< A9 FV?P>< S>VEA<= 4?9 
V >V?P>VEA<= 4A4?V; CB698VA>< E<EF9@ DB;CB8V?G @4F9DV4?V6 ; 
HV>E4JVєR A4>BC<K9A<I @4F9DV4?V6. $B;DB5?9AV  
@B89?V E<EF9@ DB;CB8V?G @B:GFP 5GF< 54;BR 8?S VAL<I @B89?9= 
F9BDVW 7D4HV6 3 8?S >B7AVF<6A<I @B89?9= (>B7AVF<6AB7B 4A4?V;G), 
8?S ?4AJR7V6  4D>B64 V VAL<I V @B:GFP 5GF< 54;BR 8?S DB;DB5>< 
E<EF9@ 46FB@4F<KAB7B GCD46?VAAS V D97G?R64AAS. 

!4S6AVEFP F4><I @B89?9= 6 @9D9:4I #9FDV 8B;6B?Sє A4 
CDBEF<I CD<AJ<C4I F9BDVW 7D4HV6 V A4 8<A4@VKA<I CD<AJ<C4I 
DGIG V DB;CB8V?G <HVLB>= (<@4D>9DV6=) E4@9 6 @9D9:4I #9FDV A9 
FV?P>< @B89?R64F<, BCF<@V;G64F<, 8V47ABEFG64F< V CDB7AB;G64F< 
CDBJ9E< DB;CB8V?G 4?9 V CDB6B8<F< B5K<E?R64?PAV A4G>B6V 
9>EC9D<@9AF<, CV86<MG64F< DV69AP CD98EF46?9AAS A46K4?PA<I 
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@4F9DV4?V6, A46K4AAS V 68BE>BA4?9AAS EFG89AFV6 V CD4>F<KA<I 
H4IV6JV6.  

$9;R@9. �BE?V8:9AAS CD<E6SK9A9 ;4EFBEG64AAR @9D9: 
#9FDV 8?S @B89?R64AAS CDBJ9EV6 DB;CB8V?G @4F9DV4?V6 ;4 
DV;A<@< D9:<@4@<. !46989AB ECDB9>FB64AG V C9D96VD9AG 
CD4J9ECDB@B:AG @9D9:G #9FDV 8?S CBE?V8B6AB7B D9:<@G 
DB;CB8V?G @4F9DV4?V6, S>4 8B;6B?Sє V@VFG64F<, 6V;G4?V;G64F<, 
8V47ABEFG64F<, CDB7AB;G64F<, BCF<@V;G64F< CB698VA>G 
B5?48A4AAS V E<EF9@ 8?S 6CDB648:9AAS V CV8FD<@>< SCADA-
E<EF9@.   
 

 
$<E. 1 %E5<0 ?>A;V4>2=>3> @568<C @>7?>4V;C <0B5@V0;V2. 
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#��)�� �" $"��’/��!!/ ����+� ���&"$!"� 
"#&� ���*�� !� �" ��!�&"$!�� �"!(��'$�*�� 
#�$�%&�!"�"� � !�+�&�" ����!� � ��!� �  

!4F4?VS %9@9AB64, �V>FBD �B?єK>VA 
І=AB8BCB :V15@=5B8:8 V<5=V �. . �;CH:>20 !�! 

':@0W=8, �8W2 
 

THE APPROACH TO SOLVING THE VECTOR 

OPTIMIZATION PROBLEM ON A COMBINATORIAL 

CONFIGURATION OF PERMUTATIONS WITH FUZZY 

DATA 
 

Abstract. The paper formulates the formulation of the vector 
optimization problem on the combinatorial configuration of permutations as a 
problem with vaguely given data. The vagueness in this problem is given in the first 
case as a function of the goal, in the second - in additional constraints. The 
properties of the domain of admissible solutions of the vector optimization problem 
are described. An approach to solving a problem with fuzzy data on a 
combinatorial permutation configuration is proposed. 

 
�ABC?. �484KV 69>FBDABW BCF<@V;4JVW 8BE<FP CBL<D9AV S> 

;484KV 5474FB>D<F9DV=AB7B 6<5BDG ;V E>VAK9AABW @AB:<A< 
4?PF9DA4F<6 F4 є @B89?S@< 4>FG4?PA<I CD<>?48A<I ;484K, S>V 
@B:GFP BJVAR64F<ES S> >V?P>VEAB, F4> V S>VEAB [1-3]. "EB5?<6VEFP 
F4><I ;484K, S> ECBEB5G @4F9@4F<KAB7B @B89?R64AAS DV;A<I 
CD<>?48A<I CDB5?9@, CB?S74є G FB@G, MB 5474FB>D<F9DV=A<= 
6<5VD A4=5V?PL 8BJV?PAB7B DB;6’S;>G ;8V=EARєFPES V; @AB:<A< 
A9CB>D4MG64A<I 4?PF9DA4F<6. �<>?RKA9 ;A4K9AAS 8?S 
DB;6’S;4AAS F4><I ;484K 6V8V7D4є CD<AJ<C #4D9FB [2-4].  

%?V8 ;4;A4K<F<, MB G 5V?PLBEFV CD<>?48A<I ;484K 
HBD@4?PA4 CBEF4AB6>4 69>FBDABW BCF<@V;4JV=ABW @B89?V A9 
CDBEFB GFDG8A9A4, 4 = G JV?B@G DS8V 6<C48>V6 BEAB6AV C4D4@9FD< 
@B:GFP 5GF< A9KVF><@<.  9FB8< CD<=ASFFS DVL9AP A4 A9KVF><I 
@B89?SI 8B;6B?SRFP ;DGKAB V S>VEAB CDB6B8<F< BJVA>G 
4?PF9DA4F<6 ;4 B>D9@<@< >D<F9DVS@<. �BE?V8:9AAS CDB5?9@< 
CD<=ASFFS DVL9AP 6 A9KVF>B@G E9D98B6<MV EF4?B @B:?<6<@ 
;468S>< CG5?V>4JVW EF4FFV $. �9??@4A4 V �. �489 [6]. 
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' 84AV= DB5BFV EHBD@G?PB64A4 CBEF4AB6>4 ;484KV 69>FBDABW 
BCF<@V;4JVW A4 >B@5VA4FBDAV= >BAHV7GD4JVW C9D9EF4AB6B> S> 
;484KV ; A9KVF>B ;484A<@< 84A<@<. !9KVF>VEFP G 84AV= ;484KV 
;484A4 G C9DLB@G 6<C48>G G HGA>JVW JV?V, 6 8DG7B@G 3 6 
8B84F>B6<I B5@9:9AASI. &4><@ K<AB@, CD<AJ<C �8:6BDF43
#4D9FB CBL<DRєFPES A4 5V?PL L<DB><= >?4E 5474FB>D<F9DV=A<I 
;484K, G S><I @AB:<A4 8BCGEF<@<I DB;6’S;>V6 є A9KVF>BR, 45B 
HGA>JVS JV?V @4є A9KVF>B ;484AV C4D4@9FD<.  ' CD4JSI [3, 7] 
8BE?V8:9AB 69>FBDAV ;484KV ; A9KVF><@< JV?PB6<@< HGA>JVS@<, 4 
G [1, 4] ;484KV A4 >B@5VA4FBDA<I @AB:<A4I. "K96<8AB, 8BJV?PAB 
DB;7?SAGF< ;484KG, MB CBє8AGє 6<M9A4;64AV. 

1.  #>AB0=>2:0 7040GV 25:B>@=>W >?B8<V70FVW =0 
:><1V=0B>@=V9 :>=DV3C@0FVW ?5@5AB0=>2>: 7 =5GVB:> 
7040=8<8 40=8<8  

#D< HBD@G?R64AAV ;484KV 5474FB>D<F9DV=ABW BCF<@V;4JVW S> 
6<@B7< 8B BCF<@4?PABEFV DVL9AAS 66B8<FPES G@B64 
B5B6'S;>B6B7B ;48B6B?9AAS 6EVI K4EF>B6<I >D<F9DVW6 V B5@9:9AP, 
4 E4@9: G FBKJV BCF<@G@G 6EV HGA>JVW A4?9:ABEFV 8B @AB:<A< 
BCF<@4?PA<I DB;6’S;>V6 @4RFP 5GF< 6V8@VAAV 6V8 AG?S, 4 >D<F9DVW 
6 BCF<@G@V @4RFP ;48B6B?PASF<ES ; @4>E<@4?PAB @B:?<6BR 
@VDBR. #D< JPB@G ;5V?PL9AAS ;A4K9AAS G;474?PA9AB7B >D<F9DVR 
A9 CB6<A9AAB 6V85G64F<ES CD< CB?VCL9AAV ;A4K9AAS B8A<I 
CB>4;A<>V6 S>BEFV ;4 D4IGAB> CB7VDL9AAS VAL<I. ' F9D@VAB?B7VW 
F9BDVW CD<=ASFFS DVL9AP BEF4AAS 6<@B74 9>6V64?9AFA4 G@B6V 
A4?9:ABEFV FBK>< BCF<@G@G @AB:<AV #4D9FB [1, 3, 4]. 

$B;7?S84єFPES 69>FBDA4 ;484K4 >B@5VA4FBDABW BCF<@V;4JVW 

 ( , ) : max ( ) | ,nZ F X F x x X Rþ ü 1( ) ( ( ),..., ( ))lF x f x f xý ,  

: , ,n
i lf R R i N þ vert ( )nkX A Dý  ùö, ( ) conv ( ),nk nkA P A ý  

89  ( )nkP A  2 >B@5VA4FBDA4 @AB:<A4 C9D9EF4AB6B>, nD Rü 2 
BCG>?<= @AB7B7D4AA<>. 

!4 @AB:<AV X  ;484A4 A9KVF>4 CV8@AB:<A4  , ( ) ,XX x xý ý  89 

,x Xþ 4 ( ) : [0,1]X x Xý   2 HGA>JVS A4?9:ABEFV @AB:<AV X . #V8 
@4>E<@V;4JVєR 5G89@B DB;G@VF< 6<5VD A9KVF>BW CV8@AB:<A< R  ; 
A9KVF>BW @AB:<A< X , S>V= 6V8CB6V84є A4=5V?PL9 ;A4K9AAS, S> 
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69>FBDABW HGA>JVW F , F4> V HGA>JVW A4?9:ABEFV ( )X xý  A9KVF>V= 

@AB:<AV 4?PF9DA4F<6. *V 4?PF9DA4F<6< 6 ;484K4I 
5474FB>D<F9DV=ABW BCF<@V;4JVW A4;<64RFPES 9H9>F<6A<@< 
(BCF<@4?PA<@< ;4 #4D9FB).  

*V>46<@ є 6<C48B>, >B?< ;484K4 69>FBDABW BCF<@V;4JVW є 
;484K9R ; A9KVF>BR HGA>JVєR JV?V. &4>4 ;484K4 C9D9854K4є 
;A4IB8:9AAS DB;6’S;>V6 ,x Xþ  S>V ;48B6B?PASRFP A4EFGCA9 
B5@9:9AAS 6<7?S8G: 

( ) , : , ,n
i i i lf x g f R R i Nó  þ  

89 , ,i lg i Nþ  A9KVF>4 @AB:<A4 ; HGA>JVєR A4?9:ABEFV  
1, ( ) ,

( )
( ( )) 1 , ( ) ,

0, ( ) .

k k

k k
k k k k kX

k

k k k

f x g

f x g
f x g f x g t

t

f x g t

ü ó
ÿ

ÿý ý  ó ó ûý
ÿ
ÿ ó ûþ

 

$B;6’S;4AAS A9KVF>BW ;484KV 5474FB>D<F9DV=ABW BCF<@V;4JVW 
@B:9 5GF< ;6989A9 8B DB;6’S;4AAS KVF>BW ;484KV L?SIB@ 
C9D9F6BD9AAS B5@9:9AP 8B F4>B7B 6<7?S8G 

max, ( ( )) , ,k kf x x X ý ó þ  

89  2 DV69AP (;DV;) A9KVF>BW @AB:<A< ,i lg i Nþ . 

2. #V4EV4 4> @>72’O70==O 7040GV =0 >A=>2V 2;0AB82>AB59 
<=>68=8 @>72’O7:V2 

!9I4= ;484A4 A9KVF>4 @G?PF<@AB:<A4 

ø ù ø ù ø ù 1 1 2 2, , , ..., , ,q qA A AA a a a a a aý ý ý ý  WW BEAB64 

ø ù ø ù ø ù 1 1 2 2( ) , , , ,..., ,k kA A AS À e e e e e eý ý ý ý , 89 

ø ù ø ù min , , , ,
j j ti i i i qA Ae a a a j t i j t Ný ý ý ý ù  þ , 

 1 1,...,j ke R j N kþ  þ ý  V >D4FAVEFP 9?9@9AFV6 ( ) , ,j j kk e r j Ný þ  

1 2 ... kr r r qû û û ý .  
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k 

3> 6V8B@B,  A9KVF>4 CV8@AB:<A4 ( ) A , 9?9@9AF4@< S>BW є A9-
KVF>V n -6<5VD>< ; A9KVF>BW @G?PF<@AB:<A< A , A4;<64єFPES 
A9KVF>BR 96>?V8B6BR >B@5VA4FBDABR @AB:<ABR, S>MB 8?S 
8B6V?PABW C4D< WW 9?9@9AFV6 1 1 2 2( , ( ), , ( ),..., , ( ))n nA A Aa a a a a a aý ý ý ý  

V 
 1 1 2 2( , ( ), , ( ),..., , ( ))n nA A Ab b b b b b bý ý ý ý  6<>BAGRFPES G@B6<: 

ø ù ø ù( ) ( : , ( ) , ( )n j j j jA Aa b j N a a b bù û  þ ý ù ý , FB5FB @AB:<A4 ( ) A  

@4є F4>G 6?4EF<6VEFP: 864 9?9@9AF< @AB:<A< ( ) A  6V8@VAAV B8<A 
6V8 B8AB7B, S>MB 6BA< A9;4?9:AB 6V8 VAL<I 6V8@VAABEF9= 
6V8DV;ASRFPES CBDS8>B@ DB;@VM9AAS E<@6B?V6, MB WI GF6BDRRFP 
V EFGC9A9@ A4?9:ABEFV A9KVF>V= CV8@AB:<AV ( ) A .  

!9KVF>4 @AB:<A4 C9D9EF4AB6B> ; n  8V=EA<I K<E9?, E9D98 
S><I k  DV;A<I, A4;<64єFPES ;474?PABR A9KVF>BR @AB:<ABR C9-
D9EF4AB6B> V CB;A4K4єFPES ( )nk A .  

�?S DB;6’S;G64AAS 6<M9 EHBD@G?PB64ABW ;484KV, 
DB;7?S84єFPES <5B>4 30@0=B>20=>3> @57C;ьB0BC, S><= 84є 
74DA<= D9;G?PF4F A46VFP 8?S E4@B7B A4=@9ALB7B V; >D<F9DVW6, 
FB5FB, >B@CDB@VEA<= DB;6’S;B> BFD<@GєFPES L?SIB@     
DB;6’S;4AAS A4EFGCABW ;484KV BCF<@V;4JVW: 

1,2,...
min ( ) maxi

i l
z f x

ý
ý  , 

.x Xþ  
3> 6V8B@B, ; GD4IG64AAS@ ABD@4?V;4JVW >D<F9DVW6 @9FB8< 

74D4AFB64AB7B D9;G?PF4FG E>?484RFP A4=5V?PL C9DEC9>F<6A<= 
A4CDS@ G DB;6’S;4AAV ;484K 5474FB>D<F9DV=ABW BCF<@V;4JVW. 
�VB5@0BC@0 
1. %9@9AB64 !.�., �B?9K><A4 �.!., !47BDA4S �.!. 

�9>FBDAO9 ;484K< BCF<@<;4J<< E ?<A9=AO@< >D<F9D<S@< A4 
A9K9F>B ;484AAB@ >B@5<A4FBDAB@ @AB:9EF69 4?PF9DA4F<6. 
�<59DA9F<>4 < E<EF9@AO= 4A4?<;.   2011.  № 2 .  %. 77 3 87. 

2. �9>@GD4FB6 &. (.,  GI4@98<964 �. &. #B8IB8O > 
D9L9A<R ;484K< @AB7B>D<F9D<4?PAB= BCF<@<;4J<< E A9K9F>B= 
J9?PR. #DB5?9@O <AHBD@4F<><.  2014.  № 1. C. 329 

3. !B7<A �.�. #D<AJ<C 18:6BDF4-#4D9FB < BFABE<F9?PA4S 
64:ABEFP >D<F9D<96 6 E?GK49 A9K9F>B7B BFABL9A<S 
CD98CBKF9A<S. �GDA. 6OK<E?<F, @4F9@4F<>< < @4F. H<;<><. 
2003. &. 43. № 11. %. 166631676. 
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4. %9@9AB64 !.�., �B?9K><A4 �. . �9>FBDAV ;484KV 
8<E>D9FABW BCF<@V;4JVW A4 >B@5VA4FBDA<I @AB:<A4I: @9FB8< 
8BE?V8:9AAS F4 DB;6’S;4AAS. �<W6: !4G>. 8G@>4, 2009. 266 E. 

5.  Є@9JP "."., Є@9JP "?-D4 ". �9S>V BC9D4JVW F4 
6V8ABL9AAS A48 A9KVF><@< K<E?4@<. !4G>B6V 6VEFV !&'' «�#�».  
2008.  № 5. %. 39346. 

6.  Zadeh L.A. Fuzzy sets. Inform. and Control.  1965.  Vol. 8.  
P. 3383353 

7.   4M9A>B %.". #D<ASF<9 D9L9A<= CD< A9K9F>B@ 
@AB:9EF69 EBEFBSA<= CD<DB8O. &9BD<S < @9FB8O. GmbH: LAP 
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#$" �"%&�&!. ' "�' �%!'��!!/ 
��%&�!*��!"�  ���+!"� $"� �&�� �$�(�� 

%9@9ARF4  .(., �@VFDVє6 ". ., %BDB>4  .2. 
 

�P>B=0 0:045<VS !�' 
 

ON A SUFFICIENT CONDITION FOR THE EXISTENCE OF 

DISTANCE MAGIC LABELING OF GRAPHS 
 

Abstract. We have proved one of the sufficient conditions for the existence 
of distance magic labeling of graphs. 

 
�G89@B DB;7?S84F< ;6’S;AV E>VAK9AV A9BDVєAFB64AV 7D4H< 59; 

>D4FA<I D959D F4 C9F9?P. �D4H 664:4F<@9@B CBDB:AV@, S>MB 
EF9C9AV 6EVI =B7B 69DL<A< 8BDV6ARRFP AG?R. %G>GCAVEFP 
CV8@AB:<A @AB:<A< S  A4;<64єFPES @>718BBS< S , S>MB 
B5’є8A4AAS J<I CV8@AB:<A ECV6C484є ; S  V AVS>V 86V ; A<I A9 
C9D9F<A4RFPES. �?S 5G8P-S>BW @AB:<A< VAý  69DL<A 7D4H4 

),( EVG ý , ?>@>465==8< CV87D4HB@ )(AG  A4;<64RFP 
@4>E<@4?PA<= CV87D4H 7D4H4 G , @AB:<ABR 69DL<A S>B7B є A . 
�6V 69DL<A< ; AEG@V:AV 6 )(AG  FB8V V FV?P>< FB8V, >B?< 6BA< 
EG@V:AV 6 G  [1]. #V8@AB:<AG VB ý  69DL<A 7D4H4 ),( EVG ý  

A4;<64RFP >?V>BR, S>MB CBDB8:9A<= A9R CV87D4H )(BG  є 
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CB6A<@. �D4H )(BG  F4>B: A4;<64RFP >?V>BR. #V8@AB:<AG 
69DM<A 7D4H4 A4;<64RFP A9;4?9:ABR, S>MB CBDB8:9AA<= A9R 
CV87D4H 3 CBDB:AV=. 
#BASFFS 8<EF4AJV=ABW @47VKABW DB;@VF>< 66989AB A9;4?9:AB 

>V?P>B@4 46FBD4@< [2-5]. #V8 48AB0=FV9=>R <03VG=>R 
@>7<VB:>R 7D4H4 ),( EVG ý  CBDS8>G n DB;G@VRFP 5Vє>JVR 

f : V(G){1, 2, &, n}, 8?S S>BW VEAGє F4>9 A4FGD4?PA9 K<E?B k, MB 
8?S >B:ABW 69DL<A< u ECD4698?<64 DV6AVEFP k= õ

þ )(

)(
uNv

vf , 89 N(u) 

3 @AB:<A4 69DL<A 7D4H4 G  EG@V:A<I ; u. +<E?B k A4;<64єFPES 
<03VG=>R AB0;>R @>7<VB:8 f, 4 7D4H, MB 8BCGE>4є F4>G DB;@VF>G, 
3 48AB0=FV9=8< <03VG=8<. �484K4 ;A4IB8:9AAS 8<EF4AJV=A<I 
@47VKA<I 7D4HV6 9>6V64?9AFA4 ;484KV CBLG>G 6DV6AB64:9A<I 
A9CB6A<I FGDAVDV6 [6]. 
� 84AV= DB5BFV 8B6989AB A4EFGCAG 7VCBF9;G. 
�V?>B570 [7]. 3>MB ),( EVG ý  3 8<EF4AJV=A<= @47VKA<= 

7D4H, 6V8@VAA<= 6V8 2,,2,2,1 ûK , FB @AB:<AG =B7B 69DL<A V  @B:A4 

F4> DB;5<F< A4 CV8@AB:<A< ,1V  ,2V  &, pV , MB 1þiV  V )( iVG  є 
CBDB:AV@ 7D4HB@ 8?S >B:AB7B pi ,,2,1 ûý . 

�<>BD<EF4AB FB= H4>F, MB >B:9A 7D4H ),( EVG ý  @B:A4 
DB;>?4EF< A4 CV87D4H<, >B:9A ; S><I є >?V>BR 45B CBDB:AV@ 
7D4HB@, FB5FB VEAGє DB;5<FFS @AB:<A< 69DL<A V  A4 >?V>< F4 
A9;4?9:AV @AB:<A<. 
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����+�, -" #$����� �" #"!/&&/ $"� �&�� 
�$�(� 

%9@9ARF4  .(., �BA9JP �.#.,  4D>B6 �. 
 

�5B=0S 0:045<8S !�', 
І=AB8BCB :V15@=5B8:8 !�! ':@0W=8 

І=AB8BCB V=D>@<0FV9=8E B5>@V9 V 70AB>AC20=P, %>DVS, 
�>;30@VS 

 
PROBLEMS THAT LEAD TO THE CONCEPT OF 

LABELINGS OF GRAPHS 
Abstract. We have presented the types of problems that influenced the 

appearance and development of graph labeling theory. 
 
�4EAB6A<>B@ F9BDVW DB;@VFB> 664:4єFPES �. $BE4, S><= 6 

1967 DBJV ;4CDBCBAG646 89>V?P>4 F<CV6 DB;@VFB>, S> VAEFDG@9AF 
8?S DB;>?48G CB6AB7B 7D4H4 A4 V;B@BDHAV CV87D4H<. �GC<A<@BES 
A4 DS8V ;484K, S>V 6C?<AG?< A4 6<A<>A9AAS V DB;6<FB> F9BDVW 
DB;@VFB>. 
�040G0 1. �EAGє BEB5?<6<= >?4E ;484K >B@5VA4FBDABW 

BCF<@V;4JVW, @9FBR S><I є CD<;A4K9AAS @VFB> 9?9@9AF4@ 7D4H4 
F4><@ K<AB@, MB5 BCF<@V;G64F< C96AG JV?PB6G HGA>JVR. #9DLV 
;484KV F4>B7B 6<8G CB6’S;4AV ; CDB5?9@BR CDBCGE>ABW ;84FABEFV. 
� 1950-I DB>4I CDBCGE>A4 ;84FAVEFP 6<6K4?4ES CB 6V8ABL9AAR 
8B @4FD<JP ; A9AG?PB6<@< 9?9@9AF4@<, MB ?9:4FP G 6G;P>V= 
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E@G;V A46>B?B 7B?B6ABW 8V47BA4?V. !9B5IV8AB ;A4=F< F4>G 
C9D9EF4AB6>G DS8>V6 V EFB6CJV6 DB;DS8:9ABW @4FD<JV, MB5 
GFD<@4F< A9AG?PB6V 9?9@9AF< G E@G;V, @4>E<@4?PAB A45?<:9ABW 
8B 7B?B6ABW 8V47BA4?V. *S ;484K4 6<A<>?4 >B?< 6C9DL9 
CDB4A4?V;B64?< EF4?PAV >BAEFDG>JVW ;4 8BCB@B7BR >B@C’RF9DV6. 
"CF<@V;4JVS @4FD<JP ;4 CDBCGE>ABR ;84FAVEFR, E9D98APBR 
CDBCGE>ABR ;84FAVEFR, 8V4C4;BAB@, CDBHV?9@ F4 4AF<8V4C4;BAB@ 
6<>?<>4RFP ;A4KA<= VAF9D9E CDBFS7B@ 5474FPBI DB>V6 K9D9; WI 
CD4>F<KAG 4>FG4?PAVEFP 8?S ;A4KAB7B >B?4 7?B54?PA<I 
BCF<@V;4JV=A<I 8B84F>V6. � 1964 DBJV �. )4DC9D ;4?GK<6L< 
>B@5VA4FBDAV @9FB8< 8B ;A4IB8:9AAS @VAV@4?PABW AG@9D4JVW 
7VC9D>G54, B89D:Gє AB6V CV8IB8< 8B CDB5?9@< CBLG>G 
CDBCGE>ABW ;84FABEFV @4FD<JV CD< >B8G64AAV VAHBD@4JVW [1]. 
#VE?S JPB7B 5G?B 6<>BA4AB K<@4?B DB5BF< CB 6<DVL9AAR 
6>4;4AB7B C<F4AAS, >BA>D9F<;B64ABW 6 4?7BD<F@4I F4 WI D94?PA<I 
CDB7D4@4I. 
�040G0 2. � 1962 DBJV 8BE?V8:GєFPES CDB5?9@4 4A4?B7VKA4 

FV=, MB CD98EF46?9A4 6 ;484KV 1. *S CDB5?9@4 6<;A4K9AAS 
L<D<A< 7D4H4 CD< CBLG>G 6V8CB6V89= A4 C<F4AAS CDB 
@VAV@V;4JVR @4>E<@4?PA<I 45EB?RFA<I CBI<5B> 6-5VFA<I >B8V6 
;B5D4:9AP, CD98EF46?9A<I DV;A<JS@< D959D 6 7VC9D>G5V [2]. � 
;474?PAB@G 6<7?S8V 8?S ?VAV=ABW JV?PB6BW HGA>JVW ;484KG 2 @B:A4 
EHBD@G?R64F< A4EFGCA<@ K<AB@. !9I4= ),( EVG ý  3 
A9BDVєAFB64A<= 7D4H CBDS8>G p . $B;@VF>BR (45B AG@9D4JVєR) 
7D4H4 G  A4;<64RFP 5Vє>JVR },,2,1{: pV û , 4 8B6:<ABR 
D95D4 Euvþ  3 69?<K<AG )()( vu   . !4=5V?PL4 8B6:<A4 D95D4 
664:4єFPES L<D<ABR DB;@VF><   V CB;A4K4єFPES ),( GB . 

!9B5IV8AB ;A4=F< DB;@VF>G * , 8?S S>BW ;A4K9AAS  ),( *GB  

@VAV@4?PA9. �9?<K<A4 ),()( *GBGB ý  є L<D<ABR 7D4H4 G , 4 *  

3 BCF<@4?PABR DB;@VF>BR. *S ;484K4 є NP-64:>BR [3] V 
;4?<L4єFPES F4>BR 8?S 89S><I B>D9@<I 6<C48>V6.  
�040G0 3. �B@5VA4FBDA4 F9BDVS EI9@ F4 F9BDVS K<E9? F4>B: 

@4?< EGFFє6<= 6C?<6 A4 CBS6G 8BES7A9AP 6 F4>B@G DB;8V?V F9BDVW 
7D4HV6, S> F9BDVS DB;@VFB>. �B@5VA4FBDA4 F9BDVS EI9@ LG>4є 
6V8CB6V8P A4 C<F4AAS, K< @B:A4 6CBDS8>G64F< 9?9@9AF< 
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E>VAK9AABW @AB:<A< 6 CV8@AB:<A<, MB5 6<>BAG64?<ES C96AV 
6?4EF<6BEFV «54?4AEG». #V8 EI9@BR DB;G@VRFP F4>G C4DG (X, �), 
S>4 ;48B6B?PASє A4EFGCA<@ 6?4EF<6BEFS@: 1) X 3 J9 @AB:<A4 
9?9@9AFV6, MB A4;<64RFPES FBK>4@<; 2) � CD98EF46?Sє EB5BR 
EG>GCAVEFP (@G?PF<@AB:<AG) A9CBDB:AVI CV8@AB:<A X, S>V 
A4;<64RFPES 5?B>4@<. %I9@4 (X, �) A4;<64єFPES E<@9FD<KABR, 
S>MB >B:A4 C4D4 5?B>V6 C9D9F<A4єFPES DV6AB CB λ 9?9@9AF4@. 
#D< 6<6K9AAV E<@9FD<KA<I 5?B>-EI9@ ;’S6<?<ES DV;A<J96V 
@AB:<A<. (v, k, ü)-$V;A<J96BR @AB:<ABR ;4 @B8G?9@ v (45B 
J<>?VKABR (v, k, ü)-DV;A<J96BR @AB:<ABR) A4;<64RFP F4>G 
@AB:<AG D={d1, &, dk} DV;A<I 9?9@9AFV6 Zv, MB >B:9A 
A9AG?PB6<= 9?9@9AF zþZv @B:A4 CD98EF46<F< G 6<7?S8V 
z ú di 3 dj (mod v) FBKAB ü DV;A<@< ECBEB54@<. 3>MB D S6?SєFPES 
(v, k, ü)-DV;A<J96BR @AB:<ABR ;4 @B8G?9@ v, FB @B:A4 6<>BA4F< 
C9D9F6BD9AAS: D+a={d1+a, &, dk+a}(mod v), >B:A9 ; S><I є 
F4>B: DV;A<J96BR @AB:<ABR. %G>GCAVEFP C9D9F6BD9AP {D, D+1, 
&, D+(v31)} E>?484єFPES ; 5?B>V6 E<@9FD<KABW (v, k, ü)-EI9@<. 
#BASFFS DV;A<J96BW @AB:<A< G;474?PA9AB 86B@4 ECBEB54@<. 

#9DL<= CB?S74є G 6<>BD<EF4AAV 7DGC, 6V8@VAA<I 6V8 Zv. �DG7<= 
ECBEV5 CD<6B8<FP 8B CBASFFS DV;A<J96BW E<EF9@<. (v, k, ü)-
$V;A<J964 E<EF9@4 CBDB8:GєFPES EG>GCAVEFR D1, &, Dt  
k-CV8@AB:<A 48<F<6ABW 459?96BW 7DGC< X DB;@VDG v, F4><@ 
K<AB@, MB >B:9A A9AG?PB6<= 9?9@9AF X ;GEFDVK4єFPES FBKAB ü 
D4;. �BE>BA4?4 E<EF9@4 DV;A<J96<I @AB:<A 6V8DV;ASєFPES F<@, 
MB ;A4K9AAS DV;A<JP ;4 45EB?RFABR 69?<K<ABR BIBC?Rє 6EV 
;A4K9AAS 6V8 k 8B v+k31. !9 64:>B CB@VF<F< WW ;6'S;B> ; 
7D4JVB;ABR DB;@VF>BR 7D4HV6. &4>V E<EF9@< ;4EFBEB6G64?<ES 8?S 
CB5G8B6< 7D4JVB;A<I DB;@VFB> 7D4HV6, S>V E>?484RFPES ; 
89>V?P>BI >BCV= CB6A<I 7D4HV6 DV;A<I DB;@VDV6 45B 8?S 
8B6989AAS A9 VEAG64AAS 7D4JVB;ABW DB;@VF><. 
�040G0 4. %IB:BR ;4 ;@VEFB@, IBK4 89>V?P>4 6V8@VAABR ;4 

EF<?9@ є K4EF<A4 F9BDVW K<E9?, 4 E4@9 48<F<6A4 F9BDVS K<E9?. 
�BA4 ;4=@4єFPES 6<6K9AAS@ ;484K CDB CB>D<FFS JV?<I K<E9? 
EG@4@< 45B DV;A<JS@< ;484AB7B 6<8G. 
$V;A<J96<@ 54;<EB@ CB n 664:4RFP @AB:<AG JV?<I K<E9? d1, 

&, dk 8?S S>BW >B:A9 8B84FA9 K<E?B A9 5V?PL9 ;4 n @B:9 5GF< 
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CD98EF46?9AB S> di 3 dj  8?S 89S>BW C4D< i, j ó k. �4G64:<@B, MB A9 
6<>?RK4єFPES @B:?<6VEFP 6<>BD<EF4AAS K<E?4 5V?PLB7B ;4 n 45B 
FB7B H4>FG, MB D<;A<JS ;’S6?SєFPES 5V?PL9 B8AB7B D4;G. 
$V;A<J96<= 54;<E ; B5@9:9AAS@ є @AB:<ABR, S>4 @4є 8B84F>B69 
B5@9:9AAS: 0 = d1 < & < dk = n. "EAB6A4 CDB5?9@4 CB?S74є G 
6EF4AB6?9AAV @VAV@4?PABW >V?P>BEFV 9?9@9AFV6 54;<EG. � 1949 

DBJV �. $989V F4 �. $9APV CB>4;GRFP VEAG64AAS 7D4A<JV 8?S , 

89 k(n) 3 @VAV@4?PA9 ;A4K9AAS 8?S B5@9:9AB7B DV;A<J96B7B 
54;<EG. *V D9;G?PF4F< %. �B?B@5 6 1970-I DB>4I ;4EFBEG646 CD< 
B5K<E?9AAV B5@9:9AP A4 DB;@VD A4=5V?PLB7B 7D4JVB;AB7B 
CV87D4H4 CB6AB7B 7D4H4 Kn [4-5]. &4>B: 6BA< CB6’S;4AV ; 
CB5G8B6BR DB;>?48V6 7D4H4 A4 C96AV CV87D4H< V ECD<S?< 
B89D:4AAR F4>B7B 59;A48?<L>B6B7B 6<@VDR64?PAB7B CD<?48G 
S> ?VAV=>4 �B?B@54. 
�040G0 5. �9?<>4 >V?P>VEFP >B@5VA4FBDA<I ;484K @B:9 5GF< 

BC<E4AB 6 F9D@VA4I DB;>?48V6 7D4HV6 6 ;4;84?97V8P ;484AV 
CV87D4H<. 
�B?< H  3 CB6A<= 7D4H CBDS8>G k, FB ;484KV VEAG64AAS, 

CB5G8B6<, C9D9?V>G H -DB;>?48G 7D4H4 nKü  9>6V64?9AFAV 
4A4?B7VKA<@ ;484K4@ 8?S (n, k, ü)-;54?4AEB64A<I A9CB6A<I 5?B>-
EI9@. +9D9; nKü  CB;A4K4RFP A9BDVєAFB64A<= @G?PF<7D4H A4 n 

69DL<A4I, G S>B7B >B:A4 C4D4 69DL<A ;’є8A4A4 DV6AB CB ü 

D95D4@. H -DB;>?48 nKü  A4;<64єFPES H -EI9@BR CBDS8>G n V 

VA89>EG ü 45B ),( HKnü -EI9@BR. 3>MB G V H 3 8B6V?PAV 

A9BDVєAFB64AV 7D4H<, FB ;4@VEFP ),( HKnü -EI9@< B89D:<@B 
),( HG -DB;>?48. 
!4CD<>VAJV 1960-I DB>V6 A45G?4 CBCG?SDABEFV ;484K4, S>4 

CB?S74є 6 DB;DB5JV @9FB8V6 BCF<@4?PAB7B DB;@VM9AAS 9?9@9AFV6 
4AF9AABW D9LVF>< 6 ;6’S;>G ; S6<M9@ VAF9DH9D9AJVW. �B WW 
DB;6’S;>G @4є 6V8ABL9AAS 9>6V64?9AFAVEFP @V: A4CV67D4JVB;ABR 
DB;@VF>BR 7D4H4 F4 ?VAV=>BR �B?B@54. #DB5?9@< CDB9>FG64AAS 
D48VB4AF9A CD<69?< 8B @4F9@4F<KABW ;484KV CB5G8B6< DB;>?48G 
CB6AB7B 7D4H4 A4 >BCVW, V;B@BDHAV 89D964@. �C9DL9 6 1963 DBJV 
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A4 E<@CB;VG@V, MB CDBIB8<6 6 %@B?9AVJ9 (Smolenice), JS ;484K4 
EHBD@G?PB64A4 �. $VA79?9@ V 6V8B@4 S> 7VCBF9;4 $VA79?S. �V?PL 
EFDB74 WW 69DEVS ;4CDBCBAB64A4 �. �BJV7B@ 6 1966 DBJV. 
�V?>B570 1. ($V=35;O) [6]. �?S >B:AB7B A4FGD4?PAB7B K<E?4 

q VEAGє DB;>?48 CB6AB7B 7D4H4 K2q+1 A4 2q +1 V;B@BDHAV 89D964 ; 
q D95D4@<. 
�V?>B570 2. (�>FV30) [6]. �?S >B:AB7B 89D964 ; q D95D4@< 

VEAGє J<>?VKA<= DB;>?48 CB6AB7B 7D4H4 K2q+1 A4 89D964, 
V;B@BDHAV 84AB@G. 
-9 B8A4 7VCBF9;4 F4>B: CD<C<EGєFPES �. $VA79?R, J9 5V?PL 

;474?PA9 F69D8:9AAS, AV: =B7B ;A4@9A<F4 7VCBF9;4 1.1. 
�V?>B570 3 ($V=35;O). [7] �?S >B:AB7B A4FGD4?PAB7B K<E?4 q 

VEAGє DB;>?48 CB6AB7B 7D4H4 Kmq+1 A4 V;B@BDHAV 89D964 ; q 
D95D4@< ;4 G@B6<, MB m V q+1 A9 є B5< 864 A9C4DA<@<. 
#9DEC9>F<6< DB;6<F>G F9BD9F<KAB7B HGA84@9AFG F9BDVW 

DB;@VFB> ;4>?489AB J<@< 7VCBF9;4@<. #9DLV DB;@VF>< 
;4CDBCBAB64AV �. $BE4 6 DB5BFV «On certain valuations of the 
vertices of graph» 1967 DB>G, S> VAEFDG@9AF 8?S DB;>?48G CB6AB7B 
7D4HG A4 V;B@BDHAV CV87D4H<. � WI 8BCB@B7BR ;A4=89AB 
DB;6’S;>< 7VCBF9; 1.1-1.3 8?S B>D9@<I 6<C48>V6 89D96.  
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�P>B=0 0:045<VS !0FV>=0;P=>3> 02V0FV9=>3> C=V25@A8B5BC 
!0FV>=0;P=89 02V0FV9=89 C=V25@A8B5B 

)0@:V2AP:89 =0FV>=0;P=89 C=V25@A8B5B #>2VB@S=8E %8;  
V<. І. �>654C10 

 
APPLICATION OF THE PARETO METHOD FOR 

SOLVING THE PROBLEM OF OPTIMIZATION OF 

INTERACTION BETWEEN PILOT AND AIR TRAFFIC 

CONTROLLER IN EMERGENCIES 
 

Abstract. The possibility of using the Pareto method to solve the problem of 
optimizing the interaction between the pilot and air traffic controller in the process 
of collaborative decision making in flight emergencies is considered.  

 

�ABC?. �H9>F<6A4 6;4є@B8VS CV?BF-46V48<EC9FK9D є 
B5B6'S;>B6BR G@B6BR 8?S ;459;C9K9AAS 59;C9>< CB?PBFV6 6 
EF4A84DFA<I G@B64I F4 CB;4LF4FA<I E<FG4JVSI (#,%). !4 
EPB7B8AVLAV= 89AP B8A<@ ; C9DEC9>F<6A<I A4CDS@>V6 
CV86<M9AAS 59;C9>< CB?PBFV6 �%�" 664:4є @B:?<6VEFP 
BD74AV;4JVW BC9D4F<6AB7B EG@VEAB7B CD<=ASFFS DVL9AP (%D  3 
Collaborative Decision Making) CV?BFB@ F4 46V48<EC9FK9DB@ A4 
BEAB6V 8V4?B7G @V: A<@< F4 BJVA>< VAHBD@4JVW 6 D94?PAB@G 
@4ELF45V K4EG A4 6EVI 9F4C4I CB?PBFG CB6VFDSAB7B EG8A4 F4 6 
5G8P-S>V= CB?PBFAV= E<FG4JVW. &B@G 4>FG4?PA<@ ;4684AAS@ є 
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DB;DB5>4 EGK4EA<I @9FB8V6 F4 489>64FA<I @B89?9= BCF<@V;4JVW 
6;4є@B8VW CV?BF4 F4 46V48<EC9FK9D4 6 CDBJ9EV %D  6 #,%, 
;4EFBEG64AAS S><I G E>?48V VAF9?9>FG4?PA<I E<EF9@ 8B;6B?<FP 
CV86<M<F< 9H9>F<6AVEFP 8VS?PABEFV BC9D4FBDV6 6 G@B64I 
A9CB6ABF< F4 A96<;A4K9ABEFV VAHBD@4JVW. 
"A=>2=0 G0AB8=0. �484K4 BCF<@V;4JVW 6;4є@B8VW CV?BF4 F4 

46V48<EC9FK9D4 6 CDBJ9EV CDM CD< 6<A<>A9AAV #,% 
6<DVLGєFPES ;4 86B@4 CB>4;A<>4@< 9H9>F<6ABEFV: K4EB@ 
6<>BA4AAS 8V= ; C4D<DG64AAS #,% BC9D4FBDB@ &, & → min; 
59;C9>BR CB?PBFV6, S>4 6<@VDRєFPES K4EB@ 9>EC?G4F4JVW 
CB6VFDSAB7B EG8A4 59; ;47DB;< 8?S :<FFS F4 ;8BDB6’S ?R89= S, S 
→ max. &B@G 8?S DB;6’S;4AAS 84ABW ;484KV @B:A4 DB;7?SAGF< 
;4EFBEG64AAS @9FB8V6 69>FBDABW BCF<@V;4JVW, ;B>D9@4, @9FB8G 
#4D9FB, S><= 8B;6B?Sє ;A4=F< F4><= DB;6'S;B>, ;4 S>B7B ;A4K9AAS 
JV?PB6<I HGA>JV= 5G8GFP CD<=ASFA<@< [1]. �B5D4;<@B 6EV 
@B:?<6V DVL9AAS ;484KV BCF<@V;4JVW 6;4є@B8VW CV?BF4 F4 
46V48<EC9FK9D4 6 CDBJ9EV CDM CD< 6<A<>A9AAV #,% G 6<7?S8V 
;4@>AGF<I @AB:<A � V �, DB;7?SAGF<I A4 C?BM<AV ; BES@< 
>BBD8<A4F T, S (D<E. 1). 

 

 
$<E. 1.  =>68=0 #0@5B>: A – <=>68=0 4V9 7 ?0@8@C20==S 
#Ш% ?V;>B>< {ai}; B – <=>68=0 4V9 7 ?0@8@C20==S #Ш% 

48A?5BG5@>< {bj}; A + B – ?5@5B8= <=>68= 4V9 7 ?0@8@C20==S 
#Ш% ?V;>B>< � B0 48A?5BG5@>< � 
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�B:A4 FBK>4 @AB:<A �, � 6V8CB6V84є B8AB@G ; DVL9AP CV?BF4 
45B 8<EC9FK9D4, S>9 I4D4>F9D<;GєFPES ;A4K9AAS@< >D<F9DVW6 T, S. 
 AB:<A< A, B ABESFP A4;6G «@AB:<A< 9H9>F<6A<I C?4AV6» 45B 
«@AB:<A< #4D9FB» V I4D4>F9D<;GRFPES F4>BR 64:?<6BR 
6?4EF<6VEFR, MB A4 A<I :B8A9 DVL9AAS A9 @B:9 5GF< CB>D4M9AB 
;4 B8A<@ ; >D<F9DVW6 59; L>B8< 8?S VALB7B >D<F9DVR [2]. 
$B;7?SA9@B C9D9F<A @AB:<A A V B 3 CV8@AB:<AG A + B, S>4 

B5@9:9A4 5474FB7D4AA<>B@ abcdefgh F4 E>?484єFPES ; GEVI 
9?9@9AFV6 @AB:<A< A, S>V 6B8ABK4E A4?9:4FP V @AB:<AV B, F4 
A46C4>< (6EV 9?9@9AF< @AB:<A< B, S>V A4?9:4FP A) V FV?P>< A<I, 
FB5FB EG@VEA<I 8V= CV?BF4 F4 46V48<EC9FK9D4 CD< 6<A<>A9AAV "�# 
(1):  

 

}{ B  t  A  t t = B  A jVVj þùþ÷ ,  (1) 

 
89 ti 3 K4E 6<>BA4AAS 8V= ; C4D<DG64AAS #,% CV?BFB@; tj 3 K4E 
6<>BA4AAS 8V= (F9IAB?B7VKA<I CDBJ98GD) ; C4D<DG64AAS #,% 
8<EC9FK9DB@; tVj 3 K4E EG@VEAB7B 6<>BA4AAS 8V= ; C4D<DG64AAS 
#,% CV?BFB@ F4 46V48<EC9FK9DB@. 
�7V8AB D<E. 1, CD47A9AAS @VAV@V;G64F< DVL9AAS ;4 >D<F9DVє@ 

T CD<;6B8<FP 8B 6<5BDG FBKB> 0 45B h, 4 @4>E<@4?PA9 ;A4K9AAS 
>D<F9DVR S 8BES74єFPES CD< 6<5BDV DVL9AAS, S>B@G A4 D<E. 1 
6V8CB6V84RFP FBK>< g 45B f. #V86<M9AAS 59;C9>< CB?PBFV6 
(>D<F9DV= S) 6V85G64єFPES CD< ;@9AL9AAV K4EG 6<>BA4AAS 8V= ; 
C4D<DG64AAS #,% BC9D4FBD4@< (>D<F9DV= &) A4 6V8DV;>4I ba, ef 
F4 CD< =B7B ;5V?PL9AAV A4 6V8DV;>4I cd, hg. �B@CDB@VEA9 DVL9AAS 
; @4>E<@4?PABR 59;C9>BR CB?PBFV6 S F4 K4EB@ EG@VEAB7B 
6<>BA4AAS 8V= ; C4D<DG64AAS #,% BC9D4FBD4@< &, S><= A9 
C9D96<MGє >D<F<KAB7B K4EG &:@, ;A4IB8<FPES G FBKJV g. 
$B;7?SA9@B ;484KG BCF<@V;4JVW 6;4є@B8VW CV?BF4 F4 

46V48<EC9FK9D4 6 CDBJ9EV CDM S> ;484KG ?VAV=AB7B 
CDB7D4@G64AAS ; 86B@4 JV?PB6<@< HGA>JVS@< F4 59;?VKKR 
B5@9:9AP, B5G@B6?9A<I K4EB@ 6<>BA4AAS 8V= ; C4D<DG64AAS 
#,% BC9D4FBD4@< (2): 

https://uk.wikipedia.org/wiki/%D0%9C%D0%BD%D0%BE%D0%B6%D0%B8%D0%BD%D0%B0
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min
11

ý õõ
ýý

m

j
ijTjTi

n

i
> tbaT ; max

11

ý õõ
ýý

m

j
ijSjSi

n

i
> tbaS ;

 (2) 

m,j;n,i,t,tt ij:@

m

j
ij

n

i
110

11

ýýóóõõ
ýý

, 

 
89 tij 3 K4E EG@VEAB7B 6<>BA4AAS 8V= ; C4D<DG64AAS #,% CV?BFB@ 
F4 46V48<EC9FK9DB@; ai, bj 3 >B9HVJVєAF<, MB I4D4>F9D<;GRFP 
G@B6<, 6 S><I ;8V=EARєFPES CBLG> ECV?PA<I BCF<@4?PA<I 
DVL9AP ; C4D<DG64AAS #,% CV?BFB@ F4 46V48<EC9FK9DB@ 
6V8CB6V8AB; t:@ 3 >D<F<KA<= K4E 6<>BA4AAS >B@C?9>EG 8V= ; 
C4D<DG64AAS #,%. 
' ;474?PAB@G 6<C48>G 6<;A4K9AAS B5?4EF9= #4D9FB 6 

@G?PF<>D<F9DV4?PA<I ;484K4I CB6'S;4A9 ; CB8B?4AAS@ ;A4KA<I 
FDG8ABMV6 [3]. �B>D9@4, ;484K4 BCF<@V;4JVW 6;4є@B8VW CV?BF4 F4 
46V48<EC9FK9D4 6 CDBJ9EV CDM @4є 69?<>G DB;@VDAVEFP, CB6'S;4AG 
; 59;?VKKR B5@9:9AP, B5G@B6?9A<I K4EB@ 6<>BA4AAS 8V= 
(F9IAB?B7VKA<I CDBJ98GD) BC9D4FBD4@<, MB ;4FDG8ASє 
;4EFBEG64AAS >?4E<KA<I @9FB8V6 DB;6'S;4AAS 
@G?PF<>D<F9DV4?PA<I ;484K, 6 F.K. C4D9FBBCF<@4?PAB7B CV8IB8G. 
!4CD<>?48, >V?P>VEFP @B:?<6<I >B@5VA4JV= EG@VEA<I 8V= CV?BF4 
F4 46V48<EC9FK9D4 k=2 V; ;474?PABW >V?P>BEFV D97?4@9AFB64A<I 
F9IAB?B7VKA<I CDBJ98GD BC9D4FBDV6 G DB;DB5?9AV= 46FBD4@< 
FD9AG64?PAV= 6CD46V «�;4є@B8VS CV?BF4 F4 46V48<EC9FK9D4 CD< 
6V8@B6V F4 CB:9:V 86<7GA4 A4 CB6VFDSAB@G EG8AV CD< A45BDV 
6<EBF< CVE?S ;?PBFG» [4] l=22+22=44 (3): 

 

.
)!kl(!k

!l
ck

l 
ý   (3) 

946.
42!2!

44!

2)!(442!

44!2
44 ý

÷
ý


ýc  

 
�8A=>2>:. �6BI69>FBDAG ;484KG BCF<@V;4JVW 6;4є@B8VW 

CV?BF4 F4 46V48<EC9FK9D4 6 CDBJ9EV CDM CD< 6<A<>A9AAV #,%, 
S>4 DB;7?S84єFPES ;4 >D<F9DVS@< @VAV@V;4JVW K4EG 6<>BA4AAS 8V= 
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; C4D<DG64AAS #,% BC9D4FBD4@< F4 @4>E<@V;4JVW 59;C9>< 
CB?PBFV6, 8BJV?PAB DB;6’S;G64F< @9FB8B@ #4D9FB. 
�?S G8BE>BA4?9AAS CDM CV?BFB@ F4 46V48<EC9FK9DB@ 6 

#,% @9FB8B@ #4D9FB @B:?<69 8B8464AAS 8B #4D9FB-CDBEFBDG 
@AB:<A 8V= VAL<I 6;4є@B8VRK<I EG5’є>FV6 49DBA46V74JV=ABW 
E<EF9@< (A4CD<>?48, ?PBFAB7B 8<EC9FK9D4) F4 ;4EFBEG64AAS  
d-6<@VDABW E<EF9@< >BBD8<A4F (A4CD<>?48, 6D4IG64AAS 
CB>4;A<>V6 D97G?SDABEFV F4 9>BAB@VKABEFV CB?PBFV6). 

 

�VB5@0BC@0 
1. Voronin �. Multi-Criteria Decision Making for the 

Management of Complex Systems. USA, Hershey: IGI Global, 2017. 
201 D. DOI: 10.4018/978-1-5225-2509-7 
2. #B8<AB6E><= �.�., !B7<A �.�. #4D9FB-BCF<@4?PAO9 

D9L9A<S @AB7B>D<F9D<4?PAOI ;484K: @BAB7D4H<S.  BE>64: 
(<;@4F?<F, 2007. 256 E. 
3. !B7<A �.�. %G:9A<9 @AB:9EF64 #4D9FB: 4>E<B@4F<K9E><= 

CB8IB8.  BE>64: (<;@4F?<F, 2016. 272 E. 
4. �4E4F>VA  . �., %V>VD84 2. �., ,@9?PB64 &. (., �D<;B8G5  

#. �.  B89?R64AAS >BAEB?V8B64AB7B CD<=ASFFS DVL9AP 
9>VC4:9@ F4 8<EC9FK9DB@ 6 BEB5?<6<I 6<C48>4I 6 CB?PBFV. !0C:0 
V B5E=V:0 �1@>9=8E %8; #>2VB@S=8E %8; ':@0W=8. 2019. �<C. 1 
(34). %. 30338. DOI: 10.30748/nitps.2019.34.04 
 
 
 

#$" "�!� '�����0!�!!/ ����+� 
#�$����0!"�" '#"$/��'��!!/ 

%VDS> �.�., &GDK<A4 �.�. 
�=V?@>2AP:89 =0FV>=0;P=89 C=V25@A8B5B 

V<5=V ";5AS �>=G0@0 
 

Abstract. In this paper a problem of parallel ordering of graph vertices with 
non-constant number of vertices per place is considered. A known algorithm is 
shown to give suboptimal solutions with variable number of vertices per place. 
Required conditions are given for the algorithm to give an optimal solution. 

 

https://www.igi-global.com/affiliate/albert-voronin/318296/
https://doi.org/10.30748/nitps.2019.34.04
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�484KV C4D4?9?PAB7B GCBDS8>G64AAS, S> BCF<@V;4JV=AV ;484KV 
A4 7D4H4I, 6V8ABESFPES 8B >?4EG ;484K F9BDVW DB;>?48V6, ;B>D9@4, 
8B F<I 6<C48>V6, 6 S><I A4 CBDS8B> 6<>BA4AAS ;4684AP 
A4>?484RFPES 89S>V F9IAB?B7VKAV B5@9:9AAS. *V B5@9:9AAS 
;DGKAB A47?S8AB CD98EF46?SF< BDVєAFB64A<@ 7D4HB@ [1]. 
$B;7?SA9@B 7D4H ÿ = {Ă, ā}, 6 S>B@G 69DL<A< 6V8CB6V84RFP 

DB5BF4@, S>V A9B5IV8AB 6<>BA4F<, 4 8G7< ;484RFP F9IAB?B7VKAV 
B5@9:9AAS A4 CBDS8B>. &B5FB S>MB DB5BF4 ÿ 59;CBE9D98APB 
C9D98Gє DB5BFV Ā, FB (ÿ, Ā) ∈ ā. 
#4D4?9?PA<@ GCBDS8>G64AAS@ 69DL<A BD7D4H4 ÿ = (Ă, ā) 

A4;<64єFPES F4>9 ?VAV=A9 GCBDS8>G64AAS =B7B 69DL<A, CD< S>B@G 
 ∀(ÿ, Ā) ∈ ā: ÿ ∈ ÿ[Ć], ÿ ∈ ÿ[ć] ⟹ Ć < ć. 
 
!4=5V?PL 8BE?V8:9A<@ 6<C48>B@ є ;484K4 CB5G8B6< CB 

;484AB@G 7D4HG ÿ F4 ;484AV= L<D<AV C4D4?9?PAB7B 
GCBDS8>G64AAS @VAV@4?PABW 8B6:<A<. �<IB8SK< ; CD<>?48A<I 
;484K, MB ;6B8SFPES 8B ;484K C4D4?9?PAB7B GCBDS8>G64AAS 
69DL<A BD7D4HV6, 8BJV?PAB DB;7?S84F< 6<C48><, >B?< >V?P>VEFP 
69DL<A, S>V @B:A4 EF46<F< A4 >B:A9 @VEJ9 6 GCBDS8>G64AAV, A9 
B5@9:GєFPES B8AVєR >BAEF4AFBR. 
!9I4= ;484AB CBE?V8B6AVEFP A4FGD4?PA<I K<E9? /ā. 

!9B5IV8AB CB5G8G64F< F4>9 C4D4?9?PA9 GCBDS8>G64AAS 69DL<A 
7D4H4 ÿ @VAV@4?PABW 8B6:<A<, MB5 >V?P>VEFP 69DL<A A4 @VEJV ā 
A9 C9D96<MG64?4 /ā. 
�V8B@B, MB 8?S ;484KV CB5G8B6< C4D4?9?PAB7B 

GCBDS8>G64AAS DB;DB5?9AB 4?7BD<F@ CB?VAB@V4?PABW E>?48ABEFV, 
MB є FBKA<@ 8?S >BD9A96<I 89D96 CD< HV>EB64AB@G /. *9= 
4?7BD<F@ 54;GєFPES A4 DV6A96B@G CD<AJ<CV. 
#B>4:9@B, MB 8?S G;474?PA9ABW ;484KV J9= 4?7BD<F@ @B:9 

8464F< EG5BCF<@4?PAV D9;G?PF4F<. 
 
#@8:;04 1. 
!9I4= є A4EFGCA<= 7D4H. 
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$<E.1. �@0D 7 ?>G0B:>2>R @V7=8F5R @V2=V2 ;8ABV2 1 

 
� 69>FBD B5@9:9AP. / = (1,3,1,1, . . . ) 
&B8V A9E>?48AB 54K<F<, MB 4?7BD<F@ 84є EG5BCF<@4?PA<= 

DB;6’S;B>. 
 

 ąĆĊÿăÿĂ = (3, 156, 4,2,0) ; ĆĈąĂċāăĂ = (5, 36, 4,2,1,0). 
 
&B@G 6<A<>4є C<F4AAS 6<8V?9AAS CV8>?4EG 89D96 F4 69>FBDV6 

B5@9:9AP /, 8?S S><I 4?7BD<F@, ;4EAB64A<= A4 DV6A96B@G 
CD<AJ<CV, 5G89 8464F< BCF<@4?PA<= DB;6’S;B>. 
�GC<A<@BES A4 89S><I EC9JV4?PA<I 89D964I. 
�<EF - J9 69DL<A4 59; 6IV8A<I 8G7. 
$B;V5’є@B @AB:<AG 69DL<A A4 2 CV8@AB:<A< Ă1 F4 Ă2. � Ă1 

6V8A9E9@B 69DL<A< 89D964, S>V A9 @4RFP 6IV8A<I 8G7, 4 6 Ă2 - 
69DL<A<, MB @4RFP 6IV8AV 8G7<. 
&B8V CV8 CB6A<@ 5VA4DA<@ 89D96B@ 5G89@B DB;G@VF< 89D96B, 

6 S>B@G 6 >B:AG 69DL<AG @AB:<A< Ă2 6IB8SFP 2 8G7<. 
$V69AP 69DL<A< - J9 6V8EF4AP 6V8 69DL<A< 8B >BD9AS 89D964 

(>V?P>VEFP 69DL<A A4 L?SIG CBK<A4RK< ; 84ABW 8B >BD9AS). 
 4=:9 CB6A9 5VA4DA9 89D96B - J9 89D96B, 6 S>B@G >B:A4 

69DL<A4 45B A9 @4є 6IV8A<I 8G7, 45B @4є 2 B>DV@, @B:?<6B, 
69DL<A C9D98BEF4AAPB7B DV6AS, 6 S>V 6IB8SFP A9 5V?PL9 AV: 2 
8G7<. 
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%HBD@G?Rє@B G@B6G, CD< S>V= 4?7BD<F@, ;4EAB64A<= A4 
DV6A96B@G CD<AJ<CV, 84є BCF<@4?PA<= DB;6’S;B>. 
&25@465==O 1. 
�?S @4=:9 CB6AB7B 5VA4DAB7B 89D964 4?7BD<F@, ;4EAB64A<= 

A4 DV6A96B@G CD<AJ<CV, ;4 G@B6<, MB /ÿ f 2, 84є BCF<@4?PA9 
C4D4?9?PA9 GCBDS8>G64AAS. 

�>2545==S. 
!46989@B >BAEFDG>F<6A9 8B6989AAS JPB7B F69D8:9AAS. 

$B;7?SA9@B >DB> 4?7BD<F@G, ;4EAB64AB7B A4 DV6A96B@G 
CD<AJ<CV. 
�DB> 4?7BD<F@G. !9I4= ă - >V?P>VEFP ?<EFV6 A4 BEF4AAPB@G 

DV6AV 89D964. 
3>MB ă > /ā FB, ;7V8AB ; 4?7BD<F@B@, A9B5IV8AB B5D4F< 

5G8P-S>V /ā ?<EFV6 ; BEF4AAPB7B DV6AS. #VE?S JPB7B 89D96B 
;4?<L<FPES @4=:9 CB6A<@ 5VA4DA<@ 89D96B@ ; F4>BR E4@BR 
>V?P>VEFR DV6AV6 (8V=EAB, >V?P>VEFP 8G7, MB 6IB8SFP 8B 69DL<A 
C9D98BEF4AAPB7B DV6AS, A9 @B7?4 ;5V?PL<F<ES 45B ;@9AL<F<ES 
@9AL9 0). 
3>MB ă = /ā FB, ;7V8AB ; 4?7BD<F@B@, A9B5IV8AB B5D4F< /ā 

69DL<A ; BEF4AAPB7B DV6AS. #VE?S JPB7B 89D96B EF4A9 CB6A<@ 
5VA4DA<@ 89D96B@ ; >V?P>VEFR DV6AV6 A4 1 @9AL<@, AV: 5G?B (;4 
6<;A4K9AAS@ CB6AB7B 5VA4DAB7B 89D964). 3>MB DV69AP 5G6 
BEF4AAV@, FB CB5G8B6G ;469DL9AB. !9 E>?48AB 54K<F<, MB CB6A9 
5VA4DA9 89D96B є K4EF<AA<@ 6<C48>B@ @4=:9 CB6AB7B 5VA4DAB7B 
89D964, 4 BF:9 89D96B ;4?<L<FPES @4=:9 CB6A<@ 5VA4DA<@ 
89D96B@. 
3>MB ă < /ā, FB BK96<8AB, MB ă = 1, /ÿ = 2. #B;A4K<@B 

?<EF A4 BEF4AAPB@G DV6AV Ĉ, 4 69DL<AG, 6 S>G ; Ĉ =89 8G74, ć (S>MB 
F4>4 VEAGє). Є >V?P>4 6<C48>V6: 

1. 3>MB DV69AP 5V?PL9 2, FB A4 C9D98BEF4AAPB@G DV6AV є 
?<EF, S><=, ;7V8AB ; 4?7BD<F@B@, A9B5IV8AB B5D4F<. 
!4CD<>?48, J9 @B:9 5GF< 69DL<A4 ć′ ; S>BW =89 8G74 G 
69DL<AG, 6 S>G =89 8G74 ; ć, F4>4, MB ć′ 6V8@VAA4 6V8 ć. 
&4>4 B5B6’S;>B6B VEAGє ;4 6<;A4K9AAS@ @4=:9 CB6AB7B 
5VA4DAB7B 89D964 F4 є ?<EFB@, BE>V?P>< є8<ABR 69DL<ABR 
A4 BEF4AAPB@G DV6AV є 69DL<A4 Ĉ, ; S>BW =89 8G74 E4@9 6 
69DL<AG ć. 
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2. 3>MB DV69AP 2 45B 1, FB CB5G8B64 GCBDS8>G64AAS 
;469DLGєFPES є8<A<@ @B:?<6<@ K<AB@. 

%:V=G5==VABP 0;3>@8B<C. 
3> 6<8AB, >DB> 4?7BD<F@G C9D96B8<FP @4=:9 CB6A9 5VA4DA9 

89D96B G @4=:9 CB6A9 5VA4DA9 89D96B ; @9ALBR >V?P>VEFR 
69DL<A 45B ;469DLGє CB5G8B6G GCBDS8>G64AAS. "E>V?P>< 
>V?P>VEFP 69DL<A G 89D96V є A4FGD4?PA<@ K<E?B@ V ;@9ALGєFPES 
; >B:A<@ >DB>B@ 4?7BD<F@G, FB CB5G8B64 GCBDS8>G64AAS 
;469DLGєFPES ;4 E>VAK9AG >V?P>VEFP >DB>V6. 

"?B8<0;P=VABP @>72’S7:C. 
!46989@B 89S>V @VD>G64AAS MB8B BCF<@4?PABEFV 

CB5G8B64AB7B GCBDS8>G64AAS. 3> 6<8AB ; CB5G8B6<, A4 6EV @VEJS, 
B>DV@, @B:?<6B, BEF4AAVI 2, 6 C4D4?9?PAB@G GCBDS8>G64AAV 
;A4=L?4EP @4>E<@4?PAB @B:?<64 >V?P>VEFP 69DL<A. "EF4AAє 
@VEJ9 ;46:8< @VEF<FP 1 69DL<AG (>BDVAP 89D964) A9;4?9:AB 6V8 
B5@9:9AP A4 >V?P>VEFP 69DL<A A4 APB@G. *9 @VEJ9 A9 @B:9 
@VEF<F< AVS><I VAL<I 69DL<A BE>V?P>< ; VAL<I 69DL<A є L?SI G 
>BDVAP, 4 FB@G 6BA< @4RFP 5GF< D4AVL9 6 GCBDS8>G64AAV. &4><@ 
K<AB@, 69DL<A4 ; C9D98BEF4AAPB7B @VEJS 6 GCBDS8>G64AAV (S>MB 
6BA4 F4@ B8A4, 4 L<D<A4 5G?4 2) A9 @B:9 5GF< C9D9A9E9A4 AV A4 
S>9 VAL9 @VEJ9, BE>V?P>< 6EV 6BA< 6:9 @VEFSFP @4>E<@4?PAB 
@B:?<6G >V?P>VEFP 69DL<A. &4><@ K<AB@, CB5G8B64A9 
GCBDS8>G64AAS є A4=5V?PL >BDBF><@, 4 BF:9 BCF<@4?PA<@. 
�DV@ 4?7BD<F@V6, MB 54;GRFPES A4 DV6A96B@G CD<AJ<CV 

6<5BDG 69DL<A, CBFD95GRFP 8BE?V8:9AAS V VALV @9FB8< 
DB;CB8V?G CDVBD<F9FV6 69DL<A [2]. 
 

�VB5@0BC@0 
1. �GD8R> �.3. �?7BD<F@O C4D4??9?PAB7B GCBDS8BK9A<S: 

[&9>EF] / �.3. �GD8R>, �.�. &GDK<A43 �A9CDBC9FDB6E>: ��', 
1985. 3 84 E. 

2. &GDK<A4 �.�. #DB @9FB8< DB;EF4AB6>< CDVBD<F9FV6 
69DL<A 7D4H4 8?S ;484KV CB5G8B6< C4D4?9?PAB7B GCBDS8>G64AAS 
/ �.�. &GDK<A4,  .#. #4E<A>B6 // #<F4AAS CD<>?48ABW 
@4F9@4F<>< V @4F9@4F<KAB7B @B89?R64AAS: ;5. A4G>. CD. - �.: 
�<8-6B "�VD4", 2014. - %. 189-199. 
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#�$�$�)'��!!/ '%�) 0T -&"#"�"���, ����!�) 
"�!�  ���&"$" , &� #��$�)'!"� 0T -&"#"�"��� 

#��!"� ���� 
%>DS5VA4 �. �., %Fє74AJ964 #. �. 

�0?>@V7P:89 =0FV>=0;P=89 C=V25@A8B5B 
 

ENUMERATION ALL OF THE 0T -TOPOLOGIES THAT 

ARE SPECIFIED BY ONE VECTOR, AND COUNTING  

THE 0T -TOPOLOGIES OF A CERTAIN WEIGHT 

 
Abstracts. The topologies on a finite set have been described with the help of 

the topology vector. The properties of the dual and auto-dual topologies have been 

considered, and all the 
0" -topologies with weight 427 ÷ n

have been calculated. 

' EGK4EA<I 8BE?V8:9AASI FBCB?B7V= A4 E>VAK9AAV= @AB:<AV 
X  ;4EFBEB6GRFP @9FB8< F9BDVW 7D4HV6, K4EF>B6B 6CBDS8>B64A<I 
@AB:<A, 5G?96<I HGA>JV=, 7B@BFBCVKABW FBCB?B7VW F4 VALV. � 
DB5BFV [1] 0T -FBCB?B7VW 8BE?V8:G64?<EP ;4 8BCB@B7BR 69>FBD4 
FBCB?B7VW 3 6CBDS8>B64AB7B A45BDG JV?<I A96V8’є@A<I K<E9?, MB 
6<;A4K4RFP @VAV@4?PAV B>B?< 9?9@9AFV6 @AB:<A< X . �484AAS 
FBCB?B7VW 69>FBDB@ A9 є B8AB;A4KA<@ 3 A97B@9B@BDHAV FBCB?B7VW 
@B:GFP ;48464F<EP B8A4>B6<@< 69>FBD4@<. &B@G JV>46BR є 
;484K4 ;A4IB8:9AAS 6EVI FBCB?B7V=, S>V ;484RFPES B8A<@ 
69>FBDB@. �?S 8BE?V8:9AAS FBCB?B7V= 6 C96AB@G >?4EV 64:?<6B 
DB;CV;A464F< 6;4є@AB 86BWEFV F4 E4@B86BWEFV FBCB?B7VW. 

�G89@B CB;A4K4F< E<@6B?4@< f  V Cf  2-�!( FBCB?B7VW   

F4 WW 8BCB6A9AAS !  6V8CB6V8AB. 
&BCB?B7VW   V ! , 4 F4>B: 6V8CB6V8AV W@ 2-�!( f  F4 Cf  

5G89@B A4;<64F< 270є<=> 42>WAB8<8. 3>MB CVE?S C9D9IB8G 6V8 
f  8B Cf  6<S6<FPES, MB f  F4 Cf  9>6V64?9AFAV, FB >B:AG ; A<I 
5G89@B A4;<64F< A0<>42>WAB>R 2-�!(, 4 6V8CB6V8AV W@ 
7B@9B@BDHAV FBCB?B7VW 3 A0<>42>WAB8<8. 

І=45:A>< 5;5<5=B0 Xaþ  2 B>?>;>3VW   A4;69@B K<E?B 
ø ùaind , S>9 8BDV6ARє >V?P>BEFV 6V8@VAA<I 6V8 a  9?9@9AFV6 G WW 
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@VAV@4?PAB@G B>B?V aM  [1]. #BE?V8B6AVEFP A96V8'є@A<I JV?<I 

K<E9? ø ùn ,...,, 21  є 69>FBDB@ 89S>BW 0" -FBCB?B7VW A4 n -

9?9@9AFAV= @AB:<AV FB8V V FV?P>< FB8V, >B?< 6BA4 ;48B6B?PASє 
A4EFGCA<@ G@B64@: 4) 1ûó ii  , 1,1 ý ni , 5) 1ó ii , ni ,1ý . 

!9I4= 0T 3FBCB?B7VS   ;484A4 69>FBDB@ ø ùn ,...,, 21
. &B8V 

@B:A4 ;4C<E4F< @VAV@4?PAG 54;G 89S>BW 0T -FBCB?B7VW G 6<7?S8V 
 nMMB û,, 1öý , 89 V�  3 @VAV@4?PA<= B>V? FBK>< VE . 3>MB 

6D4IG64F< 6EV @B:?<6V ;6’S;>< @V: @VAV@4?PA<@< B>B?4@< V� , 

FB BFD<@4є@B 6EV 0T -FBCB?B7VW ; ;484A<@ 69>FBDB@. 
!4CD<>?48, S>MB 69>FBD 0T -FBCB?B7VW @4є 6<7?S8 ø ù3,1,0,...,0 , 

FB @B:?<6V FD< 6<C48>< 8?S @VAV@4?PA<I B>B?V6 
1n�  F4 n� : 4) 

nn �� ü1 ; 5)  inn x�� ý ù1
; 6) öý nn �� ù1

. �G89@B 
DB;7?S84F< 6 >B:AB@G 6<C48>G ?<L9 B8AG ; 7B@9B@BDHA<I 
FBCB?B7V=. &B8V 6V8CB6V8AV @VAV@4?PAV 54;< @B:A4 ;4C<E4F< G 
6<7?S8V:  

4)       nnnn xxxxxxxx ,,,,,,,...,, 1211121 ö ; 

5)       nnn xxxxxxxx ,,,,,,,...,, 3211121 ö ; 

6)       nnn xxxxxxxx ,,,,,,,...,, 4321121 ö . 

0T -FBCB?B7VW ; B8A<@ 69>FBDB@ A9 B5B6’S;>B6B @4RFP 
B8A4>B6G >V?P>VEFP 9?9@9AFV6 (647G 0T -FBCB?B7VW). � A46989AB@G 

CD<>?48V 0T -FBCB?B7VW ; 54;4@< 4) F4 5) @4RFP 647G 427 ÷ n , 4 ; 

54;BR 6) 3 6227 ÷ n
. 

� VALB7B 5B>G, 0T -FBCB?B7VW, ;484AV DV;A<@< 69>FBD4@<, 
@B:GFP @4F< B8A4>B6G 647G. !4CD<>?48, 0T -FBCB?B7VS ; 69>FBDB@ 

ø ù2,2,0,...,0  G 6<C48>G  jinn xx�� ,1 ý ù  F9: @4є 647G 427 ÷ n
. 

"F:9, 6<>BD<EF4AAS CBASFFS 69>FBDG FBCB?B7VW 8B;6B?Sє 
DB;6’S;G64F< ;484KG C9D9D4IG64AAS 0T -FBCB?B7V= C96ABW 647<.  

�?S ;484KV CV8D4IGA>G 6EVI CB@VK9A<I 0T -FBCB?B7V= C96ABW 
647< >BD<EA<@ VAEFDG@9AFB@ є WI ;484AAS ;4 8BCB@B7BR 2-�!( 
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5G?96<I HGA>JV= [2]. *9 CBSEARєFPES F<@, MB J9= VAEFDG@9AF є 
;DGKA<@ 8?S DB;CV;A464AAS 6;4є@AB 86BWEF<I F4 E4@B86BWEF<I 0T

-FBCB?B7V=.  

$B;7?SA9@B 0T -FBCB?B7VW ; 647BR 427 ÷ n
. � DB5BFV [3] 

CB>4;4AB, MB F4>V 0T -FBCB?B7VW @4RFP 69>FBD<: 4) ø ù3,1,0,...,0  G 
6<C48>G nn �� ü1 ; 5) ø ù3,1,0,...,0  G 6<C48>G  inn x�� ý ù1

; 

6) ø ù2,2,0,...,0  G 6<C48>G  jinn xx�� ,1 ý ù . ' 6<C48>G 4) 
@VAV@4?PA4 54;4 @4є 6<7?S8 

      nnnn xxxxxxxxB ,,,,,,,...,, 12111211 öý , 4 @4>E<@4?PA4 2-

�!( ø ùø ùø ùø ùnnnnn xxxxxxxxf úúúúý  121111 . �4@VABR 

ii xx   BFD<@4є@B 2-�!( 86BWEFBW 0T -FBCB?B7VW V 6<EAB6B> CDB 
WW A9E4@B86BWEFVEFP. �A4?B7VKA<= D9;G?PF4F 8?S 5). ' 6<C48>G 6) 
@VAV@4?PA4 54;4 V 2-�!( @4RFP 6V8CB6V8AB 6<7?S8 

      nnn xxxxxxxxB ,,,,,,,...,, 21121212 öý  V 
ø ùø ùø ùø ùnnnn xxxxxxxxf úúúúý  2112112 . �D4FABEFV 21 ýr , 

22 ýr , 21 ýnr  V 2ýnr  ;@VAA<I 8BCGE>4RFP DB;5<FFS A4 C4D<, 
MB 6<;A4K4RFP 5Vє>JVR, S>4 E6V8K<FP CDB 9>6V64?9AFAVEFP 2-�!( 
V E4@B86BWEFVEFP 0T -FBCB?B7VW.  

�D4IB6GRK< J9= D9;G?PF4F, @B:9@B CBD4IG64F< K<E?B 6EVI 

CB@VK9A<I 0" -FBCB?B7V= ; 647BR 427 ÷ n
, 6BAB 8BDV6ARє 

ø ù ø ù54
4

9
nn û÷  V ECV6C484є ; K<E?B@, A46989A<@ 6 EF4FFV Kolli [4]. 

"F:9, @B:A4 ;DB5<F< 6<EAB6B>, MB 6 84AB@G >?4EV VAL<I 
FBCB?B7V= A9@4є. 

 
�VB5@0BC@0 
1. �9?<K>B �. �., %F974AJ964 #. �., �4LB64 !. #. 

#9D9K<E?9A<9 FBCB?B7<= 5?<;><I > 8<E>D9FAB= A4 >BA9KAOI 
@AB:9EF64I // �725AB8S 2C7>2.  0B5<0B8:0. 2015. № 11. %. 233
31. 
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2. �4LB64 !. #. %F974AJ96 �. �. 2-�!( 5G?96OI HGA>J<=, 
;484RM<I FBCB?B7<< A4 >BA9KAB@ @AB:9EF69. �5AB=8: )!&'. 
2015. № 3 (54). %. 16320.  

3. %Fє74AJ964 #.�., %>DS5VA4 �.�. &BCB?B7VW A4 n -
9?9@9AFAV= @AB:<AV, G;7B8:9AV ; FBCB?B7VS@< 5?<;P><@< 8B 
8<E>D9FA<I A4 )1( n -9?9@9AFAV= @AB:<AV. ':@0W=AP:89 
<0B5<0B8G=89 6C@=0;. &. 73, №. 2. 2021, E. 238 -248. 

4. Kolli M. Direct and elementary approach to enumerate 
topologies on a finite set. // Journal of Integer Sequences. 2007. Vol. 
10. Article 07.3.1. P. 1311. 

 
 
 

 �!� ���*�/ �'����) ('!�*�� ' 
#"��!" !" ' &� � �,�!" ' ����%�) 
 �&"�"  "�$��!�) #�$�&�"$�!0 

%B?B@>B  . &. 
!0FV>=0;P=89 C=V25@A8B5B 2>4=>3> 3>A?>40@AB20 B0 

?@8@>4>:>@8ABC20==S 
 

MINIMIZATION OF BOOLEAN FUNCTIONS 

IN POLYNOMIAL AND MIXED BASES 

BY THE METHOD OF FIGURATIVE TRANSFORMATIONS 
 

Abstract. The minimization of Boolean functions in polynomial and mixed 
bases by the method of figurative transformations is considered. The analysis of 
the result of simplification of the function in the Reed – Muller basis by the method 
of figurative transformations and the example of minimization of the function in the 
polynomial basis in order to compare the cost of realization of the minimum 
function and the number of procedural steps. 

 

1. �ABC? 
�B6V?PAG 5G?96G HGA>JVR f (x1, x2, &, xn) @B:A4 CB84F< G 

CB?VAB@AV= ABD@4?PAV= HBD@V (#!() (Exclusive-OR Sum-Of-
Product form 3 ESOP). #D< JPB@G, ;4?9:AB 6V8 FB7B, S>V ;@VAAV 
>BA’RA>F9D@V6 #!( f (GEV K< 89S>V ; A<I) @4RFP 45B A9 @4RFP 
;A4> VA69DEVW, MB 6<;A4K4є F4> ;64AG CB?SDAVEFP ;@VAA<I, 
DB;DV;ASRFP >?4E< AND/EXOR 6<D4;V6 #!( 5G?96<I HGA>JV=. 
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' ;474?PAB@G 6<C48>G WI A4;<64RFP CB?VAB@4@< $V843 4??9D4 
(Reed3Muller expressions 3 RM-CB?VAB@<) [1].  
$B;6<FB> @V>DB9?9>FDBAABW F9IAB?B7VW ;459;C9K<6 EF6BD9AAS 

9?9@9AFV6, S>V GF6BDRRFP 5474FB@VEAV 8<;’RA>JVW ; 6<>?RK9AAS@ 
(EXOR-9?9@9AF<). *9, G E6BR K9D7G, ;459;C9K<?B E<AF9; 
4A4?B7VKA<I 86BDV6A96<I AND/EXOR-EI9@, S>V @VEFSFP F4>V : 
9?9@9AF< G 8DG7B@G >4E>48V. %FDG>FGD4 J<I EI9@ BC<EGєFPES 
HBD@G?4@<, CB8V5A<@< 8B 8<;’RA>F<6ABW ABD@4?PAB HBD@< 
(�!(), 6 S><I ;4@VEFP BC9D4FBDV6 8<;’RA>JVW 6<>BD<EFB6GRFPES 
BC9D4FBD< 8<;’RA>JVW ; 6<>?RK9AAS@.   
#9D9647< J<I HBD@G? 6<CD468B6GєFPES F<@, MB >V?P>VEFP 

?B7VKA<I 9?9@9AFV6 G 6V8CB6V8A<I W@ EI9@4I ;4;6<K4= @9AL4. 
!4CD<>?48, CVE?S @VAV@V;4JVW �!( 8B6V?PA<I 5G?96<I HGA>JV= 
KBF<DPBI ;@VAA<I @VEF<FPES 6 E9D98APB@G 4.13 >BA’RA>F9D@V6, 4 
G ESOP 3 FV?P>< 3.66 [2,3]. #D< DB;7?S8V 5G?96<I HGA>JV=, 
F<CB6<I 8?S EI9@, MB D94?V;GRFP 4D<H@9F<KAV BC9D4JVW, 6<7D4L 
M9 5V?PL<=. �DV@ FB7B, AND/EXOR-EI9@< ?97L9 
8V47ABEFGRFPES [3,4]. 
#9DEC9>F<6A<@ ;4EFBEG64AAS@ CD< @VAV@V;4JVW 5G?96<I 

HGA>JV= є F4>B: V ;@VL4= 54;<E.  
2. "A>1;82>ABV 70AB>AC20==O ;>3VG=>W >?5@0FVW AC?5@-

A:;5N20==O 7<V==8E 4;O #!( 1C;528E DC=:FV9   
�?S @9FB8G B5D4;A<I C9D9F6BD9AP 4?7BD<F@ ECDBM9AAS 

HGA>JVW ; CDBJ98GDBR 6EF46>< 86BI B8A4>B6<I >BA’RA>F9D@V6 
CB?VAB@ABW HGA>JVW ; A4EFGCABR BC9D4JVєR EGC9D-E>?9R64AAS 
;@VAA<I @B:9 @4F< F4><=, A4CD<>?48, 6<7?S8: 

 

          

1 2 3 41 3 1 2 3 4

0 0

0 1
  1 1 0 1

1 0
1 1 1 1

1 1 1 1 1 1 0 1

1 1

1 00 0

0 1

1 0

1

1 1

 

0 1 0
1 0

1 0 1

1

.

1 1

0

0 1 0

x x x x x x x x x x

ý ý ý

ý õ õ

                (1) 
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1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 1

1 2 3 4 1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4

1 2 3 4

3 2 3 41

    

 

.

x x x x x x x x x x x x

x x x x x x x x x

x x x x

x x x x x x x x

x x x

x x x x

x x x x x x x x x x

õ õ õ ý

ý õ õ õ

õ õ õ ý

ý õ õ

                (2) 

      $9;G?PF4F< @4FD<KAB7B (1) F4 4?795D<KAB7B (2) ECBEB5G 
@VAV@V;4JVW ?B7VKAB7B 6<D4;G ECV6C484RFP.  
#BDV6ASAB E>?48AV 4?7BD<F@< ECDBM9AAS ?B7VKA<I 6<D4;V6 ; 

CDBJ98GDBR 6EF46>< 86BI B8A4>B6<I >BA’RA>F9D@V6 HGA>JV= 
CB?VAB@AB7B 54;<EG ; A4EFGCABR BC9D4JVєR EGC9D-E>?9R64AAS 
;@VAA<I (1) DB;L<DRRFP 64DV4AF< WIAPB7B ;4EFBEG64AAS. *9 
;459;C9KGє ;5V?PL9AAS 9H9>F<6ABEFV CDBJ98GD< @VAV@V;4JVW 
5G?96<I HGA>JV= G #!( @9FB8B@ B5D4;A<I C9D9F6BD9AP. 

 3. %8=3C;O@=V DC=:FVW 
�?S DB;6’S;4AAS BCF<@V;4JV=A<I ;484K ?B7VKAB7B E<AF9;G 

CBFDV5AB @4F< �!( HGA>JVW F4 RM-CB?VAB@< ; @VAV@4?PABR 
>V?P>VEFR >BA’RA>F9D@V6 ;484ABW HGA>JVW f (x1, x2, &, xn). #D< 
JPB@G, S>MB VEAGє @B:?<6VEFP 6<5BDG RM-CB?VAB@4 (;4 
6<ASF>B@ PPRM- V NPRM-CB?VAB@V6), FB G 6<C48>G B8A4>B6BW 
>V?P>BEFV >BA’RA>F9D@V6 C9D96474 A484єFPES RM-CB?VAB@G ; 
@VAV@4?PABR EG@4DABR >V?P>VEFR ?VF9D4?V6. � >B?< >V?P>VEFP 
BEF4AAVI B8A4>B64 @VAV@4?PA<@ RM-CB?VAB@B@ 664:4єFPES FB=, 
MB @4є @9ALG >V?P>VEFP VA69DFB64A<I ?VF9D4?V6. ' ;6’S;>G ; J<@, 
>BLF D94?V;4JVW RM-CB?VAB@4 ;484ABW HGA>JVW f (x1, x2, &, xn) 
@B:A4 BJVAR64F< K<E?B6<@ ECV66V8ABL9AAS@ / / ,

l in
k k kñ  89 kθ, kl, 

kin 3 >V?P>VEFP >BA’RA>F9D@V6, ?VF9D4?V6 F4 VA69DFBDV6 6V8CB6V8AB 
[1]. �A4?B7VKAG BJVA>G >BLFG D94?V;4JVW @VAV@4?PABW HGA>JVW 
@B:A4 ;4EFBEG64F< V 8B �!( HGA>JVW F4, G C96AV= @VDV, 8B 
?B7VKA<I HGA>JV=  ;@VL4AB7B 54;<EG.  
#9D9IB8< @V: 54;<E4@< �G?S V $V84‒ 4??9D4 ;8V=EARRFPES 

;4 8BCB@B7BR E<A7G?SDABW (BEB5?<6BW) HGA>JVW, >BA’RA>F9D@< 
S>BW CBC4DAB BDFB7BA4?PAV. 
�?S C9D9F6BD9AAS �!( HGA>JVW G CB?VAB@AG ABD@4?PAG 

HBD@G A9B5IV8AB CDB69EF< BDFB7BA4?V;4JVR ;484ABW HGA>JVW. 
!4CD<>?48, BDFB7BA4?V;4JVS HGA>JVW 
ø ù1 2 3 4 1 3 1 2 4 1 2 3 1 3 4

, , , .F x x x x x x x x x x x x x x xý û û û , MB ;484A4 G �!( 
@9FB8B@ B5D4;A<I C9D9F6BD9AP @4є F4><= 6<7?S8: 
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ø ù1 2 3 4, , ,

0 1 0 1
0 1 0 1 0 1

0 1 0 1
0 1 0 1

.1 0 0
1 0 0 1 0 0

0 1

1 0 0
1

0 1
0 1 1 0 1 0 1

0 1 1 1

1 0 0 0
1 0 0 1 1 0 0

1 1

0 0
1 0 0

0 01 0 0

F x x x x ý

ý ý ý ý ý
 (3) 

�BA’RA>F9D@< HGA>JVW (3) CBC4DAB BDFB7BA4?PAV. � 
4?795D<KAV= HBD@V HGA>JVS (3) @4є 6<7?S8 (4): 

 
              ø ù1 2 3 4 1 3 1 2 3 4 1 2 3 1 2 3 4

, , , .F x x x x x x x x x x x x x x x x xý û û û           (4) 

 
(GA>JVW (3), (4) є E<A7G?SDA<@<, BE>V?P>< DV6ABE<?PAV 

C9D9F6BD9AAS 8?S A<I @B:A4 ;8V=EAR64F< B5D46L< 4?795DG 
B8AB7B ; 54;<EV6 ‒ �G?S  , , ,ù ú ø  45B $V84‒ 4??9D4  , ,1 .ù õ   

4. $57C;ьB0B8 <V=V<V70FVW 1C;528E DC=:FV9 C 1078AV $V40‒
 0;;5@0 <5B>4>< >1@07=8E ?5@5B2>@5=ь 
$V6ABE<?PAV B5D4;AV C9D9F6BD9AAS CD< @VAV@V;4JVW HGA>JV= G 

54;<EV $V84‒ 4??9D4 84RFP A4EFGCA<= D9;G?PF4F: 
3 6<;A4K4RFP 79D@9A96F<>G ?B7VKA<I BC9D4JV= 8?S >?4EG 

9>6V64?9AFA<I 5VA4DA<I @4FD<JP HGA>JV= 54;<EG $V84‒ 4??9D4; 
3 CDBFB>B? ; 6V8ABEAB E>?48A<@< 4?7BD<F@4@< ECDBM9AAS 

?B7VKA<I 6<D4;V6, S><= E>?484єFPES ; CDBJ98GD< 6EF46>< 86BI 
B8A4>B6<I >BA’RA>F9D@V6 HGA>JV= CB?VAB@AB7B 54;<EG ; 
A4EFGCABR BC9D4JVєR EGC9D-E>?9R64AAS ;@VAA<I; 
3 ;459;C9KGRFP @9FB8 BDFB7BA4?V;4JVW ;484A<I ?B7VKA<I 

HGA>JV= 8?S 6EF4AB6?9AAS E<A7G?SDA<I HGA>JV=; 
3 EF6BDRRFP 4?795DG G K4EF<AV CD46<? DV6ABE<?PAB7B 

C9D9F6BD9AAS 5G?96<I HGA>JV= G 54;<EV $V84‒ 4??9D4. 
4. 1. #@8:;04 <V=V<V70FVW 1C;528E DC=:FV9 C 1078AV $V40–

 0;;5@0 <5B>4>< >1@07=8E ?5@5B2>@5=ь 
%?@>AB8B8 5G?96G HGA>JVR f(x1, x2, x3, x4) G CB?VAB@AB@G 

HBD@4FV (#!(), MB ;484A4 �4DFBR �4DAB (D<E. 1) [5]. 
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$<E. 1.  V=V<V70FVS 1C;52>W DC=:FVW 70 4>?><>3>R �0@B8 �0@=> 

 
$VH5==S. 

"E>V?P>< >BA’RA>F9D@< 6<IV8ABW HGA>JVW CBC4DAB 
BDFB7BA4?PAV (HGA>JVS E<A7G?SDA4), 8?S ECDBM9AAS ;484ABW 
HGA>JVW B5<D4є@B 4?795DG $V843 4??9D4.  VAV@V;4JVS f(x1, x2, x3, 
x4) (D<E. 1) G CB?VAB@AB@G HBD@4FV ;8V=EARєFPES A4EFGCA<@< 
B5D4;A<@< C9D9F6BD9AAS@<: 

 
0

0

0 1 0 0

0 0 1 1 1

0 0

0

0 1 0 0 0

0 1 1 1 0

1 0 0 0
1

9 1 0 0 1

10 1 0 1 0 1 0 0 0 1

1 0 1 1 1 0 0 1 1 1 1 0

1 1 0 0 1 0 1 0

1 1 0 1 1 0 1 1

1 1 1 1 1 1 0 0

1 1 0 1

1 1 1 1

1 1 1 0

1 1 1 0

0 0 0

0 0 1

0 0 1 1

0 0 0

0 0 1 0 0

0

0 0

1

0 0 1 1 0 0 1

1 0 1 0

1 0 1 0 0 1

1 1 0 1 0

0

2

3

4

7 0 0 0 1

8 0 1 0 1

0 1 1 0

1 1 1 0

11

12

13

15

0 0 1
    

1 1 0

1

1 10 00 1 1 0

1

f ý ý ý

õ

ý

ý

ý õ

1 3 4 2 3 4 1 3 4 2 3 4 1 3 4 2 3 41 ( ) .x x x x x x x x x x x x x x x x x xý õ õ ý õ ý û û õ
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 #!( HGA>JVW f(x1,x2,x3,x4) (D<E. 1): 
 
                                 

1 3 4 2 3 4� П � Ф 1 .x x x x x xf õ õý                         (5) 

 
$9;G?PF4FB@ ECDBM9AAS HGA>JVW f (x1, x2, x3, x4) (D<E. 1) 

@9FB8B@ B5D4;A<I C9D9F6BD9AP є @VAV@4?PA4 HGA>JVS (5), MB 
@VEF<FP LVEFP ?VF9D4?V6. *9 A4 KBF<D< ?VF9D4?< @9AL9, CBDV6ASAB 
; [5]. *VA4 D94?V;4JVW (5)  / / 3/ 6/ 3.

l in
k k kñ ý  

�?S @VAV@V;4JVW HGA>JVW (D<E. 1) ;4EFBEB64AB 4?7BD<F@ 
ECDBM9AAS HGA>JVW ; CDBJ98GDBR 6EF46>< 86BI B8A4>B6<I 
>BA’RA>F9D@V6 #!( ; A4EFGCABR BC9D4JVєR EGC9D-E>?9R64AAS 
;@VAA<I (C. 2).  
%CDBM9A4 HGA>JVS f(x1, x2, x3, x4) (D<E. 1) G ;@VL4AB@G 54;<EV: 
 

ø ù1 3З Б 4 3� 2 4
.f x x x x x xû û õý                                                          (6) 

 
*VA4 D94?V;4JVW (6) / / 2/ 6/ 2.

l in
k k kñ ý  

"5<86V HGA>JVW (5) V (6) CD98EF46?SRFP 3-DV6A96G ?B7V>G, 
B8A4> G ;@VL4AB@G 54;<EV @VAV@4?PA4 HGA>JVS (6) @4є >D4MV 
CB>4;A<>< D94?V;4JVW. 
 
�VB5@0BC@0 
1. $<J4D, �.Є. +<E?B64 F9BD9F<>B-@AB:<AA4 VAF9DCD9F4JVS 

CB?VAB@4 �9ґ4?>VA4 // 'CD46?VAAS E<EF9@4@< V @4L<A4@<, № 1, 
2013. 3 %. 11319. URL: 

http://dspace.nbuv.gov.ua/handle/123456789/83125 
2. Sasao, T. Easily testable realizations for generalized Reed-

Muller expressions // IEEE Trans. On Comp., June 1997. 3 46, N 6. 
3 P. 7093716. URL: https://ieeexplore.ieee.org/document/600830 

3. Fujiwara H., Logic testing and design for testability // in 
Comp. Syst. Series. Cambridge, MA: Mass. Inst. Tech., 1986. 
DOI: 10.7551/mitpress/4317.001.0001. 
URL:https://www.researchgate.net/publication/242519300_Logic_
Testing_and_Design_Testability 

http://dspace.nbuv.gov.ua/handle/123456789/83125
https://ieeexplore.ieee.org/document/600830
http://dx.doi.org/10.7551/mitpress/4317.001.0001
https://www.researchgate.net/publication/242519300_Logic_Testing_and_Design_Testability
https://www.researchgate.net/publication/242519300_Logic_Testing_and_Design_Testability
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 4. Faraj Khalid. Design Error Detection and Correction System 
based on Reed-Muller Matrix for Memory Protection // Inter. J. of 
Computer Applications (0975-8887), vol. 34, no. 8, November 2011, 
pp. 42-55. DOI: 10.5120/4123-5929. URL: 

https://www.ijcaonline.org/archives/volume34/number8/4123-
5929 

 5. �><A<A4, 2.%. #B864?PAO=, %.�. &RD<A %.�. 
#D<@9A9A<9 �4DF �4DAB 8?S CB?<AB@<4?PAB7B CD9B5D4;B64A<S 
5G?96OI HGA>J<= // �AHBD@4F<>4, 6OK<E?<F9?PA4S F9IA<>4 < 
GCD46?9A<9. �9EA<> �BDBA9:E>B7B 7BEG84DEF69AAB7B 
F9IA<K9E>B7B GA<69DE<F9F4, 2016. URL: 
https://cyberleninka.ru/article/n/primenenie-kart-karno-dlya-
polinomialnogo-preobrazovaniya-bulevyh-funktsiy 
 
 

 

��%&"%'��!!/ #���&' GLPK ��/ �!�)"���!!/ 
�%�) $"��’/���� ����+� #$" K-#���% 

%F9JR> #.�., )B@’S> ". . 
І=AB8BCB :V15@=5B8:8 V<5=V �. . �;CH:>20 

 
APPLICATION OF THE GLPK PACKAGE TO FIND ALL 

SOLUTIONS OF THE K-PLEX PROBLEM 

 
Abstract. An algorithm for finding all maximum k-plexes for an undirected graph 
is developed. The algorithm is based on the sequential addition of the linear 
Boolean programming problem with an additional constraint, which cuts off the 
already found maximum k-plexes. The algorithm is implemented in the Octave 
language using the GLPK (GNU Linear Programming Kit). The computational 
results for searching of all maximum k-plexes at k = 1,2,...,8 for the graph 
<1zc.128= and of all maximum cliques for graphs of the type <lzc= with 128, 256, 
512, 1024 vertices are given. 
 

�484KV CBLG>G CV8@AB:<A V; @AB:<A< 69DL<A 7D4H4 ; 
A4C9D98 ;484A<@< 6?4EF<6BEFS@< @4RFP L<DB>9 CD<>?48A9 
;4EFBEG64AAS. "8AVєR ; F4><I ;484K є ;484K4 ;A4IB8:9AAS 
@4>E<@4?PAB7B k -C?9>E4 6 A9BDVєAFB64AB@G 7D4HV [1], S>4 
4>F<6AB 6<>BD<EFB6GєFPES CD< 4A4?V;V >B@GAV>4JV= 6 EBJV4?PA<I 

https://www.ijcaonline.org/archives/volume34/number8/4123-5929
https://www.ijcaonline.org/archives/volume34/number8/4123-5929
https://cyberleninka.ru/article/n/primenenie-kart-karno-dlya-polinomialnogo-preobrazovaniya-bulevyh-funktsiy
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@9D9:4I, 4A4?V;V >B@C’RF9DA<I @9D9:, @4L<AAB@G 
DB;CV;A464AAV B5D4;V6 V F.VA. !46VFP 8?S 7D4HV6 A9 8G:9 69?<><I 
DB;@VDV6 JS ;484K4 6<S6?SєFPES B8AVєR ; A4=5V?PL E>?48A<I F4 
JV>46<I 6 >B@C’RF9DAV= A4GJV. !<:K9 DB;7?SA9@B 4?7BD<F@ 8?S 
;A4IB8:9AAS GEVI @4>E<@4?PA<I k -C?9>EV6 G A9BDVєAFB64AB@G 
7D4HV.  

!9I4= ( , )G V Eý  3 A9BDVєAFB64A<= 7D4H V; @AB:<ABR 
69DL<A {1, , }V ný  F4 @AB:<ABR D959D E , k  2 89S>9 
A4FGD4?PA9 K<E?B, 1,2,k ý  #V8@AB:<A4 69DL<A S  V; V  

A4;<64єFPES k -C?9>EB@ 7D4H4 G , S>MB EFGCVAP >B:ABW 69DL<A< 
6 VA8G>B64AB@G CV87D4HV [S]G  (CV87D4HV, CBDB8:9AB@G 
CV8@AB:<ABR S ) є A9 @9AL9, AV: S k . 3>MB 1k ý , FB k -C?9>E 
;5V74єFPES ; >?V>BR (CB6A<@ CV87D4HB@) 7D4H4 3 CV8@AB:<ABR 
69DL<A, >B:AV 86V ; S><I ;’є8A4AV D95DB@. 3>MB 1k þ , FB k -
C?9>E є BE?45?9AAS@ CBASFFS >?V>< 7D4H4 V 6V8CB6V84є E?45>VL<@ 
6<@B74@ A4 6>?RK9AAS 69DL<A< 6 k -C?9>E, AV: 6<@B7< A4 
6>?RK9AAS 69DL<A< 8B >?V><.  

!9I4= 69DL<Ai i Vþ  ( 1,2,i ý ) 6i8CB6i84є {0,1}ix þ  2 
5G?964 ;@iAA4, MB 8BDV6ARє B8<A<JV, S>MB i Sþ , V AG?R 3 S>MB 

\i V Sþ . �D4H G  CD98EF46<@B G HBD@V ( , )G Vý ÷ , 89 
 ( ),  1, ,i i n÷ ý ÷ ý , 4 ( )i÷  3 >VAJ96V 69DL<A< F<I 8G7, G S><I 

CBK4F>B6BR є 69DL<A4 i , S>4 @4є EFGCVAP ø ùid iý ÷ . 

�B@C?9@9AF4DA<= 8B G  7D4H 5G89@B CB;A4K4F< ( , )G Vý ÷ , 89 
 ( ),  1, ,i i n÷ ý ÷ ý , ø ùid iý ÷ . 

�?S CBLG>G @4>E<@4?PAB7B k -C?9>E4 G 7D4HV ( , )G Vý ÷  

DB;7?SA9@B F4>G ;484KG ?VAV=AB7B 5G?96B7B CDB7D4@G64AAS [1]:  

;A4=F< 

ø ù maxk i
i V

G xò
þ

ý õ     (1) 
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CD< B5@9:9AASI: 

ø ù
ø ù ø ù1 1 ,  ,j i i i

j i

x k x d x i V
þ÷

ó  û   þõ   (2) 

{0,1},  .ix i Vþ  þ     (3) 

�VAV=AV B5@9:9AAS (2) CB5G8B64AV F4><@ K<AB@, MB5 
CV8@AB:<A4 S Vü  5G?4 k -C?9>EB@. *V B5@9:9AAS ;484RFP 
6<@B7< A4 F9, MB5 G CV87D4HV  ýG S  >V?P>VEFP 8G7, MB 6<IB8SFP V; 

>B:ABW 69DL<A< i Sþ , 5G?4 A9 @9ALBR ;4 S k . �D4IB6GRK<, 

MB ;@VAA4 ix  8BDV6ARє B8<A<JV 8?S 6EVI i Sþ  F4 8BDV6ARє AG?R 
8?S 6EVI \i V Sþ , JV?PB64 HGA>JVS (1) B;A4K4є @4>E<@V;4JVR 
>V?P>BEFV 69DL<A G CV8@AB:<AV S Vü  F4 8B;6B?Sє ;A4=F< k -

C?9>E ; @4>E<@4?PABR >V?P>VEFR 69DL<A 3 @4>E<@4?PA<= k -
C?9>E G 7D4HV ( , )G Vý ÷ . 

�484K4 (1)3(3) @B:9 @4F< S> B8<A, F4> V 5474FB DB;6’S;>V6. 
�?S FB7B, MB5 ;A4=F< GEV WW DB;6’S;><, @B:A4 6<>BD<EF4F< 
4?7BD<F@ [2], S><= CB?S74є G CBE?V8B6AB@G 8BCB6A9AAV ;484KV 
8B84F>B6<@ ?VAV=A<@ B5@9:9AAS@, S>9 6V8EV>4є G:9 ;A4=89AV 
DB;6’S;><. !9I4= G:9 ;A4=89AB m  @4>E<@4?PA<I k -C?9>EV6 jS , 

1, ,j mý . �B84@B 8B ;484KV (1)3(3) F4>9 EV@9=EF6B ?VAV=A<I 
B5@9:9AP: 

 

( )

( ) 1 2, 1,..., .
j

i k
i V S

x G j mò
þ

ó  ýõ    (4) 

 
3>MB 6 ;484KV (1)3(4) ;A4K9AAS JV?PB6BW HGA>JVW 8BDV6ARє 

;A4K9AAR JV?PB6BW HGA>JVW G ;484KV (1)3(3), FB J9 B;A4K4є, MB @< 
;A4=L?< AB6<= ( 1)mû  @4>E<@4?PA<= k -C?9>E, S><= A9 
ECV6C484є AV ; B8A<@ V; m  VEAGRK<I. 3>MB 6 ;484KV (1)3(4) 
;A4K9AAS JV?PB6BW HGA>JVW є @9AL<@ ;4 ;A4K9AAS JV?PB6BW 
HGA>JVW G ;484KV (1)3(3), FB J9 B;A4K4є, MB @< BFD<@4?< 8BEF4FAR 
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G@B6G FB7B, MB VAL<I @4>E<@4?PA<I k -C?9>EV6 A9 VEAGє, B>DV@ 
F<I m , S>V 5G?< ;A4=89AV D4AVL9.  
"C<E4A<= 4?7BD<F@ 8?S CBLG>G soln ü ncalls  DB;6`S;>V6 G 

;484KV (1)3(3) D94?V;B64A<= @B6BR Octave. �484KV ?VAV=AB7B 
5G?96B7B CDB7D4@G64AAS (1)3(3) F4 (1)3(4) DB;6’S;GRFPES ;4 
8BCB@B7BR octave-HGA>JVW glpk [3], S>4 6<>BD<EFB6Gє 6V8B@<= 
C4>9F GLPK (GNU Linear Programming Kit) 8?S DB;6'S;4AAS ;484K 
?VAV=AB7B CDB7D4@G64AAS F4 ;@VL4AB7B JV?BK<E9?PAB7B 
CDB7D4@G64AAS. �4G64:<@B, MB ;4 >B:A<= CBE?V8B6A<= ;4CGE> 
HGA>JVW glpk 4?7BD<F@ 45B ;A4IB8<FP M9 B8<A @4>E<@4?PA<= k -

C?9>E, 45B ;4>VAKGє E6BR DB5BFG, S>MB 6EV soln  k -C?9>EV6 G:9 
;A4=89AB. ' 6<C48>G, S>MB >V?P>VEFP DB;6’S;>V6 G ;484KV (1)3(3) є 
5V?PLBR ;4 ncalls, FB 6 D9;G?PF4FV DB5BF< 4?7BD<F@G BFD<@4є@B 
ncalls @4>E<@4?PA<I k -C?9>EV6. �?S FB7B, MB5 CDB8B6:<F< 
CBLG> AB6<I k -C?9>EV6, CBFDV5AB ;5V?PL<F< 69?<K<AG ncalls. 
�?7BD<F@ C9D96VD9AB A4 DS8V F9EFB6<I CD<>?48V6. �4AV 8?S 

7D4H4 K<F4RFPES ; F9>EFB6B7B H4=?4 G DIMACS-HBD@4FV. !<:K9 
A46989@B D9;G?PF4F< B5K<E?R64?PA<I 9>EC9D<@9AFV6 8?S 
CBLG>G 6EVI @4>E<@4?PA<I k-C?9>EV6 8?S 7D4H4 <lzc.128= (128 
69DL<A, 2240 D959D) CD< DV;A<I ;A4K9AASI k = 1,2,...,8 (F45?. 1) 
F4 8?S CBLG>G 6EVI @4>E<@4?PA<I >?V> G KBF<DPBI 7D4H4I F<CG 
<lzc= ; 128, 256, 512, 1024 69DL<A4@< (F45?. 2). �V?P>BEFV 69DL<A 
F4 D959D 8?S 7D4HV6 <lzc.256=, <lzc.512= F4 <lzc.1024= A46989AV 6 
C9DLV= >B?BAJV F45?. 2.  4>E<@4?PA<= ;4 DB;@VD4@< 7D4H 
<lzc.1024= @VEF<FP 1024 69DL<A F4 33280 D959D. "5K<E?R64?PAV 
9>EC9D<@9AF< ;8V=EAR64?<EP A4 >B@C’RF9DV ; CDBJ9EBDB@ Intel 
Core i5-9400f: K4EFBF4 2.9 �7J F4 BC9D4F<6A4 C4@’SFP 16�5. 
� F45?. 1 A46989AB >V?P>BEFV ;A4=89A<I DB;6'S;>V6 ;484KV (1)3

(3) (>B?BA>4 soln ); A4=@9AL<= (>B?BA>4 mint ) F4 A4=5V?PL<= 

(>B?BA>4 maxt ) K4E<, S>V ;4FD4K9AV A4 DB;6’S;B> B8AVєW V; ;484K (1)3

(3), (1)3(4); E9D98AV= K4E (>B?BA>4 avrt ) 6<;A4K46ES S> EG@4DA<= 
K4E, ;4FD4K9A<= glpk A4 DB;6’S;4AAS ;484K (1)3(3), (1)3(4), 

DB;8V?9A<= A4 1soln û . 
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&45?<JS 1 2 �4FD4F< K4EG (6 E9>GA84I) A4 CBLG> soln  

@4>E<@4?PA<I k -C?9>EV6 G 7D4HV <lzc.128=: k = 1,2,...,8,  
ncalls = 1001 

 

k  soln  
mint  

maxt  avrt   k  soln  
mint  

maxt  avrt  

1 2 1.09 1.11 1.10 5 630 5.93 49.04 14.25 

2 2 2.61 2.71 2.66 6 56 4.68 17.80 7.85 

3 2 10.32 11.39 10.84 7 196 2.74 9.73 4.66 

4 728 2.92 16.08 7.14 8 >1000 19.99 218.16 58.61 

 

&45?<JS 2 2 �4FD4F< K4EG (6 E9>GA84I) A4 CBLG> @4>E<@4?PA<I 
>?V> G 7D4H4I F<CG <lzc= ; 128, 256, 512, 1024 69DL<A4@<:  

ncalls = 3 
 

n ,
E  

�A4=89AV @4>E<@4?PAV >?V>< avrt  

128, 

2240 

{64, 96, 112, 120, 124, 126, 127, 128} 

{1, 2, 3, 5, 9, 17, 33, 65} 

1.10 

256, 

5632 

{1, 2, 3, 5, 9, 17, 33, 65, 129} 

{128, 192, 224, 240, 248, 252, 254, 255, 256} 

13.43 

512, 

13824 

{1, 2, 3, 5, 9, 17, 33, 65, 129, 257} 

{256, 384, 448, 480, 496, 504, 508, 510, 511, 512} 

234.92 

1024, 
33280 

{1, 2, 3, 5, 9, 17, 33, 65, 129, 257, 513} 
{512, 768, 896, 960, 992, 1008, 1016, 1020, 1022, 

1023, 1024} 

3808.30 

 
� F45?. 2 A46989AB CB 86V ;A4=89AV @4>E<@4?PAV >?V>< 8?S 

KBF<DPBI 7D4HV6 F<CG <lzc= F4 8B6989AB, MB VAL<I @4>E<@4?PA<I 
>?V> A9@4є, F4> S> >V?P>VEFP ;A4=89A<I >?V> @9AL4 ;4 ncalls = 3. 
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&9D9M9A>B �.�. 
!0FV>=0;P=89 C=V25@A8B5B «�0?>@V7P:0 ?>;VB5E=V:0» 

 
FORMALIZATION OF SEARCHING 

RELATIONSHIP'S PROBLEM BY MORPHOLOGICAL 

CHARACTERISTICS 
 

Abstract. The paper proposes a graph-theoretic formalization of searching 
relationship's problem by morphological characteristics. Two statements of 
searching relationship's problem by morphological characteristics are formulated 
in the form of optimization problems on an n-partite graph. An algorithm for 
solving the problem of identifying significant characteristics from a set for training 
is proposed. The complexity of this algorithm is estimated. 

 

1. �ABC? 
�B@C?9>E @BDHB?B7VKA<I B;A4> 6<;A4K4єFPES 79ABF<CB@ 

:<6B7B BD74AV;@G. *9 є CV8EF46BR 8?S CBLG>G 79A9F<KABW 
ECBDV8A9ABEFV DBE?<AAB7B @4F9DV4?G ;4 @BDHB?B7VKA<@< 
B;A4>4@< S>VEAB7B F4 >V?P>VEAB7B I4D4>F9DG [1].  9FBR 
8BE?V8:9AP �AEF<FGFG B?V=A<I >G?PFGD !��! '>D4WA< є 
6EF4AB6?9AAS @B:?<6BEF9= 6<>BD<EF4AAS @BDHB?B7VKA<I B;A4> 
S>VEAB7B F4 >V?P>VEAB7B I4D4>F9DG 8?S ;’SEG64AAS 79A9F<KABW 
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ECBDV8A9ABEFV F4 V89AF<HV>4JVW ?VAV= EBASLA<>G. �BE?V8:9AAS 
CDB6B8<?< G A4G>B6V= EV6B;@VAV �AEF<FGFG B?V=A<I >G?PFGD 
!��!. &9IAB?B7VS 6<DBMG64AAS >?4E<KA4, CBEV6 DGKA<@< 
E48:4?>4@<, ECBEF9D9:9AAS 6EVI H4; DB;6<F>G DBE?<A, 
6EF4AB6?9AAS B?V=ABEFV ; ;4EFBEG64AAS@ 3 $[2].  4F9DV4?B@ 
8?S 6<6K9AAS E?G7G64?4 >B?9>JVS ; 39 ?VAV= EBASLA<>G. �B 
8BE?V8G 2016- 2018 DD. 6>?RK9AB ?VAVW EBASLA<>G, ; S><I K4EF<A4 
5G?4 EF6BD9A4 S> ?VAVW 4A4?B7< L?SIB@ 59>DBEG64AAS ; @9FBR 
66989AAS 6 79AB@ 79AG @BDHB?B7VKABW @4D>9DABW B;A4><, K4EF<A4 
?VAV= EIB:<I ;4 @BDHB?B7VєR F4 ; CDB6989ABR L?SIB@ 
EID9MG64AAS V89AF<HV>4JVєR, 4 K4EF<A4 6V8B@<I ?VAV= ; WI 
CD98>4@< EF6BD9A<@< L?SIB@ E9?9>JV=AB7B 8B5BDG. �VAVW 5G?< 
BJVA9AV ;4 34 @BDHB?B7VKA<@< B;A4>4@<, @4EBR 1000 A4EVA<A, 
B?V=AVEFR, DB;@VD4@< A4EVAAS.  4F9@4F<KA4 HBD@4?V;4JVS 
8B;6B?<FP ;4EFBEB6G64F< EC9J<HVKAV 4?7BD<F@< 6<DVL9AAS 
;484KV [3]. 

 
2. &5>@5B8:>-3@0D>20 <>45;ь 4;O @>72’O70==O 7040GV 

?>HC:C A?>@V4=5=>ABV ;V=V9 A>=OH=8:C 70 <>@D>;>3VG=8<8 
>7=0:0<8 
#B5G8Gє@B F9BD9F<>B-7D4HB6G @B89?P 8?S DB;6’S;4AAS 

;484KV CBLG>G ECBDV8A9ABEFV ;4 @BDHB?B7VKA<@< B;A4>4@< [4]. 
�6989@B (n+1)-8B?PA<= 7D4H G=(Ă0, V1 ,V2 ,&Vn, E), 89 V0 ={Čā0}, ā = 1, ă̅̅ ̅̅ ̅̅  3 @AB:<A4 69DL<A, S>V 6;4є@AB B8AB;A4KAB 

6V8CB6V84RFP ?VAVS@ EBASLA<>4, Vÿ , ÿ = 1, Ą̅̅ ̅̅ ̅ - 69DL<A<, MB 
6;4є@AB B8AB;A4KAB 6V8CB6V84RFP 64DV4AF4@ D94?V;4JVW V-FBW 
@BDHB?B7VKABW B;A4><, ;474?PA4 >V?P>VEFP @BDHB?B7VKA<I B;A4> 
n, E 3 @AB:<A4 D959D ăā,Ăÿ = (Čā0, ČĂÿ  ), 89 Čā0  ∈ V0, ČĂÿ  ∈ Vÿ, ÿ =1, Ą̅̅ ̅̅ ̅, MB 6V8B5D4:4є A4S6AVEFP l-B7B 64DV4AF4 D94?V;4JVW V-BW 
@BDHB?B7VKABW B;A4>< 8?S :-BW ?VAVW. 
$B;7?SA9@B DB;5<FFS 7D4H4 G A4 CV87D4H< SĄ , я>і є (Ą + 1)- 

69DL<AA<@< ;VD>4@< ; J9AFD4?PA<@< 69DL<A4@< Č0 ∈ V0 F4 
6<ESK<@< 69DL<A4@< ČĂÿ  ∈ Vÿ , ÿ = 1, Ą̅̅ ̅̅ ̅. �6989@B 69DIAV= VA89>E 6 
V89AF<HV>4FBD ;VD><, S><= 6V8CB6V84F<@9 AB@9DG 69DL<A< Čā0 ∈V0 , FB5FB SĄā = ({Čā0, ČĂ1, & , Č�Ą} , {ăā,Ă1 , & , ăā,�Ą })   2 J9 (Ą + 1)- 

69DL<AA4 ;VD>4 ; J9AFD4?PABR 69DL<ABR Čā0. 
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�@аH ÿ  є   B5’є8A4AAS@ ã SĄāā=1,ă̅̅ ̅̅ ̅ , CD<KB@G  SĄā â SĄý = ∅,  ā bĆ,     ā, Ć = 1, ă̅̅ ̅̅ ̅̅ . 
�4EFBEGє@B BC9D4JVR C9D9F<AG 7D4HV6 [4]   A4 CB@VK9A<I 

;VD>4I ; 8B84F>B6BR G@B6BR: 5G89@B 664:4F< Č0 ≡ Čā0 ≡ Čý0, 8?S 
6EVI Č0 ∈ V0  F4 ā, Ć = 1, ă̅̅ ̅̅ ̅̅ , Čā0  ∈ V0, Čý0  ∈ V0 . &B8V C9D9F<A 86BI 
CB@VK9A<I ;VDB> SĄā F4 SĄý є CB@VK9ABR ;VD>BR ÿ�ā,ý

 
 SĄā â SĄý = S�ā,ý = (ÿĂ, ÿĀ), ÿĂ = {Č0 , ČĂ1, & , Č��}, ÿĀ = {ăĂ1, & , ă��}, |ÿĀ| = ý, ý f Ą.       (1) 
 
';474?PA9AAS BC9D4JVW C9D9F<AG ; GD4IG64AAS@ 8B84F>B6BW 

G@B6< 8?S 8B6V?PA<I CB@VK9A<I ;VDB> 
 S�′�′ â S�′′�′′ = S�� = (ÿĂ, ÿĀ), |ÿĀ| = ý, ý f min(ý′, ý′′).   (2) 

#BFG:AVEFP @AB:<A< D959D |ÿĀ| = ý @B:9 E?G7G64F< @VDBR 
ECBDV8A9ABEFV. �484KG CBLG>G ECBDV8A9ABEFV EHBD@G?Rє@B S> 
;484KG 6<B>D9@?9AAS 89S>BW CV8@AB:<A<  A4 @AB:<AV  
;VDB> {SĄā}, S>4 @4є @4>E<@4?PAG CBFG:AVEFP @AB:<A< D959D 
C9D9F<AG â SĄāā=1,ă̅̅ ̅̅ ̅ , FB5FB |ÿĀ| ² ăÿý. 

 
3. �8>:@5<;5==O <=>68=8 7=0GCI8E <>@D>;>3VG=8E 

>7=0:  
#4D4?9?PAB ; ;484K9R ECBDV8A9ABEFV EF46<FPES ;484K4 CDB 

@VAV@4?PAG >V?P>VEFP @BDHB?B7VKA<I B;A4>, MB 8B;6B?Sє 
6<;A4K<F< ECBDV8A9AVEFP  ?VAV=. $B;6’S;4AAS ;484KV DB;8V?SєFPES 
A4 864 9F4C<.  
!4 C9DLB@G 8?S >B:ABW ;  q 7DGC DB8<KV6 6<>BAGєFPES 

BC9D4JVS (1)-(2) C9D9F<AG ;VDB>, J9AFD4?PAV 69DL<A< S><I 
6V8CB6V84RFP ECBDV8A9A<@ ?VAVS@ >B?9>JVW. �?S JPB7B 
6<>BAGєFPES BC9D4JVS (1) C9D9F<AG 7D4HV6 ; 8B84F>B6BR G@B6BR 
8?S C9DLB7B F4 8DG7B7B CD98EF46A<>4  7DGC<. �4?V 6<>BAGєFPES 
BC9D4JVS (2) 8?S BFD<@4AB7B D9;G?PF4FG F4 A4EFGCAB7B 
CD98EF46A<>4 7DGC<. �?S 7DGC< DB8<KV6 C9D9F<AB@ є ;VD>4 S�II , x = 1, q̅̅ ̅̅̅. � D9;G?PF4FV CDB6989AB7B C9DLB7B 9F4CG BFD<@4AB 
@AB:<AG {S�II }. !4 8DG7B@G 9F4CV A4 @AB:<AV {S�II } 6<>BAGєFPES 
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BC9D4JVS E>?484AAS ;4 @B8G?9@ 864 ; FVєR : 8B84F>B6BR G@B6BR 
BFBFB:A9AAS 69DL<A @AB:<A< V0 ∶ Č0 ≡ Čā0 ≡ Čý0, 8?S 6EVI 8?S 
6EVI Č0 ∈ V0  Fа ā, Ć = 1, ă̅̅ ̅̅ ̅̅ , Čā0  ∈ V0, Čý0  ∈ V0. $9;G?PF4FB@ 
BC9D4JVW є ;VD>4 S�� = (ÿĂ, ÿĀ), @AB:<A4 6<ESK<I 69DL<A ÿĂ\Č0  
S>BW C9D9?VKGє B;A4><, MB 6V8DV;ASRFP ?VAVW @V: EB5BR. 
#BFG:AVEFP @AB:<A< ÿĂ\Č0  Fа ÿĀ @B:9 E?G7G64F< A<:APBR 
@9:9R @VD< ECBDV8A9ABEFV ý = inf0≤�≤þ (ý�). %>?48AVEFP 
4?7BD<F@G O((m/q)!n). #D< A4S6ABEFV @AB:<AV ;A4KGM<I B;A4> ÿĂ\Č0  8?S DB;6’S;4AAS ;484KV CBLG>G ECBDV8A9ABEFV ?VAV= 
C9D96VDSєFPES 6V8CB6V8AVEFP A4 @AB:<AV ;A4KGM<I B;A4> 
CBFG:AVEFR ýI 8?S >B:ABW ; q 7DGC DB8<KV6. 3>MB 6V8CB6V8AVEFP 
A9 ;A4=89AB, FB J9= 9>;9@C?SD GF6BDRє AB6G q +1 7DGCG DB8<KV6. 

 
4. #>HC: A?>@V4=5=>ABV O: 7040G0 ?>HC:C ;0=FN30 

<0:A8<0;ь=>W 4>268=8 =0 (n+1)-4>;ь=><C 3@0DV 
%HBD@G?Rє@B ;484KG CBLG>G ECBDV8A9ABEFV 86BI ?VAV= k F4 

p S> ;484KG A4 (n+1)-8B?PAB@G 7D4HV G: ;A4=F< ?4AJR7 
@4>E<@4?PABW 8B6:<A< L, S><= CBK<A4єFPES Čā0 8B?V V0 F4 @4є 
>VAJ96G 69DL<AG F9: G 8B?V V0: 45B в5@ши=G Čý0, 45B 
69DL<AG Čā0, V 6 JPB@G 6<C48>G ?4AJR7 є J<>?B@. !4 >B:AB@G 
A9C4DAB@G @VEJV 6 ?4AJR;V EFBWFP 69DL<A4 8B?V V0, A4 C4DAB@G - 4>?і Vÿ , ÿ ∈ {1,2,3 & , Ą}. #D< ECV6C48VAAV G 86BI ?VAVSI k F4 p 
>V?P>BEFV B;A4> N 6<>BAGєFPES ECV66V8ABL9AAS Ā = 2N. 
�V?P>VEFP CDBEF<I J<>?V6 6 ?4AJR;V +Ā/4,. 
5.�8A=>2:8 B0 >13>2>@5==O  
�4CDBCBAB64A4 F9BD9F<>B-7D4HB64 @B89?P 8B;6B?Sє 

;4EFBEB6G64F< EFD4F97VW CBLG>G 6 L<D<AG F4 7?<5<AG A4 7D4H4I 
CD< 6V8CB6V8AV= BD74AV;4JVW EFDG>FGD< 84A<I. 
$B5BF4 6<>BA4A4 6 D4@>4I 8B7B6BDG CDB ECV6DB5VFA<JF6B 

@V: �AEF<FGFB@ B?V=A<I >G?PFGD !��!' F4 !4JVBA4?PA<@ 
GAV69DE<F9FB@ «�4CBDV;P>4 CB?VF9IAV>4», ��05028 «�A4?V; 
5VB@9FD<KABW VAHBD@4JVW» (2018-2021DD). 

 
�VB5@0BC@0 
6.  4IB64 &.�., �98@98є64 �.�. �<>BD<EF4AAS 

V89AF<HV>4JV=A<I @BDHB?B7VKA<I B;A4> G >B?9>JVSI EBASLA<>G 
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7.  9FB8<>4 CDB6989AAS 9>EC9DF<;< EBDFV6 DBE?<A 7DGC< 
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C9DEC9>F<6<. �5VDA<> F9;  V:A4DB8ABW A4G>B6BW VAF9DA9F-
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SITUATION OF UNCERTAINTY IN ARTIFICIAL 

INTELLIGENCE PROBLEMS ASSOCIATED WITH 

COMBINARY CONFIGURATIONS 

 
Abstract. The situation of uncertainty in the problems of artificial intelligence 

arises not only due to fuzzy or incomplete input and current information, but also 
due to the special structure of combinatorial configurations, which are the 
argument of the objective function, and the methods of its modeling. The vagueness 

https://doi.org/10.1007/978-3-658-21742-6_57
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of the input information in the problems of this class is due to the special structure 
of such a combinatorial configuration as placement with repetitions, which are 
modeled the input data. 

 

�ABC?. #D<>?48AV ;484KV >B@5VA4FBDABW BCF<@V;4JVW, S> 
CD46<?B, DB;6’S;GRFPES ; GD4IG64AAS@ DV;AB7B 6<8G 
A96<;A4K9ABEFV. �BA4 6<A<>4є 6A4E?V8B> A9CB6ABW 6IV8ABW F4 
CBFBKABW VAHBD@4JVW, 4 F4>B: CB6’S;4A4 ; A9KVF><@< 6IV8A<@< 
84A<@<. �?9 A96<;A4K9AVEFP 6 ;484K4I JPB7B >?4EG CDBS6?SєFPES 
;468S>< BEB5?<6BW EFDG>FGD< @AB:<A< >B@5VA4FBDA<I 
>BAHV7GD4JV=, S>V є 4D7G@9AFB@ JV?PB6BW HGA>JVW, F4 ECBEB5G WW 
@B89?R64AAS. 
#>AB0=>2:0 7040GV. �484K4 CB?S74є G 6<S6?9AAV 

A96<;A4K9ABEFV 6 ;484K4I LFGKAB7B VAF9?9>FG, S>4 CB6’S;4A4 V; 
EFDG>FGDBR 4D7G@9AFG JV?PB6BW HGA>JVW (>B@5VA4FBDABR 
>BAHV7GD4JVєR).  
#V4EV4, I> ?@>?>=CєBьAO. $B;6’S;4AAS CBEF46?9ABW ;484KV 

CDB6B8<FPES L?SIB@ 4A4?V;G ;484K LFGKAB7B VAF9?9>FG, 
6<S6?9AAS 4D7G@9AFG JV?PB6BW HGA>JVW, S><@ є >B@5VA4FBDAV 
>BAHV7GD4JVW DV;A<I F<CV6. 3>MB WIAS @AB:<A4 E>?484єFPES ; 
CV8@AB:<A V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV=, FB 6 JV= 
;484KV @4є @VEJ9 A96<;A4K9AVEFP, S>4 CB6’S;4A4 ; BEB5?<6BR 
EFDG>FGDBR 4D7G@9AFG JV?PB6BW HGA>JVW. �?S WW 6<DVL9AAS 
6<>BD<EFB6GRFPES DV;AV CV8IB8<, ;B>D9@4 V E4@BA4?47B8:G64?PAV 
4?7BD<F@<. 
!5287=0G5=VABь 2 7040G0E HBCG=>3> V=B5;5:BC.  

3> CB>4;GRFP 8BE?V8:9AAS CD<>?48A<I ;484K V; LFGKAB7B 
VAF9?9>FG C9D964:A4 WIAS K4EF<A4 CD< ;A4IB8:9AAV 
BCF<@4?PAB7B DB;6’S;>G CBFD95Gє C9D95BDG 64DV4AFV6. 
#9D95VDA<@ :9 ;484K4@ 6?4EF<64 >B@5VA4FBDA4 CD<DB84. &B@G 
;484KV JPB7B >?4EG ;6B8SFPES 8B ;484K >B@5VA4FBDABW BCF<@V;4JVW. 
�D7G@9AFB@ JV?PB6BW HGA>JVW 6 A<I є >B@5VA4FBDAV >BAHV7GD4JVW.  
3> 6 >B@5VA4FBDAV= BCF<@V;4JVW, F4> V 6 ;484K4I LFGKAB7B 

VAF9?9>FG A96<;A4K9AVEFP CB6’S;4A4 [1]: I) ; A9B8AB;A4KAVEFR 
D9;G?PF4FG, B89D:4AB7B ;4 ;@B89?PB64ABR JV?PB6BR HGA>JVєR 
45B 6<5D4ABR @VDBR CB8V5ABEFV G D4;V A9KVF>BW 6IV8ABW 
VAHBD@4JVW, S><= A9 ;48B6B?PASє @9FV 8BE?V8:9AAS; II) ; 6<5BDB@ 
ECBEB5G BJVA>< FBKABEFV DB5BF< C96AB7B 4?7BD<F@G; III) ; 
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BEB5?<6BR EFDG>FGDBR @AB:<A< >B@5VA4FBDA<I >BAHV7GD4JV=, 
MB є 4D7G@9AFB@ JV?PB6BW HGA>JVW; IV) ; A9CB6ABR 6IV8ABR F4 
CBFBKABR VAHBD@4JVєR; V) ; A9KVF>B DB;DB5?9A<@< CD46<?4@< 
B5DB5>< F4 BJVA>< VAHBD@4JVW;VI) ; A9B8AB;A4KAVEFR CD< 6<5BDV 
BCF<@4?PAB7B DB;6’S;>G ;4 >V?P>B@4 >D<F9DVS@< 6 
5474FB>D<F9DV4?PAV= BCF<@V;4JVW. 
#V8 =5287=0G5=VABR 6 >B@5VA4FBDAV= BCF<@V;4JVW DB;G@Vє@B 

E<FG4JVR, CD< S>V= 6A4E?V8B> A9KVF>BW K< A9CB6ABW 6IV8ABW F4 
CBFBKABW VAHBD@4JVW A9@B:?<6B B89D:4F< B8AB;A4KA<= 
D9;G?PF4F, 45B ;4 6<5D4ABR @VDBR CB8V5ABEFV, ;4 
;@B89?PB64A<@< JV?PB6<@< HGA>JVS@<, 6 S><I A9 6D4IB64AB 
EFDG>FGDG >B@5VA4FBDA<I >BAHV7GD4JV=, ;4 DB;DB5?9A<@< 
CD46<?4@< B5DB5>< F4 BJVA>< VAHBD@4JVW B89D:4A<= 
BCF<@4?PA<= D9;G?PF4F A9 ;5V74єFPES ; @9FBR 8BE?V8:9AAS. 
$B;6’S;4AAS ;484K LFGKAB7B VAF9?9>FG F4>B: CDB6B8<FPES 6 

G@B64I A96<;A4K9ABEFV DV;A<I 6<8V6. #D< DB;6’S;4AAV ;A4KABW 
K4EF<A< ;484K JPB7B >?4EG BEAB6A4 G6474 CD<8V?SєFPES 
A96<;A4K9ABEFV, MB CB6’S;4A4 ; A9CB6ABR 6IV8ABR F4 CBFBKABR 
VAHBD@4JVєR, 4 F4>B: ; A9KVF><@< 6IV8A<@< 84A<@<. � JPB@G 
D4;V 6<DVL9AAS JVєW CDB5?9@< CDB6B8SFP L?SIB@ 4A4?V;G 
CB698VA>< E<EF9@< ;4 C96A<= CDB@V:B> K4EG. !4 BEAB6V 
BFD<@4AB7B 4A4?V;G 6EF4AB6?RєFPES ;4>BAB@VDAVEFP, S>4 
6D4IB6GєFPES CD< CDB7AB;G64AAV @4=5GFAVI D9;G?PF4FV6 A4 
CBFBKAB@G 6V8?V>G K4EG. 
%8BC0FVO =5287=0G5=>ABV, O:0 ?>2’O70=0 V7 AB@C:BC@>N 

:><1V=0B>@=8E :>=DV3C@0FV9.  
*9= 6<8 A96<;A4K9ABEFV 6<A<>4є 6A4E?V8B> FB7B, MB 

@AB:<A4 >B@5VA4FBDA<I >BAHV7GD4JV=, S>V є 4D7G@9AFB@ 
JV?PB6BW HGA>JVW, E>?484єFPES ; CV8@AB:<A V A4 C96AB@G WIAPB@G 
6CBDS8>G64AAV ;4>BAB@VDAVEFP ;@VA< ;A4K9AP ;@B89?PB64ABW 
JV?PB6BW HGA>JVW B8A4>B64 A9;4?9:AB 6V8 6IV8A<I 84A<I. 
$9;G?PF4F DB;6’S;>G ;484KV 6 JPB@G 6<C48>G 3 A9B8AB;A4KA<=, 
;468S>< KB@G 6<A<>4є E<FG4JVS A96<;A4K9ABEFV. 
�4>BAB@VDAVEFP ;@VA< ;A4K9AP JV?PB6BW HGA>JVW 6 ;484K4I 

>B@5VA4FBDABW BCF<@V;4JVW ;4?9:<FP 6V8 GCBDS8>G64AAS 
>B@5VA4FBDA<I >BAHV7GD4JV= (4D7G@9AFG) Wwþ  [2]. $B;7?SA9@B 
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EFDG>FGDG WIAPBW @AB:<A< W . #V8@AB:<AG WW üø  A4;69@B 
CV8@AB:<ABR V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV=, S>MB WW 
9?9@9AF< 3 V;B@BDHAV >B@5VA4FBDAV >BAHV7GD4JVW (>B@5VA4FBDAV 
>BAHV7GD4JVW, >V?P>VEFP 9?9@9AFV6 G S><I B8A4>B64, A4;<64RFPES 
V;B@BDHA<@<).  AB:<A4 W  E>?484єFPES ; CV8@AB:<A 
V;B@BDHA<I >B@5VA4FBDA<I >BAHV7GD4JV= øW . !4 CV8@AB:<AV 

øW  JV?PB64 HGA>JVS ;@VARєFPES F4>, S> V A4 @AB:<AV 
C9D9EF4AB6B>.  AB:<A< A  V B , S><@< ;484єFPES C96A4 ;484K4, 
A4;69@B 54;B6<@<. +<E?B69 ;A4K9AAS ;6’S;>V6 @V: 9?9@9AF4@< 
J<I @AB:<A A4;69@B 6474@<, S>V є 6IV8A<@< 84A<@<. 
'CBDS8>Gє@B CV8@AB:<A< WW üø  (>DV@ C9D9EF4AB6B>) 
CBK<A4RK< ; 1ýø  V ;4>VAKGRK< nýø  (ø  3 >V?P>VEFP 9?9@9AFV6 
G w , n  3 >V?P>VEFP 9?9@9AFV6 G @AB:<A4I A , B ). 
!46989@B F4>G F9BD9@G. 
&5>@5<0. 3>MB 6 ;484K4I >B@5VA4FBDABW BCF<@V;4JVW 

@AB:<A4 W  E>?484єFPES ; CV8@AB:<A øW , 4 BCF<@V;4JVS 
CDB6B8<FPES ;4 EG@4DA<@ 45B E9D98AV@ ;A4K9AAS@ 647 @V: 
9?9@9AF4@< 54;B6BW @AB:<A<, FB JV?PB64 HGA>JVS A4 ;484AB@G 
6<M9 6CBDS8>G64AAV øW  6 W  3 8<E>D9FA4 >GE>B6B-@BABFBAA4 
HGA>JVS (6V8CB6V8AB A9EC48A4 45B A9;DBEF4RK4) A9;4?9:AB 6V8 
EFDG>FGD< 6IV8A<I 84A<I.  
� ;484KV >?4EF9D<;4JVW, S>4 @4є @VEJ9 6 ;484K4I LFGKAB7B 

VAF9?9>FG, B7B6BD9A4 6 F9BD9@V E<FG4JVS A96<;A4K9ABEFV 
6<DVLGєFPES L?SIB@ DB;DB5?9AAS E4@BA4?47B8:G64?PA<I 
4?7BD<F@V6 45B G6989AAS@ 6 CDBJ9EV DB;6’S;4AAS ;484KV ;@VAA<I 
>D<F9DVW6 [3]. � ;484KV >?VAVKABW 8V47ABEF<>< @B89?RRFPES 
>V?P>4 JV?PB6<I HGA>JVW. 3>MB ;4 J<@< HGA>JVS@< B89D:Gє@B 
BCF<@4?PA<= DB;6’S;B> 8?S B8AVєW V FVєW : >B@5VA4FBDABW 
>BAHV7GD4JVW (4D7G@9AFG), FB B89D:4A<= D9;G?PF4F ;5V74єFPES ; 
@9FBR 8BE?V8:9AAS. � VALB@G D4;V 6<A<>4є E<FG4JVS 
A96<;A4K9ABEFV. � DB;CV;A464AAV @B6?9AAS A96<;A4K9AVEFP F4>B: 
CB6’S;4A4 V; EFDG>FGDBR >B@5VA4FBDA<I >BAHV7GD4JV=, S>V 
@B:GFP 5GF< S> 4D7G@9AFB@ JV?PB6BW HGA>JVW, F4> V 6IV8A<@< 
84A<@<. %<7A4?<, S>V 6V8CB6V84RFP B8AB@G V FB@G : E?B6G, 
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CDB@B6?9AB@G 5474FB D4;V6 B8A<@ V F<@ :9 8<>FBDB@ 45B 
DV;A<@< 8<>FBD4@<, 6V8DV;ASRFPES @V: EB5BR. &4><I DV;A<I 
64DV4AFV6 @B:9 5GF< A9E>VAK9AA4 >V?P>VEFP FB@G, MB E>?48B6V 
E?B64 3 HBA9@< GF6BDRRFPES >B@5VA4JVєR 9?9@9AFV6 
@B6?9AAє6B7B FD4>FG V GF6BDRRFP >B@5VA4FBDAG >BAHV7GD4JVR 3 
DB;@VM9AAS ; CB6FBD9AAS@<. �6V8E< @4є @VEJ9 A9KVF>VEFP 6IV8A<I 
84A<I. 
�8A=>2>:. "F:9, 6 ;484K4I LFGKAB7B VAF9?9>FG 

>B@5VA4FBDAV >BAHV7GD4JVW @B:GFP 5GF< S> 4D7G@9AFB@ JV?PB6BW 
HGA>JVW F4> V 6IV8A<@< 84A<@<. � J<I ;484K4I E<FG4JVS 
A96<;A4K9ABEFV 6<A<>4є 6A4E?V8B> BEB5?<6BW EFDG>FGD< 
@AB:<A< >B@5VA4FBDA<I >BAHV7GD4JV=, S>V є 4D7G@9AFB@ 
JV?PB6BW HGA>JVW. �?S 6<IB8G ; JVєW E<FG4JVW BJVA>4 D9;G?PF4FG 
CDB6B8<FPES S> ;4 B8AVєR F4> V ;4 >V?P>B@4 JV?PB6<@< HGA>JVS@<, 
4 F4>B: 6<DVLGєFPES G6989AAS@ 6 CDBJ9EV DB;6’S;4AAS ;484KV 
;@VAA<I >D<F9DVW6. 

 
�VB5@0BC@0  
1. &<@BHVє64 !.�. #DB DB;6’S;4AAS ;484K >B@5VA4FBDABW 

BCF<@V;4JVW 6 G@B64I A96<;A4K9ABEFV. �VA=8: �V==8FP:>3> 
?>;VB5E=VG=>3> V=AB8BCBC. 2012. № 6. %. 1573162. 

2. &<@BHVє64 !.�. &9BD9F<>B-K<E?B6V @9FB8< DB;6'S;4AAS 
;484K >B@5VA4FBDABW BCF<@V;4JVW: 46FBD9H. 8<E... 8B>F. F9IA. A4G>: 
01.05.02. �<W6, 2007. 32 E. 

3. &<@BHVє64 !.�. %4@BA4?47B8:G64?PAV 4?7BD<F@< 
;A4IB8:9AAS A96<;A4K9A<I C4D4@9FDV6 G ;484K4I >B@5VA4FBDABW 
BCF<@V;4JVW.  '%8 . 2009.  № 4  %.43 3 50. 
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GENERALIZATION OF ANOMALIES IN ORDERING 

PROBLEMS 
 

Abstract.One of the promising areas of research of discrete optimization 
problems is the direction associated with the detection of anomalies in these 
problems.  

Based on Graham’s work on the study of anomalies that arise in scheduling 
problems, namely the cases where intuitive conclusions are not supported, the 
problem of parallel ordering of the vertices of a graph is considered in this paper. 
The main question that appears is whether it is possible for anomalies to appear 
when several conditions are combined, which separately provide for the 
unambiguous existence of anomalies.  

As a result, it becomes necessary to select subclasses of tasks for which the 
indicated anomalies will not exist and subclasses of tasks for which they will 
definitely appear. 

 

� CBS6BR JV>46<I D9;G?PF4FV6 $. �. �D9I9@4 [1], B8A<@ V; 
A4CDS@V6 8BE?V8:9AAS ;484K 8<E>D9FABW BCF<@V;4JVW EF46 A4CDS@, 
CB6’S;4A<= ; 6<S6?9AAS@ G F4><I ;484K4I F4> ;64A<I 4AB@4?V=. 
#V8 4AB@4?VS@< DB;G@VRFPES 6<C48><, >B?< ;84єFPES VAFGWF<6AB 
;DB;G@V?V 6<EAB6>< A9 CV8F69D8:GRFPES. �D9I9@ DB;7?SAG6 
4AB@4?VW, MB 6<A<>4RFP G ;484K4I F9BDVW DB;>?48V6. �VA 
DB;7?SAG6 ;484KG, >B?< ;484A4 E>VAK9A4 @AB:<A4 DB5VF F4 
E>VAK9A4 @AB:<A4 6<>BA46JV6. !4 CBDS8B> 6<>BA4AAS DB5VF 
;484AV F9IAB?B7VKAV B5@9:9AAS F4 6V8B@<= K4E 6<>BA4AAS >B:ABW 
DB5BF<. �DV@ FB7B, 6VA DB;7?S846 6<C48><, >B?< ;484A4 54:4A4 
CBE?V8B6AVEFP 6<>BA4AAS DB5VF. !9B5IV8AB DB;CB8V?<F< DB5<F< 
CB 6<>BA46JSI F4>, MB5 6BA< 5G?< ;469DL9AV ;4 @VAV@4?PA<= K4E. 
#D< 4A4?V;V JVєW ;484KV A<@ 5G?< 6<S6?9AV A4EFGCAV, F4> ;64AV 
4AB@4?VW: 

1. �@9AL9AAS K4EG DB5VF. 
2. #BE?45?9AAS B5@9:9AP A4 CBDS8B> DB5VF.  
3. �5V?PL9AAS >V?P>BEFV 6<>BA46JV6. 
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4. �@VA4 CBDS8>G 6<>BA4AAS DB5VF. 
' 84AV= DB5BFV DB;7?S84єFPES 6V8B@4 ;484K4 C4D4?9?PAB7B 

GCBDS8>G64AAS 69DL<A BD7D4HV6, S>4 HBD@G?RєFPES A4EFGCA<@ 
K<AB@. �484AB ;64:9A<= BDVєAFB64A<= 4J<>?VKA<= 7D4H 
G={V,U}, (|V|=n), MB ;484є F9IAB?B7VKAV B5@9:9AAS A4 CBDS8B> 
6<>BA4AAS DB5VF. V 3 @AB:<A4 DB5VF, U 3 @AB:<A4 F9IAB?B7VKA<I 
B5@9:9AP, 4 (i,j)єU B;A4K4є, MB DB5BF4 V CB6<AA4 5GF< 6<>BA4A4 
8B CBK4F>G 6<>BA4AAS DB5BF< j. �474 69DL<A< i 3 J9 K4E τi 
6<>BA4AAS 6V8CB6V8ABW DB5BF< ; AB@9DB@ i. !9B5IV8AB F4> 
DB;@VEF<F< 69DL<A< BD7D4H4 A4 @VAV@4?PAG >V?P>VEFP @VEJP 6 
GCBDS8>G64AAS S, MB5 A4 >B:AB@G @VEJV EFBS?B A9 5V?PL9 m 
69DL<A (m 3 ;484A4 >V?P>VEFP 6<>BA46JV6) V A9 CBDGLG64?<EP 
F9IAB?B7VKAV B5@9:9AAS A4 CBDS8B> 6<>BA4AAS DB5VF. 
�?S JVєW ;484KV 6>4;4AV 6<M9 4AB@4?VW, S> CB>4;4AB 6 [2], 

@4RFP @VEJ9. �<A<>4є C<F4AAS, K< 5G8GFP @4F< @VEJ9 4AB@4?VW, 
S>MB DB;7?S84F< 6<C48><:  

 B8ABK4EAB7B ;@9AL9AAS K4EG 6<>BA4AAS ;4684AP F4 
;5V?PL9AAS >V?P>BEFV D9EGDEV6;  

 CBE?45?9AAS F9IAB?B7VKA<I B5@9:9AP F4 ;5V?PL9AAS 
>V?P>BEFV D9EGDEV6;  

 B8ABK4EAB7B ;@9AL9AAS K4EG 6<>BA4AAS ;4684AP F4 
CBE?45?9AAS F9IAB?B7VKA<I B5@9:9AP.  
$B;7?SA9@B CD<>?48, MB 6V8CB6V84є C9DLB@G 6<C48>G. 
#D<>?48 1. !9I4= ;484AB ;64:9A<= BDVєAFB64A<= 

4J<>?VKA<= 7D4H G={V,U} (D<E. 1), V={1,2,..,9}, m=3, 6474 >B:ABW 
69DL<A< 8BDV6ARє τi. �B:A4 69DL<A4 A4 D<EGA>G CB;A4K4єFPES 
S> «i/τi» («AB@9D 69DL<A</6474 69DL<A<»).  

 

 
$<E.1. �@0D G 
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#B CB5G8B64AB@G BCF<@4?PAB@G GCBDS8>G64AAR S* (F45?.1)  

;A4IB8<@B =B7B 8B6:<AG l, MB 8BDV6ARє ;A4K9AAR K4EG 
6<>BA4AAS 6EVI DB5VF 6<>BA46J9@, S><= 6<FD4F<6 A4 6EV DB5BF< 
@4>E<@4?PA<= K4E.  

 
&45?<JS 1. 

'CBDS8>G64AAS S* 
2/2 3/2 6/5  

1/2 5/2 8/7 

4/6 7/3 9/2 

 
l(S*)=11. 
&9C9D B8ABK4EAB ;@9AL<@B K4E 6<>BA4AAS ;4684AP F4 

;5V?PL<@B >V?P>VEFP D9EGDEV6: �ÿ, = �ÿ 2 1 , ă, = ă + 1. 
 

"FD<@4є@B 7D4H G’ (D<E.2). 
 

 
$<E.2. �@0D G’ 

 
#B5G8Gє@B 8?S 7D4H4 G’ BCF<@4?PA9 GCBDS8>G64AAS S’* 

(F45?.2) F4 ;A4=89@B 8B6:<AG l’. 
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&45?<JS 2. 
'CBDS8>G64AAS S’* 

1/1 5/1 8/6 

2/1 6/4  

4/5 7/2 9/1 

3/1  

 
l(S’*)=8. 
3> 6<8AB V; CD<>?48G, CBE?45?9AAS B5@9:9AP 8B;6B?Sє 

;@9AL<F< ;474?PA<= K4E 6<>BA4AAS. �DB;G@V?B, MB F4>V 6<C48>< 
A9 ;46:8< 5G8GFP @4F< @VEJ9. &B@G, A9B5IV8AB 6<8V?SF< CV8>?4E< 
;484K, 8?S S><I 6>4;4AV 4AB@4?VW A9 6C?<AGFP A4 BCF<@4?PAVEFP 
DB;6’S;>G F4 CV8>?4E< ;484K, >B?< 6BA< FBKAB 5G8GFP 6C?<64F<. 
�DV@ FB7B, JV>46<@ є C<F4AAS CDB @B:?<6V 4AB@4?VW 6 VAL<I 
;484K4I 8<E>D9FABW BCF<@V;4JVW. 

 
�VB5@0BC@0 
1. Graham R. L. Bounds on multiprocessing timing anomalies // 

SIAM J. Appl. Math., 1969. V. 17. P. 4163429. 
2. &GDK<A4 �. �. �D9@9AAO9 4AB@4?<< 6 ;484K4I 

EBEF46?9A<S D4EC<E4A<= / �. �. &GDK<A4, !. �. (98BD9A>B // 
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%&�&�%&�+!�  �&"�� #$��!/&&/ $�,�!0 � 

%�$��!� �&$�&� 
+9DABGEB64 �. &. 

!0FV>=0;P=89 B5E=VG=89 C=V25@A8B5B ':@0W=8 «�8W2AP:89 
?>;VB5E=VG=89 V=AB8BCB V<5=V І3>@S %V:>@AP:>3>»  

 
STATISTICAL DECISION MAKING METHODS AND RISK 

 
Abstract. Strategic action planning depending on the values of a random 

variable of the experiment result is considered. The problem of the relationship 
of Bayesian risk and total average losses of mixed actions is investigated. The 
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conditions under which the total average losses of mixed actions are not less than 
the Bayesian risk are found. 

 
$B;7?SA9@B EFD4F97VKA9 C?4AG64AAS 8V= (CD46<?B 8?S 

CD<=ASFFS DVL9AAS) ;4?9:AB 6V8 6<C48>B6B7B ;A4K9AAS 
ECBEF9D9:9AAS (8?S >B:AB7B D9;G?PF4FG 9>EC9D<@9AFG). !9I4= 
;484AV Rij 3 =52V4’є<=V 6FD4F< 8?S >B:ABW >B@5VA4JVW j-BW 8VW 
(DVL9AAS) F4 i-B7B EF4AG C4D4@9FD4, F4 6V8B@V =@B6VDAVEAV 
DB;CB8V?< D9;G?PF4FV6 ECBEF9D9:9AAS 6 ;4?9:ABEFV 6V8 EF4AV6 
C4D4@9FD4. &B8V 8?S 89S>BW EFD4F97VW @B:A4 6<;A4K<F< DB;CB8V?< 
=@B6VDABEF9= Pij, ∑ ÿÿĀĀ =1, 8V= 8?S DV;A<I EF4AV6 C4D4@9FD4. 
#BFV@ DB;D4IG64F< ;A4K9AAS E9D98AVI 6FD4F (@4F9@4F<KAB7B 
ECB8V64AAS) @VL4ABW 8VW 8?S >B:AB7B EF4AG C4D4@9FD4.  
�<A<>4є C<F4AAS, S> ECV66V8ABESFPES 54=9EV6EP><= D<;<> 

(FBKA4 A<:AS 7D4AP E9D98AVI 6FD4F (D<;<>V6) CB 6EV@ 8VS@) F4 
;474?PAV E9D98AV 6FD4F< @VL4A<I 8V=, S>MB 6V8B@V =@B6VDABEFV 
EF4AV6 C4D4@9FDG Qi.  
�4G64:<@B, MB 6 ;474?PAB@G 6<C48>G, G@B6AV (;4?9:AV 6V8 

EF4AG C4D4@9FD4) =@B6VDABEFV 6<5BDG 6V8CB6V8A<I 8V= A9 
B5B6’S;>B6B B8A4>B6V.  
�BE?V8<@B 8?S A4BKABEFV 6<C48B> FDPBI 8V= V FDPBI EF4AV6 

C4D4@9FD4. �B6989AAS ?97>B DB;CB6ER8:GєFPES A4 E<FG4JVW 
5V?PLBW DB;@VDABEFV. 
�474?PAV E9D98AV 6FD4F< @VL4A<I 8V= 

Z=Q1‧(P11‧R11+P12‧R12+P13‧R13)+Q2(P21‧R21+P22‧R22+P23‧
R23)+Q3‧(P31‧R31+P32‧R32+P33‧R33)gPk1‧(Q1‧R11+Q2‧R21+Q3
‧R31)+Pl2‧(Q1‧R12+Q2‧R22+Q3‧R32)+Pm3‧(Q1‧R13+Q2‧R23+Q3‧
R33) = =Pk1‧ρ1 + Pl2‧ρ2 + Pm3‧ρ3, 89 Pk1 3 @VAV@4?PA9 ;A4K9AAS 
; =@B6VDABEF9= 1-BW 8VW CB 6EV@ EF4A4@ C4D4@9FD4, Pl2 F4 Pm3 
@4RFP 4A4?B7VKA<= ;@VEF 8?S 2-BW F4 3-BW 8V= (k, l, m @B:GFP 5GF< 
@V: EB5BR S> DV;A<@<, F4> V B8A4>B6<@<), ρ1, ρ2, ρ3 3 CB;A4K9AAS 
6V8CB6V8A<I 6<D4;V6 6 BEF4AAVI 8G:>4I 3 E9D98AV D<;<>< 1-BW, 2-
BW F4 3-BW 8V=.  
�9; 6FD4F< ;474?PABEFV, A9I4= AB@9D< 8V= 6<5D4AV F4>, MB 

ρ1fρ2fρ3.  
#B-C9DL9, CD<CGEF<@B, MB Pk1+Pl2+Pm3=1.  
&B8V Pk1‧ρ1 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 + 



 193 

+ (Pk1-1)‧ρ2 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 + 
+ (Pk1 + Pl2-1)‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 + (-Pm3)‧ρ2 + 
+ Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 + Pm3‧(ρ3-ρ2) g ρ1. 
#B-8DG79, A9I4= Pk1+Pl2g1.  
&B8V Pk1‧ρ1 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 +  

+ (Pk1-1)‧ρ2 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 +  
+ (Pk1+Pl2-1)‧ρ2+Pm3‧ρ3g ρ1. 

 
#B-FD9Fє, CD<CGEF<@B, MB -Pm3<Pk1+Pl2-1<0. 
�6V8E< 0<1-Pk1-Pl2<Pm3. 
&B8V, 4A4?B7VKAB, Pk1‧ρ1 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 +(1-

Pk1)‧ρ2+ (Pk1-1)‧ρ2 + Pl2‧ρ2 + Pm3‧ρ3 = Pk1‧ρ1 + (1-Pk1)‧ρ2 -  
- (1-Pk1-Pl2)‧ρ2 + Pm3‧ρ3 g ρ1. 
"F:9, 8?S DB;7?SAGF<I 6<C48>V6 ;474?PAV E9D98AV 6FD4F< Z 

@VL4A<I 8V= =5 <5=H5 54=9EV6EP>B7B D<;<>G, ;4 <8B6V?PA<I= 
=@B6VDABEF9= EF4AV6 C4D4@9FD4. &B5FB ;4 A46989A<I 6<M9 G@B6, 
@VL4AV 8VW A9 ;@9ALGRFP 54=9EV6EP><= D<;<>, BFD<@4A<= CD< 
K<EF<I 8VSI. 
&9C9D DB;7?SA9@B 6<C48B>, A46989A<= 6 [1, EFBD.16]. 
R11=1, R12=2, R13=3, P11=1/2, P12=1/2, P13=0,  

E9D98AV 6FD4F< = 1,5; 
R21=5, R22=2, R23=3, P21=0,    P22=1/2, P23=1/2, 

E9D98AV 6FD4F< = 2,5; 
R31=7, R32=6, R33=3, P31=0,    P32=0,    P33=1, 

E9D98AV 6FD4F< = 3. 
�V;P@9@B Q1=Q2=Q3=1/3, FB8V 
min (ρ1=13/3; ρ2=10/3; ρ3=3) = 3,  

;474?PAV E9D98AV 6FD4F< @VL4A<I 8V= Z=1/3‧1,5+1/3‧2,5+1/3‧3=7/3 
< 3. 
�?S A46989AB7B CD<>?48G Pk1=0, Pl2=0, Pm3=0 V 

Pk1+Pl2+Pm3=0<1. � JPB@G 6<C48>G ;474?PAV E9D98AV 6FD4F< Z 
@VL4A<I 8V= <5=H5 54=9EV6EP>B7B D<;<>G. 
3>MB  
R11=1, R12=2, R13=3, P11=1/2, P12=1/3, P13=1/6,  

E9D98AV 6FD4F< = 5/3; 
R21=5, R22=2, R23=3, P21=1/2, P22=1/3, P23=1/6,  

E9D98AV 6FD4F< = 11/3; 



 194 

R31=7, R32=6, R33=3, P31=0,    P32=1/3, P33=2/3, 
E9D98AV 6FD4F< = 4. 
' D4;V Q1=Q2=Q3=1/3 ;474?PAV E9D98AV 6FD4F< @VL4A<I 8V=  
Z = 1/3‧5/3+1/3‧11/3+1/3‧4=28/9 > 3. 
�?S A46989AB7B CD<>?48G Pk1=0, Pl2=1/3, Pm3=1/6 V 

Pk1+Pl2+Pm3=1/2<1. � JPB@G 6<C48>G ;474?PAV E9D98AV 6FD4F< 
Z @VL4A<I 8V= 1V;PH5 54=9EV6EP>B7B D<;<>G. 
&4><@ K<AB@, CD< Pk1+Pl2+Pm3<1 ;474?PAV E9D98AV 6FD4F< 

Z @VL4A<I 8V= @B:GFP 5GF< S> <5=H8<8, F4> V =5 <5=H8<8, AV: 
54=9EV6EP><= D<;<>, BFD<@4A<= CD< K<EF<I 8VSI. 
�4 A4S6ABEFV FV?P>< 86BI 8V=, @VD>GRK< 4A4?B7VKAB, ;4 G@B6 

Pk1+Pl2g1 @VL4AV 8VW A9 ;@9ALGRFP 54=9EV6EP><= D<;<>, 
BFD<@4A<= CD< K<EF<I 8VSI. 
3>MB Pk1+Pl2<1, FB 8?S A4EFGCAB7B CD<>?48G 

(Q1=Q2=Q3=1/3):  
R11=1, R12=2, P11=1/2, P12=1/2, E9D98AV 6FD4F< = 3/2; 
R21=5, R22=2, P21=1/3, P22=2/3, E9D98AV 6FD4F< = 3; 
R31=7, R32=6, P31=1/4, P32=3/4, E9D98AV 6FD4F< = 25/4; 

min (ρ1=13/3; ρ2=10/3) = 10/3, ;474?PAV E9D98AV 6FD4F< @VL4A<I 
8V= Z=1/3‧3/2+1/3‧3+1/3‧25/4=43/12 > 10/3, 
Pk1=1/4, Pl2=1/2 V Pk1+Pl2=3/4<1. � JPB@G 6<C48>G ;474?PAV 
E9D98AV 6FD4F< @VL4A<I 8V= Z 1V;PH5 54єEV6EP>B7B D<;<>G. 

 
#D<  
R11=1, R12=2, P11=1/2, P12=1/2, E9D98AV 6FD4F< = 1,5; 
R21=5, R22=2, P21=0,    P22=1, E9D98AV 6FD4F< = 2; 
R31=7, R32=6, P31=0,    P32=1, E9D98AV 6FD4F< = 6; 
Q1=Q2=Q3=1/3, 

min (ρ1=13/3; ρ2=10/3) = 10/3, ;474?PAV E9D98AV 6FD4F< @VL4A<I 
8V=  
Z = 1/3‧1,5 + 1/3‧2 + 1/3‧6 = 19/6 < 10/3, 
Pk1=0, Pl2=1/2 V Pk1+Pl2=1/2<1. � JPB@G 6<C48>G ;474?PAV 
E9D98AV 6FD4F< Z @VL4A<I 8V= <5=H5 54=9EV6EP>B7B D<;<>G. 
"F:9, CD< Pk1+Pl2<1, ;4 A4S6ABEFV FV?P>< 86BI 8V=, ;474?PAV 

E9D98AV 6FD4F< Z @VL4A<I 8V= @B:GFP 5GF< S> <5=H8<8, F4> V =5 
<5=H8<8, AV: 54=9EV6EP><= D<;<>, BFD<@4A<= CD< K<EF<I 8VSI. 
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<. �@>?82=8FP:89 
 

RESEARCH OF METHODS OF CONSTRUCTION OF 

MODERN NEURAL NETWORKS FOR THE 

APPLICATIONS OF IMAGES CLASSIFICATION 

AUTOMATION 
 

Abstract. In this work, modern methods of building neural networks for image 
classification, which allow automating such routine operations as image search, 
analysis of medical images, text recognition, detection of threats on video 
surveillance cameras, etc were researched. 

 

� A4L K4E >?4E<HV>4JVS ;B5D4:9AP 3 B8A4 ; BEAB6A<I V 
L<DB>B 6<>BD<EFB6G64A<I ;484K >B@C’RF9DAB7B ;BDG. 
�?4E<HV>4JVS ;B5D4:9AP 8B;6B?Sє 6V8A9EF< 8BE?V8:G64A9 

;B5D4:9AAS 8B C96ABW >4F97BDVW B5’є>FV6, MB @B:9 5GF< 
;4EFBEB64A9 G A4EFGCA<I ;4EFBEGA>4I: 
3 �6FB@4F<KA<= >BAFDB?P, A4CD<>?48, G 6<DB5A<K<I JV?SI; 
3 !484AAS 8BCB@B7< ?R8S@ 6 ;484K4I V89AF<HV>4JVW, 

A4CD<>?48, E<EF9@4 V89AF<HV>4JVW B5’є>FV6; 
3 #DBJ9E< GCD46?VAAS, A4CD<>?48, CDB@<E?B6<@< 

DB5BF4@<; 
3 �<S6?9AAS CB8V=, A4CD<>?48, 8?S 6V;G4?PAB7B 

ECBEF9D9:9AAS 45B CV8D4IGA>G ?R89=; 
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3 �484KV 6;4є@B8VW, A4CD<>?48, 8?S CD<EFDBW6 6;4є@B8VW 
?R8<A< ; >B@C’RF9DB@; 
3  B89?R64AAS B5’є>FV6 45B E9D98B6<M, A4CD<>?48, 4A4?V; 

@98<KA<I ;B5D4:9AP 45B FBCB7D4HVKA9 @B89?R64AAS; 
3 !46V74JVS, A4CD<>?48, 46FBAB@A<@ FD4AECBDFA<@ 

;4EB5B@ 45B @B5V?PA<@ DB5BFB@; 
3 "D74AV;4JVS VAHBD@4JVW, A4CD<>?48, 8?S VA89>EG64AAS 54; 

84A<I ;B5D4:9AP V CBE?V8B6ABEF9= ;B5D4:9AP. 
�?S D94?V;4JVW A9=DBAA<I @9D9: G:9 VEAGє 5474FB 5V5?VBF9> 

CDB7D4@G64AAS. $B;7?SA9@B A4=6V8B@VLV ; A<I. 
TensorFlow 3 6V8>D<F4 CDB7D4@A4 5V5?VBF9>4 8?S @4L<AAB7B 

A46K4AAS, DB;DB5?9A4 >B@C4AVєR Google [1]. TensorFlow 5G?B 
CBK4F>B6B DB;DB5?9AB >B@4A8BR Google Brain 8?S 6AGFDVLAPB7B 
6<>BD<EF4AAS 6 Google, CB>< WW A9 5G?B 6<CGM9AB CV8 6V8>D<FBR 
?VJ9A;VєR Apache 2.0 9.11.2015 DB>G. TensorFlow @B:9 
CD4JR64F< A4 89>V?P>BI J9AFD4?PA<I CDBJ9EBD4I F4 7D4HVKA<I 
CDBJ9EBD4I (6>?RKAB ; 8B84F>B6<@< DB;L<D9AAS@< CUDA).  
TensorFlow @B:9 ;4EFBEB6G64F<ES 8?S DB;DB5>< 

CDB7D4@AB7B ;459;C9K9AAS 46FB@4F<;B64AB7B BC<EG ;B5D4:9AP, 
F4>B7B S> DeepDream. 
#9D9647< TensorFlow: CDBEF<= 65G8B64A<= 6<EB>BDV6A96<= 

API, 5474FBHGA>JVBA4?PAVEFP, 74DA4 CV8FD<@>4 CV8 @B5V?PAV 
CD<EFDBW, 89F4?PA4 8B>G@9AF4JVS. 
!98B?V>< TensorFlow: E>?48A9 A4?47B8:9AAS F4 FDG8ABMV ; 

6A9E9AAS@ ;@VA (CB6’S;4AV ; 6<>BD<EF4AAS@ EF4F<KA<I 
B5K<E?R64?PA<I 7D4HV6). &4>B: 8B A98B?V>V6 E?V8 6V8A9EF< 
6V8EGFAVEFP CV8FD<@>< ;4;84?97V8P A46K9A<I @B89?9=. 

FANN (Fast Artificial Neural Network) 3 59;>BLFB6A4 
5V5?VBF9>4 L6<8>BW LFGKABW A9=DBAABW @9D9:V ; 6V8>D<F<@ 
6<IV8A<@ >B8B@, S>4 D94?V;Gє 5474FBL4DB6V LFGKAV A9=DBAAV 
@9D9:V A4 @B6V C [2]. �>?RK4є 6 E959 EFDG>FGDG 8?S CDBEFBW 
B5DB5>< A45BDV6 84A<I 8?S A46K4AAS.  
#9D9647< 5V5?VBF9>< 8?S DB5BF< ; A9=DBAA<@< @9D9:4@< 

FANN: CDBEF4 G 6<>BD<EF4AAV, GAV69DE4?PA4, IBDBL4 
8B>G@9AF4JVS ; CD<>?484@<, L6<8>4, 8BEFGCAV CD<6’S;>< 8B 
5V?PL AV: 20 @B6 CDB7D4@G64AAS, 8?S 5V5?VBF9>< F4>B: 8BEFGCAV 
89>V?P>4 7D4HVKA<I >BD<EFG64?PA<JP><I VAF9DH9=EV6. 
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�B A98B?V>V6 E?V8 6V8A9EF< A969?<>G >V?P>VEFP DV;A<I 
@B:?<6<I 4DIVF9>FGD A9=DBAA<I @9D9:, 8BEFGCAV FV?P>< 1) 
B8ABL4DB6V @9D9:V CDS@B7B CBL<D9AAS; 2) 5474FBL4DB6V @9D9:V 
CDS@B7B CBL<D9AAS; 3) @9D9:V ; D48V4?PABW 54;<EABW HGA>JVєR. 
�ALV : 4DIVF9>FGD< A98BEFGCAV. 
"8ABR ; A4=64:?<6VL<I ;484K CD< CB5G8B6V A9=DBAA<I 

@9D9: є CV85VD 4DIVF9>FGD< @9D9:V. �V8 CD46<?PAB7B CV85BDG 
4DIVF9>FGD< ;4?9:<FP ECDB@B:AVEFP A9=DBAABW @9D9:V 
6<>BAG64F< CBEF46?9AV 8B A9W ;4684AAS, 4 F4>B: FBKAVEFP WW 
DB5BF<. 
!4=C9DLBR 4DIVF9>FGDBR A9=DBAABW @9D9:V 8?S 

>?4E<HV>4JVW ;B5D4:9AP 5G6 C9DJ9CFDBA $B;9A5?4F4 [2]. &4>4 
A9=DBAA4 @9D9:4 @4?4 ?<L9 B8<A CD<IB64A<= CDBL4DB> 
A9=DBAV6. %GK4EAV A9=DBAAV @9D9:V 8?S DB;CV;A464AAS ;B5D4:9AP 
@VEFSFP 5474FB CD<IB64A<I CDBL4D>V6 A9=DBAV6, E<EF9@< 
CB5G8B64AV ;4 8BCB@B7BR A<I A4;<64RFPES E<EF9@4@< ; 
7?<5B><@ A46K4AAS@ [4]. &4>V 5474FBL4DB6V @9D9:V A4=K4EFVL9 
6<>BD<EFB6GRFP 4?7BD<F@ A46K4AAS �ack$ropagation 3 
;6BDBFAB7B CBL<D9AAS CBI<5><. 
� A4L K4E 4DIVF9>FGD4 5474FBL4DB6BW A9=DBAABW @9D9:V ;V 

;6BDBFA<@ CBL<D9AAS@ CBI<5>< A4=5V?PL CBCG?SDA4 8?S 
DB;CV;A464AAS ;B5D4:9AP, 6BA4 9H9>F<6A4 F4 ?97>4 G A46K4AAV.  
&<CB64 A9=DBAA4 @9D9:4 ;6BDBFAB7B CBL<D9AAS 

CBI<5>< @4є 6IV8A<= CDBL4DB>, 6<IV8A<= CDBL4DB> F4 89>V?P>4 
CD<IB64A<I CDBL4D>V6 @V: A<@<. &9BD9F<KAB B5@9:9AP 
6V8ABEAB K<E?4 CD<IB64A<I CDBL4D>V6 A9 VEAGє, WI >V?P>VEFP 
;4?9:<FP 6V8 E>?48ABEFV ;484KV, MB FD954 6<DVL<F<, F4 >V?P>BEFV 
6IV8A<I 84A<I. �<;A4K9AAS CBFDV5AB7B K<E?4 CD<IB64A<I 
CDBL4D>V6 V K<E?4 A9=DBAV6 G A<I є 64:?<6BR ;484K9R CD< 
@B89?R64AAV @9D9:V. !46K4AAS F4>BW A9=DBAABW @9D9:V 
6V85G64єFPES ; 6<>BD<EF4AAS@ 4?7BD<F@G 7D48VєAFAB7B ECGE>G, 
S><= 6<>BD<EFB6GєFPES ; @9FBR @VAV@V;4JVW CB@<?>< DB5BF< 
5474FBL4DB6BW @9D9:V F4 BFD<@4AAS 54:4AB7B 6<IB8G.  9FB8 
A46K4AAS CB?S74є 6 CBL<D9AAV E<7A4?V6 CB@<?>< 6V8 6<IB8V6 
@9D9:V 8B WW 6IB8V6, 6 A4CDS@>G, ;6BDBFAB@G CDS@B@G 
CBL<D9AAR E<7A4?V6 G ;6<K4=AB@G D9:<@V DB5BF<. 
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!0FV>=0;P=89 C=V25@A8B5B «�0?>@V7P:0 ?>;VB5E=V:0» 
Freshcode 

 

Abstract: Entropy-based anomaly detection is being studied to improve the 
traditional approaches to network flow analysis based on volume and rules. This 
work discusses methods using the Shannon, Renyi and Tsallis entropies. 

Keywords: anomaly detection; entropy; netflow; network traffic measurement 
 
1 �ABC? 
"8A<@ V; A4=5V?PL 9H9>F<6A<I VA8<>4FBDV6 4AB@4?PAB7B 

CB6B8:9AAS @9D9:V є 4A4?V; FD4HV>G 6 D94?PAB@G @4ELF45V K4EG. 
�<S6?9AAS 4AB@4?VW 3 J9 V89AF<HV>4JVS ECBEF9D9:9AP, S>V A9 
6V8CB6V84RFP BKV>G64AV= CB698VAJV. � JVєR @9FBR 
6<>BD<EFB6GRFPES DV;AB@4AVFAV C4D4@9FD< @9D9:96B7B FD4HV>G, 
F4>V, S> 48D9E< F4 CBDF< 8:9D9?4 F4 CD<;A4K9AAS, >V?P>VEFP 
;’є8A4AP F4 VAL9 [1].  

"EAB6A4 @9F4 JVєW DB5BF< 3 8B69EF<, MB CV8IV8, ;4EAB64A<= 
A4 9AFDBCVW, CV8IB8<FP 8?S 6<S6?9AAS EGK4EA<I L>V8?<6<I 
CDB7D4@, EIB:<I A4 5BFA9F, A4 BEAB6V 4AB@4?PA<I @9D9:96<I 
L45?BAV6.  
2 �=D>@<0FV9=0 5=B@>?VO 
�AHBD@4JV=A4 9AFDBCVS 3 J9 @VD4 A96<;A4K9ABEFV, S>4 

CB6’S;4A4 ; 6<C48>B6BR 69?<K<ABR. �AFDBCVS I4D4>F9D<;Gє 
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=@B6VDAVEFP P, ; S>BR 6EF4AB6?RєFPES FB= K< VAL<= EF4A, є 
@VDBR I4BF<KABEFV 45B A9;6BDBFABEFV. 

�?S DB;CB8V?G =@B6VDABEF9= p(X = xi) 8<E>D9FABW 6<C48>B6BW 
69?<K<A< X 9AFDBCVS ,9AABA4 [2] 6<;A4K4єFPES: 

ø ù õ
ý

ý
n

i i
aiS xp

xpXH
1 )(

1
log)(       (1) 

89 X 3 B;A4>4, S>4 @B:9 CD<=@4F< ;A4K9AAS {x1, &, xn}, p(xi) 3 
HGA>JVS =@B6VDABEFV D9;G?PF4FG xi, n 3 >V?P>VEFP @B:?<6<I 
EF4AV6. � @9FBR 6<S6?9AAS 4AB@4?VW ;4;6<K4= 6<>BD<EFB6GRFPES 
6<5VD>B6V =@B6VDABEFV, BJVA9AV ;4 >V?P>VEFR 6<C48>V6 xi G 
K4EB6B@G 6V>AV t. �A4K9AAS 9AFDBCVW ;4?9:<FP 6V8 6<C48>B6BEFV 
(6BA4 8BES74є @4>E<@G@G, >B?< =@B6VDAVEFP p(xi) B8A4>B64 8?S 
6EVI xi), 4?9 F4>B: V 6V8 ;A4K9AAS n. �?S FB7B, MB5 6<@VDSF< ?<L9 
6<C48>B6VEFP, E?V8 ;4EFBEB6G64F< ABD@4?V;B64AV HBD@<.

 

�AFDBCVS ,9AABA4 C9D9854K4є >B@CDB@VE @V: 6A9E>B@ 6V8 
BEAB6ABW @4E< DB;CB8V?G F4 I6BEF4. �?S >BAFDB?R A48 J<@ 
>B@CDB@VEB@ 5G?< ;4CDBCBAB64AV 864 C4D4@9FD<;B64AV 
G;474?PA9AAS 9AFDBCVW ,9AABA4, 6V8CB6V8AB $9APW [3] V *4??VE4 
[4]. 3>MB C4D4@9FD, CB;A4K9A<= S> α - CB;<F<6A<=, 6VA 
89@BAEFDGє BEAB6AG @4EG (>BAJ9AFD4JVR CB8V=, MB K4EFB 
FD4C?SRFPES), S>MB ;A4K9AAS 6V8'є@A9 3 6VA 6V8ABE<FPES 8B 
I6BEF4 (8<EC9DEVS, ECD<K<A9A4 DV8>VEA<@< CB8VS@<).  

�AFDBCVS $9APW:       ÷
ø

ö
÷
ø

ö


ý õ
ý

n

i
iaR xpXH

1

)(log
1

1
)( 

 
                 

(2) 

�AFDBCVS *4??VE4:   ÷
ø

ö
÷
ø

ö



ý õ

ý

n

i
iT xpXH

1

1)(
1

1
)( 

 
                   (3) 

"5<86V C4D4@9FD<;B64AV ($9APW F4 *4??VE4) 9AFDBCVW: 
÷ EFBEGRFPES >BAJ9AFD4JVW 8?S α > 1 F4 8<EC9DEVW 8?S α < 1 , 
÷ EIB8SFPES 8B 9AFDBCVW ,9AABA4 8?S α → 1, 
÷ 6V8CB6V84RFP CBFG:ABEFV X CD< α = 0. 
#4D4@9FD α 3 ECD<=ASF?<6VEFP HGA>JVBA4?G 8B 6V8I<?9AAS 

EF4AG E<EF9@< 6V8 DV6AB64:AB7B. +<@ 5V?PL9 α, F<@ L6<8L9 
;@9ALGєFPES 9AFDBCVS CD< 6V8I<?9AAV E<EF9@< 6V8 EF4AG 
DV6AB647<. 
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3 �=0;V7 B@0DV:C 70 4>?><>3>N 5=B@>?VW 
�?S FB7B, MB5 C9D96VD<F<, K< CV8IV8, ;4EAB64A<= A4 9AFDBCVW, 

CV8IB8<FP 8?S 6<S6?9AAS EGK4EAB7B L>V8?<6B7B CDB7D4@AB7B 
;459;C9K9AAS, CB8V5AB7B 8B 5BFA9FG, A4 BEAB6V 4AB@4?PA<I 
L45?BAV6 @9D9:V, 5G6 ;4CDBCBAB64A<= 89F9>FBD 4AB@4?VW @9D9:V 
A4 BEAB6V 9AFDBCVW [1]. #D<AJ<C DB5BF< CDB7D4@AB7B >B@C?9>EG 
CD98EF46?9A<= A4 D<E 1. 

 

 
$<E 1. %FDG>FGDA4 EI9@4 CDB7D4@AB7B >B@C?9>EG 4A4?V;G 

FD4HV>G ;4 8BCB@B7BR 9AFDBCVW [1]. 
 
#DB7D4@A<= >B@C?9>E 4A4?V;Gє @9D9:96V 84AV, ;4HV>EB64AV 

E9AEBD4@< NetFlow. #D<CGE>4RFPES F<CB6V E9AEBD<, F4>V S> 
@4DLDGF<;4FBD< 45B EC9JV4?PAV E9AEBD<, A4CD<>?48, Softlowd 
[5], CV8>?RK9A<= 8B TAP 45B CBDF< SPAN A4 >B@GF4FBD4I. 
#BFB>< 4A4?V;GRFPES CDBFS7B@ HV>EB64A<I VAF9D64?V6 K4EG 
(>B:AV 5 I6). �V5D4AV CBFB>< D9єEFDGRFPES 6 ��, 4 CBFV@ 
4A4?V;GRFPES. �?S B5@9:9AAS B5?4EFV CBLG>G 4AB@4?V= 
C9D9854K9AV HV?PFD< ;4 A4CDS@>B@, CDBFB>B?B@ F4 CV8@9D9:9R. 
�4?V, G ;4?9:ABEFV 6V8 D9:<@G, DB;D4IB6GRFPES 9AFDBCVW *4??VE4 
K< $9APW CB;<F<6A<I F4 A974F<6A<I ;A4K9AP α 8?S DB;CB8V?G 
I4D4>F9D<EF<> FD4HV>G. �?S @9FB8G ,9AABA4 6<>BD<EFB6GєFPES 
6AGFDVLAS 9AFDBCVS $9APW ; ;A4K9AAS@ α = 1. 
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!4 H4;V 6<S6?9AAS ECBEF9D9:G64A4 9AFDBCVS CBDV6ARєFPES ;V 
;A4K9AAS@< min V max, MB ;59DV74RFPES G CDBHV?V, ;7V8AB ; 
A4EFGCA<@ CD46<?B@ 6<;A4K9AAS CBDB7G 4AB@4?VW:  

þ
÷
÷

ý 2..1,
)min(max

min)(
)( k

k

kxH
xr i

i



    (4) 

�A4K9AAS r(xi) < 0 45B r(xi) > 1 6>4;GRFP A4 4AB@4?PAG 
>BAJ9AFD4JVR 45B 8<EC9DEVR 6V8CB6V8AB. *S 4AB@4?PA4 
8<EC9DEVS 45B >BAJ9AFD4JVS 8?S DV;A<I DB;CB8V?V6 B;A4> 
I4D4>F9DA4 8?S 4AB@4?V=.  

�<S6?9AAS 54;GєFPES A4 6V8ABEAB@G ;A4K9AAV 9AFDBCVW MB8B 
6V8EF4AV @V: min F4 max. �B9HVJVєAF k G HBD@G?V 6<;A4K4є ;4C4E 
8?S @VAV@4?PABW F4 @4>E<@4?PABW @9: V @B:9 5GF< 6<>BD<EF4A<= 
8?S JV?9= A4?4LFG64AAS. �<EB>9 ;A4K9AAS k, A4CD<>?48 k = 2, 
B5@9:Gє >V?P>VEFP CB@<?>B6<I ECD4JPB6G64AP, FB8V S> A<;P>9 
;A4K9AAS (k = 1) ;5V?PLGє K4EFBFG 6<S6?9AAS. 
4 �8A=>2:8 
 9FB8 9AFDBCVW є B8A<@ ; A4=5V?PL C9DEC9>F<6A<I @9FB8V6 

D4AAPB7B 6<S6?9AAS @9D9:96<I 4F4>, MB 8B;6B?<FP F9IAVKAB@G 
C9DEBA4?G @B:?<6VEFP 6:<F< ;4IB8V6 MB8B @VAV@V;4JVW ;5<F>G 6V8 
L>V8?<6B7B FD4HV>G. 

' 84AV= DB5BFV A9 DB;7?S84?<ES ;@VL4AV 6<8< 4F4>, J9 B8<A ; 
C9DEC9>F<6A<I A4CDS@>V6 8BE?V8:9AP. 
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$��"�.*�/ 

))��I  V6=0@>4=>3> =0C:>2>-?@0:B8G=>3> A5<V=0@C 
«�><1V=0B>@=V :>=DV3C@0FVW B0 WE=V 70AB>AC20==O» 

13 B@02=O 2021 @. 
 

'K4EA<>< ))��I  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B 
E9@VA4DG «�B@5VA4FBDAV >BAHV7GD4JVW F4 WIAV ;4EFBEG64AAS», 
BD74AV;B64AB7B ;4 CV8FD<@><  VAVEF9DEF64 BE6VF< V A4G>< 
'>D4WA<, !4JVBA4?PA<@ GAV69DE<F9FB@ «�4CBDV;P>4 CB?VF9IAV>4» 
(>4H98DBR E<EF9@AB7B 4A4?V;G F4 B5K<E?R64?PABW @4F9@4F<><) 
F4 �PBFABR 4>489@VєR !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
(@.�DBC<6A<JP><=), CD98EF46<?< 40 A46K4?PA<I ;4>?48V6 F4 
BD74AV;4JV= '>D4WA< F4 VAB;9@AV. � E9@VA4DV 5D4?< GK4EFP 
CD98EF46A<>< 6<M<I A46K4?PA<I ;4>?48V6 F4 BD74AV;4JV=: 
÷  !4JVBA4?PA<= GAV69DE<F9F «�4CBDV;P>4 CB?VF9IAV>4» 
÷  �PBFA4 4>489@VS !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG  
÷ �AEF<FGF >V59DA9F<>< V@9AV �.  . �?GL>B64 !�! '>D4WA<  
÷ !4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F '>D4WA< 
«�<W6EP><= CB?VF9IAVKA<= VAEF<FGF V@9AV �7BDS %V>BDEP>B7B» 
÷ �<W6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV &4D4E4 
,96K9A>4 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F D48VB9?9>FDBAV>< 

÷ !4JVBA4?PA<= 46V4JV=A<= GAV69DE<F9F  
÷ �4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 
÷ *9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= 
GAV69DE<F9F 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F #B6VFDSA<I %<? 
V@. �. �B:98G54 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F @VEP>B7B 
7BECB84DEF64 V@9AV ".�9>9FB64 
÷ !4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F «�AVCDB6EP>4 
CB?VF9IAV>4» 
÷ �V=EP>B6<= VAEF<FGF F9?9>B@GAV>4JV= F4 VAHBD@4F<;4JVW 
V@9AV �9DBW6 �DGF 



 204 

÷  V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 

÷ !4JVBA4?PA<= GAV69DE<F9F «�P6V6EP>4 CB?VF9IAV>4» 
÷ ��!� «�BA54EP><= 89D:46A<= C9847B7VKA<= 
GAV69DE<F9F» 
÷ �4CBDV;P><= B5?4EA<= VAEF<FGF CVE?S8<C?B@ABW 
C9847B7VKABW BE6VF< 
÷ ��!� «':7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F» 
÷ �BA9JP><= A4JVBA4?PA<= @98<KA<= GAV69DE<F9F 
÷ �AEF<FGF HV;<>< !�! '>D4WA< 

÷ �GJP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 
÷ �AVCDB6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV "?9ES 
�BAK4D4 
÷ )4D>V6EP><= A4JVBA4?PA<= GAV69DE<F9F V@9AV �. !. 
�4D4;VA4 
÷ !4JVBA4?PA<= 49DB>BE@VKA<= GAV69DE<F9F 
V@9AV  . Є. �G>B6EP>B7B ")��" 
÷ !4JVBA4?PA<= GAV69DE<F9F 6B8AB7B 7BECB84DEF64 F4 
CD<DB8B>BD<EFG64AAS 
÷ *9AFD4?PABG>D4WAEP><= 89D:46A<= C9847B7VKA<= 
GAV69DE<F9F V@9AV �. �<AA<K9A>4 
÷ *9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= 
GAV69DE<F9F 
÷ �V8>D<F<= @V:A4DB8A<= GAV69DE<F9F DB;6<F>G ?R8<A< 
<'>D4WA4= 
÷ �DB@48EP>4 BD74AV;4JVS «%<EF9@AV 8BE?V8:9AAS» 
÷ '>D4WAEP>9 HV;<KA9 FB64D<EF6B 
÷ �AEF<FGF CDB5?9@ @4L<AB5G8G64AAS V@. �. . #V87BDAB7B 
!�! '>D4WA< 
÷ �AEF<FGF B?V=A<I >G?PFGD !4JVBA4?PABW 4>489@VW 
47D4DA<I A4G> '>D4WA< 

÷ Logic7, @.�4CBDV::S 
÷ Freshcode, @.�4CBDV::S 
÷ Warwick Business School, Great Britain 
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÷ �AEF<FGF VAHBD@4JV=A<I F9BDV= V ;4EFBEG64AP, %BHVS, 
�B?74DVS 
÷ %4@4D>4A8EP><= HV?V4? &4L>9AFEP>B7B GAV69DE<F9FG 
VAHBD@4JV=A<I F9IAB?B7V= 

÷ �V?BDGEP><= 89D:46A<= GAV69DE<F9F 
÷ �VD@9AEP><= 89D:46A<= C9847B7VKA<= GAV69DE<F9F V@9AV 
). �5B6SA4  
÷ ЄD964AEP><= 89D:46A<= GAV69DE<F9F 

 
'K4EA<>< E9@VA4DG DB;7?SAG?< A4=5V?PL 4>FG4?PAV 

C<F4AAS, CB6’S;4AV V; >B@5VA4FBDA<@< >BAHV7GD4JVS@< F4 WIAV@< 
;4EFBEG64AAS@< 8B 6<DVL9AAS EGK4EA<I CDB5?9@ @B89?R64AAS 
F4 CD<=ASFFS DVL9AP 6 GCD46?VAAV E>?48A<@< E<EF9@4@< F4 
CDBJ9E4@< ;4 F4><@< A4CDS@4@<: 
1. �B@5VA4FBDAV DB;@VM9AAS, 7D4H< V ;484KV BCF<@V;4JVW A4 

A<I, 46FB@4F<, E>VAK9AAV 4?795D<, @4F9@4F<KA4 ?B7V>4 V F9BDVS 
@AB:<A, F9BDVS V7BD V F9BDVS CD<=ASFFS DVL9AP F4 WIAV 
;4EFBEG64AAS 6 DV;A<I 74?G;SI; 
2. $94?V;4JVS @4F9@4F<KA<I @B89?9= A4 8<E>D9FA<I F4 

A9C9D9D6A<I @AB:<A4I (46FB@4F<;B64AV E<EF9@< >9DG64AAS, 
E<EF9@< 46FB@4F<;B64AB7B CDB9>FG64AAS, E<EF9@< CV8FD<@>< 
CD<=ASFFS DVL9AP); 
3. #DB7D4@A9 ;459;C9K9AAS E<AF9;G F4 4A4?V;G >B@5VA4FBDA<I 

>BAHV7GD4JV=; 
4. $B;CV;A464AAS B5D4;V6, A9=DB@9D9:V F4 @9FB8< @4L<AAB7B 

A46K4AAS; 
5. (D47@9AF4DAV EFDG>FGD<, 4?7BD<F@< F4 @9F496D<EF<><; 
6. &BCB?B7VS F4 VEFBDVS DB;6<F>G G>D4WAEP>BW A4G><; 
7. �B8G64AAS, VAHBD@4JV=A4 59;C9>4 F4 ;4I<EF VAHBD@4JVW. 
#DB5?9@4F<>4 >BAH9D9AJVW CD<69DAG?4 8B E959 G647G 

H4IV6JV6 V; DV;A<I 74?G;9= ;A4AP. ' A4G>B6B@G ;4IB8V 6;S?< 
GK4EFP 109 GK4EA<>V6, E9D98 S><I:  

30 8B>FBDV6 A4G> (HV;<>B-@4F9@4F<KA<I 3 14, F9IAVKA<I 3 
12, C9847B7VKA<I 3 3, 9>BAB@VKA<I 3 1);  
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47 >4A8<84FV6 A4G> (HV;<>B-@4F9@4F<KA<I 3 26, F9IAVKA<I 
3 17, C9847B7VKA<I 3 1; 9>BAB@VKA<I 3 1; VEFBD<KA<I 3 1; 
@98<KA<I 3 1); 

8 6<>?484KV6 F4 A4G>B6JV6 59; A4G>B6B7B EFGC9AS;  
15 4ECVD4AFV6; 9 EFG89AFV6 F4 @47VEFD4AFV6.  
%9D98 GK4EA<>V6 >BAH9D9AJVW 5G?< CD<EGFAV 

6<EB>B>64?VHV>B64AV A4G>B6JV, @B?B8V 6K9AV, 4ECVD4AF< F4 
@47VEFD4AF< ; 6<M<I A46K4?PA<I ;4>?48V6 @VEF '>D4WA<: 
�4CBDV::S, �DBC<6A<JP><=, �AVCDB, �<W6, �P6V6, )4D>V6, 
':7BDB8, $V6A9, %?B6'SAEP>. &4>B: CD<=@4?< GK4EFP VAB;9@AV 
A4G>B6JV ; >D4WA: �B?74DVS, �V?BDGEP, �VD@9AVS, �9?<>B5D<F4AVS, 
';59><EF4A. 

'K4EA<>< >BAH9D9AJVW B57B6BD<?< F4>V CDB5?9@AV 
C<F4AAS: 

÷ @B89?R64AAS ;484K 6<5BDG A4 BEAB6V A9KVF><I 
6V8ABL9AP; 

÷ HD47@9AF4DA<= CV8IV8 8B 6<DVL9AAS 
5474FB>D<F9DV4?PA<I ;484K; 

÷ 4A4?V; @9FB8V6 DB;@VF>< 7D4HV6; 
÷ @9FB8< V@VF4JV=AB7B @B89?R64AAS F4 CDB5?9@< 

DB;DB5>< D9>B@9A84JV=A<I E<EF9@; 
÷ 6<DVL9AAS ;484K DV;A<I >?4EV6 B5K<E?R64?PAB7B 

VAF9?9>FG; 
÷ 6<DVL9AAS ;484K CBLG>G V89AF<KA<I EFDG>FGD; 
÷ ;484KV C9D9D4IG64AAS 7D4HV6 F4 FBCB?B7V= C96AB7B 6<8G; 
÷ ;4EFBEG64AAS A9=DB@9D9: 8B B5DB5>< E<7A4?V6 DV;AB7B 

DB8G; 
÷ HBD@4?V;4JVS CDBJ9EV6 CD<=ASFFS DVL9AP 6 G@B64I 

A96<;A4K9ABEFV; 
÷ @9FB8<>4 6<>?484AAS F9BDVW VAHBD@4JVW F4 

>B@5VA4FBDAB7B 4A4?V;G G 6<M<I A46K4?PA<I ;4>?484I; 
÷ VEFBDVS DB;6<F>G G>D4WAEP>BW A4G>< F4 G>D4WAEP>BW 

A4G>B6BW @B6<.  
'E6V8B@?RRK< DB?P V ;A4K9AAS DB;6<F>G 

HGA84@9AF4?PA<I V CD<>?48A<I 8BE?V8:9AP 6 74?G;SI A4G><, 89 



 207 

L<DB>B 6<>BD<EFB6GRFPES >B@5VA4FBDAV >BAHV7GD4JVW, GK4EA<>< 
>BAH9D9AJVW 664:4RFP ;4 A9B5IV8A9:  

1. #DB8B6:<F< A4G>B6V 8BE?V8:9AAS 6 74?G;V 
>B@5VA4FBDA<I >BAHV7GD4JV= F4 WIAVI ;4EFBEG64AP. 
"D74AV;B6G64F< @4=5GFAV E9@VA4D<, CBє8AGRK< BA?4=A HBD@G 
DB5BF< D4;B@ ; FD48<JV=ABR BH?4=A (;4 @B:?<6VEFR). 

2. #BL<DR64F< A4G>B6V ;6’S;>< ; 6VFK<;ASA<@< F4 
;4>BD8BAA<@< CDB6V8A<@< ;4>?484@< 8?S BD74AV;4JVW V D94?V;4JVW 
ECV?PA<I A4G>B6<I F4 BE6VFAVI CDBє>FV6. $9>B@9A8G64F< 8?S 
CDB6989AAS A4EFGCA<I E9@VA4DV6 CV87BFB6>G @4F9DV4?V6 A4 
4A7?V=EP>V= @B6V. 

3. $B;L<D<F< 79B7D4HVR CDB6989AAS E9@VA4DG 6 A4EFGCAV 
DB><, ;@VARRK< @VEJ9 =B7B CDB6989AAS (�DBC<6A<JP><=, 
�4CBDV::S, VALV CDBCB;<JVW ;4 DVL9AAS@ BD7>B@VF9FG). 

4. $B;@VEF<F< VAHBD@4JVR CDB CDB6989A<= E9@VA4D A4 
E4=FV  VAVEF9DEF64 BE6VF< V A4G>< '>D4WA< F4 BCG5?V>G64F< 
D9;B?RJVR >BAH9D9AJVW V ;5VDA<> @4F9DV4?V6 A4 E4=F4I 
!4JVBA4?PAB7B GAV69DE<F9FG «�4CBDV;P>4 CB?VF9IAV>4», �PBFABW 
4>489@VW !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG 
(@.�DBC<6A<JP><=), *9AFD4?PABG>D4WAEP>B7B A4JVBA4?PAB7B 
F9IAVKAB7B GAV69DE<F9FG. 
 

 

%CV67B?B64 BD7>B@VF9FG 
;46. >4H.  %� F4 "      �.�.�BDAVK 
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&� �)!� ��%&"%'��!!/ 

 
 4F9DV4?< 

XXII�  V:A4DB8AB7B A4G>B6B-CD4>F<KAB7B 
E9@VA4DG V@9AV �.3. #9FD9AR>4 
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