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Abstract. A fuzzy-mathematics approach for assessing the vulnerability of 
information systems has been proposed. This approach is based on systems 
analysis, viewing the information system as an interaction between subjects and 
objects governed by access control policies. The key elements are Assessing the 
vulnerability of objects, Monitoring anomalies, Evaluating risk levels, and 
Adjusting access policies. This approach allows for dynamic responses to 
changes in the system and adaptation of security policies, thereby enhancing the 
overall level of protection. The methodology entails the deployment of advanced 
tools and software, including Intrusion Detection Systems (IDS), fuzzy testing, 
User and Entity Behavior Analytics (UEBA), User Activity Monitoring (UAM), 
Software Bill of Materials (SBOM), and machine learning techniques. Integral 
to the methodology are relevant libraries and databases such as the CIS 
Benchmark, Common Vulnerabilities and Exposures (CVEs), Common 
Platform Enumeration (CPE) Dictionary, and Common Vulnerability Scoring 
System (CVSS). These components ensure the standardization and integration 
of the methodology with other approaches and methods for the control and 
monitoring of information systems. In this article, the example of calculation of 
vulnerability estimation for model Object-Subject was considered. 

 
The team of authors has developed a methodology for building 

access control systems based on fuzzy mathematics. The grounds of the 
approach are outlined in the work [1]. The methodology involves a 
combination of modern tools and methods of data analysis and 
information system states in order to determine the risk level of the access 
control system. The influence of factors in the "subject-object" system, 
caused by various aspects, including incorrect actions of the user, is 
considered. The methodology is based on FUZZY mathematics with the 
following implementation in the MATLAB package [2]. The presented 
material is an approbation of the previously developed methodology. It 
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considers the "subject-object" model of a particular information system, 
which reflects the structure of relationships between the indicators of the 
access control testing system to this information system (Fig. 1). We will 
assume that the subject is an entity that interacts with the system and is 
endowed with certain rights to perform actions with system objects, for 
example, a system user or a process. The entity is characterized by the 
degree of trust in its qualifications and actions in the system. An object is 
an entity (often a resource) represented by elements of the information 
system, which also have their own attributes. Software, file system, 
service, and equipment are considered as objects. 

All subjects are characterized by the ability to interact with objects 
(change, add, update, etc.). The access control policy defines the 
possibility of the subject's influence on the object, described by the 
Access Control List (ACL) indicator. 

The output parameter is the Access control system risk level, 
assessed on a scale of 0 to 1. This indicator is calculated using fuzzy 
derivation and mathematical calculations, using the values of the 
parameters characterizing both the Object and the Subject. 
We will describe the "subject-object" interaction using model (1). Using 
the Algebra of Statements, we will describe the events according to the 
state of the indicators, which is presented in Fig. 1. 
AL= PRM ∧ PR ã NT ∧ AV ã AC ∧ AML ã AR ∧ AML ãEM, 

OVL= VC ∧ ISL ã (VA ∧ OAF ãVA) ãLOI,                                       (1) 
ACSR=AL∧OVL, 

where a possible event for the Subject indicator group will be presented 
as 

AML=PMLãSCA. 
PML= RAL ∧ mPA ∧ ALD ∧ MPA ∧ EPH ∧ ALT ∧ MPL ∧ PCR ∧ 

SPE, 
where the entered indicators are described in the standard [3]. 

Let's introduce linguistic variables for indicators of both Object and 
Subject corresponding to model (1). The input data of the production 
system of fuzzy output are the facts of certain states of the system, 
obtained at certain discrete moments, and dynamic, taking into account 
the results of constant monitoring of anomalies in the system, which are 
provided by modern tools and software, such as intrusion detection 
systems (IDS), fuzzy testing, User and Entity Behavior Analytics 
(UEBA), User Activity Monitoring (UAM), SBOM. Fuzzification of 
input data considers the predefined permission level access control list. 
The knowledge base is formed taking into account standardized 
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requirements for the security of information systems, such as CIS 
Benchmark, Common Vulnerabilities and Exposures (CVEs), Common 
Platform Enumeration (CPE) Dictionary, and Common Vulnerability 
Scoring System (CVSS). The use of appropriate libraries and databases 
provides standardization and integration of the methodology with other 
approaches and methods of control and monitoring of information 
systems.  

 

 
Fig. 1 3 Structure of relationships between indicators of the access 
control testing system 
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The output linguistic variable of the production system is the 
ACSRL risk level, the terms and functions of which are defined in the 
table. 1, according to [4]. 

 
Table 1. Linguistic variables Access control system risk level (ACSRL) 

The fuzzy inference production system has a hierarchical structure 
corresponding to model (1). Fig. 2 b)-i) presents some response surfaces 
of this hierarchical structure, and Fig. 2 a) presents the ACSRL response 
surface. 
 

a) b) 

c)                                                             d) 
 

&5@<8 ACSRL (C=:FVS ?@8=0;56=>ABV B5@<V2 
Very high (VH) s (0,70 0,90) 

High (H) Pi (0,50 0,65 0,82 0,90) 
Substantial (S) Pi (0,30 0,42 0,58 0,70) 

Possible (P) Pi (0,10 0,18 0,35 0,50) 
Slight (S) s (0,10 0,30) 
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e)                                                             V) 
Fig.2 3 Surface of fuzzy output a) ACSRL depend on �L & �S, b) 
VC&ISL, c) OAF&VIA, d) NTA &AV, e) AML&AR, V) AML&AC. 

 
This is an example of system operation for a vector of input data 

under the conditions of operation of a real "subject-object" system using 
the built-in programming language of the Matlab package. The subject is 
the user, described by binary characteristics, and the object is some 
device characterized by phased data. 

 
Subjects(1)=struct("RAL", 1,"mPA", 1,"ALD", 1,"MPA", 1,"EPH"

, 1,"ALT", 1,"MPL", 1,"PCR", 1,"SPE", 1); 
Objects(2)= 

struct("Name", "Switch","OVL", "High","OAF", "Constantly","ISL", "
High","LOD", "Low","LOI", "High","OVLP",[OVLP(2)]). 

The vulnerability characteristic of the object looks like this: 
OVLP(2)= struct ("CVE", "CVE-2020-

35221","VALUE", 8.8,"EM", "Not-
Defined","AV", "Adjacent","AC", "Low","PR", "None","UI", "None","
VC", "High","VA", "High","VI", "High","AR","None"). 

 
Characteristics of the system as a whole: 
 
NT=struct("NTA", "CAN","NTS", "Open","SPI", "Average"). 
 
The result of the system is a risk assessment ACSRL=0.64922. 
Conclusions. The real example shows the operation of the developed 

system, which allows you to test the object of the system against the 
unauthorized influence of some subject and determine the assessment of 
the vulnerability of the "subject-object" connection. 
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BEAUTIFUL GRAPHS FROM SIMPLE GROUPS 
 

Peter J. Cameron, University of St Andrews 
 
The commuting graph of a group 
Let ă be a finite group. The commuting graph of ă is the graph with 

vertex set ă, in which Ă and ă are joined if Ăă = ăĂ. 
Here are the commuting graphs of the two non-abelian groups of 

order 8: Ā8 = +ÿ, Ā: ÿ4 = 1, Ā2 = 1, Ā21ÿĀ = ÿ21, and č8 = +ÿ, Ā: ÿ4 = 1, Ā2 = ÿ2, Ā21ÿĀ = ÿ21,. 

https://doi.org/10.1186/s42400-022-00112-1
https://www.first.org/cvss/
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We see that the commuting graph doesn9t determine the group; but 

it carries a lot of information. 
In 1955, Brauer and Fowler used the commuting graph to prove that 

there are only a finite number of simple groups of even order with a given 
centraliser of an involution (element of order 2). 

With hindsight , this was the first step on the road to the 
Classification of Finite Simple Groups. A huge amount of work was done 
determining the simple groups with a given involution centraliser. 

It is interesting that the paper doesn9t contain the word <graph=; 
graph theory was not mainstream mathematics at the time. 

A number of further graphs on groups have been discussed. 
Among them are 
▶ the power graph: Ă and ă joined if one is a power of the other; 
▶ the enhanced power graph: Ă and ă joined if they are both powers 

of an element Ą (equivalently, ïĂ, ăð is cyclic). 
I will talk about the difference graph Ā(ă), in which Ă and ă are 

joined if {Ă, ă} is an edge of the enhanced power graph but not of the 
power graph. 

I believe that similar results will be found for many of the other 
graph types, but this has not been studied. 

Vertices Ă and ă of a graph are twins if they have the same 
neighbours, possibly except for one another. 

If a graph contains twins, then the information it contains can be 
expressed more compactly, since we only have to give the neighbour set 
of Ă and also whether or not Ă and ă are joined. 

So it is natural to apply twin reduction: delete one of a pair of twins, 
and continue until no twins remain. 

Theorem. The result of twin reduction is (up to isomorphism) 
independent of the way the reduction is performed. 

A graph is a cograph if it has no induced subgraph which is a four-
vertex path. 

Theorem. Applying twin reduction to a graph ă yields the trivial 1-
vertex graph if and only if ă is a cograph. 

Twin reduction preserves many graph-theoretic properties. For 
example, if H is a twin-free graph, then H is an induced subgraph of ă if 
and only if H is an induced subgraph in the graph obtained from ă by 
twin reduction. 

Connected components which are not cographs remain connected 
after twin reduction. 
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Graphs defined on groups often have many pairs of twins. For 
example, if Ă and ă generate the same cyclic subgroup (that is, if ă = Ăā 
where ā is coprime to the order of x), then Ă and y are twins. 

So it is interesting to apply twin reduction to these graphs. 
First, of course, we want to know whether the graph is a cograph! 
Question 
For each type Đ of graph on groups, determine the class of groups ă 

for which Đ(ă) is a cograph. 
Despite a lot of work, most cases are not completely resolved! 
It turns out, that for small finite simple groups, Ā(ă) is a cograph. 

For slightly more complicated examples, Ā(ă) may not be very 
interesting; for example, the twin reduction may consist of a large number 
of small isomorphic graphs. When we get to the Mathieu group ĉ11, 
something more interesting happens. The twin reduction of Ā(ĉ11) is a 
beautiful graph: 
▶ it is bipartite, with bipartite blocks of sizes 165 and 220; 
▶ it is semiregular, with valencies 4 in one block and 3 in the other; 
▶ it has diameter 10 and girth 10; 
▶ its automorphism group is just ĉ11. 
Note that 165 + 220 = 385 is much smaller than |ĉ11| = 7920. 
All these computations were done in GAP, using the package 

GRAPE for graphs and groups. 
It is straightforward to construct the graph and perform twin 

reductions on it. Then many properties of the resulting graph can be read 
out by simple GRAPE commands. 

This is as far as the exploration has gone so far, but I would be 
delighted if you would join me in pushing the analysis further! 

 
See Sucharita Biswas, Peter J. Cameron, Angsuman Das, Hiranya 

Kishore Dey, On difference of enhanced power graph and power graph 
of a finite group, arXiv 2206.12422. 

For backgroupd, see Peter J. Cameron, Graphs defined on groups, 
Internat. J Group Theory 11 (2022), 433124 
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STUDY OF REQUIREMENTS FOR CYBER SECURITY OF 

COMPUTER SYSTEMS OF NPP MANAGEMENT 
 

Abstract. In order to counter cryptoattacks on elements of critical 
infrastructure, in particular on computer control systems of nuclear power plants, 
this work achieved the goal of analyzing the requirements for computer security 
(cyber security) of the software of this system, which are relevant to the stage of 
its design, development and operation. To achieve the goal, the article provides 
information on standards and identified requirements for software cyber 
security. 
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QUASI-RANDOM GRAPHS 
BASED ON 3-EDGE CONNECTED GRAPHS 

 
Abstract. We address the problem of estimating the probability of 

connectivity in quasi-random graphs. We introduce the concepts of 
multiframework and connected graph polynomial. Additionally, we present a 
new connectivity estimate for quasi-random graphs based on a 3-edge connected 
graph. 
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ON TARGET RECONFIGURATIONS OF NETWORKS 

 
Abstract. Traveling through the transport network or sending packets over 

the Internet is implicitly based on game-theoretic considerations: a specific 
decision-maker, choosing his or her route, takes into account the probability of 
congestion depending on all decision-makers, that is, other routes. Based on 
similar considerations, it is possible to develop models for network traffic. These 
models explain some paradoxical observations where, under certain 
circumstances, increasing the capacity of a given network can slow down its 
traffic. Adding a new strategy may worsen the equilibrium payoff of each player. 
For example, in a Prisoner9s Dilemma, if each player9s only strategy is 
cooperation, then each player will benefit from that compared to a situation 
where each player9s strategies are competition (distrust the other player, 
confession) and cooperation. Such a phenomenon seems paradoxical, because 
updating the network is intuitively associated with its improvement. Therefore, 
any update should correspond to a certain measurable criterion of social gain, 
which each person understands in his or her own way. The reconfiguration of 
any network involves a certain coordination of all its participants. 
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D0:B8G=> 7<5=H8;> G0A ?>W74:8 2 <VAB> B0 7 =P>3> 70 ?@81;87=> 
>4=0:>2>3> >1AS3C B@0DV:C [10]. 

�8I5=02545=89 ?@8:;04 <5@56V 7 2C7;0<8 A , B , C , D  
?>SA=Rє ?0@04>:A �@05AA0: 4>40==S =>2>W AB@0B53VW <>65 
?>3V@HC20B8 @V2=>206=89 283@0H :>6=>3> 3@02FS. !0?@8:;04, S:I> 
2 48;5<V 29S7=S є48=>R AB@0B53VєR :>6=>3> 3@02FS є :>>?5@0FVS 
(4>2V@0 4> V=H>3> 3@02FS, =57V7=0==S), B> :>6=89 3@025FP 2V4 FP>3> 
283@020B8<5 ?>@V2=S=> V7 A8BC0FVєR, :>;8 AB@0B53VS<8 :>6=>3> 
3@02FS є :>=:C@5=FVS (=54>2V@0 4> V=H>3> 3@02FS, 7V7=0==S) V 
:>>?5@0FVS. #>4V1=5 S28I5 283;S40є ?0@04>:A0;P=8<, 1> >=>2;5==S 
<5@56V V=BCWB82=> 0A>FVRєBPAS 7 WW ?>;V?H5==S<. &><C 1C4P-S:><C 
>=>2;5==R <0є 2V4?>2V40B8 ?52=89 28<V@R20=89 :@8B5@V9 
ACA?V;P=>3> 283@0HC, S:89 :>6=0 ;R48=0 @>7C<Vє ?>-A2>є<C. 

#0@04>:A �@05AA0 D0:B8G=> є 2V4?@02=>R B>G:>R 4;S 25;8:>W 
?@>1;5<0B8:8 7 B5>@5B8:>-V3@>2>3> 0=0;V7C <5@5652>3> B@0DV:C. 
!0?@8:;04, <>6=0 282G0B8 ?8B0==S 28<V@R20==S @V2=S >=>2;5==S 
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<5@56V, @V2=S 7<V=8 283@0HC :>6=>3> 3@02FS, @V2=S 7<V=8 
ACA?V;P=>3> 283@0HC B>I>.  >6=0 ?@8?CA:0B8, I> G0A ?>W74:8 
@51@>< A C−  є ;V=V9=>R DC=:FVєR a x b+ , 45 a , b  − 45S:V ?0@0<5B@8 
(C 28I573040=><C ?@8:;04V 1100a −= , 0b = ). �;S B0:8E DC=:FV9 =0 
@51@0E Є20 &0@4>H (74>1C;0 =0C:>2V ABC?5=V <03VAB@0 V 4>:B>@0 =0C: 
7 <0B5<0B8:8 '=V25@A8B5BC �B25H0 �>@0=40 (70A=>20=>3> C 1635 @. 
C <.�C40?5HB ('3>@I8=0)) C 1981 @. V 1984 @. 2V4?>2V4=>) B0 WW CG5=P 
&V< $0D30@45= (74>1C2 =0C:>2V ABC?5=V 10:0;02@0 =0C: V <03VAB@0 
=0C: %B5=D>@4AP:>3> C=V25@A8B5BC (70A=>20=>3> C 1885 @.) C 1997 @. 
V 1998 @. 2V4?>2V4=>, 4>:B>@0 DV;>A>DVW 7 :><?9RB5@=8E =0C: 
�>@=5;PAP:>3> C=V25@A8B5BC (70A=>20=>3> C 1864 @.) C 2002 @. 70 
48A5@B0FVR «�3>WAB8G=0 <0@H@CB870FVS») ?>:070;8, I> ?VA;S 
4>40==S @515@ 4> <5@56V 7 @V2=>206=8< H01;>=>< B@0DV:C 702648 
VA=C20B8<5 @V2=>2030 >=>2;5=>W <5@56V 7 G0A>< ?>W74:8, S:89 
?5@528ICє @V2=>206=89 G0A ?>W74:8 ?>?5@54=P>W <5@56V =5 1V;PH5, 
=V6 =0 B@5B8=C [5, 11, 12]. 

' 28I573040=><C ?@8:;04V 4> >=>2;5==S <5@56V @V2=>206=89 
G0A ?>W74:8 <0@H@CB>< A C B− −  01> A D B− −  4>@V2=Rє 65 E28;8=, 
0 ?VA;S >=>2;5==S @V2=>206=89 G0A ?>W74:8 <0@H@CB>< A C D B− − −  
4>@V2=Rє 80 E28;8=, B> (80 65) 65 15 65 3 13− = = <1 3 . /:I> 4> 
>=>2;5==S <5@56V @V2=>206=89 G0A ?>W74:8 <0@H@CB>< A C B− −  
01> A D B− −  AB0=>28BP 2000/100+ 40=60 E28;8= (?>W74:0 
?V4<0@HB@CB>< C B−  709<0є 40 E28;8=, S: V ?>W74:0 ?V4<0@H@CB>< 
A D− ), 0 ?VA;S >=>2;5==S @V2=>206=89 G0A ?>W74:8 <0@H@CB>< 
A C D B− − −  4>@V2=Rє 80 E28;8=, B> (80 60) 60 20 60 1 3− = = . �>;8 
G0A ?>W74:8 @51@>< є =5;V=V9=>R DC=:FVєR, B> 2V4=>H5==S G0AC 
?>W74:8 ?VA;S >=>2;5==S 4> G0AC ?>W74:8 ?5@54 >=>2;5==S< <>65 
?5@528IC20B8 4 3 .  

#@>1;5<0B8:0 7 B5>@5B8:>-V3@>2>3> 0=0;V7C <5@5652>3> B@0DV:C 
B56 2:;RG0є A?>A>18 ?@>5:BC20==S <5@56 [13], I>1 70?>1V30B8 
28=8:=5==R =51060=8E @V2=>203, V A?>A>18 @53C;R20==S <5@56, 
I>1 C=8:0B8 ?>S28 =51060=8E @V2=>203 [14], =0?@8:;04, G5@57 
@>7C<=5 28:>@8AB0==S B0@8DV2 70 ?@>W74 C ?52=8E G0AB8=0E <5@56V 
[15]. #8B0==S< <5@56 ?@8A2SG5=0 :=830 [6], ?5@H89 02B>@ S:>W 
�52V4 �7;V 74>1C2 =0C:>289 ABC?V=P 4>:B>@0 =0C: 7 5:>=><V:8 
#V2=VG=>-�0EV4=>3> C=V25@A8B5BC  (70A=>20=>3> C 1851 @.) C 1979 @., 
0 4@C389 02B>@ �>= �;59=15@3 74>1C2 =0C:>2V ABC?5=V 10:0;02@0 
V=D>@<0B8:8 V <0B5<0B8:8 �>@=5;PAP:>3> C=V25@A8B5BC C 1993 @., 
<03VAB@0 V 4>:B>@0 DV;>A>DVW 7 :><?9RB5@=8E =0C:  0AA0GCA5BAP:>3> 
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B5E=>;>3VG=>3> V=AB8BCBC (70A=>20=>3> C 1861 @.) C 1994 @. V 1996 @. 
2V4?>2V4=>. 

#0@04>:A �@05AA0 є >4=8< 7 0A?5:BV2 B>3> 7030;P=>3> S28I0, I> 
<5@565289 B@0DV: C @V2=>207V <>65 =5 1CB8 A>FV0;P=> >?B8<0;P=8< 
[16]. �06;82> 28<V@R20B8 2V4AB0=P <V6 @V2=>206=8< B@0DV:>< V 
A>FV0;P=> >?B8<0;P=8< B@0DV:>< 4;S 7030;P=>W <5@56V, S:>R <>65 
1CB8 1C4P-S:89 >@Vє=B>20=89 3@0D. Є =01V@ 3@02FV2 ("#$, 2>4VW2), S:V 
?5@51C20RBP C 7030;>< @V7=8E ?>G0B:>28E ?>;>65==SE V <0RBP 
7030;>< @V7=V ?C=:B8 ?@87=0G5==S (destinations).  

�>6=5 @51@> (edge e ) E0@0:B5@87CєBPAS A2>єR DC=:FVєR ( )eT x  

G0AC ?>W74:8, S:0 7040є G0A (time), ?>B@V1=89 CAV< 2>4VS<, I>1 
?@>WE0B8 @51@>< e , :>;8 x  2>4VW2 W4CBP F8< @51@><. &0:0 DC=:FVS 
2V4V3@0є @>;P <VB:8 40=>3> @51@0. #@8?CAB8<>, I> :>6=0 DC=:FVS 
G0AC ?>W74:8 є ;V=V9=>R 70 >1AS3>< B@0DV:C: ( )eT x = e ea x b+ , 45 ea , eb  

− 45S:V =52V49є<=V ?0@0<5B@8. !5E09 ( )ACT x =
( )AC AC DB DB TBa x b x a x b T x+ = = + = , ( )CBT x = 5CB CBa x b+ = = ( )ADT x =

AD ADa x b+ . 

%E5<0 4>@>6=P>3> @CEC (H01;>= B@0DV:C; traffic pattern) 3 F5 
281V@ H;SEC :>6=8< 2>4Vє<, 0 A>FV0;P=0 20@BVABP 40=>W AE5<8 
4>@>6=P>3> @CEC 3 F5 AC<0@=89 G0A ?>W74>: CAVE 2>4VW2, ?>B@V1=89 
W< 70 28:>@8AB0==S FVєW AE5<8. !5E09 є 4 3@02FV, ( )CDT x =

0CD CDa x b+ = . &>4V є AE5<0 1, 45 2AV 3@02FV 28:>@8AB>2CRBP <0@H@CB 
A C D B− − −  (:>6=89 3@025FP ?>B@51Cє 4;S ?>W74:8 

0 4 0 4 8x x+ + = + + = (E28;8=)), V є AE5<0 2, 45 2 3@02FV 
28:>@8AB>2CRBP <0@H@CB A C B− −  (:>6=89 3@025FP ?>B@51Cє 4;S 
?>W74:8 5 2 5 7x+ = + = (E28;8=)) V 2 3@02FV 28:>@8AB>2CRBP <0@H@CB 
A D B− −  (:>6=89 3@025FP ?>B@51Cє 4;S ?>W74:8 5 5 2 7x+ = + =
(E28;8=)). %>FV0;P=0 20@BVABP AE5<8 1 (є48=>W @V2=>2038 !5H0) 
AB0=>28BP 4 8 32ô = , 0 A>FV0;P=0 20@BVABP AE5<8 2 (A>FV0;P=> 
>?B8<0;P=>W AE5<8) AB0=>28BP 4 7 28ô = . %E5<C (4>@>6=P>3>) @CEC, 
I> 4>AS30є <V=V<0;P=> <>6;828E A>FV0;P=8E 28B@0B, =07820RBP 
A>FV0;P=> >?B8<0;P=>R (A>FV0;P=8< >?B8<C<><). "A:V;P:8 2 FV9 
<5@56V є @V7=V AE5<8 @CEC, I> B0:>6 4>AS30RBP A>FV0;P=>W 20@B>ABV 
28 (E28;8=), B> є :V;P:0 A>FV0;P=> >?B8<0;P=8E AE5< @CEC. 
%>FV0;P=> >?B8<0;P=V AE5<8 @CEC <0:A8<V7CRBP ACA?V;P=89 
4>1@>1CB FVєW 3@8 7 B@0DV:><, 1> AC<0 283@0HV2 2>4VW2 4>@V2=Rє 
<V=CA A>FV0;P=0 20@BVABP. 

"A=>2=V ?8B0==S 3 4>25AB8 VA=C20==S @V2=>206=>W AE5<8 @CEC 2 
4>2V;P=V9 <5@56V 7 ;V=V9=8<8 DC=:FVS<8 G0AC ?>W74:8 (є ?@8:;048 
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V3>@, 45 =5 VA=Cє @V2=>2038 2 G8AB8E AB@0B53VSE) V 4>25AB8 VA=C20==S 
@V2=>206=>W AE5<8 @CEC, A>FV0;P=0 20@BVABP S:>W 4>AB0B=P> 1;87P:0 
4> A>FV0;P=>3> >?B8<C<C [12]. $57C;PB0B8 [12] 1C;8 C7030;P=5=V 2 
@>1>BV [11] (?5@H89 02B>@ FVєW @>1>B8 є CG=5< �>=0 �;59=15@30 V 
74>1C2 =0C:>289 ABC?V=P 4>:B>@0 DV;>A>DVW 7  :><?9RB5@=8E =0C: 
�>@=5;PAP:>3> C=V25@A8B5BC C 2005 @.; 4@C389 02B>@ FVєW @>1>B8 є 
CG=5< �6>=0 )>?:@>DB0 (74>1C2 =0C:>2V ABC?5=V <03VAB@0 V 4>:B>@0 
DV;>A>DVW 7 5;5:B@>B5E=V:8 %B5=D>@4AP:>3> C=V25@A8B5BC C 1962 @. V 
1964 @. 2V4?>2V4=>; >48= 7 02B>@V2 2V4><>W :=838 [17], S:0 
?5@5:;040;0AS) V 74>1C2 =0C:>289 ABC?V=P 4>:B>@0 DV;>A>DVW 7 
:><?9RB5@=8E =0C: �>@=5;PAP:>3> C=V25@A8B5BC C 2006 @.; ?9SB89 
02B>@ FVєW @>1>B8 є CG=5< Є28 &0@4>H V 74>1C2 =0C:>289 ABC?V=P 
4>:B>@0 DV;>A>DVW 7 :><?9RB5@=8E =0C: �>@=5;PAP:>3> 
C=V25@A8B5BC C 2005 @.). (0:B8G=> :>6=0 @V2=>206=0 AE5<0 @CEC <0є 
ACA?V;P=V 28B@0B8, S:V =5 ?5@528ICRBP >?B8<0;P=V 1V;PH5, =V6 =0 
B@5B8=C. &><C 70 ;V=V9=>W DC=:FVW ?>W74:8 =0 :>6=><C @51@V 
A>FV0;P=0 20@BVABP A8BC0FVW ?0@04>:AC �@05AA0 3V@H0 A8BC0FVW 
A>FV0;P=>3> >?B8<C<C =5 1V;PH5, =V6 =0 B@5B8=C. #@>ABVH5 
4>2>48B8 B5, I> A>FV0;P=0 20@BVABP A8BC0FVW ?0@04>:AC �@05AA0 
3V@H0 A8BC0FVW A>FV0;P=>3> >?B8<C<C =5 1V;PH5, =V6 242VGV. 

' ?8B0==V AE5<8 @CEC 70 @V2=>2038 A?>G0B:C 4>2545<> VA=C20==S 
2;0A=5 @V2=>2038 G5@57 :>=AB@C:B82=C ?@>F54C@C WW ?>HC:C. �@>: 0: 
#@>F54C@0 ?>G8=0єBPAS 7 1C4P-S:>W AE5<8 @CEC. �@>: 1: /:I> FS 
AE5<0 @CEC є @V2=>203>R, B> ?@>F54C@0 7025@HCєBPAS. �@>: 2: /:I> 
6 FS AE5<0 @CEC =5 є @V2=>203>R, B> є ?@8=09<=V >48= 2>4V9, 
=09:@0I>R @50:FVєR S:>3>, 7 C@0EC20==S< 4V9 @5HB8 2>4VW2, є 
45S:89 0;PB5@=0B82=89 H;SE, I> 70157?5GCє <5=H89 G0A ?>W74:8. 
�@>: 3: "18@0є<> >4=>3> B0:>3> 2>4VS V ?5@5:;RG0є<> 9>3> =0 F59 
0;PB5@=0B82=89 H;SE, 4VAB0RG8 =>2C AE5<C @CEC. #5@5E>48<> =0 
�@>: 1. 

*S ?@>F54C@0 =07820єBPAS 48=0<V:>R =09:@0I>W @50:FVW, 
>A:V;P:8 2>=0 48=0<VG=> @5:>=DV3C@Cє AB@0B53VW 3@02FV2, ?>ABV9=> 
A?>=C:0RG8 S:>3>AP 3@02FS HC:0B8 A2>R =09:@0IC @50:FVR =0 
?>B>G=C A8BC0FVR. �C?8= FVєW ?@>F54C@8 >7=0G0є, I> :>6=89 
3@025FP D0:B8G=> @50;V7Cє A2>R =09:@0IC @50:FVR =0 ?>B>G=C 
A8BC0FVR, B>1B> <0є <VAF5 @V2=>206=0 AE5<0 @CEC. &><C 4>AB0B=P> 
?>:070B8, I> 48=0<V:0 =09:@0I>W @50:FVW, S:0 ?>G8=0єBPAS 7 1C4P-
S:>W AE5<8 @CEC, <0є 7025@H8B8AS 2 AB0=V @V2=>2038 [1]. 

!02545<> ?@8:;04 3@8 7 =5A:V=G5==>R 48=0<V:>R, S:0 =5 <0є 
@V2=>2038. !5E09 :>6=89 7 3@02FV2 1, 2 <0є <>=5BC V ?>:07Cє V=H><C 
3@02FR >@5; (head) 01> @5H:C (tail) A2>єW <>=5B8; 3@02FV 4VRBP 
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>4=>G0A=>. /:I> >18420 >4=>G0A=> ?>:07CRBP >@;0 (>18@0RBP 
AB@0B53VR H), B> 283@0H 3@02FS 2 AB0=>28BP +1, 0 283@0H 3@02FS 1 
AB0=>28BP −1 (3@0 є 0=B03>=VAB8G=>R); S:I> >18420 >4=>G0A=> 
?>:07CRBP @5H:C (>18@0RBP AB@0B53VR T), B> 283@0H 3@02FS 2 
AB0=>28BP +1, 0 283@0H 3@02FS 1 AB0=>28BP −1; 2 V=H8E 28?04:0E 
(>4=>G0A=8E 4V9) 283@0H 3@02FS 2 AB0=>28BP −1, 0 283@0H 3@02FS 1 
AB0=>28BP +1. *S ?@>AB0 3@0 2V4><0 S: 7VAB02;5==S AB>@V= <>=5B 
(Matching Pennies). %B@0B53VW B0 2V4?>2V4=V 283@0HV 3@02FV2 <>6=0 
70?8A0B8 C <0B@8G=><C 283;S4V.  

�VAB02;5==S AB>@V= <>=5B є ?@>AB8< ?@8:;04>< 25;8:>3> :;0AC 
206;828E V3>@ 7 BVєR 2;0AB82VABR, I> AC<0 283@0HV2 3@02FV2 702648 
4>@V2=Rє =C;R. &><C B0:V V3@8 0B0:8-70E8ABC =07820RBP V3@0<8 7 
=C;P>2>R AC<>R. #@8:;04>< ?>4V1=>W 0B0:8 22060RBP 28A04:C 
A>R7=8:V2 (156 B8A. 2V9AP:>28E, 7>:@5<0 73 B8A. 2V4 %,�, 61,715 
B8A. 2V4 �5;8:>1@8B0=VW, 21,4 B8A. 2V4 �0=048) G5@57 �0- 0=H C 
Є2@>?V 2;VB:C 1944 @. ?V4 G0A �@C3>W A2VB>2>W 2V9=8, S:V <>3;8 >1@0B8 
<VAF5 28A04:8 − <VAB> �0;5, =091;86G5 4> �=3;VW <VAB> (@0=FVW (=0 
2V4AB0=V 34 :<), G8 15@538 !>@<0=4VW (V �@5B0=V). � @>;V 3@02FS 2 
28ABC?0;0 !V<5GG8=0, S:0 =0 <VAFV 28A04:8 <>3;0 ?>A8;R20B8 A2>W 
A8;8, 0 2 @>;V 3@02FS 1 28ABC?0;8 A>R7=8:8 [18, 19]. �;S FP>3> :59AC 
@>7@>1;5=> 45ASB:8 :><?9RB5@=8E V3>@. 6 G5@2=S 2024 @. C (@0=FVW 
A>R7=8:8 2V47=0G0RBP 80-@VGGS 28A04:8 C !>@<0=4VW. 

' 3@V 7VAB02;5==V AB>@V= <>=5B =5<0є ?0@8 AB@0B53V9, :>6=0 7 
S:8E є =09:@0I>R @50:FVєR =0 AB@0B53VR V=H>3> 3@02FS: 4;S 1C4P-
S:>W ?0@8 AB@0B53V9, 3@025FP, S:89 >B@8<Cє 283@0H −1, <0є AB8<C; 
?>:@0I8B8 A2V9 283@0H 4> +1 H;SE>< 7<V=8 A2>єW AB@0B53VW. &>4V 
C2038 70A;C3>2Cє 3V1@84 FVєW 3@8 7 V=H>R 107>2>R 3@>R :>>@48=0FVW, 
S:C 70 $CAA> (1712−1778) =07820RBP ?>;R20==S< =0 >;5=S (Stag 
Hunt) [20]. /:I> :>6=89 <8A;825FP =0 ?>;R20==V 2818@0є 
AB@0B53VR :>>?5@0FVW, B> <8A;82FV @07>< <>6CBP 7;>28B8 >;5=S; 
S:I> <8A;825FP =0 ?>;R20==V 2818@0є AB@0B53VR :>=:C@5=FVW, B> 
<>65 7;>28B8 709FS; S:I> 3@025FP 1 >18@0є AB@0B53VR :>>?5@0FVW, 0 
3@025FP 2 − AB@0B53VR :>=:C@5=FVW, B> 3@025FP 2 <>65 7;>28B8 709FS, 
0 3@025FP 1 A0<>ABV9=> =5 7<>65 7;>28B8 >;5=S V =5 ;>28B8<5 709FS. 

#@>AB8< 206;828< ?@8:;04>< є 3@0 :>>@48=0FVW (Coordination), 
45 420 A?V202B>@8 3>BCRBP A;0948 4;S A?V;P=>W ?@575=B0FVW ?@>5:BC, 
0;5 A?V202B>@ 1 =5 <>65 729S70B8AS V7 A?V202B>@>< 2 ?> B5;5D>=C, 
:>;8 ?>G8=0є ?@0FR20B8 =04 A;0940<8 V <0є ?@89=SB8 @VH5==S ?@> 
28:>@8AB0==S MicroSoft PowerPoint 01> Apple Keynote 4;S 
?V43>B>2:8 A;094V2. �C4P-S:5 @VH5==S є ?@89=SB=8<, 0;5 =01030B> 
;53H5 >19є4=C20B8 A;0948, :>;8 >18420 A?V202B>@8 28:>@8AB>2CRBP 
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>4=0:>25 #�. /:I> 2>=8 >18@0RBP >4=0:>25 #�, B> 283@0H :>6=>3> 
4>@V2=Rє 1; S:I> 6 2>=8 >18@0RBP @V7=5 #�, B> 283@0H :>6=>3> 
4>@V2=Rє 0. &0:C A8BC0FVR =07820RBP 3@>R :>>@48=0FVW B><C, 45 
A?V;P=0 <5B0 3@02FV2 ?>;S30є C :>>@48=0FVW WE=VE AB@0B53V9. 
%:;04=VABP ?>;S30є C B><C, I> FS 3@0 <0є 42V @V2=>FV==V @V2=>2038 
!5H0, 0;5 >18420 3@02FV ?@>3@0RBP 70 2V4ACB=>ABV :>>@48=0FVW. 

$5:>=DV3C@0FVS 1C4P-S:>W <5@56V ?5@5410G0є ?52=C 
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HETEROGENEOUS AND HIERARCHICAL 
COMBINATORIAL CONFIGURATIONS 

 
Abstract. The concepts of heterogeneous and hierarchical combinatorial 

configurations are introduced, which are based on the formation of generalized 
combinatorial configurations associated with abstract basic sets. These concepts 
significantly expands the possibilities of formalizing practically important 
combinatorial optimization problems, including those on infinite spaces. 
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Abstract. The task of practical application of the mathematical safe on 

matrices problem in message encryption is considered. For the cryptosystem, the 
Vigenere symmetric encryption method was chosen, where the input data is 
stored in the numerical order of the storage elements state vector on graphs, and 
the method for solving the mathematical safe problem is parametric. 

 

The practical value and prospects of applying the mathematical safe 
problem are in solving the problem of creating fast and tamper-resistant 
cryptosystems.  

There are a number of cryptosystems designed for a wide range of 
users to encrypt messages in fast messengers for active user 
communication. Many of them are affordable and convenient for the 
average user [1]. 

It is well known that these cryptosystems use symmetric, 
asymmetric, and hybrid (asymmetric + symmetric) types of encryption 
[2]. 

In symmetric encryption (standard algorithms RC4, AES, DES, 
3DES and QUAD, Vigenere), one key is used to encrypt and decrypt data. 
The asymmetric type of encryption (standard algorithms: RSA, Diffie-
Hellman, ECC, El Gamal and DSA) uses a pair of keys. These keys are 
known as the <public key= and the <private key= and are the encryption 
and decryption keys [3]. 

The practical significance of using the algorithms of the 
mathematical safe problem in the field of information security and 
cryptography was first formulated in detail for information exchange 
systems using symmetric encryption in the works of S. L. Krivoy [4,5], 
where the TSS method was proposed to solve the encryption problem. 
On its basis, a system of commutative rings with one unit is considered 
as a means of building a symmetric encryption system, and an 
information exchange tool based on isotropic rings is proposed and 
described, and a table hiding encryption algorithm is proposed as a tool 
for exchanging information in messengers where it is necessary to ensure 
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a rather mediocre resistance to hacking with a high speed of decoding 
and encrypting information. 

From the security point of view, asymmetric encryption, which 
provides authentication, is probably better. However, symmetric 
encryption algorithms are always needed because performance is an 
aspect that cannot be ignored.  

In work [6], in general, the k-a associative commutative ring of the 
k -o order is constructed in one line using the algorithms for constructing 
the ring operation tables ADD-TAB-AKK1(1, k ) and MUL-TAB-
AKK1(1, k). The time complexity of the first algorithm is O(k2 log k), 
and the second is O(k log k )2, where k is the order of the ring. The paper 
also proposes to modify the RG-EN encryption and RG-DE decryption 
algorithms. 

Consider the Vigenère encryption method, where the input data will 
be stored in the numerical order of the elements of the vector of storage 
state on graphs, and the method for solving the mathematical safe 
problem is parametric [7]. The Vigenere problem is quite common in 
practice. It is known that the performance parameters of a cryptographic 
system are ensured by the fact that, unlike multi-alphabet substitution or 
table <hamming=, the key of the Vigenère encryption algorithm has a 
finite length. Therefore, there is no need to encrypt each letter of the 
plaintext with a separate key value. 

The Vigenere encryption system is defined as follows, where VIG : 
(x0, x1, . . . , xn-1) →(y0, y1, . . . , yn-1) = [(x0 + k0)mod N, (x1 + k1)mod 

N, . . . , (xn-1 + kn-1) mod N], 
where N is the number of letters in the alphabet, and n is the length of the 
Vigenere key with components ki (i = 0, 1, . . . , n). As, a cyclic sequence 
of keys of the same length is superimposed on the original text X, and the 
corresponding elements of the key sequence are added modulo N, 
resulting in the original ciphertext Y. 

For the first time, the problem of a mathematical safe on graphs was 
considered in the work of Donets G.P. [8], where a direct method for 
solving graphs of certain types of topologies was formulated.  

Consider the problem of a mathematical safe on graphs modulo 
2K ó  a prime number using the method of summation  and parametric 

method.  
To encrypt the text, we will use a substitution G of the form: 

 

according to which we will subtract the set of plaintexts  
1 2 1 2 1 1 2 2( , ,..., ) ( , ,..., ) [( ) ,..,( ) ,..,( ) ]N N N Ns s s y y y s x modK s x modK s x modK³ = − − −

 1 2, ,... NS s s s=
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along the entire length of the solution to the mathematical safe problem 
 with the initial state vector .  

The plaintexts will be stored in the numerical order of the elements 
of the vault state vector on graphs with <ladder= topologies (Fig. 1).  
K = 7, and b = (1, 2, 3, 4. 5, 6, 7, 8). 

 

 
Fig. 1. The problem of a mathematical safe in the graph <ladder= 

 
Then solve the problem by the method of summation. Write systems 

(1) and (2) for a given graph: 

1 2 5

1 2 3 6

2 3 4 7

3 4 8

1 5 6

2 5 6 7

3 6 7 8

4 7 8

. . . 1

. . . 2

. . . . 3

. 4

. . . . . 5

. . . . 6

. . 7

. . 8

x x x

x x x x

x x x x

x x x

x x x

x x x x

x x x x

x x x

+ + ú− ü
ÿ+ + + ú− ÿ
ÿ+ + + ú −
ÿ

+ + ú − ÿ
ý+ + ú − ÿ
ÿ+ + + ú−
ÿ

+ + + ú− ÿ
ÿ+ + ú− þ

(modK).        (1) 

 
 

1 2 5

1 2 3 6

2 3 4 7

3 4 8

1 5 6

2 5 6 7

3 6 7 8

4 7 8

. . .

. . .

. . .

.

. . . . .

. . . .

. .

. .

d d d d

d d d d d

d d d d d

d d d d

d d d d

d d d d d

d d d d d

d d d d

+ + ú ü
ÿ+ + + ú ÿ
ÿ+ + + ú
ÿ

+ + ú ÿ
ý+ + ú ÿ
ÿ+ + + ú
ÿ

+ + + ú ÿ
ÿ+ + ú þ

(modK).           (2) 

( )1 2, ,..., NX x x x= ( )1 2, ,..., NВ b b b=

5 6 7 

2 3 1 

8 

4 
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Comparing the fourth and eighth equations in system (2), we obtain 
the equality 

3 7d d= . By analogy, from the first and fifth equations 

follows 2 6d d= from the third and seventh equations 
4 8d d=  from the 

second and sixth equations 1 5d d= . 

So, we obtain 1 4 5 8d d d d= = = , 0 2 3 6 7d d d d= = = . 

Comparing to the first and second equations from (2), we obtain 

5 22d d= . Let us assume that 2 1d = . Then 3 6 7 1d d d= = = , 

1 4 5 8 2d d d d= = = = .  That is 5d = . In consequence, 

 

1

5 54
n

i i
i

S d b
=

=− =−õ  = 2(mod 7), 0 S =6(mod 7). 

 
Now find  , 1,2,..., ,ix i n=  from system (1), using the representation 

of variables through the parameter. Adding the fourth and sixth 
equations, we get 1 10S x− =−  . So    1 10x S= + =16=2(mod 7). 

Similarly, from the second and eighth equations we get  5x =2(mod 7), 

from the first and seventh get 4x =0(mod 7), from the third and fifth 3

8x =0(mod 7). Substituting the obtained values into the equation of 

system (1), we obtain 2x =2(mod 7), 3x = 0(mod 7), 6x = 32(mod 7), 

7x = 31(mod 7). As a result, we obtain the general solution X = (2, 2, 3, 

0, 2, -2, -1, 0) (mod 7). 
We need to encrypt the following set of characters: 

( )0, 6, 5, 4, 2, 1, 0, 1S = . 

 
Since, 

 
then

( )2, 4, 2, 4, 0, 3, 1, 1Y³ = − . 

 
Consider an example for a <fan= graph (Fig. 2) for n = 7, k = 3, K = 

5, bi = i .  

1 2 1 2( , ,..., ) ( , ,..., )N NS s s s X Y y y y= − ³ =
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Fig. 2. The problem of a mathematical safe of the <fan= type 
 
Then solve the problem by the parametric method. The system of 

equations will take the form: 

0 1 2 3 4 5 6 7

0 1 2

0 1 2 3

0 2 3 4

0 3 4 5

0 4 5 6

0 5 6 7

0 6 7

0

1

2

3
(mod5)

4

5

6

7

x x x x x x x x

x x x

x x x x

x x x x

x x x x

x x x x

x x x x

x x x

+ + + + + + + ú ü
ÿ+ + ú− ÿ
ÿ+ + + ú −
ÿ

+ + + ú − ÿ
ý+ + + ú − ÿ
ÿ+ + + ú −
ÿ

+ + + ú − ÿ
ÿ+ + ú− þ  

Two parameters are enough for this graph. Let us denote by  

0 1,x x=ñ =ò . From the first equation 
2 1x =− −ñ−ò . Then 

3 2 ( 1 ) 1x =− −ñ−ò − − −ñ −ò =− . 

Now: 

4 0 2 33 3 ( 1 ) ( 1) 1x x x x=− − − − =− −ñ − − −ñ −ò − − =− +ò , 

5 0 3 44 4 ( 1) ( 1 ) 2x x x x=− − − − =− −ñ− − − − +ò =− −ñ −ò , 

6 0 4 55 5 ( 1 ) ( 2 ) 2x x x x=− − − − =− −ñ − − +ò − − −ñ −ò =− ,

7 0 5 66 6 ( 2 ) ( 2) 2x x x x=− − − − =− −ñ − − −ñ −ò − − =− +ò . 

Substituting these values into the 0th equation, we get:               

2 3 4 5 6 7 0

( 1 ) ( 1) ( 1 ) ( 2 ) ( 2) ( 2 ) 0

9

x x x x x xñ +ò+ + + + + + = 

ñ +ò+ − −ñ −ò + − + − +ò + − −ñ −ò + − + − +ò = 
−ñ +ò=  

2 

3 

1 

6 

7 

0 
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Subtracting the 7th equation from 6th, we obtain 

5 1 2x =+ =− −ñ −ò . From here we find: 

1(mod5), 3(mod5)ñ=− ò= . 

As a result, we get the solution ( )1, 3, 2, 1, 2, 1, 2, 1X = − − − . 

We need to encrypt the following set of characters: 
. 

Since,  then 

. 

In this case, in order to recover the matrix B, you need to go through 

the variants.  
It should be noted that the proposed encryption scheme is focused 

on information that loses its value within a short time after transmission. 
Generally, in practice, this corresponds to the tasks of encrypting 
messages by mobile phones with small decryption software devices or 
the operation of inexpensive messengers to encrypt the exchange of 
ordinary messages. 
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1 2 1 2( , ,..., ) ( , ,..., )N NS s s s X Y y y y= − ³ =
(3,0, 1,1,0,1,2,2)Y³ = −

mnK
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FUZZY INFERENCE ALGORITHM FOR DETERMINING THE 
LEVEL OF ECONOMIC WELL-BEING OF THE POPULATION 

 
Abstract. In this work, we propose an algorithm for determining the 

economic well-being of the population. Economic well-being is decomposed 
into three parts: income, housing, and work. Based on the available statistical 
data, we have built the corresponding fuzzy inference system for each of the 
three components. Based on the results obtained, we have constructed a new 
fuzzy inference system that gives the level of economic well-being. In our 
research, we applied the Mamdani inference algorithm. We have built a rule base 
that describes the operation of the system, which consists of rules of the type "IF 
- THEN". After defuzzification, for which we used Centroid or Center of Gravity 
methods, we obtain the level of economic well-being of the population. 
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?>:070=> ?@8:;04 28:>@8AB0==S ;V=32VAB8G=8E 7<V==8E =0 >4=><C 7 
2EV4=8E V=48:0B>@V2 A8AB5<8 =5GVB:>3> 282545==S "�>EV4". 

 

$8A.2 3 #@8:;04 28:>@8AB0==S ;V=32VAB8G=8E 7<V==8E. 
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#VA;S ?@8A2>є==S 2V4?>2V4=8E ;V=32VAB8G=8E 7<V==8E :>6=V9 
2EV4=V9 B0 28EV4=V9 7<V==V9, ?>1C4>20=> 107C 7=0=P 4;S :>6=>W 
A8AB5<8 =5GVB:>3> 282>4C. � 107V 7=0=P 715@V30єBPAS V=D>@<0FVS ?@> 
70;56=VABP Y = f(X) C 283;S4V =5GVB:8E ?@028; B8?C <S:I> - B>=. &0:0 
1070 7=0=P ?>:070=0 =0 @8AC=:C 3. 

 

$8A.3. 3 �070 7=0=P 4;S A8AB5<8 =5GVB:>3> 282>4C «�>EV4». 

' 40=><C 28?04:C 4;S 45D078DV:0FVW 1C;> 28:>@8AB0=> <5B>4 
F5=B@>W40 ?;>IV, 01> F5=B@C BS6V==S.  

�0=89 ?V4EV4 1C;> 70AB>A>20=> 4> V=H8E A8AB5< =5GVB:>3> 
282>4C. #VA;S >B@8<0==S 7=0G5=P :>6=>W A8AB5<8 =5GVB:>3> 282>4C 
28:>@8AB>2C20;8 WE S: 2EV4=V 40=V 4;S =0ABC?=>W A8AB5<8 =5GVB:>3> 
282>4C (482. @8A. 1.) 4;S >B@8<0==S @V2=S 5:>=><VG=>3> 4>1@>1CBC 
ACA?V;PAB20. 

%?8A>: 28:>@8AB0=8E 465@5;: 
1.  0;S@  . . �=0;V7 V=48:0B>@V2 2?;82C =0 @V25=P 4>1@>1CBC 

=0A5;5==S ':@0W=8 /  . .  0;S@, �.(. �>@>2FV, �.�. #>;>2:> // 
!0C:>2V ?5@A?5:B828, 28?CA: № 2(44). 3 �8W2 2024. %. 784-796. 
https://doi.org/10.52058/2708-7530-2024-2(44)-784-796 

2. "DVFV9=89 A09B: "@30=V70FVS 5:>=><VG=>3> A?V2@>1VB=8FB20 
B0 @>728B:C [�;5:B@>==89 @5AC@A] $568< �>ABC?C: 
https://www.oecdbetterlifeindex.org/#/50525555555 

3. "DVFV9=89 A09B: Matlab Documentation. [�;5:B@>==89 
@5AC@A] $568< �>ABC?C: 
https://www.mathworks.com/help/fuzzy/fuzzy-trees.html 

 
 
 

https://doi.org/10.52058/2708-7530-2024-2(44)-784-796
https://www.oecdbetterlifeindex.org/#/50525555555
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1�04>@>6=89 �."., 2,3$><0=>20 &.Є., 1,4%B5FR: #.�.  
bohzador@gmail.com 

1':7BDB8EP><= A4JVBA4?PA<= GAV69DE<F9F 
2ІAEF<FGF CDB5?9@ @4L<AB5G8G64AAO V@9AV �. . #V87BDAB7B 

!�! '>D4WA< 
3Leeds University Business School, University of Leeds, UK 

4ІAEF<FGF >V59DA9F<>< V@9AV �. . �?GL>B64 !�! '>D4WA< 
 

IMPROVED HEURISTIC FOR PACKING UNEQUAL CIRCLES  
USING SHOR’S r-ALGORITHM  

 
Abstract. The paper studies a heuristic algorithm for solving the competitive 

problem "Dense packing of circles into a circle of minimal radius". Two 
approaches using Shor's r-algorithm with a dichotomy step are proposed to 
improve the heuristic. The obtained results are analyzed with respect to two r-
algorithm parameters: the space dilation coefficient and the step multiplier 
reduction coefficient. The Rust 1.70.0 programming language is used for 
software implementation. 

 
1. �ABC?. ' ?5@V>4 7 1 ;8AB>?040 ?> 21 3@C4=S 2022 @>:C 

?@>2>482AS <V6=0@>4=89 :>=:C@A «-V;P=0 C?0:>2:0 :@C3V2 2 :@C3 
<V=V<0;P=>3> @04VCAC» [1]. "@30=V70B>@8 :>=:C@AC 3 �=AB8BCB 
:V15@=5B8:8 V<5=V �. . �;CH:>20 !�! ':@0W=8 (�8W2, ':@0W=0), 
'63>@>4AP:89 =0FV>=0;P=89 C=V25@A8B5B ('63>@>4, ':@0W=0),  
�=AB8BCB ?@>1;5< <0H8=>1C4C20==S V<5=V �. . #V43>@=>3> !�! 
':@0W=8 ()0@:V2, ':@0W=0) B0 �@5745=AP:89 B5E=VG=89 C=V25@A8B5B 
(�@5745=, !V<5GG8=0). 

�>=:C@A=>R 1C;0 B0:0 >?B8<V70FV9=0 7040G0: 7040=> =01V@ 7 Ċ 
:@C3V2 7 @04VCA0<8 Ĉÿ, ÿ =  1, 2, & , Ċ,  B0 7>2=VH=V9 :@C3 7 F5=B@>< 2 

 

 

11 $>1>B0 ?V4B@8<0=0 Volkswagen Foundation (3@0=B № 97775) 
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B>GFV (0,0)  B0 7<V==8< @04VCA>< Ď. #>B@V1=> 7=09B8 B0:V F5=B@8 
:@C3V2 (Ăÿ; ăÿ), ÿ =  1, 2, & ,Ċ B0 2V4?>2V4=89 @04VCA Ď∗ 7>2=VH=P>3> 
:@C30, I>: 

 
1) :>65= 7 :@C3V2 ÿ =  1, 2, & ,Ċ <0є ?>2=VABR 7=0E>48B8AP 
2A5@548=V 7>2=VH=P>3> :@C30 (:@C38 <>6CBP B>@:0B8AS <56V 
7>2=VH=P>3> :@C30); 
2) 4;S 1C4P-S:>W ?0@8 (ÿ; Ā) :@C3V2, 45 ÿ, Ā ∈  {1, . . . , Ċ} B0 ÿ <  Ā, 
:@C38 ÿ, Ā =5 ?5@5B8=0RBPAS (W< 4>72>;5=> B>@:0B8AS >48= 
>4=>3>); 
3) @04VCA Ď 7>2=VH=P>3> :@C30 <0є 1CB8 S:><>30 <5=H8<.  
 
�@C35 <VAF5 2 7<030==V 709=S2 ?5@H89 02B>@ FVєW AB0BBV 70 

:@8B5@Vє< >FV=:8 7=0G5==S @04VCAC 7>2=VH=P>3> :@C30 4;S :>6=>3> 
V7 :>=:C@A=8E B5AB>28E ?@8:;04V2, S:V 7=0E>482 70?@>?>=>20=89 
52@8AB8G=89 0;3>@8B< V7 70AB>AC20==S< 2V4?>2V4=>3> ?@>3@0<=>3> 
70157?5G5==S. "4=0:, @>7<VI5==S :@C3V2 2V4?>2V4=> 4> 7=0G5==S 
FV;P>2>W DC=:FVW, C 1V;PH>ABV ?@8:;04V2 <VAB8;8 «=04;8H:>289 
?@>ABV@». &><C ?@54<5B>< FVєW AB0BBV є @>7@>1:0 ?V4E>4C 4;S 
?>:@0H5==S 707=0G5=>W 52@8AB8:8 V7 70AB>AC20==S< <5B>4V2 
=53;04:>W >?B8<V70FVW. 

 0B5@V0; AB0BBV 28:;045=> C B0:><C ?>@S4:C. ' @>74V;V 2 
>?8A0=> 52@8AB8G=89 0;3>@8B< B0 9>3> 2;0AB82>ABV. ' @>74V;V 3 
=02545=> 420 ?V4E>48 4> ?>:@0I5==S @>729S7:V2, 7=0945=8E 70 
4>?><>3>R 52@8AB8G=>3> 0;3>@8B<C, V7 70AB>AC20==S< r-0;3>@8B<C 
,>@0 7 48E>B><VєR :@>:C. ' @>74V;V 4 =02545=> @57C;PB0B8 
>1G8A;R20;P=8E 5:A?5@8<5=BV2 70 B>G=VABR 7=0E>465==S @04VCA0 
7>2=VH=P>3> :@C30. 
2. �2@8AB8G=89 0;3>@8B<. $>73;S=5<> >?8A 0;3>@8B<C 

@>729S70==S 7040GV ?0:C20==S :@C3V2 2 :@C3 <V=V<0;P=>3> @04VCAC. 
�B0? 1. �AB0=>2;Rє<> 4>?CAB8<V <56V @04VCAC 7>2=VH=P>3> 

:@C30: ;V20 <560 4>@V2=Rє ĎĂąĀ = maxÿ=1,&,þ Ĉÿ, 0 ?@020 3 ĎþĆ = ∑ Ĉÿþÿ=1 . 

�B0? 2. �87=0G0є<> AB0@B>25 7=0G5==S @04VCA0 7>2=VH=P>3> 
:@C30 S: Ď0 = 0.5(ĎĂąĀ + ĎþĆ). 
�B0? 3. #0:Cє<> :@C38 70 B0:8<8 ?@028;0<8: 

1. �AB0=>2;Rє<> F5=B@ ?5@H>3> :@C30 7 =01>@C ÿ =  1, 2, & , Ċ 2 
B>G:C (0, Ď0 2 Ĉ1). 

2. �5=5@Cє<> H0@ :@C3V2. �0 3>48==8:>2>R AB@V;:>R @>7<VICє<> 
:>6=89 =0ABC?=89 :@C3 B0:, I>1 2V= B>@:02AS ?>?5@54=P>3> 
:@C30 B0 <56V 7>2=VH=P>3> :@C30. �8:>@8AB>2CRG8 :>>@48=0B8 
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F5=B@0 ?>?5@54=P>3> :@C30, >1G8A;Rє<> :>>@48=0B8 F5=B@0 
=0ABC?=>3> :@C30: 2AB0=>2;Rє<> F5=B@ =0ABC?=>3> ÿ-3> :@C30 2 
B>GFV (0, Ď0 2 Ĉÿ); @>7@0E>2Cє<> :CB, =0 S:89 @04VCA-25:B>@ 
?>B@V1=> ?>25@=CB8 70 3>48==8:>2>R AB@V;:>R. "B@8<0=89 :CB 
CB>G=Rє<> 70 4>?><>3>R 1V=0@=>3> ?>HC:C ($8A. 10). 

3. $>7<VICє<> =0ABC?=V :@C38 <V6 <565R 7>2=VH=P>3> :@C30 B0 
?5@H8< H0@>< :@C3V2 ($8A. 11). 

4. $>7<VICє<> :@C38 <V6 :@C30<8 ?>?5@54=P>3> H0@C 01> <V6 
:@C30<8 G5@57 >48= ($8A. 12). 
 

 
$8A. 1 3 �F4C 3 96D<EF<KAB7B 4?7BD<F@G 

 
�B0? 4. /:I> @>7<VI5==S :@C3V2 B0 @04VCA 7>2=VH=P>3> :@C30 

704>2>;P=SRBP 28<>30< 1) B0 2), B> 2AB0=>2;Rє<> ĎþĆ ≔ Ď0 B0 
70?0<9SB>2Cє<> F5=B@8 @>7<VI5=8E :@C3V2. �=0:H5, 2AB0=>2;Rє<> ĎĂąĀ ≔ Ď0. 
�B0? 5. /:I> ĎþĆ 2 ĎĂąĀ > ∆, B> ?5@5E>48<> 4> 5B0?C 2, 45 ô

3 B>G=VABP 7=0E>465==S @>729S7:C. 
�B0? 6. #>@V2=Rє<> @>729S7>: >B@8<0=89 =0 5B0?V 4 7 

=09:@0I8< 7=0945=8<. /:I> @>7<VI5==S :@C3V2 704>2>;P=Sє 
28<>30< 1) B0 2) 7040GV B0 <0є <5=H89 @04VCA 7>2=VH=P>3> :@C30 70 
=09:@0I89 @>729S7>:, B> >AB0==V9 2AB0=>2;Rє<> @V2=8< 
7=0945=><C. /:I> 4>AS3=5=0 <0:A8<0;P=0 :V;P:VABP VB5@0FV9, B> 
0;3>@8B< 70:V=GCє @>1>BC. �=0:H5 70AB>ACє<> <swap=-AB@0B53VR 4;S 
@>7<VI5==S ?0@8 28?04:>28E @>7<VI5=8E :@C3V2 B0 ?5@5E>48<> 4> 
5B0?C 1. 

�;3>@8B< =5 702648 <>65 30@0=BC20B8 @>7<VI5==S :@C3V2, 
704>2>;P=82H8 >1<565==S 1) V 2), B><C ?>B@V1=> >1@0B8 :V;P:VABP 
VB5@0FV9 ?@8 S:V9 240ABPAS 4>AS3=CB8 E>G0 1 >48= 4>?CAB8<89 
@>729S7>:. 

�0@B> 70C2068B8, I> >A:V;P:8 0;3>@8B< 107CєBPAS =0 ?52=><C 
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=01>@V ?@028; @>7<VI5==S :@C3V2, B> ?@8 <0;V9 :V;P:>ABV VB5@0FV9 
70;8H0єBPAS <2V;P=89 ?@>ABV@=, S:89 <>6=0 7<5=H8B8, S:I> 
?0:C20B8 :@C38 IV;P=VH5. 
3. #>:@0I5==O 52@8AB8G=>3> @>72’O7:C 70 4>?><>3>N r-

0;3>@8B<C. �8:>@8AB>2CRG8 B>G:C, 7=0945=C 52@8AB8G=8< 
0;3>@8B<>< S: AB0@B>2C, B0 @>729S7CRG8 7040GC >?B8<V70FVW 70 
4>?><>3>R r-0;3>@8B<C 7 48E>B><VєR :@>:C [2], <>6=0 >B@8<0B8 
:@0IV @>729S7:8 70 7=0G5==S< @04VCAC 7>2=VH=P>3> :@C30. 

�;S ?>:@0I5==S @57C;PB0BV2, >B@8<0=8E 52@8AB8G=8< 
0;3>@8B<><, 1C45<> 28:>@8AB>2C20B8 r-0;3>@8B< ,>@0 [3].  

%D>@<C;Rє<> 7040GC ?0:C20==S :@C3V2 B0:: 
 

 Ď∗ = min�,ā,ĂĎ, (1) 

70 >1<565=P 
 Ăÿ2 + ăÿ2 f (Ď 3 Ĉÿ)2, ÿ = 1, . . . , Ċ, (2) 
 (Ăÿ 2 ĂĀ)2 + (ăÿ 2 ăĀ)2 g (Ĉÿ + ĈĀ)2, 1 f  ÿ <  Ā f Ċ, (3) 

 Ď g ĎĂąĀ, (4) 
45 ĎĂąĀ = maxÿ=1,&,þ Ĉÿ, Ă = (Ă1, & , Ăþ), ă = (ă1, & , ăþ). 
 

�;S ?>HC:C ;>:0;P=>3> <V=V<C<C 7040GV (1) 3 (4) 28:>@8AB0є<> 
<5B>4 =53;04:8E HB@0D=8E DC=:FV9, S:89 72>48BP 7040GC 
=5;V=V9=>3> ?@>3@0<C20==S  (1) 3 (4) 4> 7040GV 157C<>2=>W 
<V=V<V70FVW =53;04:>W DC=:FVW [3]. 

$>73;S=5<> 420 0;3>@8B<8 ?>:@0I5==S 52@8AB8G=>3> @>729S7:C 
[4], 45 0;3>@8B< ,>@0 70AB>ACєBPAS 7 =0?5@54 7040=8<8 
?0@0<5B@0<8 70 28=SB:>< AB0@B>2>W B>G:8 Ĕ 2 Ą-28<V@=><C ?@>AB>@V 
B0 25;8G8=8 :@>:C / 2 =0?@S<:C ;>:0;P=>3> 5:AB@5<C<C. 

�;3>@8B< 1 <0є B0:89 283;S4. 
�B0? 1. �040є<> / =  /0, 45 /0 3 ?>G0B:>20 25;8G8=0 :@>:C, 

2AB0=>2;Rє<> 7=0G5===S 4;S /ăÿĄ 3 <V=V<0;P=5 7=0G5==S :@>:C B0 āČď 3 2V4A>B>: 2V4=>A=>3> ?>:@0I5==S 25;8G8=8 @04VCA0 3>;>2=>3> 
:@C30. 
�B0? 2. �8:>@8AB0є<> r-0;3>@8B< 7V AB0@B>2>W B>G:8 Ĕ V 

7=0E>48<> ;>:0;P=89 <V=V<C< 7040GV (1) 3 (4). 
�B0? 3. /:I> 2V4=>A=5 ?>:@0I5==S @04VCAC 7>2=VH=P>3> :@C30: 
" 1V;PH5 70 7=0G5==S āČď, B> B>G:0 ;>:0;P=>3> <V=V<C<C AB0є 
AB0@B>2>R B>G:>R; 

" <5=H5 70 7=0G5==S āČď, B> 25;8G8=C :@>:C / 7<5=HCє<> 
242VGV. 
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�B0? 4. /:I> 25;8G8=0 :@>:C 1V;PH0 =V6 <V=V<0;P=5 7=0G5==S 
:@>:C, B> ?5@5E>48<> 4> 5B0?C 2. �=0:H5 70:V=GCє<> @>1>BC 
0;3>@8B<C 7 ?>:@0I5==S< @>729S7:C. 

�;3>@8B< 2 2V4@V7=SєBPAS 2V4 0;3>@8B<C 1 D>@<C;R20==S< 
5B0?C 3: S:I> 2V4=>A=5 ?>:@0I5==S @04VCAC 7>2=VH=P>3> :@C30 
1V;PH5 =V6 7=0G5==S āČď, B> B>G:0 ;>:0;P=>3> <V=V<C<C AB0є 
AB0@B>2>R B>G:>R V / = /0, S:I> <5=H5 =V6 7=0G5==S  āČď, B> 
25;8G8=C :@>:C / 7<5=HCє<> 242VGV. 
4. $57C;ьB0B8 >1G8A;N20;ь=8E 5:A?5@8<5=BV2. �;3>@8B<8 1 

B0 2 @50;V7>20=> <>2>R ?@>3@0<C20==S Rust 25@AVW 1.70.0. ' B01;8FV 
1 =02545=> ?>@V2=S;P=V @57C;PB0B8 >1>E @50;V70FV9 ?@8 āČď ={0;  1025;  1024}. &CB n_iter 3 A5@54=є 0@8D<5B8G=5 :V;P:>ABV 
VB5@0FV9 r-0;3>@8B<C, I> 1C;8 2 A5@54=P><C 28:>@8AB0=V 4;S 
:>6=>3> B5ABC 7040GV, Ą 3 :V;P:VABP B5ABV2. 

 
&01;8FS 1 
#>@V2=S==S @>1>B8 42>E 0;3>@8B<V2 CB>G=5==S @>729S7:C, 

7=0945=>3> 52@8AB8G=8< 0;3>@8B<>< (4832,04 10;V2) 

�0@V0=B EPS 
�V;P:VABP 
10;V2 n_iter 

#>:@0I5==S 
2 10;0E 

1 1024 4 905,47 11 543,00 73,43 

2 1024 4 908,10 12 006,31 76,07 

1 1025 4 906,02 11 759,53 73,98 

2 1025 4 907,86 12 199,83 75,83 

1 0 4 906,75 11 225,86 74,71 

2 0 4 912,64 11 923,91 80,6 

 
!02545=V @57C;PB0B8 A2V4G0BP ?@> 5D5:B82=VABP @>1>B8 >1>E 

0;3>@8B<V2, ?@8G><C 4@C389 ?>:07Cє 1V;PHV ?>:@0I5==S 2 10;0E. 
�<5=H5==S āČď ?@872>48BP 4> ACBBє28E ?>:@0I5=P @>1>B8 >1>E 
0;3>@8B<V2.  

�D5:B82=VABP >1>E 0;3>@8B<V2 70;568BP 2V4  ?0@0<5B@V2 r-
0;3>@8B<C: ÿ 3 :>5DVFVє=BC @>7BS3C ?@>AB>@C B0 ć1 3 :>5DVFVє=B0 
7<5=H5==S :@>:>2>3> <=>6=8:0. "B@8<0=V ?>:@0I5==S 
52@8AB8G=8E @57C;PB0BV2 ?@8 āČď = 0 4;S 0;3>@8B<C 2 =02545=> =0 
@8AC=:C 1. #@8 @>7@0EC=:0E 28:>@8AB>2C20;8AP B0:V ?0@0<5B@8 
7C?8=:8: �ā j 1026, �ą j 1027. 
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$8A. 2 3  "FD<@4A4 >V?P>VEFP 54?V6 8?O 4?7BD<F@G 2 CD< āČď = 0 
;4?9:AB 6V8 @4>E<@4?PABW >V?P>BEFV VF9D4JV= r-4?7BD<F@G 

 
 
� @8AC=:0 2 10G8<>, I> ?@8 71V;PH5==V ÿ :V;P:VABP 10;V2 

7<5=HCєBPAS. !09:@0IV @57C;PB0B8 4>AS30RBPAS ?@8 ÿ = 1,5  B0  ć1 = 0,95 2 1. 
!0 @8AC=:C 3 =02545=> @>1>BC 52@8AB8G=>3> 0;3>@8B<C ?@8 

25;8:V9 :V;P:>ABV VB5@0FV9 B0 @>1>BC 0;3>@8B<V2 1 B0  2 4;S ÿ = 1,5 V ć1 = 0,95. 
 

 
$8A. 3 3 #BDV6AOAAO 96D<EF<KAB7B 4?7BD<F@G ; 4?7BD<F@4@< 1 

F4 2 
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� @8AC=:0 3 10G8<>, I> 0;3>@8B< 1, C ?>@V2=S==V 7 0;3>@8B<>< 
2, 40є 3V@HV @57C;PB0B8, =570;56=> 2V4 7=0G5==S āČď. �;3>@8B< 2 
?@8 @V7=8E āČď 40є ?@81;87=> >4=0:>2V @57C;PB0B8. 

�;S ÿ = 1,5 B0 ć1 = 1 A?>AB5@V30RBPAS AE>6V @57C;PB0B8. #@8 
28:>@8AB0==V 0;3>@8B<C 2 ?@8 71V;PH5==V VB5@0FV9 2V4 100000 FS 
@V7=8FS <0965 2V4ACB=S. 
�8A=>2:8. �8:>@8AB0==S 52@8AB8G=>3> 0;3>@8B<C C 

A?>;CG5==V 7 r-0;3>@8B<>< 4;S CB>G=5==S 52@8AB8G=8E @>729S7:V2 є 
5D5:B82=8<. �=0G5==S :>5DVFVє=B0 @>7BS3C ?@>AB>@C ÿ = 1,5 B0 
:>5DVFVє=B0 7<5=H5==S :@>:>2>3> <=>6=8:0 ć1 = 0,95 ÷ 1,0 
70@5:><5=4C20;8 A515 S: =09:@0IV ?0@0<5B@8 r-0;3>@8B<C. 

�;S 52@8AB8G=>3> 0;3>@8B<C ?@8 :V;P:>ABV VB5@0FV9 100000 B0 400000 :@0I89 @57C;PB0B (=0 45:V;P:0 45ASB8E 10;0) >B@8<CєBPAS 
?@8 28:>@8AB0==V āČď = 1025, ?@8G><C ?@8 400000 VB5@0FV9 3 F5 
=09:@0I89 @57C;PB0B 7030;><. *5 >7=0G0є, I> 2 45S:8E 28?04:0E 
:@0I5 28:>@8AB>2C20B8 āČď = 1025. 

"18@0RG8 2V4?>2V4=V 7=0G5==S āČď B0 ?0@0<5B@V2 r-0;3>@8B<C 
<>6=0 >B@8<0B8 1060=5 ?>:@0I5==S 2V4?>2V4=> 4> G0A>28E 
>1<565=P =0 @>1>BC ?@>3@0<8. 

 
�VB5@0BC@0 

1. -V;P=0 C?0:>2:0 :@C3V2 2 :@C3 <V=V<0;P=>3> @04VCAC. Eolymp. 
URL: https://packing-circles.eolymp.io (40B0 725@=5==S: 
23.05.2024). 

2. �04>@>6=89 �.".,  VF0 ".�., %B5FR: #.�. #@> ?>:@0I5==S 
52@8AB8G=>3> 0;3>@8B<C C?0:>2:8 :@C3V2 2 :@C3 <V=V<0;P=>3> 
@04VCAC. Cybernetics and Computer Technologies. 2023. № 2. %. 323
45.  
URL: https://doi.org/10.34229/2707-451X.23.2.4 (40B0 725@=5==S: 
23.05.2024). 

3. %C13@04Vє=B=V 0;3>@8B<8 B0 7040GV =0 :><1V=0B>@=8E 
:>=DV3C@0FVSE. / #. �. %B5FR: B0 V=. �8W2: '=V25@A8B5BAP:5 
28402=8FB2> #'�,%�$�, 2019.  235 A. 

4. �04>@>6=89 �."., %B5FR: #.�. #>:@0I5==S ;>:0;P=>3> 
5:AB@5<C<C 4;S 7040GV C?0:>2:8 :@C3V2 2 :@C3 <V=V<0;P=>3> 
@04VCAC. )XI @V:A4DB8A4 A4G>B6B-CD4>F<KA4 >BAH9D9AJVO 
< 4F9@4F<KA9 F4 CDB7D4@A9 ;459;C9K9AAO VAF9?9>FG4?PA<I 
E<EF9@ (MPZIS-2023)=: B578 4>?., 22-24 ;8AB. 2023 @., �=V?@>, 
�=V?@>: �!', 2023. %. 1283129. 
 

https://packing-circles.eolymp.io/
https://doi.org/10.34229/2707-451X.23.2.4


 66 

 �&"� �����#�+�!!/ ('!�*�"!��Ь!"� %&���"%&� 
�!&��$"��!"�" �" #���%' �"$&"�"�" 
"����!�!!/ � ��%&������'.+�) ' "��)  

�0;0H=8: �.�., �0;0H=8:-$810;:>  .�. 
�PBFA4 4>489@VO !4JVBA4?PAB7B 46V4JV=AB7B GAV69DE<F9FG  

 
THE METHOD OF ENSURING THE FUNCTIONAL 

STABILITY OF THE INTEGRATED COMPLEX OF ON-
BOARD EQUIPMENT IN DESTABILIZING CONDITIONS  

 
Abstract. The authors have presented the method of ensuring the functional 

stability of aircraft avionics complexes under the influence of destabilizing 
factors. It is based on the procedure of maintaining valid knowledge bases of 
individual modules of the avionics complex through the organization of dynamic 
verification of such knowledge bases during their application on the principle of 
the probabilistic diagnostic core with system recovery without significant 
restructuring of verification means. 
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maxT 3 <0:A8<0;P=> 4>?CAB8<89 G0A 28:>=0==S 7040=8E G0A>28E 
E0@0:B5@8AB8:;  

  3 V=45:A 7040=>3> 7=0G5==S ,,...,2,1 n=  S:89 ?5@5410G0є 
7=0E>465==S :V;P:>E AB@C:BC@ 7040=>3> 7=0G5==S a%  4;S 
>?B8<V70FVW B0 71V;PH5==S AB@C:BC@8 A8AB5<8 >1<V=C V=D>@<0FVєR.  

' @57C;PB0BV @>729S70==S 7040GV (7) 1C45 A8=B57>20=> 
>?B8<0;P=> @>7?>4V;5=C A8AB5<C :><?;5:AC � � 7 5;5<5=BV2 V7 
?52=8< 7=0G5==S< <0B@8FV AC<V6=>ABV V=D>@<0FV9=8E 729S7:V2 WW 
3@0D0. �87=0G5==S @0FV>=0;P=>3> 20@V0=B0 <>45;V :><?;5:AC IMA 
<>6=0 74V9A=8B8 70 :@8B5@Vє< <0:A8<C<C C7030;P=5=>3> ?>:07=8:0 
(%, >1@0=>3> S: :@8B5@V9 ?5@52038 7 >1<565==S< 20@B>ABV ?>1C4>28 
A8AB5<8. ' B0:V9 ?>AB0=>2FV 3@0D AB@C:BC@8 02V0FV9=>3> :><?;5:AC 
IMA <0є 45B5@<V=>20=C :V;P:VABP 2C7;V2 V 28?04:>2C :V;P:VABP 
729S7:V2, V 7040GC <>6=0 @>729S70B8 70 4>?><>3>R 28:>@8AB0==S 
?@8=F8?C <0:A8<C<C #>=B@S3V=0 01> V=H8<8 :;0A8G=8<8 
<5B>40<8. 
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:><?;5:AC 1>@B>2>3> >1;04=0==S ;VB0;P=>3> 0?0@0B0 70 
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#"�'�"�� ��#���"��) �$�(�� !� ����  "���� 

�$��,�-$�!Ь� 
�3>@ �>7V=, ";53 %0@40:, �@BC@ �;5:Aєє2 
З4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F 

!46K4?PAB-A4G>B6<= VAEF<FGF �!# "�AVCDB6EP><= 
7G@4AVF4DA<= GAV69DE<F9F" 

 
CONSTRUCTION OF RANDOM GRAPHS BASED ON THE 

ERDOS RENY MODEL 
 
Abstract. �8?04:>2V 3@0D8 28:>@8AB>2CRBP 4;S <>45;R20==S @V7=8E 

?@>F5AV2 C @V7=8E ?@8:;04=8E >1;0ABSE. �>A;V465==R 28?04:>28E 3@0DV2 
?@8A2SG5=> 157;VG =0C:>28E ?@0FP S: B5>@5B8G=>3>, V ?@8:;04=>3> 
E0@0:B5@C[1,2]. �@V< B>3>, 28?04:>2V 3@0D8 <>6CBP 70AB>A>2C20B8AS ?@8 
AB2>@5==V 107 B5AB>28E ?@8:;04V2 4;S ?5@52V@:8 S:>ABV <5B052@8AB8G=8E 
4;S H8@>:>3> A?5:B@C ?@8:;04=8E 7040G, S:V 72>4SBPAS 4> 5:AB@5<0;P=8E 
7040G =0 3@0D0E. &><C 0:BC0;P=8< є 4>A;V465==S 0;3>@8B<V2 ?>1C4>28 
28?04:>28E 3@0DV2 V7 7040=8<8 2;0AB82>ABS<8. !0?@8:;04, 28?04:>28E 
45@52, @53C;S@=8E 3@0DV2 01> 3@0DV2, I> <VABSBP 30<V;PB>=V2 F8:;. 

https://www.scopus.com/authid/detail.uri?authorId=57210122952
https://www.scopus.com/authid/detail.uri?authorId=57210121868
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 >45;ь �@45H0-$5=ьW. �;3>@8B< ?>1C4>28 28?04:>2>3> 
3@0DC 

 !091V;PH 2V4><>R <>45;;R 35=5@0B>@0 28?04:>28E 3@0DV2 є 
<>45;P �@45H0-$5=PW [3], 2 S:V9 :>6=5 @51@> 3@0D0 35=5@CєBPAS 7 
>4=0:>2>R 7040=>R 9<>2V@=VABR. $>73;S=5<> 7040GC ?>1C4>28 
28?04:>28E 3@0DV2 7 C@0EC20==S< 28:>@8AB0==S A0<5 FVєW <>45;V. 

 �;3>@8B< 35=5@0FVW 3@0DV2 C <>45;V �@45H0-$5=PW 
28:>@8AB>2Cє ;8H5 >48= ?0@0<5B@ (0,1)ñ þ . #@8 FP><C 9<>2V@=VABP 
35=5@0FVW 3@0D0 ( , )G V E=  V7 7040=8< G8A;>< 25@H8= | |n V=  V 
7040=8< G8A;>< @515@ | |m E=  287=0G0єBPAS D>@<C;>R: 

( 1)

2( ) (1 )
n n

m
mP G ñ ñ

−
−

= − . 

 !5E09 2AV 25@H8=8 3@0D0 G 70=C<5@>20=V 2V4 1 4> n V <0B@8FS 
AC<V6=>ABV 3@0D0 G <0є 283;S4 ( )

, 1,2,...,ij i j n
A a

=
= , 45 

1,   O>MB D95DB ( , ) A4?9:<Fь @AB:<AV D959D 7D4H4 
0,  6 VALB@G 6<C48>Gij

i j G
a

ü
= ý
þ

 

 !02545<> 0;3>@8B< 35=5@0FVW 28?04:>2>W <0B@8FV AC<V6=>ABV 
2 <>45;V �@45H0-$5=PW =0 <>2V C++: 

 
     for (var i = 1; i <= n; i++) 

     { 
       for (var j = i + 1; j <= n; j++) 
       { 

        // random(x, y) CB69DF4є 6<C48>B69 G<E?B 
A4 6і8Dі;>G [x, y] 

          if (random(0, 1) <= alpha) 

          { 
            c[i, j] = 1; 
          } 

          else 

          { 
            c[i, j] = 0; 

          } 
       } 
     } 

 
�;3>@8B< ?>1C4>20 28?04:>2>3> 72’O70=>3> 3@0DC 
�8?04:>289 3@0D, S:89 ?>1C4>20=> 70 =02545=8< 0;3>@8B<>< 

<>45;V �@45H0 $5=PW =5 >1>29S7:>2> 1C45 729S70=8<. /:I> ?>B@V1=> 
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735=5@C20B8 A0<5 729S70=89 3@0D, B> 0;3>@8B< ?>B@V1=> 1C45 
7<V=8B8. "48= 7 <5B>4V2 ?>1C4>28 28?04:>2>3> 729S70=>3> 3@0DC 
A:;040єBPAS 7 42>E 5B0?V2. !0 ?5@H><C 5B0?V 35=5@CєBPAS 28?04:>25 
:VABS:>25 45@52> 3@0DC G. !0 4@C3><C 5B0?V 4> FP>3> 45@520 
4>40RBPAS @51@0, I> 9><C =5 =0;560BP 70 0;3>@8B<>< <>45;V 
�@45H0-$5=PW. &>1B> :>6=5 =>25 @51@> 4>40єBPAS 7 >4=0:>2>R 
9<>2V@=VABR ñ . 

$>73;S=5<> >48= 7 <5B>4V2 ?>1C4>28 28?04:>2>3> :VABS:>2>3> 
45@520.  =>68=C =><5@V2 {1,2,..., }I n=  25@H8= 3@0DC @>7V19є<> =0 
42V G0AB8=8 1 2I I I= ø . !0 ?>G0B:>2><C :@>FV 1 {}I = , 2 {1,2,..., }I n= . 

!0 ?5@H><C :@>FV 2818@0єBPAS 28?04:>2> 420 V=45:A8 0 0 2,i j Iþ  V 
?5@5=>ASBPAS V7 <=>68=8 I2 2 <=>68=C I1. �V4?>2V4=> 2 45@52>, I> 
1C4CєBPAS,  4>40єBPAS @51@> 0 0( , )i j . !0 G5@3>2><C :@>FV 28?04:>2> 
2818@0RBPAS 420 =><5@8 1 2,i I j Iþ þ . � 45@52>, I> 1C4CєBPAS 
4>40єBPAS @51@> ( , )i j . #VA;S FP>3> =><5@ j 28;CG0єBPAS V7 <=>68=8 
I2 B0 4>єBPAS 4> <=>68=8 I1. �;3>@8B< 70:V=GCє @>1>BC, :>;8 
<=>68=0 I2 AB0є ?>@>6=P>R. !02545<> >4=C V7 <>6;828E @50;V70FV9 
FP>3> 0;3>@8B<C =0 <>2V C++. 

 
   var I1[n] = { }; 

   var I2[n] = {1, 2, 3, …, n }; 
// 6<C48>B6B B5<D4єFьEO D95DB 
   var i0 = I2[random(1, I2.Length)]; 

   I2.Remove(i0); 
   var j0 = I2[random(1, I2.Length)]; 
   I1.Add(i0); 

   I1.Add(j0); 
   c[i0, j0] = 1; 
   do 

     { 

       var i = I1[random(1, I1.Length)]; 
       var j = I2[random(1, I2.Length)]; 

// D95DB 8B84єFьEO 8B @AB:<A< D959D 7D4HG 
       c[i1, i2] = 1; 
       I2.Remove(i2); 

       I1.Add(i2); 
     } 
   while (I2.Length != 0); 

 



 75 

� @57C;PB0BV @>1>B8 =02545=>3> 0;3>@8B<C 1C45 >B@8<0=0 
<0B@8FS AC<V6=>ABV 3@0DC, S:89 є :VABS:>28< 45@52><. 

 
�;3>@8B< ?>1C4>28 28?04:>2>3> 3@0DC, I> <0є 

30<V;ьB>=>289 F8:; 
 $>73;S=5<> B5?5@ 0;3>@8B< ?>1C4>28 28?04:>2>3> 3@0DC, S:89 

<0Q 30<V;PB>=>289 F8:;. �0<V;PB>=>289 F8:; >4=>7=0G=> 
287=0G0єBPAS ?5@5AB0=>2:>R 25@H8= 3@0DC. &0:8< G8=>< =0 
?5@H><C 5B0?V 0;3>@8B<C 1C45 ?>1C4>20=89 28?04:>289 ?@>AB89 
F8:;, I> <VAB8BP 2AV 25@H8=8 3@0DC. !0 4@C3><C 5B0?V 4> FP>3> 
F8:;C 1C4CBP 4>40=V =>2V @51@0 2V4?>2V4=> <>45;V �@45H0 $5=PW.  

�;S ?>1C4>28 28?04:>2>W ?5@5AB0=>2:8 G8A5; 1,2,&,n 
A:>@8ABCє<>AS 0;3>@8B<>< B0AC20==S (VH5@0-�єBA0 [4]. $50;V70FVS 
FP>3> 0;3>@8B<C =0 <>2V C++ <0Q =0ABC?=89 283;S4: 

        // 6 @4EE<6і a[n] HBD@GєFьEO 6<C48>B64 
C9D9D9EF4AB6>4 G<E9? 

          1,2,…,n 
     var a[n] = {1, 2, …, n}; 
        //round(x) B>DG7?Oє G<E?B x 8B A4=5?<:GB7B 

Fі?B7B 
     for (var i = 1; i <= n; i++) 
       { 

     // round(x) B>DG7?Oє G<E?B x 8B A4=5?<:GB7B 
Fі?B7B 

      var j = 1 + round(random(0, 1) * (n – 1)); 
     // swap(x, y) B5@іANє ;A4G9AAO@< ;@іAAі x F4 

y 
      swap(a[i], a[j]); 

       } 

 
/:I> >B@8<0=0 ?5@5AB0=>2:0 G8A5; 1 2, ,..., ni i i , B> 4> 3@0DC 

4>40RBPAS 2V4?>2V4=V @51@0 1 2 2 3 1 1( , ), ( , ),..., ( , ), ( , )n n ni i i i i i i i− , I> 
CB2>@RRBP F8:; 30<V;PB>=0.  

 
�;3>@8B< ?>1C4>28 28?04:>2>3> 42>4>;ь=>3> 3@0DC 
$>73;S=5<> 7040GC ?>1C4>28 28?04:>2>3> 42>4>;P=>3> 3@0DC. 

!5E09 ?5@H0 4>;S <VAB8BP n 25@H8=, 0 4@C30 m 25@H8=. 
�0=C<5@Cє<> 25@H8=8 ?5@H>W 4>;V G8A;0<8 1,2,&,m, 0 4@C3>W 4>;V 
1,2,&,n. �2>4>;P=89 3@0D 1C45<> 287=0G0B8 <0B@8F5R 

1,.2.., , 1,2,...,{ }ij i m j nb = = , 45 
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1,   O>MB 69DL<A4 ,  C9DLBW 8B?V ;’є8A4A4 D95DB@ ; 69DL<ABN  8DG7BW 8B?V
0,  6 VALB@G 6<C48>Gij

i j
b

ü
= ý
þ

 

�;3>@8B< ?>1C4>28 28?04:>2>3> 3@0DC 70 <>45;;R �@45H0 
$5=PW <0є =0ABC?=89 283;S4: 

 
     for (var i = 1; i <= n; i++) 
     { 
       for (var j = i + 1; j <= m; j++) 

       { 
        // random(x, y) CB69DF4є 6<C48>B69 G<E?B 

A4 6і8Dі;>G [x, y] 
          if (random(0, 1) <= alpha) 
          { 
            c[i, j] = 1; 

          } 
          else 

          { 

            c[i, j] = 0; 
          } 
       } 

     } 

 
�8?04:>2V 3@0D8 7 7040=8< G0AB:>28< 3@0D>< 
�8E>4SG8 7 ?>?5@54=VE ?@8:;04V2, <>6=0 70?@>?>=C20B8 A?>AV1 

?>1C4>28 28?04:>2>3> 3@0D0, S:89 <VAB8BP 7040=89 G0AB:>289 3@0D. 
�;3>@8B< ?>1C4>28 B0:>3> 3@0D0 <0є B0:89 283;S4: =0 ?5@H><C 
5B0?V 1C4CєBPAS 28?04:>289 3@0D, S:89 <0є 7040=C 2;0AB82VABP. �0;V 
28?04:>2> 4>40RBPAS 2V4ACB=V @51@0 2V4?>2V4=> 4> <>45;V �@45H0 
$5=PW. 

!0?@8:;04, @>73;S=5<> ?@8=F8? ?>1C4>28 28?04:>2>3> 3@0D0 7 
n 25@H8=0<8, S:89 <VAB8BP ?>2=89 ?>43@0D 7 25@H8=0<8 k. 
�5@H8=8 3@0D0 =C<5@CRBPAS G8A;0<8 1,2, ... n !0 ?5@H><C 5B0?V 
28?04:>2> 2818@0RBPAS k G8A5; 7 <=>68=8 1,2, ... n V 4>40RBPAS 2AV 
@51@0, I> 7'є4=CRBP ?0@8 25@H8= 7 =><5@0<8 7 >1@0=>3> =01>@C 
G8A5;. �0;V, :>6=5 7 @515@ (i,j), S:V I5 =5 C2V9H;8 4> <=>68=8 @515@ 
4>40єBPAS 4> FVєW <=>68=8 V7 7040=>R 9<>2V@=VABR. 

 
�VB5@0BC@0 
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GPS 
�SG5A;02 �>@>;P>2,  0:A8< "3C@F>2, ";5:A0=4@ )>47V=AP:89 
ІAEF<FGF >V59DA9F<>< V@9AV �. . �?GL>B64 !�! '>D4WA< 

 
NAVIGATION ALGORITHM FOR A GROUP OF 

AGRICULTURAL UAVS IN THE ABSENCE OF GPS 
 
Abstract. The use of unmanned aerial vehicles (UAVs) is rapidly 

expanding, which is driven by a shift in focus from single UAVs to utilizing 
swarms of UAVs for increased efficiency. These swarms can be employed in 
various applications, such as agricultural surveys and irrigation. 

The objective of this research was to develop a navigation algorithm for 
a group of agricultural UAVs in the absence of GPS (or its bad quality) to 
maintain a stable formation during group movement.  

That problem has been formalized. Possible methods for representing the 
graph formed by the UAV group in two-dimensional Euclidean space using a 
base triangle method to create a relative coordinate system have been 
considered. The method of multilateration was used to determine the 
coordinates of the remaining vertices of the graph on the plane and to improve 
the accuracy of local positioning accordingly. Initial practical experiments 
have demonstrated the effectiveness of the proposed approach. 

 
�ABC?. �57?V;>B=V ;VB0;P=V 0?0@0B8 (�#��) 2A5 0:B82=VH5 

V=B53@CRBPAS C @V7=V 30;C7V, ?>ABV9=> @>7H8@RRG8 A2>W 
DC=:FV>=0;P=V <>6;82>ABV. �0<VABP 28:>@8AB0==S >:@5<8E �#��, 
2A5 1V;PH5 C2038 ?@84V;SєBPAS WE=V< 3@C?0<, >A:V;P:8 4;S 1030BP>E 

https://www.bibsonomy.org/person/1b825ccd550f92a93eefbacd1bec78704/author/0
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70240=P, B0:8E S: <>=VB>@8=3 AV;PAP:>3>A?>40@AP:8E C3V4P 01> 
7@>H5==S, 3@C?>25 70AB>AC20==S 28S2;SєBPAS 7=0G=> 5D5:B82=VH8< 
B0 ?@>4C:B82=VH8< [1]. #V428I5==S 5D5:B82=>ABV 4>AS30єBPAS 
H;SE>< 7=0G=>3> A:>@>G5==S :V;P:>ABV >?5@0B>@V2, ?>B@V1=8E 4;S 
:5@C20==S BVєR 6 :V;P:VABR �#�� C A:;04V 3@C?8, =0 2V4<V=C 2V4 
B@048FV9=>W AE5<8 ">48= >?5@0B>@ 3 >48= �#��" [2]. �0 1V;PH5, 
28:>@8AB0==S 3@C? 4>72>;Sє 2?@>2046C20B8 3@C?>25 :5@C20==S 7 
5;5<5=B0<8 HBCG=>3> V=B5;5:BC, S:5 C 1030BP>E 70240==SE 7=0G=> 
?5@525@HCє <>6;82>ABV B0 H284:VABP @50:FVW ;R48=8. �BV<, VA=CRBP 
V ?52=V ?@>1;5<8, 7>:@5<0, =54>ABC?=VABP GPS C @S4V 28?04:V2 4;S 
03@>4@>=V2, I> 28:>=CRBP >1@>1:C AV;PAP:>3>A?>40@AP:8E C3V4P 2V4 
H:V4=8:V2 01> <>=VB>@8=3 ?>AV2V2 [3]. 
 5B0.  5B>R 40=>W @>1>B8 є @>7@>1:0 0;3>@8B<C =02V30FVW 

3@C?8 AV;PAP:>3>A?>40@AP:8E �#�� 70 2V4ACB=>ABV (01> ?>30=>W 
S:>ABV A83=0;C) GPS 4;S CB@8<0==S AB0;>W AB@C:BC@8 ?V4 G0A @CEC 
3@C?8. #5@5410G0єBPAS, I> 3@C?>R, =570;56=> 2V4 :V;P:>ABV �#��, 
:5@Cє >48= >?5@0B>@. $>7@>1;5=89 0;3>@8B< ?>28=5= =5 BV;P:8 
70157?5GC20B8 5D5:B82=5 :5@C20==S, 0;5 9 70?>1V30B8 ?>B5=FV9=8< 
7VB:=5==S< �#�� ?V4 G0A ?>2VB@S=8E <0=52@V2.  

�0728G09 C ?>4V1=8E 7040G0E =5 70AB>A>2CRBP ?V4EV4 V7 
@>7@>1:>R A8AB5<8 ;>:0;P=>3> 270є<=>3> ?>78FVR20==S �#��, 
S:89 <8 ?@>?>=Cє<> 2 FV9 @>1>BV. 
�=0;V7 ?>?5@54=VE @>7@>1>: B0 ?C1;V:0FV9. ' =0C:>28E 

@>1>B0E, ?@8A2SG5=8E ?>4V1=8< 7040G0< [1-7], 20@B> 2V47=0G8B8 
?V4E>48, I> 107CRBPAS =0 ?0@0483<V �=B5@=5BC @5G59 B0 HBCG=>3> 
V=B5;5:BC [4]. !572060RG8 =0 WE=R V==>20FV9=VABP, 2>=8 28<030RBP 
25;8:8E >1G8A;R20;P=8E @5AC@AV2, I> >1<56Cє WE=є ?@0:B8G=5 
70AB>AC20==S. �0AB>AC20==S ?0@0;5;P=8E 35=5B8G=8E 0;3>@8B<V2 B0 
V=H8E <5B>4V2 :><1V=0B>@=>W >?B8<V70FVW [5] B0:>6 28:;8:0є 
V=B5@5A, 0;5 02B>@8 22060RBP, I> C 1030BP>E 28?04:0E 28=8:0RGV 
7040GV <>6=0 @>72'S7C20B8 ?@>ABVH8<8 <5B>40<8.  

�=H89 ?V4EV4 ?>;S30є 2 ?>?5@54=P><C ?;0=C20==V <0@H@CBV2 
3@C?8 �#�� [6], I> 7=0G=> 72C6Cє <>6;82>ABV WE 28:>@8AB0==S. 
"4=8< V7 =09?>H8@5=VH8E <5B>4V2 є >?B8<V70FVS @>є< G0AB8=>: [6-
7], ?@>B5 F59 ?V4EV4 B0:>6 є 4>A8BP @5AC@A>є<=8<. 
"A=>2=0 G0AB8=0. $>73;S=5<>, S: 7040G0 <>65 1CB8 @>72'S70=0 

2  42>28<V@=V9 ?>AB0=>2FV, S:0 FV;:>< 70AB>A>2=0 70 C<>28, I> 3@C?0 
@CE0єBPAS =0 >4=0:>2V9 28A>BV V @V7=8FR WE 28A>B <>6=0 V3=>@C20B8. 
*5 B0:>6 ?V4E>48BP 4;S =075<=8E 157?V;>B=8E 0?0@0BV2, I> 
270є<>4VRBP C 7>=V ?@S<>W 2848<>ABV. �2060B8<5<> 5;5<5=B8 3@C?8 
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3><>35==8<8, E>G0 7 4>4020==S< 4>40B:>28E ?0@0<5B@V2 B0 
>1<565=P <>6=0 28:>@8AB>2C20B8 9 35B5@>35==V �#��. 

 0є<> =01V@ �#��, S:V D>@<CRBP 3@C?C. ' FV9 @>1>BV 
@>73;S40єBPAS 3@C?0 4> 30 �#��. �>65= �#�� >A=0I5=89 
40BG8:0<8 (GPS, :><?0A, 0:A5;5@><5B@, 28A>B><V@ B>I>), I> 
4>72>;SRBP 287=0G0B8 270є<=5 ?>;>65==S B0 ?V4B@8<C20B8 
AB@C:BC@C 3@C?8. �0240==S ?>;S30є 2 B><C, I>1 4>AS3B8 =5>1EV4=>W 
:>=DV3C@0FVW 3@C?8 2 <V=V<0;P=89 G0A V ?V4B@8<C20B8 FR 
:>=DV3C@0FVR 7 <V=V<0;P=8<8 28B@0B0<8 @5AC@AC. 

�;3>@8B< ?>28=5= ?@0FR20B8 VB5@0B82=> 7 G0AB>B>R 
?>2B>@5==S =5 <5=H5 @07C =0 :V;P:0 A5:C=4, I>1 2@0E>2C20B8 
<>6;82V 7<V=8 ?>;>65==S 5;5<5=BV2 3@C?8 �#��. �>=DV3C@0FVS 
3@C?8 ?>28==0 70157?5GC20B8 >48=0:>2V 2V4AB0=V <V6 ACAV4=V<8 
�#��. 

 
�<VAB>2=0 ?>AB0=>2:0 7040GV. 
�IV8AV 84AV:  
1. �V;P:VABP �#��. 
2. �>>@48=0B8 GPS. 
3. !0?@S< @CEC. 
4. ,284:VABP. 
5. �CB =0E8;C. 
6. �8A>B0. 
#4D4@9FD<: 
1.  0:A8<0;P=0 H284:VABP @CEC �#��. 
2.  V=V<0;P=> 4>?CAB8<0 28A>B0 ?>;P>BC �#��. 
3.  0:A8<0;P=0 40;P=VABP ?>;P>BC �#��. 
4.  V=V<0;P=> 4>?CAB8<0 2V4AB0=P <V6 �#��. 
�D<F9DV=: 
 V=V<V70FVS AC<0@=>3> 4>40B:>2>3> @CEC CAVE �#�� 3@C?8, 

?>B@V1=>3> 4;S 2V4=>2;5==S 7040=>W :>=DV3C@0FVW. 
�<IV8AV 84AV: 
GPS :>>@48=0B8 B>G>:, :C48 <0є ?5@5<VAB8B8AP :>65= �#�� 

4;S 2V4=>2;5==S 7040=>W :>=DV3C@0FVW 3@C?8. 
�@0D, I> CB2>@RєBPAS 3@C?>R, A?>G0B:C ?>40=89 C 

B@828<V@=><C �2:;V4>2><C ?@>AB>@V [8], 0 ?>BV< <0є 1CB8 
?@82545=89 4> 42>28<V@=>3> 3@0DC. 
#>7=0G5==O 
G(V,E) 3 7040=89 ?>2=89 3@0D, I> 2V4>1@060є CAV �#��,  
n=|V| 3 :V;P:VABP 25@H8= 3@0D0, 
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V={v1,&,vn} 3 <=>68=0 25@H8=, :>6=0 V7 S:8E ?>40є 5;5<5=B 
3@C?8, (>:@5<89 �#��), ?>;>65==S S:>3> 287=0G0єBPAS B@P><0 
:>>@48=0B0<8, 

(xi,yi,zi), i=1,n 3 :>>@48=0B8 25@H8= (�#��), 45 xi, yi, =52V4><V, 0 
zi 2V4><V. 

E={e12,e13,&,en-1,n} 3 2V4><V 4>268=8 @515@. 
 
�V4>1@065==O 3@0D0 7 B@828<V@=>3> �2:;V4>20 ?@>AB>@C =0 

?;>I8=C 
� @8AC=:0 1 284=>, I> 4>268=0 ?@>5:FVW @51@0 eij <V6 

25@H8=0<8 vi,vj  =0 ?;>I8=C XOY: 
 ă′ÿĀ = √ăÿĀ2 2 (ĄĀ 2 Ąÿ)2. 
�;S AB2>@5==S =5>1EV4=>W :>=DV3C@0FVW 25=I8= (5;5<5=BV2 

3@C?8 �#��) =0 >A=>2V 2V4><8E :>>@48=0B, A;V4 28:>=0B8 B0:V 
:@>:8: �81V@ 107>2>3> B@8:CB=8:0, DV:A0FVS 107>2>3> B@8:CB=8:0 =0 
?;>I8=V,  C;PB8;0B5@0FVS 4;S 287=0G5==S :>>@48=0B V=H8E 
25@H8= 3@0D0. 

 

 
$8A. 1 3 З6989AAO FD<6<@VDABW ;484KV 8B ;484KV A4 C?BM<AV 

 
�81V@ 107>2>3> B@8:CB=8:0. �07>289 B@8:CB=8: 3 F5 

B@8:CB=8:, S:89 <>6=0 AD>@<C20B8 7 25@H8= 3@0D0. 
�8:>@8AB0==S 107>2>3> B@8:CB=8:0 4>72>;Sє D>@<C20B8 

?>B@V1=C :>=DV3C@0FVR 2A5@548=V =P>3>, =5 71V;PHCRG8 
<0:A8<0;P=C 2V4AB0=P <V6 1C4P-S:8<8 42><0 25@H8=0<8. 

�D<F9DVW 6<5BDG 54;B6B7B FD<>GFA<>4: 
1.  0:A8<0;P=0 :V;P:VABP 5;5<5=BV2: 
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�07>289 B@8:CB=8: >18@0єBPAS 7 C@0EC20==S< <0:A8<0;P=>W 
:V;P:>ABV 5;5<5=BV2 3@C?8, S:V <>6=0 @>7<VAB8B8 2A5@548=V =P>3>. 

2.  0:A8<0;P=0 ?;>I0 B@8:CB=8:0. 
#VA;S 281>@C 107>2>3> B@8:CB=8:0, <>6=0 D>@<C20B8 ?>B@V1=C 

:>=DV3C@0FVR 25@H8= 2A5@548=V =P>3>, =5 ?>@CHCRG8 >1<565==S 
=0 <0:A8<0;P=C 2V4AB0=P <V6 42><0 25@H8=0<8 (5;5<5=B0<8 3@C?8). 
(V:A0FVO 107>2>3> B@8:CB=8:0 =0 ?;>I8=V. #VA;S 281>@C 

107>2>3> B@8:CB=8:0 715@V30єBPAS :V;P:0 ABC?5=V2 A2>1>48 ?@8 
@>7<VI5==V ?@>5:FVW 3@0D0 =0 ?;>I8=V. �815@5<> B0:V: ?>G0B>: 
A8AB5<8 :>>@48=0B (?5@H0 25@H8=0 B@8:CB=8:0), =0?@S<>: >AV 
01AF8A (4@C30 25@H8=0 B@8:CB=8:0), =0?@S<>: >AV >@48=0B (B@5BS 
25@H8=0 B@8:CB=8:0). 

1. �0DV:ACє<> :>>@48=0B8 25@H8=8 ĀĀ C S:>ABV ?>G0B:C 
:>>@48=0B:  ĀĀ = (0,0) 

2. %B>@>=0 ĀĀĀā =5E09 1C45 G0AB8=>R >AV ċĔ:Āā = (ă′Āā , 0) =(ÿ, 0) 
3. ă43 :>>@48=0BC 25@H8=8 Āÿ 287=0G8<> 7 ?;>IV B@8:CB=8:0:  ď = √Ć(Ć 2 ÿ)(Ć 2 Ā)(Ć 2 ā) = ÿăÿ2  

4. Ă4 3 :>>@48=0BC 25@H8=8 Āÿ 287=0G8<> 70 B5>@5<>R 
#VD03>@0: 

 Ăÿ = √ā2 2 ăÿ2 

�024S:8 4>ABC?=>ABV 40=8E AC?CB=8:>2>3> ?>78FV>=C20==S, 
70240==S ?V4B@8<:8 AB@C:BC@8 3@C?8 �#�� <>65 1CB8 A?@>I5=> 4> 
?V4B@8<:8 ?>78FVW :>6=>3> �#�� C 7040=V9 ;>:0FVW 35><5B@8G=>W 
DV3C@8, 28:>@8AB>2CRG8 01A>;RB=V 7=0G5==S :>>@48=0B. 
"1<565==O AC?CB=8:>2>3> ?>78FV>=C20==O. #@8 <0;8E 

2V4AB0=SE <V6 �#�� B>G=VABP AC?CB=8:>2>3> ?>78FV>=C20==S <>65 
1CB8 =54>AB0B=P>R. *5 <>65 ?@8725AB8 4> ?>@CH5==S <V=V<0;P=>W 
2V4AB0=V, 2AB0=>2;5=>W 4;S 70?>1V30==S 7VB:=5==S< �#��. 
 C;ьB8;0B5@0FVO. �;S 287=0G5==S :>>@48=0B V=H8E 25@H8= 

3@0D0 <>6=0 28:>@8AB0B8 <5B>4 <C;PB8;0B5@0FVW [9]. *5 <5B>4 
;>:0;P=>3> ?>78FV>=C20==S, S:89 =5 70;568BP 2V4 AC?CB=8:>28E 
A8AB5< 3;>10;P=>3> ?>78FV>=C20==S (GPS) V є 1V;PH B>G=8< [10]. 

�?7BD<F@ FD<?4F9D4JVW: 
%?@>I5=89 0;3>@8B< B@8;0B5@0FVW A:;040єBPAS 7 =0ABC?=8E 

:@>:V2: 
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�B0? 0: �0;V1@C20==S 2V4AB0=59 70 ?>BC6=VABR: 
�EV4=V 40=V: &01;8FS 2V4AB0=59, >B@8<0=0 2 @57C;PB0BV 

:0;V1@C20==S. 
�8EV4=V 40=V: �V4:0;V1@>20=V 2V4AB0=V <V6 2C7;0<8. 
�B0? 1: �1V@ 40=8E ?@> ?>BC6=VABP A83=0;C: 
�>6=89 2C7>; <5@56V �#�� >B@8<Cє V=D>@<0FVR ?@> 

?>BC6=VABP A83=0;C 2V4 V=H8E 2C7;V2 V ?5@540є W< A2>W 40=V. 
�B0? 2: $>7@0EC=>: 2V4AB0=59 B0 :>>@48=0B: 
�>6=89 2C7>; 4;S 2AVE V=H8E 4>AS6=8E 2C7;V2 @>7@0E>2Cє 

2V4AB0=V 70 B01;8F5R 7 @57C;PB0B0<8 :0;V1@C20==S B0 @>72'S7Cє 
A8AB5<C @V2=S=P B@8;0B5@0FVW 4;S >B@8<0==S A2>WE ;>:0;P=8E 
:>>@48=0B. 

"B@8<0=V 7=0G5==S :>>@48=0B =04A8;0RBPAS 2AV< 2C7;0< 
<5@56V [11]. 

�06;82> 707=0G8B8, I> B>G=VABP <C;PB8;0B5@0FVW 70;568BP 2V4 
IV;P=>ABV @>7B0HC20==S 2C7;V2 <5@56V B0 S:>ABV ?@89<0;P=>-
?5@54020;P=>3> >1;04=0==S. &><C :><1V=C20==S <C;PB8;0B5@0FVW 7 
AC?CB=8:>28< ?>78FV>=C20==S< <>65 70157?5G8B8 I5 1V;PH 
28A>:89 @V25=P B>G=>ABV ;>:0;P=>3> ?>78FV>=C20==S �#��. 

#>G0B:>2V ?@0:B8G=V 5:A?5@8<5=B8 ?>:070;8 70AB>A>2=VABP 
?@>?>=>20=>3> ?V4E>4C, ?@8 FP><C 0:F5=B @>182AS =0 28:>=0==V 
>1G8A;5=P =0 >4=>?;0B=8E :><?9RB5@0E B8?C Raspberry Pi 4B =0 
1>@BC �#�� [12]. 
�8A=>2:8. � @0<:0E 28:>=0==S @>1>B8 ?>AB02;5=> 7040GC 

D>@<C20==S B0 ?V4B@8<0==S AB@C:BC@8 B0 :>=DV3C@0FVW 3@C?8 
AV;PAP:>3>A?>40@AP:8E �#�� 2 42>28<V@=V9 ?>AB0=>2FV. �8:>=0=> 
D>@<0;V70FVR ?>AB02;5=>W 7040GV. $>73;S=CBV <>6;82V <5B>48 
2V4>1@065==S 3@0D0, I> CB2>@RєBPAS @>є< �#��, C 42>28<V@=89 
�2:;V4V2 ?@>ABV@ <5B>4>< D>@<C20==S 107>2>3> B@8:CB=8:0 4;S 
AB2>@5==S 2V4=>A=>W A8AB5<8 :>>@48=0B. �;S 287=0G5==S :>>@48=0B 
@5HB8 25@H8= 3@0D0 =0 ?;>I8=V B0 2V4?>2V4=>3> ?V428I5==S 
B>G=>ABV ;>:0;P=>3> ?>78FVR20==S 70AB>A>20=89 <5B>4 
<C;PB8;0B5@0FVW. $>73;S=CBV 20@V0=B8 70AB>AC20==S 0;3>@8B<C 
B@8;0B5@0FVW B0 B@80=3C;SFVW. #>G0B:>2V ?@0:B8G=V 5:A?5@8<5=B8 
?>:070;8 ?@>?>=>20=>3> ?V4E>4C, 4>72>;SRG8 287=0G8B8 ;>:0;P=5 
?>78FVR20==S 5;5<5=BV2 3@C?8, I> <VAB8BP 2V4 42>E 4> B@84FSB8 
5;5<5=BV2. 

!0?@S<>< ?>40;PH8E 4>A;V465=P є @>7@>1:0 0;3>@8B<C, I> 
4>72>;Sє =0 >A=>2V 287=0G5=8E ;>:0;P=8E :>>@48=0B ;V:2V4C20B8 
71C@5==S, 2=5A5=V 2 AB@C:BC@C 3@C?8 G5@57 2=CB@VH=V G8 7>2=VH=V 
G8==8:8, =0?@8:;04, 2B@0BC >4=>3> 7 5;5<5=BV2 3@C?8 [13]. 
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MATHEMATICAL SAFE, GRACEFUL TREES AND PROTECTION 
OF INFORMATION 

Kryvyi S. L. 
Taras Shevchenko national university of Kyiv 

 
Abstract. Considered some applications of mathematical safe model and 

graceful trees to protection of software. Some approaches are proposed to 
solution of such problems. Corresponding algorithms have  polynomial  time 
complexity. Ref. 3 titles. 

 
1. �ABC? 

$>1>B0 ?@8A29SGCєBPAS A2VB;V9 ?0<9SBV �5>@3VO #0=0A>28G0 
�>=FO, 2V4><>3> 2G5=>3> V GC4>2C ;R48=C, S:0 2=5A;0 203><89 2:;04 
2 >1;0ABV 48A:@5B=>W <0B5<0B8:8, B5>@VW 3@0DV2, <0B5<0B8G=8E V3>@, 
B5>@VW >?B8<V70FVW B0 V=HV >1;0ABV.  � 40=V9 @>1>BV @>73;S40RBPAS 
<5B>48 70E8ABC ?@>3@0<=>3> 70157?5G5==S, S:V ґ@C=BCRBPAS =0 
<>45;SE <0B5<0B8G=>3> A59D0 [1] B0 3@0FV>7=8E 45@52 [2], S:V 1C;8 
@>7@>1;5=V �.#. �>=F5< B0 4>A;V46C20;8AS 9>3> CG=S<8 B0 :>;530<8. 

 
2.  0B5<0B8G=89 A59D 
#5@H5 D>@<C;R20==S 7040GV ?@>  <0B5<0B8G=89  A59D  1C;>  40=> 

2 @>1>BV [1].   0B5<0B8G=8< A59D>< =07820єBPAS A8AB5<0 
Z=(z1,z2,&,zn) 270є<>?>2'S70=8E 70AC2V2 B0:0, I> :>;8 28:>=CєBPAS 
?>2>@>B :;RG0 2 >4=><C V7 70AC2V2,  B> B0:89 65 ?>2>@>B 28:>=CєBPAS 
V C 2AVE 70AC20E, S:V ?>2'S70=V 7 40=8<.   0B5<0B8G=89 A59D <>65  
704020B8AS  42><0 A?>A>10<8: 70 4>?><>3>R ?@S<>:CB=>W <0B@8FV, 
5;5<5=B8 S:>W 2V4?>2V40RBP 70AC20<, V 70 4>?><>3>R 3@0D0,  25@H8=8 
S:>3>  2V4?>2V40RBP  70AC20<.  #@8 <0B@8G=><C 7040==V 
<0B5<0B8G=>3> A59D0 :>6=89 70AC2 zij  ?>2'S70=89 7 B8<8 70AC20<8, 
S:V @>7<VI5=V 2 i-<C @S4:C V 2 j-<C AB>2?G8:C. � ?@8 7040==V 
<0B5<0B8G=>3> A59D0 70 4>?><>3>R 3@0D0, ?>2'S70=8<8 7 40=8< 
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70AC2>< є BV, S:V @>7<VI5=V C AC<V6=8E 25@H8=0E. �0;V 2 @>1>BV 
@>73;S40B8<CBPAS BV;P:8 3@0D>2V A59D8, S:V 7040RBPAS AB>2?G8:>< 
?>G0B:>28E ?>78FV9 70AC2V2 b=|bi|, i=0,1,...,k-1. �>6=89 70AC2 <>65 
7=0E>48B8AS 2 >4=V9 V7 45:V;P:>E ?>78FV9. �AVE <>6;828E ?>78FV9 
A:V=G5==5 G8A;>: 0,1,&, k-1. �0AC2 2V4:@8B89, S:I>  2V=  7=0E>48BPAS 
C ?>78FVW 0. ' 4>2V;P=V9 V=HV9 ?>78FVW 70AC2 22060єBPAS 70:@8B8<. #@8 
FP><C, S:I> C S:><CAP 70AC2V 28:>=CєBPAS ?>2>@>B :;RG0, B> 2AV 
70AC28, ?>2'S70=V 7 40=8< 70AC2><, 71V;PHCRBP A2>W ?>78FVW =0 
>48=8FR 70 <>4C;5< k.     

!9B5IV8AB DB;6'O;4F< F4>G ;484KG: 28E>4SG8  7  ?>G0B:>28E ?>-
78FV9 70AC2V2 A59D0, 7040=8E 25:B>@>< b=|bi|, 45 bi∈{0,1,&, k-1}, 
7=09B8 B0:C ?>A;V4>2=VABP 70AC2V2 V G8A;> ?>2>@>BV2 :;RG0 2 =8E, I>1 
A59D  ?5@59H>2 C ?>;>65==S 2V4:@8B>3>, B>1B> :>;8 2AV 9>3> 70AC28 
7=0E>4SBPAS C ?>78FVW 0.  

 
3. �040==O <0B5<0B8G=>3> A59D0 3@0D>< 
!03040є<> D>@<C;R20==S 7040GV ?@> <0B5<0B8G=89 A59D 70 

4>?><>3>R 3@0D0. ' 25@H8=0E 3@0D0 G=(V,E) 7=0E>4SBPAS 70AC28, 
S:V <>6CBP 7=0E>48B8AS C >4=V9 7 ?>78FV9 V7 <=>68=8 {0,1,&,k-1}. 
/:I> C 25@H8=V u 70AC2 7=0E>48BPAS C ?>78FVW i, B> ?>2>@>B :;RG0 2 
FV9 25@H8=V ?5@52>48BP WW 70AC2 C ?>78FVR (i+1)(mod k) 0 B0:>6 2AV 
70AC28 C 25@H8=0E, S:V AC<V6=V 7 25@H8=>R u. #>G0B:>2V ?>78FVW 
70AC2V2 C 25@H8=0E 7040RBPAS 25:B>@>< b. 

�. #. �>=5FP 70?@>?>=C202 GC4>2C V=B5@?@5B0FVR 7040GV ?@> 
<0B5<0B8G=89 A59D. *S V=B5@?@5B0FVS 72>48;0 @>729S70==S 7040GV 
?@> <0B5<0B8G=89 A59D 4> @>729S70==S A8AB5<8 ;V=V9=8E 
>4=>@V4=8E @V2=S=P (%�"$) Ax+b=0 70 <>4C;5< k =04 281@0=>R 
>1;0ABR D (0 FS >1;0ABP є 01> :V;PF5< 01> ?>;5< ;8H:V2 70 <>4C;5< 
k). �0AB>A>2CRG8 TSS-0;3>@8B< [3] 4;S @>72'S70==S B0:>3> B8?C 
A8AB5<, 4VAB0є<> @>72'S7:8 %�"$, S:V 2V4:@820RBP A59D. 
#@>V;RAB@Cє<> A:070=5 ?@8:;04>< 3@0D>2>3> A59D0, S:89 7040=89 
=5>@Vє=B>20=8< 3@0D><, S:89 =02545=> =0 @8AC=:C 1. 

 

                                 
                             $8A. 1 !5>@Vє=B>20=89 3@0D 
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�C4CєBPAS %�"�$ Ax+b=0 (mod k), 45 b=(1,2,1,1,3). /:0 
2V4?>2V40є 40=><C 3@0D>2><C A59DC: 

 

� =
{  
  1 2 3 4 5 Ā1 1 1 1 0 1 12 1 1 1 0 0 23 1 1 1 1 0 14 0 0 1 1 1 15 1 0 0 1 1 3

= 0 (ăąĂ 5), 
 

45 25@E=V9 @S4>: %�"$ F5 =C<5@0FVS AB>2?G8:V2, 0 ;V289 AB>2?G8: 
3 =C<5@0FVS @S4:V2 %�"$. �0AB>A>2CRG8 TSS-0;3>@8B< 4> 
@>72'S70==S FVєW A8AB5<8, 4VAB0є<> B0:89 @>72'S7>: a=(0,1,2,1,1,1), 
S:89 2V4:@820є A59D. �V9A=>, 4>40RG8 4> AB>2?G8:0 b, 2V4?>2V4=V 
AB>2?G8:8 <0B@8FV, ?><=>65=V =0 :>>@48=0B8 25:B>@0 a, 4VAB0є<>: 

 
1  2  1  1  3 

a2=1 
 

2  3  2  1  3 
a3=2 

 

4  0  4  3  3 
a4=1 

 
4  0  0 4  4 

a5=1 
 

 0  0  0  0  0. 
 
 

4. �@0FV>7=0 =C<5@0FVO 45@52 
  !5E09 40=> =5>@Vє=B>20=89 3@0D G-(V,E) 7 n @51@0<8 B0 

70=C<5@>20=8<8 25@H8=0<8. ІA8G>B64ABN @VF>BN D95D4 
=07820єBPAS 01A>;RB=0 25;8G8=0 @V7=8FV <V6 =><5@0<8 (<VB:0<8) 
42>E 9>3> :V=FV2. �@0FV>7=>R =C<5@0FVєR =5>@Vє=B>20=>3> 3@0D0 G 
=07820єBPAS 1Vє:B82=0 2V4?>2V4=VABP φ <V6 <=>68=>R 25@H8= 3@0D0 
G B0 <=>68=>R {0,1,&,n-1} B0:0, I> 2AV V=4C:>20=V <VB:8 @515@ є 
@V7=8<8. �=H8<8 A;>20<8, =C<5@0FVS φ 3@0FV>7=0, S:I> φ: 
V→{0,1,&,|E|} є V=9є:FVєR V 2AV @51@0 G <0RBP @V7=V =><5@8 7 
<=>68=8 {1,&,|E|}. �@0D =07820єBPAS 7D4JVB;A<@, S:I> 2V= 
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4>?CA:0є 3@0FV>7=C =C<5@0FVR. �0;V 1C4CBP @>73;S40B8AS 3@0D8, S:V 
є 45@520<8. �@0FV>7=>R =C<5@0FVєR 45@520 & 7 n 25@H8=0<8 
=07820RBP ?@8A2>R20==S 9>3> 25@H8=0< =><5@V2 1,2,&, n ?@8 
S:><C 01A>;RB=V @V7=8FV =><5@V2 :V=FV2 @51@0 є @V7=8<8 B0 
CB2>@RRBP ?>A;V4>2=VABP 1,2,&, n-1. �@0FV>7=8<8 45@520<8 є 7V@:0, 
;0=FR3, 3CA5=8FS, >;82:>25 45@52>, 10=0=>25 45@52> B>I> [2]. 

�06;82C 2;0AB82VABP 45@52 28A2VB;Rє B0:0 B5>@5<0. 
&5>@5<0 1. � 1C4P S:>W 3@0FV>7=>W =C<5@0FVW 45@520 ?>@S4:C n 

<>6=0 >B@8<0B8 V=HC 3@0FV>7=C =C<5@0FVR H;SE>< ?5@5:>4C20==S 
xi=n+1-xi. &0:C =C<5@0FVR =07820RBP 42>WAB>R =C<5@0FVєR [2]. 

5. �040G0 70E8ABC V=D>@<0FVW 
 #@>1;5<0 70E8ABC V=D>@<0FVW =0 40=89 G0A є >4=VєR 7 

?@V>@8B5B=8E 2 V=D>@<0FV9=8E B5E=>;>3VSE. �>6=89 :>@8ABC20G, 
S:89  E>G5 >1<568B8 =51060=8< >A>10< =5A0=:FV>=>20=89 4>ABC? 
4> A2>єW ?@820B=>W V=D>@<0FVW, ?>B@51Cє 70A>1V2 70E8ABC B0 70A>1V2 
=040==S ?@020 4>ABC?C 4> B0:>W V=D>@<0FVW. !0?@8:;04, :>65= 
:>@8ABC20G ?>B@51Cє 70E8ABC A2>єW web-AB>@V=:8. &0:8< ?@>AB8< V 
@07>< 7 B8< 5D5:B82=8< <>65 AB0B8 28:>@8AB0==S  <>45;59 
<0B5<0B8G=>3> A59DC B0 3@0FV>7=>3> 45@520. �;S ?>SA=5==S V45W 
A:>@8AB0є<>AS ?@8:;04>< =09?@>ABVH>3> B8?C 45@520 3 ;0=FR3><, 
S:89 <0є 9 25@H8= V B0:C 3@0FV>7=C =C<5@0FVR: 1,9,2,8,3,7,4,6,5.  

 

 
                                    $8A. 2. �@0FV>7=V 45@520 
 

!0 :>6=><C 7 F8E ;0=FR3V2, S: =0 3@0DV, <>6=0 287=0G8B8  
<0B5<0B8G=89 A59D 7 B0:8<8 ?>G0B:>28<8 AB0=0<8 70AC2V2 
0,8,7,6,5,4,3,2,1, S:V є <VB:0<8  @515@ 3@0D0. !0S2=VABP 45:V;P:>E 
3@0FV>7=8E ;0=FR3V2 40є <>6;82VABP 20@V0FV9 281>@C ;0=FR30. � F5 
?@872>48BP 4> 7<V=8 @V2=S=P C %�"�$ V 4> 7<V=8 @>729S7:V2 A8AB5<8 
2 FV;><C. &>4V, 4;S 4>ABC?C 4> :>=DV45=FV9=>W V=D>@<0FVW >A>1V 
=51060=V9 ?>B@V1=> 7=0B8 B>?>;>3VR 3@0D0, 9>3> 3@0FV>7=C 
=C<5@0FVR V <>4C;P :V;PFS G8 ?>;S ;8H:V2, C S:><C ?>B@V1=> HC:0B8 
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?>A;V4>2=VABP ?5@5<8:0==S 70AC2V2 7 <5B>R 2V4:@8BBS A59D0. �>ABC? 
4> V=D>@<0FVW 2V4:@820єBPAS BV;P:8 B>4V, :>;8 A59D 2V4:@8B>.  

�;S <0B5<0B8G=>3> A59D0, 7040=>3> 3@0D>< (7;V20) =0 @8AC=:C 
2, >B@8<Cє<> B0:C %�"�$ 

 

� =
{  
  
   
 1 2 3 4 5 6 7 8 9 Ā1 1 0 0 0 0 0 0 0 1 02 0 1 0 0 0 0 0 1 1 83 0 0 1 0 0 0 1 1 0 74 0 0 0 1 0 1 1 0 0 65 0 0 0 0 1 1 0 0 0 56 0 0 0 1 1 1 0 0 0 47 0 0 1 1 0 0 1 0 0 38 0 1 1 0 0 0 0 1 0 29 1 1 0 0 0 0 0 0 1 1

= 0 (ăąĂ 9), 
 

@>729S70==S S:>W 40є B0:C ?>A;V4>2=VABP ?5@5<8:0==S 70AC2V2 
a=(4,8,2,1,5,8,3,6,5,1), I> 2V4:@820є A59D. �@>7C<V;>, I> :>;8 7040B8 
<0B5<0B8G=89 A59D 3@0D>< A?@020, ?>:070=8< =0 @8AC=:C 2, B> 
%�"�$ 1C45 <0B8 V=H89 @>729S7>:. � FP><C V ?>;S30є 20@V0FVS 
3@0FV>7=8< 45@52><. 

�;S >B@8<0==S 4>ABC?C 4> V=D>@<0FVW >A>10, S:V9 =0;568BP 40=0 
V=D>@<0FVS, =040є 4>ABC? 01>=5=B0< 4> FVєW V=D>@<0FVW H;SE>< 
?>2V4><;5==S B>?>;>3VW 3@0D0, 4;S S:>3> 01>=5=B0< 2V4><V ?>@S4>: 
3@0D0 B0 9>3> 3@0FV>7=0 =C<5@0FVS.  "?8@0RG8AP =0 2;0AB82>ABV 45@52, 
S:V 28?;820RBP 7 B5>@5<8 1, 4VAB0є<> <>6;82VABP 20@V0FVW 3@0FV>7=>R 
=C<5@0FVєR 3@0D0. �@V< B>3>, <>6=0 20@VR20B8 ?@028;0<8 
?5@5<8:0==S 70AC2V2 C 25@H8=0E. !0?@8:;04, =5E09 ?@028;0 
?5@5<8:0==S 70AC2V2 є B0:8<8: :>;8 28:>=CєBPAS ?>2>@>B :;RG0 C 
70AC2V 2, B> 9>3> ?>78FVS 71V;PHCєBPAS =0 >48=8FR 70 <>4C;5< k, 0 C 
AC<V6=8E 25@H8=0E ?>78FVW 71V;PHCRBPAS =0 3, ?>2>@>B :;RG0 2 
70AC2V 6 71V;PHCє 9>3> ?>78FVR =0 >48=8FR, 0 C AC<V6=8E 25@H8=0E 
?>78FVW 71V;PHCRBPAS =0 2 >48=8FV, ?>2>@>B :;RG0 C 70AC2V 8 71V;PHCє 
9>3> ?>78FVR =0 >48=8FR, 0 2 AC<V6=8E 25@H8=0E ?>78FVW 
71V;PHCRBPAS =0 5 >48=8FP. &>4V %�"�$ 4;S B0:>3> A59D0 =01C20є 
283;S4C: 
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� =
{  
  
   
 1 2 3 4 5 6 7 8 9 Ā1 1 0 0 0 0 0 0 0 1 02 0 1 0 0 0 0 0 3 3 83 0 0 1 0 0 0 1 1 0 74 0 0 0 1 0 1 1 0 0 65 0 0 0 0 1 1 0 0 0 56 0 0 0 2 2 1 0 0 0 47 0 0 1 1 0 0 1 0 0 38 0 5 5 0 0 0 0 1 0 29 1 1 0 0 0 0 0 0 1 1

= 0 (ăąĂ 9), 
 

@>729S7:>< S:>W є B0:0 ?>A;V4>2=VABP ?5@5<8:0==S 70AC2V2 
b=(1,6,3,6,0,3,0,3,8,3), S:0 2V4:@820є A59D.  

�0C2068<>, I> 4;S 2V4:@8BBS 4>ABC?C 4> V=D>@<0FVW ?>B@V1=0 
AC<VA=VABP 2V4?>2V4=>W %�"$. ' ?>;V ;8H:V2 4;S FP>3> ?>B@V1=0 
;V=V9=0 =570;56=VABP @V2=S=P A8AB5<8, 0 C :V;PFV ;8H:V2 3 ;V=V9=0 
=570;56=VABP @V2=S=P V 7=0G5==S 45B5@<V=0=B0 є 4V;P=8:>< >48=8FV 
[3]. 

�;S ?5@540GV :;RG0 4>ABC?C 01>=5=B0<, ?@8 2V4><V9 B>?>;>3VW 
3@0FV>7=>3> 45@520, ?5@540єBPAS 2 40=><C ?@8:;04V B@V9:0 
2(3),6(2),8(5). 

�@>7C<V;>, I> F5 =5 є48=0 <>6;820 20@V0FVS V B0:8E 20@V0FV9 VA=Cє 
?@8=09<=V k!. 

 
�VB5@0BC@0 
1. �. #. �>=5FP. �040GV ?@> A59D =0 (0,1)-<0B@8FSE. �.  

�V15@=5B8:0 B0 A8AB5<=89 0=0;V7.- 2002.- № 1.- %. 98-105. 
2. �.#. �>=5FP,  �.�. #5B@5=R: �@0FV>7=0 =C<5@0FVS 45@52.  �8W2. 

!0FV>=0;P=0 0:045<VS =0C: ':@0W=8. �=AB8BCB :V15@=5B8:8 V<. �. . 
�;CH:>20. 3  2007. 3 142 A 

3. %.�. �@8289  �V=V9=V �V>D0=B>2V >1<565==S B0 WE  
70AB>AC20==S. �8W2: �=B5@A5@2VA. - 2021. 3 260 A. 
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�!&��$��Ь!�� �!��$��!& �$�(' 
%5@3V9 �C@0?>2,  0:A8< �0284>2AP:89 

З4CBDV;P><= A4JVBA4?PA<= GAV69DE<F9F, �З «З4CBDV;P><= B5?4EA<= 
VAEF<FGF CVE?O8<C?B@ABW C9847B7VKABW BE6VF<» З"$ 

 
INTEGRAL GRAPH INVARIANT 

 
Abstract. The paper examines the properties of various graph invariants that 

have polynomial computational complexity. It is shown that the invariant of edge 
cuts of a graph and the invariant of edge cycles of a graph, if applied separately 
to the solution of the problem of recognizing graph isomorphism, cannot be 
considered a complete invariant of the graph. The paper presents an integral 
graph invariant based on the joint application of the edge cuts invariant and the 
graph edge cycle invariant. The integral graph invariant is based on the existence 
of a relation between the subspaces of cuts and cycles of the space of subgraphs. 
To illustrate the properties of the integral invariant, an example is given of 
constructing a direct sum of subspaces of cuts S(G) and cycles C(G) in the case 
of graphs that do not have intersecting elements in the subspaces. The structure 
of the digital invariant of the edge graph L(G) is considered and the relation with 
the integral invariant of the graph is revealed. It is shown that the integral 
invariant is a complete invariant of the graph. 

 
!0 AP>3>4=VH=V9 45=P 2V4><V =0ABC?=V V=20@V0=B8 3@0DV2, I> 

70AB>A>2CRBPAS 4;S AB2>@5==S 0;3>@8B<V2 @>7?V7=020==S 
V7><>@DV7<C 42>E =5>@Vє=B>20=8E =5A5?0@015;P=8E 3@0DV2 G V H: 

1. �5:B>@ ;>:0;P=8E AB5?5=V2 3@0D0 )(Gvò . 

2. *8D@>289 V=20@V0=B @515@=>3> 3@0D0 IL(G). 
3. �=20@V0=B @515@=8E @>7@V7V2 3@0D0 IS(G). 
4. �=20@V0=B @515@=8E F8:;V2 3@0D0 IC(G). 
' 40=V9 @>1>BV @>73;S40RBPAS ?8B0==S 70AB>AC20==S F8E 

V=20@V0=BV2 4;S 28@VH5==S 7040GV 287=0G5==S V7><>@DV7<C 42>E 
=5A5?0@015;P=8E 3@0DV2 G V H. �;3>@8B<8 @>7?V7=020==S 
V7><>@DV7<C B0:8E 3@0DV2 G V H <0RBP ?>;V=><V0;P=C 
>1G8A;R20;P=C A:;04=VABP. �V4><>, I> V=20@V0=B, S:89 ґ@C=BCєBPAS 
=0 25:B>@V ;>:0;P=8E AB5?5=V2 3@0D0, =5 є ?>2=8< V=20@V0=B>< 4;S 
287=0G5==S V7><>@DV7<C 3@0DV2 [132,5]. �=20@V0=B @515@=8E @>7@V7V2 
3@0D0 B0:>6 =5 є ?>2=8< V=20@V0=B>< 3@0D0 7 B>G:8 7>@C 
@>7?V7=020==S V7><>@DV7<C [3,4]. /: ?@8:;04 =02545<> ?0@C 
=5V7><>@D=8E 3@0DV2, I> <0RBP >4=0:>25 7=0G5==S 203 2 V=20@V0=B0E 
@515@=8E @>7@V7V2 (@8A. 1). 
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$8A. 1 3 �V47D4@< A9V;B@BDHA<I 7D4HV6 G1 (?V6BDGK) F4 G2 

(CD46BDGK) 
 
�5:B>@ 203 @515@ 3@0D0: Fes(G1) = 

(12,12,12,12,12,14,14,14,14,14,14,14,14,14,14); 25:B>@ 203 25@H8= 
3@0D0: Fvs(G1) = (40,40,40,40,40,40,40,40,40,40); 25:B>@ 203 @515@ 
3@0D0: Fes(G2) = (12,12,12,12,12,14,14,14,14,14,14,14,14,14,14); 
25:B>@ 203 25@H8= 3@0D0: Fvs(G2) = (40,40,40,40,40,40,40,40,40,40). 

"4=0: :V;P:VABP V7><5B@8G=8E F8:;V2 C 3@0D0E G1 B0 G2 @V7=0. 
�V4?>2V4=>, @V7=V 9 A?5:B@8 @515@=8E F8:;V2 3@0DV2. �V;P:VABP 
V7><5B@8G=8E F8:;V2 C 3@0DV G1 = 7. �7><5B@8G=V F8:;8 C 3@0DV G1 C 
283;S4V @515@: 

c1 = {e1,e2,e5,e10}; c2 = {e1,e3,e4,e7,e15}; c3 = {e2,e3,e11,e13}; 
c4 = {e4,e5,e6,e8}; 
c5 = {e6,e7,e9,e14}; c6 = {e8,e9,e10,e11,e12}; c7 = {e12,e13,e14,e15}. 
�5:B>@ 203 @515@ 4;S A?5:B@C @515@=8E F8:;V2: Fec(G1) = 

(6,6,6,6,6,7,7,7,7,7,7,7,7,7,7,7); 25:B>@ 203 25@H8=: Fvc(G1) = 
(20,20,20,20,20,20,20,20,20,20). �V;P:VABP V7><5B@8G=8E F8:;V2 C 
3@0DV G2 = 15. �7><5B@8G=V F8:;8 C 3@0DV G2, ?>40=V C 283;S4V @515@: 

c1 = {e1,e2,e5,e10}; c2 = {e1,e3,e4,e7,e12,e13}; c3 = {e1,e3,e4,e6,e9,e15}; 
c4 = {e1,e3,e4,e7,e14,e15}; c5 = {e2,e3,e11,e13}; c6 = {e1,e3,e5,e8,e9,e15}; 
c7 = {e1,e2,e4,e7,e11,e12}; c8 = {e4,e5,e6,e8}; c9 = {e6,e7,e9,e14}; 
c10 = {e4,e5,e7,e10,e11,e12}; c11 = {e8,e9,e10,e11,e12,e14}; 
c12 = {e2,e3,e8,e9,e10,e15}; 
c13 = {e8,e9,e10,e11,e13,e15}; c14 = {e6,e7,e8,e10,e11,e12}; 
c15 = {e12,e13,e14,e15}. 
�5:B>@ 203 @515@ 4;S A?5:B@C @515@=8E F8:;V2: Fec(G2) = 

(8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8) 25:B>@ 203 25@H8=: Fvc(G2) = 
(24,24,24,24,24,24,24,24,24,24). 

�=20@V0=B @515@=8E F8:;V2 B0:>6 =5 <>65 A;C68B8 ?>2=8< 
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V=20@V0=B>< 4;S @>7?V7=020==S V7><>@DV7<C 3@0DV2 [4]. /: ?@8:;04 
<>6=0 =025AB8 420 =5V7><>@D=V 3@0D8 G3 V G4, I> <0RBP @V2=5 
7=0G5==S ?0@0<5B@V2 2 V=20@V0=BV @515@=8E F8:;V2. 

�V;P:VABP V7><5B@8G=8E F8:;V2 C 3@0DV G3 = 17; FeE(G3) & 
FvE(G3) = 
(4,4,4,4,4,4,4,4,5,5,5,5,5,5,5,5,5,5,11,11,12,12,13,13,13,13,15,15,17,17) 
& 
& (14,14,14,14,28,28,30,30,34,34,36,36,44,44,44,44). 

�V;P:VABP V7><5B@8G=8E F8:;V2 C 3@0DV G4 = 17; FeE(G4) & 
FvE(G4) = 
(4,4,4,4,4,4,4,4,5,5,5,5,5,5,5,5,5,5,11,11,12,12,13,13,13,13,15,15,17,17) 
& (14,14,14,14,28,28,30,30,34,34,36,36,44,44,44,44). 

 
 
 
 
 
 
 

 
$8A. 2 3 �D4H G3 

 
 
 
 
 
 

 
$8A. 3 – �D4H G4 

 
"4=0: =5V7><>@D=V 3@0D8 G3 V G4 2V4@V7=SRBPAS 7=0G5==S<8 203 

5;5<5=BV2 3@0D0 2 A?5:B@0E @515@=8E @>7@V7V2. 
�5:B>@ 203 @515@ 3@0D0 G3: 
Fes(G3) = (4,4,12,12,12,12,13,13,14,14,14,14,15,15, 

15,15,18,18,18,18,19,19,19,19,19,19,21,21,23,23) = (2ô 4,4ô 12,2ô  
ô 13,4ô 14,4ô15,4ô 18,6ô 19,2ô 21,2ô 23); 25:B>@ 203 25@H8= 3@0D0 
G3: Fvs(G3) = (37,37,37,37,37,37,45,45,55,55,80,80,81,81,100,100) = 
=(6 37,2 45,2 55,2 80,2 81,2 100); 25:B>@ 203 @515@ 3@0D0 G4: Fes(G4) 
= (4,4,12,12,12,12,13,13,14,14,14,14,15,15,15,15,16,17, 
17,18,18,19,19,20,20,20,20,21,21,28) = (2 4,4 12,2 13,4 14,4 15,1 16,2 
17,2 18,2 19,4 20,2 21,1 28); 25:B>@ 203 25@H8= 3@0D0 G4: 
Fvs(G4) = (37,37,38,38,38,38,44,44,55,55,72,72,80,80,108,108) = 
= (2 37,4 38,2 44,2 55,2 72,2 80,2 108). 

&0:8< G8=><, S:I> 7=0G5==S 203 5;5<5=BV2 3@0D0 2 A?5:B@V 
@515@=8E @>7@V7V2 =5V7><>@D=8E 3@0DV2 71V30RBPAS, B>, <>6;82>, =5 
71V30RBPAS 7=0G5==S 203 5;5<5=BV2 C A?5:B@V @515@=8E F8:;V2 3@0DV2. 
� =02?0:8, S:I> 7=0G5==S 203 5;5<5=BV2 C A?5:B@V @515@=8E F8:;V2 
=5V7><>@D=8E 3@0DV2 71V30RBPAS, B> <>6CBP =5 71V30B8AS 7=0G5==S 
203 5;5<5=BV2 C A?5:B@V @515@=8E @>7@V7V2 3@0DV2. �V4?>2V4=> 4> 
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B0:>W ;>3V:8 <V@:C20=P, >19є4=0є<> V=20@V0=B8, 70A=>20=V =0 A?5:B@V 
@515@=8E @>7@V7V2 3@0D0 V =0 A?5:B@V @515@=8E F8:;V2 3@0D0. 
"7=0G5==O 1. ІAF97D4?PA<@ VA64DV4AFB@ 7D4H4 =07820єBPAS 

@57C;PB0B >19є4=0==S V=20@V0=BC, 70A=>20=>3> =0 A?5:B@V @515@=8E 
@>7@V7V2 3@0D0, B0 V=20@V0=BC, 70A=>20=>3> =0 A?5:B@V @515@=8E 
F8:;V2 3@0D0. 

/: ?@8:;04 @>73;S=5<> V=B53@0;P=89 V=20@V0=B 4;S 3@0D0 G4: 
Fes(G4) & Fvs(G4) & FeE(G4) & FvE(G4) = (8ô 4,10ô 5,2ô 11,2ô 12,4

ô  
ô13,2ô15,2ô 17) & (4ô 14,2ô 28,2ô 30,2ô 34,2ô 36,4ô 44) & (2ô 4,4
ô  
ô12,2ô13,4ô 14,4ô 15,1ô 16,2ô 17,2ô 18,2ô 19,4ô 20,2ô 21,1ô 28) &  
(2ô 37,4ô38,2ô 44,2ô ô 55,2ô 72,2ô 80,2ô 108). 

�V4?>2V<> =0 B0:5 70?8B0==S: G8 VA=CRBP >4=0:>2V 7=0G5==S 203 
5;5<5=BV2 2 V=B53@0;P=><C V=20@V0=BV 4;S 42>E =5V7><>@D=8E 
=5>@Vє=B>20=8E =5A5?0@015;P=8E 3@0DV2? �V4><>, I> ?V4?@>ABV@ 
F8:;V2 C(G) V ?V4?@>ABV@ @>7@V7V2 S(G) =0;560BP ?@>AB>@C AC3@0DV2 
3@0D0. �078A ?V4?@>AB>@C @>7@V7V2 S(G) 702648 <>6=0 A:;0AB8 7 
5;5<5=BV2 <=>68=8 F5=B@0;P=8E @>7@V7V2 3@0D0 7 ?>BC6=VABR 
@V2=>R @0=3C 3@0D0. ' A2>R G5@3C, 1078A ?V4?@>AB>@C F8:;V2 C(G) 
702648 <>6=0 A:;0AB8 7 5;5<5=BV2 <=>68=8 V7><5B@8G=8E F8:;V2 7 
?>BC6=VABR, I> 4>@V2=Rє F8:;><0B8G=><C G8A;C 3@0D0. !02545<> 
45S:V B5>@5<8, I> 2AB0=>2;RRBP 729S7>: <V6 ?V4?@>AB>@>< F8:;V2 
B0 ?V4?@>AB>@>< @>7@V7V2. 
&5>@5<0 1. �C4P-S:89 AC3@0D C ?V4?@>AB>@V F8:;V2 3@0D0 G <0є 

?0@=5 G8A;> A?V;P=8E @515@ V7 1C4P-S:8< AC3@0D>< C ?V4?@>AB>@V 
@>7@V7V2 3@0D0 G [2]. 
&5>@5<0 2. %C3@0D 3@0D0 G =0;568BP ?V4?@>AB>@C F8:;V2 3@0D0 

G, S:I> 2V= <0є ?0@=5 G8A;> A?V;P=8E @515@ V7 1C4P-S:8< AC3@0D>< 
C ?V4?@>AB>@V @>7@V7V2 3@0D0 G [2]. 
&5>@5<0 3. #V4?@>AB>@8 F8:;V2 B0 @>7@V7V2 3@0D0 >@B>3>=0;P=V 

[5]. 
&5>@5<0 4. #V4?@>AB>@8 F8:;V2 C(G) B0 @>7@V7V2 S(G) 3@0D0 є 

>@B>3>=0;P=8<8 4>?>2=5==S<8 B>4V V BV;P:8 B>4V, :>;8 C(G)  S(G) 
3 =C;P>289 25:B>@ [5]. 

!5E09 C(G) B0 S(G) – >@B>3>=0;P=V 4>?>2=5==S. *5 >7=0G0є, I> 
:>65= 25:B>@ C ?@>AB>@V AC3@0DV2 £G 3@0D0 G <>6=0 ?@54AB028B8 
:V;PF52>R AC<>R wi + wj, 45 25:B>@ wi =0;568BP ?@>AB>@C C(G), 0 
25:B>@ wj – ?@>AB>@C S(G). �=H8<8 A;>20<8, :>65= AC3@0D 3@0D0 G 
<>6=0 ?@54AB028B8 :V;PF52>R AC<>R 42>E AC3@0DV2, >48= 7 S:8E 
=0;568BP ?V4?@>AB>@C F8:;V2, 0 V=H89 3 ?V4?@>AB>@C @>7@V7V2. 

÷
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�>:@5<0, A0< 3@0D G <>65 1CB8 ?@54AB02;5=89 C B0:89 A0<89 A?>AV1. 
#@8?CAB8<>, I> C(G) B0 S(G) =5 є >@B>3>=0;P=8<8 

4>?>2=5==S<8. &>4V, >G5284=>, VA=Cє B0:89 AC3@0D, S:89 =5 <>6=0 
?@54AB028B8 S: :V;PF52C AC<C AC3@0DV2 C ?@>AB>@0E C(G) B0 S(G). 
/:I> ?@>ABV@ £G @>7:;040єBPAS 2 ?@S<C AC<C ?V4?@>AB>@V2 F8:;V2 V 
@>7@V7V2, B> ?V4?@>AB>@8 F8:;V2 V @>7@V7V2 BVA=> ?>29S70=V <V6 A>1>R 
V є FV;VA=>R A8AB5<>R. &>1B>, =5<>6;82> ?>1C4C20B8 ?@>ABV@ 
AC3@0DV2 £G 28:>@8AB>2CRG8 ?V4?@>ABV@ @>7@V7V2 >4=>3> 3@0D0 V 
?V4?@>ABV@ F8:;V2 V=H>3> 3@0D0. /:I> 3@0D8 G V H V7><>@D=V, B> 
?>28==V VA=C20B8 V7><>@D=V ?V4?@>AB>@8 @>7@V7V2 B0 V7><>@D=V 
?V4?@>AB>@8 F8:;V2 F8E 3@0DV2, S:V ?>@>46CRBP 5;5<5=B8 ?@>AB>@C 
AC3@0DV2 £G V £H. /: ?@8:;04, I> 45<>=AB@Cє CB2>@5==S ?@S<>W AC<8 
?@>AB>@V2, @>73;S=5<> 3@0D G*, ?@54AB02;5=89 =0 @8A. 4. 

 

$8A. 4 3 �D4H G* 
 
(C=40<5=B0;P=0 A8AB5<0 F8:;V2 3@0D0: 

*
1c  = (0,1,0,0,0,1,1) = {1,2,6}; *

2c  = (0,1,1,0,1,0,0) = {3,5,6}; 
*
3c  = (1,0,0,1,1,0,0) = {3,4,7}. 

(C=40<5=B0;P=0 A8AB5<0 @>7@V7V2 3@0D0: 
*
1s  = (0,0,0,0,0,1,1) = {1,2}; *

2s  = (1,0,1,0,1,0,0) = {3,5,7}; 
*
3s  = (1,0,0,1,0,0,0) = {4,7}; *

4s  = (0,1,1,0,0,0,1) = {1,5,6}. 

'B2>@8<> ?V4?@>ABV@ :207VF8:;V2 C(G*): 
c1 = *

1c  = (0,1,0,0,0,1,1) = {1,2,6}; c2 = *
2c  = (0,1,1,0,1,0,0) = {3,5,6}; 

c3 = *
3c  = (1,0,0,1,1,0,0)={3,4,7}; c4 = *

1c õ  *
2c =(0,0,1,0,1,1,1)={1,2,3,5}; 

c5 = *
1c õ  *

3c  = (1,1,0,1,1,1,1) = {1,2,3,4,6,7}; 

c6 = *
2c  õ *

3c  = (1,1,1,1,0,0,0) = {4,5,6,7}; 

c7 = *
1c  õ  *

2c  õ  *
3c  = (1,0,1,1,0,1,1) = {1,2,4,5,7}. 

'B2>@Rє<> ?V4?@>ABV@ @>7@V7V2 S(G*): 
s1 = *

1s  = (0,0,0,0,0,1,1) = {1,2}; s2 = *
2s  = (1,0,1,0,1,0,0) = {3,5,7}; 
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s3 = *
3s  = (1,0,0,1,0,0,0) = {4,7}; s4 = *

4s = (0,1,1,0,0,0,1) = {1,5,6}; 

s5 = *
1s õ *

2s  = (1,0,1,0,1,1,1) = {1,2,3,5,7}; 

s6 = *
1s  õ  *

3s  = (1,0,0,1,0,1,1) = {1,2,4,7}; 

s7 = *
1s  õ  s4 = (0,1,1,0,0,1,0) = {2,5,6}; 

s8 = *
2s  õ *

3s  = (0,0,1,1,1,0,0) = {3,4,5}; 

s9 = *
2s  õ  *

4s  = (1,1,0,0,1,0,1) = {1,3,6,7}; 

s10 = s3 õ  *
4s  = (1,1,1,1,0,0,1) = {1,4,5,6,7}; 

s11 = *
1s  õ *

2s  õ *
3s   = (0,0,1,1,1,1,1) = {1,2,3,4,5}; 

s12 = *
1s  õ  *

2s  õ  *
4s   = (1,1,0,0,1,1,0) =   {2,3,6,7}; 

s13 = *
1s  õ  *

3s  õ *
4s   = (1,1,1,1,0,1,0) = {2,4,5,6,7}; 

s14 = *
2s  õ  *

3s  õ  *
4s   = (0,1,0,1,1,0,1) =   {1,3,4,6}; 

s15 = *
1s  õ  *

2s  õ  *
3s  õ  *

4s  = (0,1,0,1,1,1,0) = {2,3,4,6}.  

%:;045<> 5;5<5=B8 ?@S<>W AC<8 F8E 42>E ?V4?@>AB>@V2 S(G*) B0 
C(G*): 

0ñ  = E0 õ  s0 = ö ; 1ñ  = s10 õ  c6 = {1}; 2ñ  = s13 õ  c6 = {2}; 

3ñ  = s1 = {1,2}; 4ñ  = s3 õ  c3 = {3}; 
5ñ  = s4 õ  c2 = {1,3}; 

6ñ  = s7 õ  c2 = {2,3}; 
7ñ  = s6 õ  c3 ={1,2,3}; 

8ñ  = s11 õ  c4 ={4};  

9ñ  = s12 õ  c5 = {1,4}; 
10ñ = s9 õ  c5 = {2,4}; 11ñ = s8 õ  c4 ={1,2,4};  

12ñ  = s5 õ  c7 = {3,4}; 
13ñ  = s15 õ  c1 ={1,3,4}; 14ñ = s14 õ c1 = {2,3,4}; 

15ñ = s2 õ c7 = {1,2,3,4}; 
16ñ  = s6 õ c7 = {5}; 

17ñ  = s7 õ c1 = {1,5}; 

18ñ  = s4 õ c1 = {2,5}; 
19ñ  = s3 õ c7 = {1,2,5}; 

20ñ =  s1 õ c4 = {3,5}; 

21ñ = s13 õ c5 = {1,3,5}; 22ñ  = s10 õ c5 = {2,3,5}; 
23ñ  = c4 = {1,2,3,5}; 

24ñ  = s2 õ c3 = {4,5}; 
25ñ  = s14 õ c2 = {1,4,5}; 

26ñ  = s15 õ c2 = {2,4,5}; 

27ñ  = s5 õ c3 = {1,2,4,5}; 
28ñ  = s8 = {3,4,5}; 

29ñ  = s9 õ c6 = {1,3,4,5}; 

30ñ  = s12 õ c6 = {2,3,4,5}; 
31ñ  = s11 = {1,2,3,4,6};

32ñ  = s1 õ c1 = {6}; 

33ñ  = s13 õ c7 ={1,6}; 
34ñ  = s10 õ c7 = {2,6}; 

35ñ  = c1 = {1,2,6}; 

36ñ   = s6 õ c5 = {3,6}; 
37ñ  = s7 õ c4 = {1,3,6}; 

38ñ  = s4 õ c4 = {2,3,6};  

39ñ  = s3 õ c5 = {2,4,5}; 
40ñ  = s8 õ c2 = {4,6}; 41ñ  = s9 õ c3 = {1,4,6};  

42ñ =s12õ c3={2,4,6}; 
43ñ =s11õ c2 = {1,2,4,6}; 44ñ  =s2 õ c6 ={3,4,6}; 

45ñ  = s14 = {1,3,4,6}; 
46ñ  = s15 = {2,3,4,6}; 

47ñ  = s5 õ c6 = {1,2,3,4,6}; 

48ñ  = s3 õ c6 = {5,6}; 
49ñ  = s4 = {1,5,6}; 

50ñ  = s7 = {2,5,6}; 
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51ñ  = s6 õ c6 = {1,2,5,6}; 
52ñ  = c2 = {3,5,6}; 

53ñ  = s10 õ c3 = {1,3,5,6}; 

54ñ =s13õ c3={2,3,5,6}; 
55ñ =s1õ c2={1,2,3,5,6}; 

56ñ =s5 õ c5 = {4,5,6}; 

57ñ  = s15 õ c4 = {1,4,5,6}; 
58ñ  = s14 õ c4 = {2,4,5,6}; 

59ñ  = s2 õ c5 = {1,2,4,5,6}; 
60ñ  = s11 õ c1 = {3,4,5,6}; 

61ñ  = s12 õ c7 = {1,3,4,5,6}; 
62ñ = s9 õ c7 = {2,3,4,5,6}; 

63ñ  = s8 õ c1 = {1,2,3,4,5,6}; 
64ñ  = s5 õ c4 = {7}; 

65ñ  = s15 õ c5 = {1,7}; 

66ñ  = s14 õ c5 = {2,7}; 
67ñ  = s2 õ c4 = {1,2,7}; 

68ñ  =  s11 õ c7 = {3,7}; 

69ñ =s12õ c1={1,3,7}; 
70ñ =s9 õ c1= 2,3,7}; 

71ñ  =s8õ c7 = {1,2,3,7}; 

72ñ  = s3 = {4,7}; 
73ñ  = s4 õ c6 = {1,4,7}; 

74ñ  = s7 õ c6 = {2,4,7}; 

75ñ  = s6 = {1,2,4,7}; 
76ñ  = c3 = {3,4,7}; 

77ñ  = s10 õ c2 = {1,3,4,7}; 

78ñ =s13õ c2={2,3,4,7}; 
79ñ  =s1 õ c3 = {1,2,3,4,7}; 

80ñ = s8 õ c3 = {5,7}; 

81ñ  = s9 õ c2 = {1,5,7}; 
82ñ  = s12 õ c2 = {2,5,7}; 

83ñ =s12õ c3={1,2,5,7}; 

84ñ  =  s2 = {3,5,7}; 
85ñ  = s14 õ c6 = {1,3,5,7}; 

86ñ  s15 õ c6 = {2,3,5,7}; 

87ñ  = s5 = {1,2,3,5,7}; 
88ñ = s1 õ c7 = {4,5,7}; 

89ñ  = s13 õ c1 = {1,4,5,7}; 

90ñ =s10õ c1={2,4,5,7}; 
91ñ =c7 =  {1,2,4,5,7}; 

92ñ  = s6 õ c4 = {3,4,5,7}; 

93ñ  = s7 õ c5 = {1,3,4,5,7}; 
94ñ  = s4 õ c5 = {2,3,4,5,7}; 

95ñ =s3 õ c4={1,2,3,4,5,7}; 
96ñ =s2õ c2 ={6,7}; 

97ñ  = s14 õ c3 ={1,6,7}; 

98ñ  = s15 õ c3 = {2,6,7}; 
99ñ  = s5 õ c2 = {1,2,6,7}; 

100ñ =s8õ c6={3,6,7}; 

101ñ  = s9 = {1,3,6,7}; 
102ñ  = s12 = {2,3,6,7}; 

103ñ  = s11 õ c6 = {1,2,3,6,7}; 

104ñ  = s6 õ c1 = {4,6,7}; 
105ñ =s7õ c7={1,4,6,7}; 

106ñ =s4õ c7={2,4,6,7}; 

107ñ  = s3 õ c1 = {1,2,4,6,7}; 
108ñ  = s1 õ c5 = {3,4,6,7}; 

109ñ  = s13 õ c4 = {1,3,4,6,7}; 
110ñ = s10 õ c4 = {2,3,4,6,7}; 

111ñ =c5={1,2,3,4,6,7}; 112ñ =s11õ c5={5,6,7}; 
113ñ =s12õ c4 = {1,5,6,7}; 

114ñ  = s9 õ c4 = {2,5,6,7}; 511ñ  = s8 õ c5 = {1,2,5,6,7}; 

116ñ  = s5 õ c1 = {3,5,6,7}; 
117ñ  = s15 õ c7 = {1,3,5,6,7}; 

118ñ  = s14 õ c7 = {2,3,5,6,7}; 
119ñ  = s2 õ c1 = {1,2,3,5,6,7}; 

120ñ = c6 = {4,5,6,7}; 121ñ  = s10 = {1,4,5,6,7}; 122ñ = s13 = {2,4,5,6,7}; 

123ñ = s1 õ c6 = {1,2,4,5,6,7}; 124ñ  = s3 õ c2 = {3,4,5,6,7}; 

125ñ  = s4 õ c3 = {1,3,4,5,6,7}; 
126ñ  = s7 õ c3 = {2,3,4,5,6,7}; 

127ñ = s6 õ c2 = {1,2,3,4,5,6,7}. 

%C<0 F8E ?V4?@>AB>@V2 є ?@>ABV@ AC3@0DV2: dim £G = dim % + dim 
S = 3+4=7. 
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"7=0G5==O 2. #V4?@>AB>@8 @>7@V7V2 3@0DV2 G V H 22060B8<5<> 
V7><>@D=8<8, S:I> V7><>@D=V 9>3> AC3@0D8 (@>7@V78). 
"7=0G5==O 3. #V4?@>AB>@8 F8:;V2 3@0DV2 G V H 22060B8<5<> 

V7><>@D=8<8, S:I> V7><>@D=V 9>3> AC3@0D8 (F8:;8). 
&0:8< G8=><, 4;S 3@0DV2, S:V =5 <0RBP 5;5<5=BV2, I> 

?5@5B8=0RBPAS C ?V4?@>AB>@0E F8:;V2 V @>7@V7V2, <>6=0 
AB25@46C20B8 =0ABC?=5. 
�5<0 1. !5A5?0@015;P=V =5>@Vє=B>20=V 3@0D8 G V H, I> <0RBP 

>4=0:>2C :V;P:VABP 25@H8= V @515@ V =5 <0RBP 5;5<5=BV2, I> 
?5@5B8=0RBPAS 2 ?V4?@>AB>@0E F8:;V2 V @>7@V7V2, V7><>@D=V B>4V V 
BV;P:8 B>4V, :>;8 V7><>@D=V WE AC3@0D8 ?@>AB>@C AC3@0DV2 £G V £H. 

�B6989AAO. !5>1EV4=VABP. /:I> V7><>@D=V 3@0D8 G V H, VA=Cє 
1V=0@=0 2V4?>2V4=VABP <V6 AC3@0D0<8 ?@>AB>@V2 AC3@0DV2 £G V £H. 

�>AB0B=VABP. /:I> V7><>@D=V AC3@0D8 ?@>AB>@V2 AC3@0DV2 £G V £H 
3@0DV2 G V H, B> V7><>@D=V AC3@0D8 ?V4?@>AB>@V2 F8:;V2 V @>7@V7V2 
3@0DV2 G V H, B><C I> :>65= AC3@0D ?V4?@>AB>@V2 F8:;V2 V @>7@V7V2 
<>65 1CB8 CB2>@5=89 S: @57C;PB0B @>7:;040==S ?@S<>W AC<8 
?@>AB>@V2 £G V £H. "A:V;P:8 AC3@0D8 ?V4?@>AB>@V2 V7><>@D=V, B> 
V7><>@D=V 1078A8 ?V4?@>AB>@V2 @>7@V7V2 B0 F8:;V2. �9@4 8B6989A4. 

&0:8< G8=><, C @07V 2V4ACB=>ABV ?5@5B8=V2 5;5<5=BV2 C 
?V4?@>AB>@V F8:;V2 B0 ?V4?@>AB>@V @>7@V7V2, V=B53@0;P=89 V=20@V0=B 
3@0D0 >4=>7=0G=> E0@0:B5@87Cє є48=5 ?@54AB02;5==S 3@0D0. "B65, 
4;S 3@0DV2, I> =5 <0RBP 5;5<5=BV2, I> ?5@5B8=0RBPAS 2 ?V4?@>AB>@V 
F8:;V2 V ?V4?@>AB>@V @>7@V7V2, V=B53@0;P=89 V=20@V0=B є ?>2=8< 
V=20@V0=B>< 3@0D0. %;V4 707=0G8B8, I> 2 FV9 ?0@0483<V 4;S 3@0DV2, 
I> <0RBP 5;5<5=B8, S:V ?5@5B8=0RBPAS, 2 ?V4?@>AB>@V F8:;V2 V 
?V4?@>AB>@V @>7@V7V2, V=B53@0;P=89 V=20@V0=B =5 <>65 22060B8AS 
?>2=8<. &><C @>73;S=5<> 4>:;04=VH5 AB@C:BC@C F8D@>2>3> 
V=20@V0=BC @515@=>3> 3@0D0 L(G). *8D@>289 V=20@V0=B L(G) є ?>2=8< 
V=20@V0=B>< 3@0D0 G, >A:V;P:8 ?>1C4>20=89 =0 ?V4AB02V B5>@5<8 
�VB=V ?@> V7><>@DV7< 3@0DV2. *8D@>289 V=20@V0=B A:;040єBPAS 7 
=0ABC?=8E <=>68=: <=>68=8 B@V9>:, I> E0@0:B5@87CRBP 
F5=B@0;P=V @>7@V78 3@0D0 G, <=>68=8 V7><5B@8G=8E F8:;V2 3@0D0 G, 
<=>68=8 AC3@0DV2 3@0D0 G 4>268=>R G>B8@8. �0C2068<>, I> 107>2V 
@515@=V @>7@V78 1C4CRBPAS =0 >A=>2V <=>68=8 F5=B@0;P=8E @>7@V7V2. 
 =>68=0 AC3@0DV2 4>268=>R G>B8@8 є G0AB8=0 ?@>AB>@C AC3@0DV2, 
S:0 <>65 1CB8 CB2>@5=0 ;V=V9=>R :><1V=0FVєR AC3@0DV2 
?V4?@>AB>@V2 F8:;V2 V @>7@V7V2 3@0D0. &><C <>6=0 ?@8?CAB8B8, I> 2 
7030;P=><C 28?04:C V=B53@0;P=89 V=20@V0=B є V=H>R D>@<>R 70?8AC 
F8D@>2>3> V=20@V0=BC @515@=>3> 3@0D0. �04;S ?5@52V@:8 
?@8?CI5==S @>73;S=5<> 3@0D8 G3 V G4. �V4<V==VABP 203 @515@ C 



 98 

A?5:B@V @515@=8E @>7@V7V2 284=> 265 =0 5B0?V D>@<C20==S 107>28E 
@515@=8E @>7@V7V2 70 >4=0:>2>3> 7=0G5==S 203 @515@ C A?5:B@V 
@515@=8E F8:;V2. �5:B>@ 203 @515@ @V2=S 1 3@0D0 G3: (4ô 4,8ô 5,8ô
6,8ô 7,2ô 8); 25:B>@ 203 @515@ @V2=S 1 3@0D0 G4:  (4ô 4,8ô 5,9ô 6,6ô
7,3ô 8). *S 2V4<V==VABP V 287=0G0є @V7=8FR 203 @515@ V 25@H8= C 
F8D@>28E V=20@V0=B0E @515@=8E 3@0DV2. �5:B>@ 203 @515@ C 
F8D@>2><C V=20@V0=BV: FeL(G3) = (2ô 4,2ô 5,2ô 6,6ô 7,8ô ô 10,2ô 11,4
ô 12,2ô 13,2ô16); 25:B>@ 203 25@H8= C F8D@>2><C V=20@V0=BV: 
FvL(G3) = (6ô 21,2ô 23,2ô 33,2ô 41,2ô 58,2ô 62); 25:B>@ 203 @515@ C 
F8D@>2><C V=20@V0=BV: FeL(G4) = (2ô 4,2ô 5,2ô 6,7ô 7,6ô 10,2ô 11,4ô
12,3ô 13,2ô16); 25:B>@ 203 25@H8= C F8D@>2><C V=20@V0=BV: FvL(G4) 
= (6ô 21,2ô 23,2ô 33,2ô 38,2ô 61,2ô ô 62). /:I> 28:>@8AB>2C20B8 
0=0;>3VR <V6 F8D@>28< V=20@V0=B>< @515@=>3> 3@0D0 V V=B53@0;P=8< 
V=20@V0=B>< 3@0D0, B> <>6=0 2AB0=>28B8 ABC?V=P CG0ABV 5;5<5=BV2 
A?5:B@0 @515@=8E @>7@V7V2 V 5;5<5=BV2 A?5:B@0 @515@=8E F8:;V2 C 
AB@C:BC@V V=20@V0=BV2. 
"7=0G5==O 4. �=20@V0=B>< @515@=8E @>7@V7V2 3@0D0 IS(G) 

=07820єBPAS A:;04 203 @515@ V 25@H8=, I> 287=0G0RBPAS ?5@H8<8 
42><0 @V2=S<8 A?5:B@0 @515@=8E @>7@V7V2 3@0D0. 
"7=0G5==O 5. �=20@V0=B>< @515@=8E F8:;V2 3@0D0 I%(G) 

=07820єBPAS A:;04 203 @515@ V 25@H8=, I> 287=0G0RBPAS ?5@H8< 
@V2=5< A?5:B@0 @515@=8E F8:;V2 3@0D0. 
� 28I528:;045=>3>, V=B53@0;P=89 V=20@V0=B 3@0D0 <>6=0 

@>73;S40B8 S: ?>2=89 V=20@V0=B 3@0D0. 
 
�VB5@0BC@0 
1. Є<5;VG52 �. �5:FVW 7 B5>@VW 3@0DV2.  . : !0C:0, 1990. 384 A. 
2. �8:>2 �. &5>@VS :V=F528E 3@0DV2. 1990. 384 A. 
3. Kurapov S., Davidovsky M. Computational methods for determining 
graph invariants. INJOIT. 2021. Vol. 9, no. 2. P. 138. 
4. �C@0?>2 %., �0284>2AP:89  . �;3>@8B<VG=V <5B>48 :V=F528E 
48A:@5B=8E AB@C:BC@. �0?>@V66S �!', 2021. 214 c. 
5. %20<V  ., &EC;0AV@0<0= �. �@0D8, <5@56V B0 0;3>@8B<8.  . :  8@, 
1984. 455 A. 
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�" #�$�&��!�� �!���� �$�(�+!�) �����"&�� ��/ 
���'�����*�� �$�(�� 
�@B5< �8B28=5=:> 

!4JVBA4?PA<= GAV69DE<F9F <З4CBDV;P>4 CB?VF9IAV>4= 
COMPARATIVE ANALYSIS OF GRAPH LIBRARIES FOR 

GRAPH VISUALIZATION 

 

Abstract. The author conducted a comparative analysis of modern graphics 
libraries that provide flexibility, convenience and scaling when visualizing 
graphs D3.js, Matplotlib, SFML, Qt Graphics, Graphviz. 

 
�V7C0;V70FVS 40=8E є 206;828< 5B0?>< 0=0;V7C B0 V=B5@?@5B0FVW 

V=D>@<0FVW. "4=VєR 7 ?@>1;5<, 7 S:>R 7CAB@VG0RBPAS 4>A;V4=8:8, є 
281V@ ?@028;P=8E V=AB@C<5=BV2 4;S AB2>@5==S 7>1@065=P =0 >A=>2V 
2EV4=8E 40=8E [1]. #>?5@54=V 4>A;V465==S 1C;8 AD>:CA>20=V =0 
0=0;V7V <5B>4V2 ?>HC:C 72'S7:V2 <V6 5;5<5=B0<8 ?52=>3> =01>@C 
40=8E. !0ABC?=89 :@>: - 281V@ 3@0DVG=>W 1V1;V>B5:8 4;S 7G8BC20==S 
B0 2V7C0;V70FVW 40=8E 70 4>?><>3>R 3@0DV2. �81V@ ?@028;P=>W 
1V1;V>B5:8 є 206;828< :@>:><, >A:V;P:8 2V= 2?;820є =0 5D5:B82=VABP 
B0 S:VABP 2V7C0;V70FVW. ' 40=><C :>=B5:ABV @>73;S40RBPAS ACG0A=V 
3@0DVG=V 1V1;V>B5:8, S:V 70157?5GCRBP 3=CG:VABP, 7@CG=VABP V 
<0AHB01C20==S ?@8 2V7C0;V70FVW 3@0DV2 D3.js, Matplotlib, SFML, Qt 
Graphics, Graphviz.. 

 5B>R @>1>B8 є 0=0;V7 V=AB@C<5=BV2 C 283;S4V 3@0DVG=8E 
1V1;V>B5: 4;S 7G8BC20==S 2EV4=8E 40=8E B0 ?>1C4>28 S:VA=>3> 
7>1@065==S. ' S:>ABV B5AB>28E 2EV4=8E 40=8E 28ABC?0B8<5 
B5:AB>289 D09;, 2A5@548=V S:>3> 715@V30єBPAS <0A82 2EV4=8E 40=8E, 
S:V <0B8<CBP 2 A>1V 2 @>74V;8 40=8E. #5@H8< @>74V;>< 2EV4=8E 
40=8E є A?8A>: 5;5<5=BV2 7 C=V:0;P=8< G8A;>28< V45=B8DV:0B>@>< 
B0 =072>R. %?8A>: 5;5<5=BV2 715@V30B8<5BPAS ?V4 :;RG5< <nodes=. 
�@C389 @>74V; 4 =01V@ V=AB@C:FV9, 70 4>?><>3>R S:8E 1C45 
?>1C4>20=> 729S7:8 <V6 5;5<5=B0<8 B0 715@V30B8<5BPAS ?V4 :;RG5< 
<edges=. �A5@548=V :;RG0 715@V30єBPAS <0A82 40=8E, 2 S:><C >?8A0=V 
?0@8 5;5<5=BV2 4;S 2V4>1@065==S 729S7:V2. ' S:>ABV V45=B8DV:0FVW 
28:>@8AB>2CRBPAS G8A;>2V 7=0G5==S 5;5<5=BV2, S:V >?8A0=V C <0A82V 
<nodes= C ?>;V ?V4 =072>R <id=. "B65, S:I> <0A82 <0є 283;S4 
{"from": 1, "to": 2}, B> F5 >7=0G0B8<5 729S7>: <V6 5;5<5=B0<8 7 
V45=B8DV:0B>@0<8 1 B0 2. �3V4=> 7 >?8A0=>R V=AB@C:FVєR, 2EV4=V 40=V 
<0B8<CBP B0:89 283;S4: 

{ "nodes": [  
  {"id": 1, "label": "Test Node 1"}, 



 100 

  {"id": 2, "label": "Test Node 2"}, 
  ........... 
 ], 
"edges": [ 
  {"from": 1, "to": 2}, 
  {"from": 1, "to": 3}, 
  ............  
]} 
' @>1>BV 1C;> 4>A;V465=> B0 =0;0HB>20=> B0:V 1V1;V>B5:8, S: 

D3.js, Matplotlib, SFML, Qt Graphics, Graphviz. �>6=0 7 1V1;V>B5: 
28<030;0 >:@5<8E =0;0HBC20=P @>1>G>3> A5@54>28I0 G5@57 B5, I> 
:>6=C 1V1;V>B5:C 1C;> @50;V7>20=> @V7=8<8 <>20<8 ?@>3@0<C20==S. 

#5@52038 V =54>;V:8 :>6=>W 7 1V1;V>B5:, <>6=0 C7030;P=8B8: 
1. �V1;V>B5:0 D3.js (@8A.1,0) ?>B@51Cє 107>28E 7=0=P 7 

=0;0HBC20==S 251-A5@25@C G5@57 @50;V70FVR 1V1;V>B5:8 70 
4>?><>3>R <>28 Javascript, S:0 270є<>4Vє ;8H5 7 1@0C75@0<8 [2]. 
!572060RG8 =0 F5, A0<0 1V1;V>B5:0 <0є 7@>7C<V;C 4>:C<5=B0FVR, 45 
>?8A0=V @>7?>2AR465=V 28?04:8 B0 1030B> ?@8:;04V2.  5B>48 4;S 
28:>@8AB0==S B0 ?>1C4>28 7>1@065==S є 4>A8BP ?@>AB8<8 B>6 
1V1;V>B5:0 ?V4V945 4;S ?>G0B:V2FV2. �;5, 20@B> 70C2068B8, I> 40=5 
@VH5==S =5 ?V4V945 4;S 28:>@8AB0==S 7 25;8:8< <0A82>< 2EV4=8E 
40=8E G5@57 >1<565==S =0;0HBC20==S 251-A5@25@C. 

2. �V1;V>B5:0 mathplotlib (@8A.1,b) є 4>2>;V ?>?C;S@=>R 
1V1;V>B5:>R 4;S Python, S:0 70157?5GCє ?@>AB>BC 28:>@8AB0==S B0 
?V4E>48BP 4;S AB2>@5==S A:;04=8E 2V7C0;V70FV9. �;S @>1>B8 
?>B@51Cє 107>28E 7=0=P <>2 Python. &0:>6 <0є 1030B> ?@8:;04V2, S:V 
<>6=0 70?>78G8B8 4;S @50;V70FVW 2;0A=8E V459 [3]. �;5 C 28?04:C 
28:>@8AB0==S 4;S ?>1C4>28 2518:8E 3@0DV2 28=8:0RBP >1<565==S 
C 283;S4V <0AHB01C20==S B0 7@CG=>ABV @>7B0HC20==S 5;5<5=BV2, 
>A>1;82> C 28?04:0E 25;8:>W :V;P:>ABV 5;5<5=BV2. 

 

a)                                                         b) 
$8A.1 3 �9@BAEFD4JVO DB5BF< 5V5?VBF9>< a) D3.js, 

b)mathplotlib 



 101 

3. �V1;V>B5:0 SFML (@8A.2,0)  є ?>BC6=>R 1V1;V>B5:>R, 0465 
2>=0 @50;V7>20=0 <>2>R %++, I> 4>72>;Sє <0:A8<0;P=> 5D5:B82=> 
@>7?>@S460B8AS @5AC@A0<8 :><?9RB5@0. %0<0 1V1;V>B5:0 є V3@>28< 
4283C=><, 0;5 7024S:8 107>2><C =01>@C V=AB@C<5=BV2 B0 =0S2=>ABV 
@50;V7>20=8E DC=:FV9 4S @>1>B8 7 DV3C@0<8 79S2;SєBPAS <>6;82VABP 
AB2>@R20B8 1C4P-S:V 7>1@065==S B0 2V7C0;P=V @VH5==S, >4=8< 7 S:8E 
є 3@0D [4]. &0:>6 A0<0 1V1;V>B5:0 40є ?>2=89 :>=B@>;P 4;S @50;V70FVW 
1C4P-S:8E V459, 0465 ;>3V:0 ?>1C4C20==S ?@>3@0<CєBPAS 2;0A=>@CG 
[5]. &0:>6  45<>=AB@CєBPAS =0S2=VABP >1H8@=>W 4>:C<5=B0FVW B0 
1030B> ?@8:;04V2. �;5, 203><8< <V=CA>< є =5>1EV4=VABP 7=0==S A0<>W 
<>28 %++, S:0 є 4>2>;V A:;04=>R B0 ?@8 =5?@028;P=><C @>7?>4V;5=V 
@5AC@AV2 <>6=0 ?5@520=B068B8 A8AB5<C. &>6, 40=C 1V1;V>B5:C 20@B> 
>18@0B8 ;8H5 4>A2V4G5=8< :>@8ABC20G0<. 

4. �V1;V>B5:0 QtGraphics (@8A.2,b) S2;SєBPAS AE>6>R =0 SFML 
1V1;V>B5:>R, S:0 B0:>6 @50;V7>20=0 70 4>?><>3>R <>28 %++. �>=0 
B0:>6 40є <>6;82VABP @>7?>@S460B8AS @5AC@A0<8 :><?9RB5@0, 0;5 
>4@07C ?VA;S 2AB0=>2;5==S 2 A5@54>28I5 =040є 1V;PH H8@>:89 
A?5:B@ <>6;82>AB59 B0 V=AB@C<5=BV2. �024S:8 ?@>7>@V9 
4>:C<5=B0FVW B0 25;8:V9 :V;P:>ABV ?@8:;042, @>7<VI5=8E =0 
VA=CRG8E @5?>78B>@VSE, 40=0 1V1;V>B5:0 ;53:> 4>72>;Sє @50;V7C20B8 
V45W =02VBP ?>G0B:V2FS< [6,7]. &>6, 40=0 1V1;V>B5:0 є 1V;PH 
C=V25@A0;P=>R, I> @>18BP WW C=V25@A0;P=8< 281>@>< 4;S 4>A;V465=P 
1C4P-S:>W A:;04=>ABV. 
 

 
a)                                                         b) 

$8A.2 3 �9@BAEFD4JVO DB5BF< 5V5?VBF9>< a) QtGraphics, b) 
SFML 

 
5. �V1;V>B5:0 Graphviz (@8A.3) є >4=VєR 7 =09AB0@H8E 1V1;V>B5:, 

0465 2>=0 @50;V7>20=0 <>2>R %. *5 B0:>6 40є <>6;82VABP ?>2=VABR 
:5@C20B8 @5AC@A0<8 ?V4 G0A ?>1C4>28 7>1@065==S. �;5, 206;828< 
<><5=B><, =0 S:89 20@B> 725@=CB8 C203C, I> 40=0 1V1;V>B5:0 
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@>7@0E>20=0 A0<5 =0 ?>1C4>2C 1C4P-S:8E 3@0DV2, B>6 >4@07C ?VA;S 
2AB0=>2;5==S <8 <0є<> 4>ABC? 4> 703>B>2;5=8E 0;3>@8B<V2 
@>7<VI5==S 5;5<5=BV2 3@0DC, 7@CG=V V=AB@C<5=B8 4;S AB2>@5==S 
A0<8E 5;5<5=BV2 3@0DC, ?>G8=0RG8 2V4 D>@<8 5;5<5=BC, 70:V=GCRG8 
45B0;S<8 B0 V=D>@<0FVєR [8]. �@V< FP>3>, Graphviz <0є @S4 1V1;V>B5: 
4;S V=B53@0FVW 7 V=H8<8 <>20<8 ?@>3@0<C20==S, B0:8<8 S: Python, 
Java, B0 C++[9].  

 

$8A.3 3 �9@BAEFD4JVO DB5BF< 5V5?VBF9><  Graphviz 
 
*5 4>72>;Sє 28:>@8AB>2C20B8 Graphviz C @V7=><0=VB=8E 

A5@54>28I0E @>7@>1:8 B0 V=B53@C20B8 9>3> 2 VA=CRGV ?@>є:B8 4;S 
2V7C0;V70FVW 3@0DVG=8E AB@C:BC@, I> @>18BP 40=C 1V1;V>B5:C 
C=V25@A0;P=8< B0 ?>BC6=8< @VH5==S<. 

�024S:8 >B@8<0=8< 7>1@065==S< <>6=0 ?V4AC<C20B8, I> 70 
4>?><>3>R 1C4P-S:>W 1V1;V>B5:8 <>6=0 @50;V7C20B8 ?>1C4>2C 3@0DC 
7 <0;>R :V;P:VABR 5;5<5=BV2 B0 @>7<VAB8B8 2AV 5;5<5=B8 4;S 
7@CG=>3> 7G8BC20==S V=D>@<0FVW. &>6, 281V@ 1V1;V>B5:8 70;568BP 
1V;PH5 2V4 :V;P:>ABV 5;5<5=BV2 3@0DC [10]. /:I> 6 F5, =0?@8:;04, 
=525;8:0 :V;P:VABP 5;5<5=BV2 B0 2 1V1;V>B5FV =5 @50;V7>20=> 
<0AHB01C20==S 01> 7@CG=5 @>7B0HC20==S, B> <>6=0 >1@0B8 D3.js 01> 
mathplotlib. /:I> 6 @>73;S40єBPAS @VH5==S 4;S 25;8:>3> >19є<C 
40=8E, B> 4;S @50;V70FVW =5>1EV4=89 1V;PH89 :>=B@>;P =04 
@5AC@A0<8 B0 1V;PH5 <>6;82>AB59 4;S @>7B0HC20==S 5;5<5=BV2, 
281V@ :>;P>@V2, D>@< B>I>. �;S @50;V70FVW @VH5=P B0:>3> B8?C :@0I5 
A:>@8AB0B8AS 1V1;V>B5:0<8 SFML, QtGraphics 01> Graphviz, :>6=0 7 
S:8E 40є <>6;82VABP @50;V7C20B8 3=CG:5 @VH5==S B0 =040є 
<0:A8<0;P=89 :>=B@>;P. 
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STUDY OF THE INFLUENCE OF INTERRUPTS ON THE 

OCCURRENCE OF ANOMALIES IN PARALLEL ORDERING 

PROBLEMS 

 
Abstract. In parallel ordering problems, anomalies often arise, consisting 

in an unexpected increase in the length of the execution of tasks when the initial 
conditions are improved. This work investigates the effect of interrupts on the 
occurrence of such anomalies and establishes the conditions under which 
enabling interrupts can avoid them. An algorithm of priority dynamic 
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redistribution is proposed, which takes into account the priority of tasks, the 
possibility of interruption, and the dynamic updating of the queue of tasks to 
achieve the minimum length of ordering. 
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METHOD FOR DETECTING AND NEUTRALIZING A BOT 

NETWORK IN A RECOMMENDATION SYSTEM 

 
Abstract. Information attacks on recommendation systems are often carried 

out for marketing purposes to increase the ratings of the attacking party's 
products or to decrease the ratings of competitors' products. Also, attacks on 
recommendation systems may aim to spread informational influence during 
information confrontations, for example, for political purposes. This paper 
proposes a method for detecting and neutralizing a bot network in a 
recommendation system based on graph clustering and user behavior analysis. 
A series of experiments were conducted to investigate the developed method's 
performance, demonstrating its high accuracy. 
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CAV 1>B8 ?>B@0?;SBP 4> >4=>3> 25;8:>3> :;0AB5@C, S:I> 1>B-<5@560 
>4=0, 01> 4> 45:V;P:>E 25;8:8E :;0AB5@V2 3 S:I> 1>B-<5@56 
45:V;P:0; 0CB5=B8G=V :>@8ABC20GV ?>B@0?;SBP C @V7=V :;0AB5@8, 
:>6=89 7 B0:8E :;0AB5@V2 1C45 <VAB8B8 >4=>3> :>@8ABC20G0 01> 
=525;8:C :V;P:VABP :>@8ABC20GV2.  >6;82V 9 28?04:8, :>;8 4> 
:;0AB5@C 7 1>B0<8 ?>B@0?8BP 45S:0 :V;P:VABP 0CB5=B8G=8E 
:>@8ABC20GV2 01> 45S:0 3@C?0 AE>68E <V6 A>1>R B0 0:B82=8E 
0CB5=B8G=8E :>@8ABC20GV2 CB2>@8BP >:@5<89 :;0AB5@ C @07V, S:I> WE 
4VW 7AC=C;8 @59B8=38 45S:8E >19є:BV2. 

�B0? 5. �87=0G0є<> =091V;PHV :;0AB5@8, I> A:;040RBPAS 7 
(Ncr 3 9) :>@8ABC20GV2, 45 Ncr 3 <V=V<0;P=0 :V;P:VABP :>@8ABC20GV2, I> 
<>65 2?;8=CB8 =0 @57C;PB0B8 @>1>B8 @5:><5=40FV9=>W A8AB5<8 
(70;568BP 2V4 ?0@0<5B@V2 :>=:@5B=>W A8AB5<8), 9 3 ?@81;87=5 
7=0G5==S ?>E81:8 ?@8 @>74V;5==V ?@>DV;V2 :>@8ABC20GV2 =0 
:;0AB5@8. &0:89 :;0AB5@ (01> :;0AB5@8) 22060є<> <>6;82>R 1>B-
<5@565R (1>B-<5@560<8). ' :>@8ABC20GV2, I> =5 ?>B@0?;SRBP 4> 
40=8E :;0AB5@V2 ?@818@0є<> @51@0 7 <VB:>R :BotNet. �>@8ABC20GV2, 
I> ?>B@0?8;8 4> ?V43@0DC BotNet B@510 4>40B:>2> ?5@52V@8B8, 
?@>0=0;V7C202H8 AB0B8AB8G=V E0@0:B5@8AB8:8 WE ?@>DV;V2, =0?@., 70 
4>?><>3>R 70?@>?>=>20=>3> C ?>?5@54=P><C @>74V;V A?>A>1C 7 
28:>@8AB0==S< =59@>==8E <5@56 [20]. &0:>6 4;S 4>40B:>2>W 
?5@52V@:8 ?@>DV;V2 7 ?V43@0DC BotNet <>6=0 74V9A=8B8 ?>HC: C =8E 
?52=8E E0@0:B5@=8E 4;S 1>BV2 >7=0:, =0?@., ?>30=> 70?>2=5=8E 
0=:5B=8E 40=8E 01> =04728G09=> 28A>:>W 0:B82=>ABV (E0@0:B5@=V 
>A>1;82>ABV 1>BV2 70;560BP 2V4 :>=:@5B=>W A8AB5<8 V <>6CBP AB020B8 
2V4><8<8 2 ?@>F5AV 71>@C AB0B8AB8G=8E 40=8E ?V4 G0A WW @>1>B8). 
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"4=8<8 7 7030;P=8E >7=0: 1>BV2 4;S 1030BP>E A8AB5< <>6CBP 1CB8: 
2V4<V==VABP 7=0G5==S 48A?5@AVW >FV=>: B0 48A?5@AVW G0A>28E 
V=B5@20;V2 <V6 28AB02;5==S<8 >FV=>: C ?@>DV;SE 1>BV2 2V4 
A5@54=P>AB0B8AB8G=8E 7=0G5=P 2V4?>2V4=8E 48A?5@AV9 C ?@>DV;SE 
:>@8ABC20GV2 A8AB5<8. �;S :>=:@5B=>W A8AB5<8 >7=0:0<8 1>BV2 
<>6CBP 1CB8: >A>1;82>ABV @5єAB@0FVW ?@>DV;R, >A>1;82>ABV 
=0?>2=5==S ?@>DV;R >A>18AB>R V=D>@<0FVєR, AB8;P =0?8A0==S B0 
7<VAB :><5=B0@V2, A?8A>: 4@C7V2 :>@8ABC20G0 B>I>. #VA;S ?5@52V@:8 
AB0B8AB8G=8E 40=8E >:@5<8E ?@>DV;V2 :>@8ABC20GV2, S:V ?>B@0?8;8 
C ?V43@0D BotNet, B@510 9>3> A:>@5:BC20B8, 2840;82H8 7 =P>3> 
:>@8ABC20GV2, @>7?V7=0=8E 70 AB0B8AB8G=8<8 40=8<8 S: 0CB5=B8G=V. 
/:I> є :;0AB5@, C S:><C 2AV :>@8ABC20GV 287=0=V 02B5=B8G=8<8 3 
A;V4 ?5@5AB0B8 22060B8 9>3> 1>B-<5@565R. 

�B0? 6. �>@5:BCє<> <=>68=C G ?VA;S 0=0;V7C >FV=>: 
:>@8ABC20GV2 7 ?V43@0DC BotNet. #5@52V@Sє<>, S:8< >19є:B0< 
:>@8ABC20GV 7 1>B-<5@56V  A:>>@48=>20=> 28AB02;S;8 FV;P>2V >FV=:8. 
�840;Sє<> 7 G >19є:B8, S:V =5 >45@6C20;8 27030;V 01> >45@60;8 
=57=0G=89 ?@>F5=B FV;P>28E >FV=>: 2V4 :>@8ABC20GV2, 
V45=B8DV:>20=8E S: 1>B8. �>40є<> 4> <=>68=8 G >19є:B8, S:V 
>45@60;8 FV;P>2V >FV=:8 2V4 CAVE (01> 25;8:>3> ?@>F5=BC) 1>BV2. 

�C;> ?@>2545=> A5@VR 5:A?5@8<5=BV2 4;S B5ABC20==S 
@>7@>1;5=>3> <5B>4C. !01>@8 40=8E 4;S 5:A?5@8<5=BV2 
35=5@C20;8AS C @>7@>1;5=V9 ?@>3@0<=V9 V<VB0FV9=V9 <>45;V 
@5:><5=40FV9=>W A8AB5<8 [21]. (>@<0B B0 AB0B8AB8G=V >A>1;82>ABV 
40=8E 35=5@C20;8AS <0:A8<0;P=> =01;865=8<8 4> 2V4?>2V4=8E 
E0@0:B5@8AB8: 2V4:@8B>3> =01>@C 40=8E MovieLens Datasets [22]. 
�B0:8 <>45;R20;8AS 70 4>?><>3>R ?>?C;S@=>W, 28?04:>2>W B0 
A5@54=P>W <>45;59 0B0: [3, 10]. ' S:>ABV 0;3>@8B<C 3@0D>2>W 
:;0AB5@870FVW 28:>@8AB>2C202AS 0;3>@8B< Label Propagation. 

' ?@>2545=V9 A5@VW 5:A?5@8<5=BV2 1C;> 735=5@>20=> 10% 1>BV2, 
CAV V=HV :>@8ABC20GV A8AB5<8 3 0CB5=B8G=V. ' @V7=8E 5:A?5@8<5=B0E 
C 1>BV2 1C;0 @V7=0 :V;P:VABP FV;59 4;S 0B0:8: 1, 5, 10, 15, 20, 25, 30, 
35, 40 B0 45 FV;59. &0:>6 A5@54 0CB5=B8G=8E :>@8ABC20GV2 1C;> 
735=5@>20=> 20% ?@>DV;V2 7 28A>:8< @V2=5< 0:B82=>ABV C 
@5:><5=40FV9=V9 A8AB5<V, S:V 28AB02;S;8 7=0G=> 1V;PH5 >FV=>:, =V6 
A5@54=P>AB0B8AB8G=V :>@8ABC20GV. "19є:B8 A8AB5<8 1C;8 
735=5@>20=V B0:8< G8=><, I>1 2V4=>A8B8AS 70 A2>W<8 2;0AB82>ABS<8 
4> >4=>3> 7 19 :;0AB5@V2. �;3>@8B< ?>HC:C 1>BV2 4;S 4>A;V46C20=>W 
@5:><5=40FV9=>W A8AB5<8 <02 =0ABC?=V ?0@0<5B@8:  

3 q = 0.05 3 B>1B>, :>@8ABC20G 28AB0282 FV;P>2V >FV=:8 =5 <5=H5 
5% >19є:BV2, S:V 287=0G5=V ?V4A8AB5<>R V=D>@<0FV9=>W 157?5:8 S: 
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9<>2V@=V FV;V 0B0:8. #>@>3>25 7=0G5==S =525;8:5, B><C I> =52V4><> 
=0A:V;P:8 2V@=> @>7?V7=0=V FV;V 0B0:8, <>6;82> B0< 1030B> >19є:BV2, 
C S:8E 7<V=8;8AS @59B8=38 ?@8@>4=V< G8=><. 

3 �V4AVR20==S ?@>DV;V2 :>@8ABC20GV2 7 ?V43@0DC BotNet 
74V9A=RєBPAS =0 >A=>2V 7=0G5=P 48A?5@AVW >FV=>: B0 48A?5@AVW 
G0A>28E V=B5@20;V2 <V6 28AB02;5==S< >FV=>:. �CB5=B8G=8<8 
:>@8ABC20G0<8, S:V ?><8;:>2> ?>B@0?8;8 4> ?V43@0DC BotNet, 
22060RBPAS B0:V, 40=V 7 ?@>DV;V2 S:8E 2V4?>2V40RBP ?@028;C: 

|Dr 3 Dr,avr| < 0.15 AND (Dt,r  > 72 AND Dt,r < 600), 
45 Dr 3 48A?5@AVS >FV=>: C ?@>DV;V :>@8ABC20G0, Dr,avr 3 CAVG5=5 
A5@54=є 48A?5@AVW >FV=>: C ?@>DV;V :>@8ABC20GV2 A8AB5<8 
(2V4AV:0;>AS 30% :@09=VE 7=0G5=P, B>1B>, 3@0=8G=> <>6;8289 
?@>F5=B 1>BV2 C @>73;S4C20=V9 A8AB5<V), Dt,r 3 48A?5@AVS G0A>28E 
V=B5@20;V2 <V6 28AB02;5==S<8 >FV=>:. &>1B>, 48A?5@AVS >FV=>: C 
?@>DV;SE 0CB5=B8G=8E :>@8ABC20GV2 =5ACBBє2> 2V4@V7=SєBPAS 2V4 
A5@54=P>AB0B8AB8G=>W 48A?5@AVW (0B0:CRG89 A8AB5<C F5 7=0G5==S 
7=0B8 =5 <>65, 2V= <>65 ;8H5 ?@81;87=> 9>3> >FV=8B8, B><C =5 
<>65 2V@=> 2V4B2>@8B8 40=C E0@0:B5@8AB8:C ?@8 AB2>@5==V ?@>DV;V2 
1>BV2). � ?5@52V@:0 48A?5@AVW  G0A>28E V=B5@20;V2 <V6 28AB02;5==S<8 
>FV=>: <0є =0ABC?=89 A5=A 3 A;V4 22060B8 ?V4>7@V;8<8 :>@8ABC20GV2, 
S:V @>1;SBP 70=04B> >4=0:>2V 01> 70=04B> @V7=V V=B5@20;8 <V6 
28AB02;5==S<8 >FV=>:, 2 B>9 65 G0A 48A?5@AVS G0A>28E ?@><V6:V2 
<V6 28AB02;5==S<8 >FV=>: C 02B5=B8G=8E :>@8ABC20GV2 7=0E>4SBPAS, 
S: ?@028;>, 2 ?52=><C 4V0?07>=V 7=0G5=P. 

�;S >FV=:8 S:>ABV @>1>B8 @>7@>1;5=>3> <5B>4C 1C;> >1@0=> 
=0ABC?=V <5B@8:8: 

3 &>G=VABP (Precision): 
 ĆĈăāÿĉÿąĄ = ýĆýĆ+ĄĆ, (2) 

45 tp 3 ?@028;P=> 28S2;5=89 1>B; fp 3 0CB5=B8G=89 :>@8ABC20G 
=52V@=> V45=B8DV:>20=89 S: 1>B. 

3 #>2=>B0 (Recall, Sensitivity): 
 recall = ýĆýĆ+ĄĄ, (3) 

45 tp 3 ?@028;P=> 28S2;5=89 1>B; fn 3 1>B, S:89 =52V@=> 
V45=B8DV:>20=89 S: 0CB5=B8G=89 :>@8ABC20G. 

3 %5@54=P>:204@0B8G=0 ?><8;:0 (RMSE): 
 RMSE = ∑ (Ă̂ÿ2Ăÿ)ĄĄÿ=1 , (4) 

/: ?>:070;0 A5@VS 5:A?5@8<5=BV2 7 B01;. 6.4, B>G=VABP 
@>7?V7=020==S 1>BV2 @>7@>1;5=8< <5B>4>< 2 A5@54=P><C AB0=>28BP 
0.72 4;S 28?04:>2>W 0B0:8, 0.81 4;S A5@54=P>W 0B0:8, 0 B0:>6 0.71 4;S 
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?>?C;S@=>W 0B0:8. &0:>6 1C;> 1V;PH 45B0;P=> 4>A;V465=> B>G=VABP 
@>7?V7=020==S 1>BV2 @>7@>1;5=8< <5B>4>< 4;S ?>?C;S@=>W <>45;V 
0B0:8. !093V@HV @57C;PB0B8 >45@6C20;8AS, :>;8 FV;P 4;S 0B0:8 1>BV2 
1C;0 >4=0, B>4V B>G=VABP @>7@>1;5=>3> <5B>4C ?040;0 4> 0.57 C 
A5@54=P><C. !0928I0 B>G=VABP A?>AB5@V30;0AS, :>;8 FV;59 0B0: 1C;> 
25-30 HB., 2 B0:><C @07V 2>=0 AS30;0 7=0G5==S 0.78. #@8 240;V9 0B0FV 
1>BV2, I> 7AC=C;0 @59B8=38 FV;P>28E >19є:BV2, =0S2=VABP 1>B-<5@56V 
B0 7=0G=89 ?@>F5=B 1>BV2 7 =5W 702648 1C;> 28S2;5=>. 
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RESEARCH ON METHODS OF USING ARTIFICIAL 

INTELLIGENCE IN CYBERSECURITY 

 
Abstract. This paper examines the use of artificial intelligence (AI) in 

cybersecurity, highlighting its advantages and disadvantages. It describes the 
most popular applications of AI in cybersecurity and outlines drawbacks 
associated with its use. The research includes a review of AI's capabilities in 
detecting unknown threats, managing large data volumes, and improving overall 
security, providing a comprehensive overview of AI 's impact on cybersecurity. 
Additionally, the paper underscores the importance of addressing the ethical and 
legal considerations involved in deploying AI technologies. 
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SOME PROPERTIES OF PLANAR SUBGRAPHS OF THE 
GRAPHS -OBSTRUCTIONS WITH LIMITED NONORIENTABLE 

GENUS. 
 

Abstract. The task will be to study the structural properties of graphs 
- obstructions G  of an  nonorientable limited genus )(G , presented as the 

φ-image of a planar graph 1G  with a given set of points ||
111
1}{ X

jjx% ==  and 

a simple star )( 0xSt  with a set of hanging vertices   ||
122
2}{ X

jjx% == , when 

identifying pairs of points from sets of joining points ),( 21 jj xx  ,  

||,..,2,1 ij ó= , where by a point we mean either a vertex or an arbitrary point 

of the edge of the graph G . For sets of connection points 
ió with a given 

reachability number  it  , 1óit , which is equal to the smallest number of 

the faces on the borders of which all points of the set
ió  are located,  and  

known characteristic  )( iXñ  are used, and two new cells distances of a 

given set of points X and the minimum of a planar graph with respect to 
a given cells distance are determined distances of the set of points X. The 
main result is Theorems 1 and 2.  
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 122 

4) 25@H8=8 F8:;V2 21, zz  A:;040RBP <=>68=C   B0 ?0@8 25@H8=
),( 21 vv  F8:;V2 21, zz , 2V4?>2V4=>, I> 79є4=0=V @51@><, =0;560BP 

?@>AB8< F8:;0< 4>268=8 =5 1V;PH5 5. 
2. /:I>  <=>68=C   @>718B> =0 1−t  =5?>@>6=VE G0AB8= 1� , 

i� , j� , 45 ö=÷ ji ��  ,  2)( 1 =ø iG MMD  4;S 2AVE, tMtG =)( , 2þt , 

B> 3@0D G є φ->1@07>< k  :>?V9,  ?@8=09<=V 42>E 3@0DV2 i�1 , j�1 , 

V7><>@D=8E >4=><C 7 ?5@H8E 6-B8 3@0DV2 i�1 , ),( 11 ii ��G� = , 

=02545=8E =0 @8A. 2, B0 7040=8< =0 ?0@V ?@>AB8E ;0=FR3V2 
i�L

1
, 

j�L
1

 

3@0DV2 i�1 , j�1 , 45 ji ü , kji ,...2,1, = , tk ó .   

�>2545==S B25@465==S 1 . !5E09 28:>=CRBPAS C<>28 B5>@5<8 
1. #>:065<>, I> 3@0D G V7><>@D=89 >4=><C 7 ?5@H8E 6-B8 3@0DV2, 
B>1B> є 01> :V;PF5< 7 42><0 7>2=VH=V< B0 2=CB@VH=V< F8:;0<8, 01> 
:;VB:>28< ;0=FR3>< 7 42><0 :V=F528<8 =528@>465=8<8 ?@>AB8<8 
F8:;0<8 іz , ö=÷ 21 zz , 7 4>268=0<8 )( іzl , 45 3)()( 21 óó zlzl , I> 
704>2>;P=SRBP >4=V9 7 C<>2 0),..3).  
 

 

$8A 1. !0 ?5@H8E H5AB8 :0@B0E є ?;>I8==V ?V43@0D8 3@0DV2 �7, %3, 
%4, D2, K1,2,2,2, K7\C4, K4,5\4K2 , 2V4?>2V4=>, 7 284V;5=8<8 68@=8< 

25@H8=0<8 V7 <=>68=   7 :;VB:>2>R 2V4AB0==R 2; ?VA;S ?@8є4=0==S 4> 
=8E 28ASG8E 25@H8=8 ?@>AB>W 7V@:8 >B@8<0є<> 73040=V 28I5 3@0D8. !0 
4@C3><C @S4C ?5@H0 :0@B0 1-?V4@>74V;5=89 3@0D �4 є ?V43@0D>< E2,, <0є 
<=>68=C   7 B>G>: 1-?V4@>74V;5==S @515@, 45 )1()3( =ù= ñt , 40;V B@8 3-

:;VB:>2> <V=V<0;P=V B0 >48= 4-:;VB:>2> <V=V<0;P=89 3@0D 



 123 

�>2545<>, I> >18420 F8:;8 3@0D0 G =5 <>6CBP 1CB8 4>268=>R 
1V;PH5 6. #@8?CAB8<> I> >48= 7 42>E ?@>AB8E F8:;V2 іz  <0є 
4>268=C 1V;PH5 6. &>4V =0 =P><C <0є 1CB8 =5 <5=H5 G>B8@P>E 
5;5<5=BV2 <=>68=8 M B0, ?@8=09<=V, G>B8@8 25@H8=8 7 MG \0 . 
"A:V;P:8 2)( =MtG , B> =0 :>6=><C іz  <0є 1CB8 I>=09<5=H5 ?> 
>4=><C 5;5<5=BC іv  <=>68=8  . �840;8<> 1v  B0 @>73;S=5<> F8:;8 
=0 S:8E @>7<VI5=> <=>68=C 1\ v� .  �3V4=> C<>28 ACBBє2>ABV >?5@0FVW 
2840;5==S 7 <=>68=8 2V4=>A=> :;VB:>2>W 2V4AB0=V )(MDG , dMDG =)( ,

2=d , <0B8<5<> <=>68=C 1\ v�  @>7<VI5=C =0 42>E ?@>AB8E F8:;0E 
4>268=>R, ?@8=09<=V 3, B0 >4=VєR A?V;P=>R 25@H8=>R. "B65, 01> 
F8:; іz  <VAB8BP B@8 5;5<5=B8 <=>68=8M V =5 1V;PH5, 01> <VAB8BP  
@51@> ),( wvu =  7 42><0 :V=F528<8 25@H8=0<8 AB5?5=V 2 7 <=>68=8 
 , S:5 є =5ACBBє28< ?@8 >?5@0FVW AB8A:0==S 2 B>G:C. "18420 28?04:8 
AC?5@5G0BP C<>2V <V=V<0;P=>ABV <=>68=8   2V4=>A=> )(MDG , 01> 
C<>2V <V=V<0;P=>ABV <=>68=8 @515@ 2V4=>A=> )(MDG . #@8?CI5==S 
=5<>6;825. &8< A0<8< 4>2545=>, I> >48= F8:; <0є 4>268=C 6, 0 
V=H89 4>268=C 3 B0 <VABSBP ?> B@8 5;5<5=B8 <=>68=8  .   
&25@465==S 1 4>2545=5. 

Т9BD9@а 2. !5E09 ?;>I8==89 3@0D G  - <V=V<0;P=89 2V4=>A=> 
:;VB:>2>W 4>268=8 2 ?V43@0D>< 3@0D0->1AB@C:FVW ?@>5:B82=>W 
?;>I8=8 B0 7040=> 9>3> ?V4<=>68=C B>G>: M  7 ACBBє28E 25@H8= 
2V4=>A=> G8A5; )(MDG  V tMtG =)( , 45 2=t , 2)( =MDG , ?@8 >?5@0FVW 
2840;5==S B>G:8 7 <=>68=8 M . /:I> 7040=> ú -?5@5B2>@5==S  
3@0D0 G  B0 :207V7V@:8 )(HSG  7 F5=B@><-3@0D>< H , �  - F5=B@ 

:207V7V@:8 3><5><>@D=89 >4=><C 7 3@0DV2 <=>68=8 },\,,{ 543.,2 rKeKKК , 

1ór ,  =0ABC?=8< G8=><: 

)}{,())(),((: ||
1

||

1

M
iii

M

i
i aDga�StG =

ú

"=
ø³++ õú , 45 <=>68=0 M , 

||
1}{ M

iiaM == , B>G>: <0є E0@0:B5@8AB8:8 2=t , 0=ñ , :207V7V@:0 )(�St  V7 

<=>68=>R 28ASG8E 25@H8= ||
1}{ M

iig = , B>4V <0RBP <VAF5 =0ABC?=V 
A?V22V4=>H5==S: 

1. /:I> 1=r , ( 2=t , 0=ñ ) G8 ( 3=t , 1=ñ ), B> 3@0D D! є 
3@0D><3>1AB@C:FVєR 4;S ?@>5:B82=>W ?;>I8=8, ?@8G><C >1@078 
?0@8 28ASG8E @515@ :207V7V@:8 =5 ?>@>46CRBP ?V43@0DV2 



 124 

3><5><>@D=8E 3@0DC 4K  7 42><0 2840;5=8<8 =5AC<V6=8<8 
@51@0<8;  

2. /:I> 3@0D D! є 3@0D><3>1AB@C:FVєR 4;S ?>25@E=V �;59=0, 
B> >1@078 ?0@ 28ASG8E @515@ :207V7V@:8 ?>@>46CRBP =5 1V;PH5 42>E 
@V7=8E ?V43@0DV2 3><5><>@D=8E 4K  B0 <>6CBP 1CB8 =5ACBBє28<8 
2V4=>A=> @>4C ?@8 >?5@0FVW ABS3C20==S 28ASG8E @515@ 2 B>G:C; 

3. /:I> 70<V=8B8 2 A?V22V4=>H5==V 1 @V2=VABP 4;S t =0 3=t , B> 
3@0D D! <0B8<5 =5>@Vє=B>20=89 @V4 =5 <5=H5 4, ?@8G><C φ->1@078 
?0@8 28ASG8E @515@ :207V7V@:8 ?>@>46CRBP =5 1V;PH5 B@P>E 
?V43@0DV2 3><5><>@D=8E 4K  . 

�>2545==S. !5E09 28:>=CRBPAS C<>28 B25@465==S 5 B0 
A?V22V4=>H5==S 1. #>:065<> 28:>=0==S C<>28 ACBBє2>ABV ?@8 
>?5@0FVW 2840;5==S :>6=>3> @51@0  u  3@0D0 D�  2V4=>A=> 
=5>@Vє=B>20=>3> @>4C 2.  >6;82V =0ABC?=V B@8 28?04:8:  

1. 1Guþ ; 2. 1Huþ ; 3. 11 \)( HHStuþ .  

!5E09 <0є <VAF5 28?04>: 1. �840;82H8 @51@> <0B8<5<> 73V4=> 
C<>28 ACBBє2>ABV <=>68=8   2V4=>A=> G8A;0 :;VB:>2>W 2V4AB0=V 

)(MDG  <0B8<5<> 7<5=H5==S =0 1 FP>3> G8A;0. &>4V <0B8<5<> 
<>6;82VABP B0:>3> 2:;045==S 3@0D0 G  2 ?;>I8=C 7 <5=H8< =0 1 
G8A;>< ?@8:;5є=8E ;5=B  51VCA0 S:5 @>7<VIC20B8<5 <=>68=C   =0 
3@0=8FV >4=VєW ?A524>:;VB:8, 2 S:C 2:;045<> :207V7V@:C )(�St . 

 

 
 

$8A.2. !0 ?5@H8E G>B8@P>E :0@B0E =02545=V ?@8:;048 ?@>B>B8?V2 3-
729S7=8E 3@0DV2 >1AB@C:FV9 =5>@Vє=B>20=>3> @>4C 3 =0 5-9 :0@BV 3@0D =5 3-

729S7=89. 



 125 

 
$8A.3. #@8:;048 n-729S7=8E ?@>B>B8?V2 3@0DV2->1AB@C:FV9 

=5>@Vє=B>20=>3> @>4C 3, n>2. B 4@C3><C @S4C =02545=V <V=>@8 ?>25@E=V 
�;59=0. 

 
�<EAB6B>. "B@8<0=> <0B5<0B8G=5 70157?5G5==S 4;S 0;3>@8B<V2 

?>1C4>28 <V=>@V2  4;S ?>25@E=V 7040=>3> =5>@Vє=B>20=>3> @>4C 
1V;PH5 2 H;SE>< φ-?5@5B2>@5==S ?0@8: 

1. ?;>I8==8E 3@0DV2 <V=V<0;P=8E 7 7040=>R :;VB:>2>R 
4>268=>R ?52=>W <=>68=8 B>G>: B0 7V@:8,  

2. 3-<V=V<0;P=8E ?;>I8==8E 7 <=>68=>R 2AVE 25@H8= B0 
28ASG8E 25@H8=: 207V7V@>: 7 F5=B@>< �4 G8 �2,3. 

 
�VB5@0BC@0 

1. )><5=:>  . #. ú-?5p5B2>p5==S 3p0Di2. #p5?p8=B �  �H'. 
�852. 1973. 383 A. 

2. )><5=:>  . #. &>?>;>38G5A:85 0A?5:BO B5>@88 3@0D>2. 
#p5?p8=B �  �H'. �852. 1970. 299 c. 

3. Mohar B., Thomassen C. Graphs on Surfaces. Johns Hopkins 
University Press, 2001. 412 p. 
https://www.sfu.ca/~mohar/Book.html 

4. Hur S. &he �uratowski covering conjecture for graphs of order less 
than 10. Phd, Ohio State University, 2008.  
http://rave.ohiolink.edu/etdc/view?acc_num=osu1209141894 

https://www.sfu.ca/~mohar/Book.html
http://rave.ohiolink.edu/etdc/view?acc_num=osu1209141894


 126 

5. Archdeacon D., Huneke P. A Kuratowski Theorem for Nonorientable 
Surfaces. Journal of combinatorial theory, Series B. 1989. 46. P. 
1733231. 

6. #5B@5=R: �.�. #@> AB@C:BC@C ?;>I8==8E ?V43@0DV2 3@0DV2-
>1AB@C:FV9 =5>@Vє=B>20=>W ?>25@E=V 7040=>3> @>4C. (V;<>B 
@4F9@4F<KA9 @B89?N64AAO F4 VAHBD@4JV=AV F9IAB?B7VW. 2021. 
№ 33. C. 1053109. Google Scholar. 

7. Anna Flȍtotto. Embeddability of graphs into the Klein surface. 
Dissertation, University Bielefeld, 2010, -174 pp. 

8. P.Skoda. Obstructions for embedding graphs into surfaces, Simon 
Frazer University, PhD dissertation, 2012.-133 @. 

9. Bienstock D., Dean N. On obstructions to small face covers in planar 
graphs, J. Combin. Theory Ser. B. 1992. 55. P. 1633189. 
https://doi.org/10.1016/0095-8956%2892%2990040-5 

10. Bienstock D., Monma C.L. On the complexity of covering vertices 
by faces in a planar graph. SIAM J. Comput. 1988. 17. P. 53376. 
https://doi.org/10.1137/0217004 

11. Mohar B. Face Covers and the Genus Problem for Apex Graphs. 
Journal of Combinatorial Theory, Series B. 2001. 82. P. 1023117. 
https://doi.org/10.1006.jctb.2000.2026 

12. Mohar B. Apex graphs with embeddings of face-width three. 
Discrete Mathematics. 1997. 176. P. 2033210. 
https://doi.org/10.1016/S0012-365X(96)00363-9 

[1] 13. �.�. #5B@5=R:, �.�. #5B@5=R:, ".�. "@8H0:0. 
%B@C:BC@0 ?@>5:B82=> ?;>I8==8E ?V43@0DV2 3@0DV2->1AB@C:FV9 
7040=>W ?>25@E=V. �V15@=5B8:0 B0 :><?'RB5@=V B5E=>;>3VW. 2022, № 
2. %. 1-20 DOI:10.34229/2707-451X.22.2.0 

[2] 14. �.�. #5B@5=R:, �.�. #5B@5=R:. #@> 0;3>@8B< 
?>1C4>28 2-729S7=8E <V=>@V2 ?>25@E=V �;59=0. (V78:>-
<0B5<0B8G=5 <>45;R20==S B0 =D>@<0FV9=V 5E=>;>3VW, № 37 
(2023): 72-74. 
http://www.fmmit.lviv.ua/index.php/fmmit/article/view/308 

[3] 15. Edwin R. van Dam, Jack H. Koolen, Hajime Tanaka. 
Distance-regular graphs, E-JC, DS22: Apr 15, 2016, 
https://www.combinatorics.org/ojs/index.php/eljc/issue/view/Surveys
. 

[4] 16. Bojan Mohar, Petr Škoda Excluded minors for the 
Klein bottle I. Low connectivity case, Journal of Combinatoria  
Theory, Series B, Volume 164,  January 2024, Pages 299-320. 
https://doi.org/10.1016/j.jctb.2023.10.002 

https://scholar.google.com/citations?view_op=view_citation&hl=ru&user=UkLDQI4AAAAJ&citation_for_view=UkLDQI4AAAAJ:cFHS6HbyZ2cC
https://doi.org/10.1016/0095-8956%2892%2990040-5
https://doi.org/10.1137/0217004
https://doi.org/10.1006.jctb.2000.2026
https://doi.org/10.1016/S0012-365X(96)00363-9
https://doi.org/10.34229/2707-451X.22.2
http://www.fmmit.lviv.ua/index.php/fmmit/issue/view/35
http://www.fmmit.lviv.ua/index.php/fmmit/issue/view/35
http://www.fmmit.lviv.ua/index.php/fmmit/article/view/308
https://www.combinatorics.org/ojs/index.php/eljc/issue/view/Surveys
https://www.combinatorics.org/ojs/index.php/eljc/issue/view/Surveys
https://www.sciencedirect.com/author/24480096600/bojan-mohar
file:///E:/DOC/2024/ІК%20НАНУ/Theory,%20Series%20B
file:///E:/DOC/2024/ІК%20НАНУ/Theory,%20Series%20B
https://www.sciencedirect.com/journal/journal-of-combinatorial-theory-series-b/vol/164/suppl/C
https://doi.org/10.1016/j.jctb.2023.10.002


 127 

[5] 17. Bojan Mohar, Petr Škoda Excluded minors for the 
Klein bottle �I. Low connectivity case, Journal of Combinatoria  
Theory, Series B, Volume 166, May 2024, Pages 80-108. 
https://doi.org/10.1016/j.jctb.2023.12.006 

 
 
 

T-D0:B>@870FVO ?>2=>3> 3@0D0 B0 3@0FV>7=VABь 45@52 
#5B@5=R: �.�. 

dmytrotheukrainian@ukr.net 
ІAEF<FGF >V59DA9F<>< V@. �. . �?GL>B64 !�! '>D4WA< 
 

$>7:;048 3@0DV2 <0RBP 25;8:C :V;P:VABP @V7=><0=VB=8E 
70AB>AC20=P, S:0 =5CE8;P=> 7@>AB0є. %5@54 B0:8E 70AB>AC20=P 
>@B>3>=0;P=V >?B8G=V :>48, A8=E@>==89 :@0B=89 4>ABC? 4> :0=0;V2, 
3@C?>25 B5ABC20==S B0 AC?5@?>78FV9=V :>48, 0CB5=B8DV:0FV9=V :>48, 
?@C6=V B0 :>@5;SFV9=>-70E8A=V DC=:FVW, AE5<8 :0=0;V2 B0 <5@56V 
729S7:C, B5ABC20==S ?@>3@0<=>3> 70157?5G5==S, @>7<VB:0 48A:V2 B0 
=0=5A5==S 4>@V6>:. "4=8< 7 206;828E @V7=>284V2 @>7:;04V2 3@0DV2 
є T-D0:B>@870FVS ?>2=>3> 3@0D0, BVA=89 729S7>: S:>W 7 ?>?C;S@=>R C 
<0B5<0B8G=8E :>;0E B0 2A5 I5 2V4:@8B>R 3V?>B57>R ?@> 3@0FV>7=VABP 
45@52 @>18BP F59 284 @>7:;04V2 >A>1;82> FV:028<. 

T-D0:B>@870FVO ?>2=>3> 3@0D0 
$B;>?48B@ 3@0DC H =0 ?V43@0D8 7 40=>3> AV<59AB20 G={g1, g2, 

&, gk}, 01> (H, G)-DB;>?48B@, =07820RBP @>718BBS <=>68=8 @515@ 
3@0DC H =0 ?V43@0D8 (>B@CBA9AF< DB;>?48G), :>65= 7 S:8E 
V7><>@D=89 >4=><C 7 5;5<5=BV2 <=>68=8 G. #V43@0D G1 =07820RBP 
H4>FBDB@ 3@0DC G, S:I> <=>68=0 25@H8= ?V43@0DC G1 A?V2?040є 7 
<=>68=>R 25@H8= 3@0DC G. (4>FBD<;4JVєN 3@0DC =07820RBP B0:89 
@>7:;04 FP>3> 3@0DC, :><?>=5=B0<8 S:>3> є D0:B>@8  3@0DC H. 
(0:B>@870FVR, 2AV :><?>=5=B8 S:>W V7><>@D=V 45@52C T, =07820RBP 
T-H4>FBD<;4JVєN [1]. 

"4=8< 7 <5B>4V2 ?>1C4>28 T-D0:B>@870FV9 є CV6B59DFB6<= 
@9FB8. T-D0:B>@870FVW, >B@8<0=V 7 9>3> 4>?><>3>R, B0:>6 
=07820RBP ?V2>15@B>28<8. �:070=89 <5B>4 70AB>A>2CєBPAS 4;S B0: 
720=8E ?V2A8<5B@8G=8E 45@52. #V6E<@9FD<KA9 89D96B [1] <VAB8BP 
F5=B@0;P=5 @51@>, ?VA;S 28;CG5===S S:>3> 2>=> @>7?040єBPAS =0 42V 
V7><>@D=8E :><?>=5=B8 (E<@9FD<KAV CB?B6<A<). %8<5B@8G=V 
?>;>28=8 S2;SRBP A>1>R :>@5=52V 45@520, :>@5=V S:8E 3 :V=FV 
F5=B@0;P=>3> @51@0 2V4?>2V4=>3> ?V2A8<5B@8G=>3> 45@520. 

https://www.sciencedirect.com/author/24480096600/bojan-mohar
file:///E:/DOC/2024/ІК%20НАНУ/Theory,%20Series%20B
file:///E:/DOC/2024/ІК%20НАНУ/Theory,%20Series%20B
https://www.sciencedirect.com/journal/journal-of-combinatorial-theory-series-b/vol/166/suppl/C
https://doi.org/10.1016/j.jctb.2023.12.006


 128 

�;S ?>1C4>28 T-D0:B>@870FVW 28:>@8AB>2CєBPAS H01;>=, S:89 
S2;Sє A>1>R :>;>, @>718B5 n=2k B>G:0<8 =0 @V2=V 4C38 (=0725<> FV 
4C38 9?9@9AF4DA<@<). &>G:8 ?>4V;C ?>7=0G0RBP 0, 1, &, n–1. 
#V2A8<5B@8G=5 45@52> ?>@S4:C n=2k =07820RBP CD46<?PAB 6C<E4A<@ 
C F5 :>;> (@8A.1), S:I>: B>G:8 ?>4V;C є 25@H8=0<8 45@520 T; @51@0 
45@520 T 7>1@060RBPAS E>@40<8 :>;0; 4;S :>6=>W 4>?CAB8<>W 
4>268=8 E>@48 @V2=> 420 =5F5=B@0;P=8E @51@0, A8<5B@8G=8E 
2V4=>A=> F5=B@0 :>;0, <0RBP B0:C 4>268=C. #V4 8B6:<ABN IBD8< 
@>7C<Vє<> :V;P:VABP 5;5<5=B0@=8E 4C3 C <5=HV9 7 4C3, =0 S:V FS 
E>@40 @>71820є :>;>. 

/:I> T 3 ?V2A8<5B@8G=5 45@52> ?>@S4:C n=2k, ?@028;P=> 
2?8A0=5 2 :>;>, B> <>6=0 28:>=0B8 T-D0:B>@870FVR 3@0D0 Kn =0 k 
:><?>=5=B, V7><>@D=8E 45@52C T. �;S FP>3> 4>A8BP ?>25@=CB8 
2?8A0=5 45@52> T =0 h 5;5<5=B0@=8E 4C3 V >45@60B8 45@52> Th 

(h=0, 1, &, k). �5@520 T0=T, T1,&, Tk  @07>< A:;040RBP HC:0=C T-
D0:B>@870FVR. �=H8<8 A;>20<8, T-D0:B>@870FVS  CB2>@RєBPAS 2 
@57C;PB0BV ?V2>15@BC B2V@=>W :><?>=5=B8 =02:>;> F5=B@0 :>;0. 
�2V4A8 V =0720 <5B>4C ?V2>15@B>289. 

&0:8< G8=><, 7040G0 ?>1C4>28 T-D0:B>@870FVW 72>48BPAS 4> 
?@028;P=>3> 2?8AC20==S 45@520 2 H01;>=. �5@CG8 4> C2038 B5, I> 
?V2A8<5B@8G=5 45@52> >4=>7=0G=> 287=0G0єBPAS A2>єR 
A8<5B@8G=>R ?>;>28=>R, >AB0==R 7040GC <>6=0, 725AB8 4> B0:>3> 
2?8AC20==S 2 ?V2:>;> A8<5B@8G=>W ?>;>28=8 (B>1B> :>@5=52>3> 
45@520 ?>@S4:C k), ?@8 S:><C ?@8ACB=V CAV 4>268=8 @515@ 2V4 1 4> 
k-1, 157 ?>2B>@5=P (@8A. 2). *S C<>20 70157?5GCє 2V4ACB=VABP 
A?V;P=8E @515@ C :><?>=5=B @>7:;04C, 0 >B65, V=H0 A8<5B@8G=0 
?>;>28=0 2?8ACєBPAS 2 ?@>B8;56=C ?>;>28=C :>;0, V F8:;8 =5 
CB2>@RRBPAS. 

#5B@5=R: �. /. C 2001 @>FV 28AC=C2 =0ABC?=C 3V?>B57C: 
�V?>B570 1: 1C4P-S:5 ?V2A8<5B@8G=5 45@52> T 4>?CA:0є 

?V2>15@B>2C T-D0:B>@870FVR.  
#@8:;04 70AB>AC20==O T-D0:B>@870FVW ?>2=>3> 3@0D0 

"4=C 7 ?@0:B8G=8E ?@>1;5<, S:V ?@82>4SBP 4> 7040GV >B@8<0==S 
T-D0:B>@870FVW ?>2=>3> 3@0D0, є ?@>1;5<0 ?@>:;040==S 
157?@>2>4>28E <5@56 7 A0<>>@30=V70FVєR (wireless ad hoc networks) 
[2]. $>73;S=5<> @04V><5@56C <>1V;P=8E ?@8AB@>W2 729S7:C 
?@>B8?>656=>3> 2V44V;5==S, G0AB8=0 7 S:8E є AB0FV>=0@=8<8, @5HB0 
3 <>1V;P=8<8. �>65= ?@8AB@V9 4>72>;Sє 28E>48B8 =0 729S7>: 7 1C4P-
S:8< V=H8< ?@8AB@>є<, 0;5 729S7>: <V6 45S:8<8 ?0@0<8 ?@8AB@>W2 
<>65 B8<G0A>2> 2B@0G0B8AS G5@57 B>?>3@0DVG=V >A>1;82>ABV 
<VAF52>ABV, S:>R @CE0RBPAS ?>656=8:8. �;S 5D5:B82=>ABV 4V9 
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:><0=48 =5>1EV4=0 <>6;82VABP H284:> 2V4=>28B8 729S7>:, 0 B0:>6 
?V4B@8<C20B8 >?B<0;P=V ?0@0<5B@8 <5@56V: <0;C :V;P:VABP 
@5B@0=A;SFV9 (<0;89 4V0<5B@ <5@56V) B0 @>7?>4V; =020=B065==S =0 
?@8AB@>W (<0;89 <0:A8<0;P=89 AB5?V=P 25@H8=8). �>6=89 ?@8AB@V9 
<0є A2V9 C=V:0;P=89 V45=B8DV:0FV9=89 =><5@ V ?@0FRє S: ?@89<0G, 
?5@54020G B0 <0@H@CB870B>@ (B>6 <0@H@CB870FVS ?V4B@8<CєBPAS 
A0<8<8 ?@8AB@>S<8). 
 

 
$8A. 1. #V2A8<5B@8G=5 45@52> ?>@S4:C 18 (0) V 9>3> ?@028;P=5 

2?8AC20==S 2 :>;> (1). 

 
$8A.2. #@8:;04 2?8AC20==S A8<5B@8G=>W ?>;>28=8 2 :>;> 7 

4>B@8<0==S< =5>1EV4=8E C<>2 2?8AC20==S. 
 

� B5@<V=0E B5>@VW 3@0DV2 FS ?@>1;5<0 72CG8BP B0:: =5>1EV4=> 
?>1C4C20B8 729S7=C <5@56C, S:0 =5 <VAB8BP F8:;V2, B>1B> 45@52>. 
 =>68=0 CAVE <>6;828E 729S7:V2 CB2>@Rє ?>2=89 3@0D, 45 25@H8=8 
3@0D0 3 ?@8AB@>W 729S7:C, 0 @51@0 3 @04V>729S7>: <V6 ?0@0<8 F8E 
?@8AB@>S<8.  �>6=0 >:@5<0 <5@560 CB2>@Rє 2 FP><C ?>2=><C 3@0DV 
>AB>2=5 45@52> (D0:B>@), V7><>@D=5 >4=V9 V BV9 A0<V9 AB@C:BC@V. 
"B@8<CєBPAS =01V@ V7><>@D=8E D0:B>@V2 (AB@C:BC@ <5@56V), S:V 
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CB2>@RRBP AC:C?=VABP <5@56 7 >4=0:>28< 4V0<5B@>< B0 >4=0:>28< 
<0:A8<0;P=8< AB5?5=5<. �>4=V 42V <5@56V =5 <0RBP A?V;P=8E 
@515@, B><C ?>H:>465==S >4=VєW >:@5<>W <5@56V =5 2?;8=5 =V =0 
S:89 V=H89 D0:B>@ V7 7030;P=>W AC:C?=>ABV <5@56. �0<VABP 
2V4=>2;5==S >4=>3> ?>H:>465=>3> 729S7:C 74V9A=RєBPAS ?5@5EV4 4> 
V=H>W <5@56V. #5@5;V: <5@56 <>65 1CB8 70:;045=> C ?@>3@0<=5 
70157?5G5==S ?@8AB@>W2 729S7:C. ' 28?04:C, :>;8 2B@0G5=> 729S7>: 
<V6 42><0 ?@8AB@>S<8, 2V4 >4=>3> 7 =8E =04E>48BP 
@04V>?>2V4><;5==S, V ?@>1;5<0 28@VHCєBPAS =5309=> H;SE>< 
?5@5:;RG5==S =0 >4=C 7 @575@2=8E <5@56. 

�V?>B570 ?@> 3@0FV>7=VABь 45@52 
!5206:> ?5@5:>=0B8AS 2 B><C, I> 4;S CA?VH=>3> @>729S70==S 

7040GV ?@028;P=>3> 2?8AC20==S k-25@H8==>3> 45@520 2 ?V2:>;> 
4>AB0B=P> B0: 70=C<5@C20B8 9>3> 25@H8=8 G8A;0<8 xiþ(1, 2, &, k), 
I>1 01A>;RB=V @V7=8FV =><5@V2 AC<V6=8E 25@H8= A:;040;8 
<=>68=C (1, 2, &, k31). &0:0 @>7<VB:0 (=0 AP>3>4=V 2V4?>2V4=5 
0=3;V9AP:5 A;>2> «labeling» 70728G09 ?5@5:;040RBP S: «@>7<VB:0», 
B><C 02B>@ 26820є BCB F59 ?5@5:;04 70<VABP A;>20 «=C<5@0FVS», S:5 
26820;>AS 02B>@>< @0=VH5) 1C;0 2?5@H5 @>73;S=CB0 �. $>A>R C 
1976 @>FV [3] V 73>4>< >B@8<0;0 =072C 3@0FV>7=>W. 

�D4JVB;ABN DB;@VF>BN 45@520 T 7 n 25@H8=0<8 =07820RBP 
?@8A2>є==S 9>3> 25@H8=0< =><5@V2 1, 2, ..., n, ?@8 S:><C 01A>;RB=V 
@V7=8FV =><5@V2 :V=FV2 @51@0 є @V7=8<8 B0 CB2>@RRBP ?>A;V4>2=VABP 
1, 2, ..., n31. �5@52>, S:5 4>?CA:0є 3@0FV>7=C @>7<VB:C, =07820RBP, 
2V4?>2V4=>,  7D4JVB;A<@. 

�C;0 AD>@<C;P>20=0 7=0<5=8B0 3V?>B570 $V=35;S-�>FV30-$>A8: 
�V?>B570 2 (�V?>B570 ?@> 3@0FV>7=VABь 45@52): CAV 45@520 

3@0FV>7=V, B>1B> 1C4P-S:5 45@52> ?>@S4:C k 4>?CA:0є B0:C @>7<VB:C 
9>3> 25@H8= =0BC@0;P=8<8 G8A;0<8 1, 2, 3, &, k, ?@8 S:V9 @V7=8FV 
=><5@V2 :V=FV2 @515@ CB2>@RRBP @S4 =0BC@0;P=8E G8A5; 
1, 2, 3, &, k31 157 ?>2B>@5=P. 

� <><5=BC A2>єW ?>S28 C 1976 @>FV V 4> AP>3>4=V, 3V?>B570 ?@> 
3@0FV>7=VABP 45@52 є >4=VєR 7 =09?>?C;S@=VH8E <0B5<0B8G=8E 
3V?>B57. �>2545==S FVєW 3V?>B578 02B><0B8G=> 4>25;> 18, 7>:@5<0, V 
3V?>B57C ?@> B5, I> 2AV ?V2A8<5B@8G=V 45@520 4>?CA:0RBP 
?V2>15@B>2C T-D0:B>@870FVR (�V?>B57C 1). 

�A=Cє 420 >A=>2=8E ?V4E>48 4> @>729S70==S ?@>1;5<8 VAB8==>ABV 
3V?>B578 ?@> 3@0FV>7=VABP 45@52. #5@H89 7 =8E ?>;S30є 2 4>2545==V 
3@0FV>7=>ABV B0 >B@8<0==V 0;3>@8B<V2 3@0FV>7=>W @>7<VB:8 4;S 
>:@5<8E :;0AV2 45@52. /:18 240;>AS ?@>45<>=AB@C20B8 3@0FV>7=VABP 
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CAVE <>6;828E :;0AV2 45@52, B> 3V?>B57C 1C;> 18 4>2545=>. !0 
AP>3>4=V 3@0FV>7=VABP 4>2545=> 4;S 7V@>:, ;0=FR3V2, 3CA5=8FP, 
>;82:>28E 45@52, 45S:8E ?V4:;0AV2 ><0@V2 (D5є@25@:V2, (2,2)-
3CA5=8FP, ><0@V2 7 4>A:>=0;8<8 ?0@>A?>;CG5==S<8), 10=0=>28E B0 
C7030;P=5=8E 10=0=>28E 45@52 B0 =87:8 V=H8E :;0AV2 45@52 (@8A. 3). 
�=0945=> 7=0G=C :V;P:VABP <5B>4V2 ?>є4=0==S :V;P:>E 3@0FV>7=8E 
45@52 4;S >B@8<0==S 1V;PH>3> 3@0FV>7=>3> 45@520 [4]. 

 

 
$8A.3. �5S:V :;0A8 3@0FV>7=8E 45@52 

 
�=H89 ?V4EV4 4> 2V4?>2V4V =0 ?8B0==S ?@> 3@0FV>7=VABP CAVE 

45@52 ?>;S30є C 28:>@8AB0==V :><?9RB5@0 4;S ?5@52V@:8 
3@0FV>7=>ABV 45@52, :V;P:VABP 25@H8= S:8E =5 ?5@528ICє 7040=>W 
A:V=G5=>W 25;8G8=8. &0:89 ?V4EV4 є 4>40B:>28< 465@5;>< 
0;3>@8B<V2 3@0FV>7=>W @>7<VB:8 45@52, 0 B0:>6 <>65 1CB8 
28:>@8AB0=89 4;S A?@>ABC20==S 3V?>B578, S:I> 1C45 7=0945=> E>G0 
1 >4=5 45@52>, S:5 =5 4>?CA:0є 3@0FV>7=>W @>7<VB:8. �>AV, I>?@0240, 
B0:>3> 45@520 =5 7=0945=> (S: 4>B5?=> 70C20682 7 FP>3> ?@82>4C 
>48= 4>A;V4=8:, «2V@0 2 A?@0254;82VABP 3V?>B578 ?@> 3@0FV>7=VABP 
45@52 =0ABV;P:8 A8;P=0, I>, S:18 =02VBP 1C;> =0A?@024V 7=0945=> 
45@52>, S:5 =5 4>?CA:0є 3@0FV>7=>W @>7<VB:8, 9>3>, A:>@VH5 70 2A5, =5 
287=0;8 1 45@52><» [5]). ' 2010 @>FV (0=3 28:>@8AB02 
45B5@<V=>20=89 0;3>@8B< ?>HC:C 7 ?>25@=5==S< V 4>2V2, I> 2AV 
45@520, S:V <0RBP =5 1V;PH5 35 25@H8=, 3@0FV>7=V [6]. 
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"18420 ?V4E>48 4> 282G5==S 3V?>B578 ?@> 3@0FV>7=VABP 45@52 
4>AV 4020;8 ;8H5 ?V4B25@465==S 3V?>B578. #@>B5 45S:V 4>A;V4=8:8 
28A;>2;RRBP A5@9>7=V AC<=V28 I>4> WW 2V@=>ABV. �>:@5<0, �. �VєB@V 
[7] 70C206Cє, I> ?5@5206=C 1V;PHVABP <5B>4V2 ?>1C4>28 3@0FV>7=>W 
@>7VB:8 1C;> @>7@>1;5=> 4;S 45@52, S:V <0RBP ?52=V @8A8 
@53C;S@=>ABV (7V@:8, A8<5B@8G=V 45@520) 01> E0@0:B5@87CRBPAS 
4>A8BP ?@>AB>R AB@C:BC@>R (3CA5=8FV, D5є@25@:8), 2 B>9 65 G0A 
?>2=VABR 2V4ACB=V 4>:078 3@0FV>7=>ABV C 28?04:0E 4>AB0B=P> 
=5@53C;S@=8E 45@52 (=02VBP 3@0FV>7=VABP CAVE ><0@V2 I5 4>AV =5 
4>2545=>). 

�BV<, 20@B> 707=0G8B8, I> =5I>402=> 1C;> 4>2545=> >4=C 7 
3V?>B57, 157?>A5@54=P> ?>29S70=8E 7 3V?>B57>R ?@> 3@0FV>7=VABP 
45@52. %2>3> G0AC $>A0 70?@>?>=C202 3@0FV>7=C @>7<VB:C (2V= B>4V 
=07202 WW β->FV=:>R) S: 70AV1 4>2545==S =0ABC?=>W 3V?>B578, 
28AC=CB>W C 1963 @>FV: 

�V?>B570 3 (�V?>B570 $V=35;O) [8]: 4;S :>6=>3> 4>40B=>3> 
G8A;0 m VA=Cє @>7:;04 3@0D0 K2m+1 =0 2m+1 V7><>@D=8E 45@52 
?>@S4:C m+1 (@8A. 4). �V20H B0 ,B045= C :2VB=V 2020 @>:C [9] B0, 
=570;56=> 2V4 =8E,  >=B3><5@V, #>:@>2AP:89 B0 %C40:>2 C AVG=V 
2021 @>:C [10] >?C1;V:C20;8 4>2545==S 3V?>B578 $V=35;S. 

 

 
$8A. 1.1. $>7:;04 3@0D0 K7 =0 7 V7><>@D=8E 45@52 ?>@S4:C 4. 

 
%5@54 5D5:B82=8E H;SEV2 :@8B8:8 3V?>B578 <>6=0 =0720B8 

0=0;V7 CAVE <>6;828E 3@0FV>7=8E @>7<VB>: 45S:8E 3@0FV>7=8E 45@52, 
I> 402 18 <>6;82VABP >FV=8B8 2?;82 AB@C:BC@8 45@520 =0 <>6;82V 
=><5@8 9>3> 25@H8=. !0 4C<:C �VєB@V, 45S:V 45@520 7V A:;04=>R 
1C4>2>R <>6CBP =0:;040B8 =0ABV;P:8 A5@9>7=V >1<565==S =0 
@>7<VB:C 25@H8=, I> 3@0FV>7=VABP F8E 45@52 1C45 ?>AB02;5=> ?V4 
AC<=V2 [5]. )>G0 7=0E>465==S 3@0FV>7=8E @>7<VB>: 4;S CAVE 45@52 7 
:V;P:VABR 25@H8= 4> 35 2:;RG=> 287=0єBPAS 203><8< 0@3C<5=B>< =0 
:>@8ABP ?@02482>ABV 3V?>B578, 0;5 F59 D0:B =VS:8< G8=>< =5 
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28:;RG0є <>6;82>ABV VA=C20==S =53@0FV>7=8E 45@52, I> <0RBP 
1V;PH5 =V6 35 25@H8=. 

&0: G8 V=0:H5, AP>3>4=V I5 @0=> 3>2>@8B8 ?@> ?>2=5 4>2545==S 
01> A?@>ABC20==S 3V?>B578 ?@> 3@0FV>7=VABP 45@52, =572060RG8 =0 B5, 
I> 7 G0AC WW ?>S28 <8=C;> <0965 ?V2AB>;VBBS. �BV<, ?5@5206=0 
1V;PHVABP 4>A;V4=8:V2 4>AV AE8;SєBPAS 4> 2V@8 2 A?@0254;82VABP 
3V?>B578, 15@CG8 4> C2038 3@0FV>7=VABP 1030BP>E :;0AV2 45@52, 
@57C;PB0B8 :><?9RB5@=>3> ?>HC:C B0 ?>2=C 2V4ACB=VABP 
:>=B@?@8:;04V2. �V4?>2V4=>, 2V4:@8B>R 70;8H0єBPAS 3V?>B570 ?@> 
B5, I> :>6=5 ?V2A8<5B@8G=5 45@52> 4>?CA:0є ?V2>15@B>2C T-
D0:B>@870FVR. 
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Ukrainian State University of Science and Technologies 

 
"COGNITIVE NUMBERS" AS AN EXAMPLE OF "LIVING 

STRUCTURE" 
 

Abstract. The paper considers possible cognitive mechanisms of formation 
of quantitative meanings in explicit and implicit processes of knowledge 
representation about the world. The specific properties of the formal structure 
"cognitive number" are analyzed. It is claimed that this entity belongs to the class 
of "living structures". Key words and topics: <cognitive number=, <living 
structure=, <intelligent mathematics=, the nature of vagueness, sketch networks, 
multi-resolution descriptions, the meaning of information, symbolization, 
cognitive measurements, cognitive sensors, entanglement, wholeness, cognitive-
affective processes, creative imagination, combinatorial complexity, principles 
of constructing world; A formal model approach. 

 
' 4>?>2V4V @>73;S40RBPAS <>6;82V :>3=VB82=V <5E0=V7<8 

D>@<C20==S :V;P:VA=8E A<8A;V2 C S2=8E B0 =5S2=8E ?@>F5A0E 
@5?@575=B0FVW 7=0=P ?@> A2VB. �=0;V7CRBPAS A?5F8DVG=V 2;0AB82>ABV 
D>@<0;P=>W AB@C:BC@8 «:>3=VB82=5 G8A;>» (:>3-G8A;> / cog-number). 
' @0<:0E ?0@0483<8 3@0=8G=8E C7030;P=5=P (#�') AB25@46CєBPAS 
[1, 2, 3], I> FS ACB=VABP, S: V 2AV <5@56V =0G5@:V2, =0;568BP 4> :;0AC 
«6828E AB@C:BC@». $>73;S=5<> FR ACB=VABP 1V;PH 45B0;P=>. 

�C4P-S:5 G8A;>-7=0G5==S 1C4P-S:>3> B5ABC <0є <=>68==C 
V=B5@?@5B0FVR [1, 4, 5]. !0 @8A. 1 2 48=0<VFV ?>:070=0 AB@C:BC@=0 
(D@0:B0;>-?>4V1=0) V=D;SFVS - 35=5@0FVS A5=AC - :>3=VB82=>3> G8A;0 
x 45S:>3> B5ABC A (Mental Magnitude Representations; Temporal 
morphogenesis, Morpho-evolution with learning; Foundations of 
Quantitative Thought; Intelligent Mathematics: Number Understanding 
Modelling). (>@<0;P=5 ?@54AB02;5==S :>3-G8A;0 : Gv() = {a ³e b}   
[Context]. #@8:;04: «&5<?5@0BC@0 BV;0 = 38Ā%» ³ «&5<?. 28A>:0» ³ 
«&5<?. =5 !>@<0». 
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$8A.1 -  %FDG>FGDA4 VAH?OJVO - 79A9D4JVO E@<E?G - >B7AVF<6AB7B 

K<E?4 x 
 
�C7;8 '45@520' / <5@56V =0G5@:V2 7040RBP 2=CB@VH=R 

V=B5@?@5B0FVR 2EV4=>3> G8A;0 / 7=0G5==S (Meaning of information: the 
interrelation between numerical and language processing; The 
Emergence of New Meanings in the Self). ' ?@>F5AV AC1'є:B82=>W 
V=D;SFVW :>3-G8A;> 87@>AB0є' S: 6820 AB@C:BC@0. %E>6VABP 4>40є 
48=0<VG=0 F8@:C;SFVS 5=5@3VW / 0:B82=>ABV, 7>:@5<0, E28;P>25 
?>H8@5==S 5=5@3VW 7 CAV<0 =0A;V4:0<8 (@57>=0=AV, ;028=8, 28E>@8, 
>AF8;SB>@8). �;S 682>W A8AB5<8 206;82> 5:>=><8B8 5=5@3VR. *5 
?@82>48BP 4> :>=F5?FVW :@8B8G=>ABV <5=B0;P=>W AD5@8 [1, 5]. �;S 
@50;V70FVW :@8B8G=>ABV ?>B@V1=0 @V7=><0=VB=VABP =0G5@:V2 >1@07V2 3 
S: B>G=8E, B0: V 3@C18E. *S @V7=><0=VB=VABP 70157?5GCєBPAS <5@565R 
=0G5@:V2 >1@07C, @V7=>284>< S:>W є :>3-G8A;>. 

#D<@VF>4. Christopher Alexander (0@EVB5:B>@ B0 48709=5@) 
28S282 [6], I> C73>465=5 FV;5 <0є 2@060RG89 E0@0:B5@, 720=89 
682>R AB@C:BC@>R 01> FV;VA=VABR, S:0 є DV78G=>R 01> 
<0B5<0B8G=>R AB@C:BC@>R, I> A:;040єBPAS 7 157;VGV ?V4AB@C:BC@ 7 
2;0AB82>R W< Vє@0@EVєR. *V;5 ?>ABV9=> V @5:C@A82=> 
48D5@5=FVRєBPAS =0 G8A;5==V AC1FV;V. *5 =5 A:;040==S 3>B>28E 
5;5<5=BV2 C AB8;V LEGO, 0 7@>AB0==S, ?>4V1=5 4> 5<1@V>=0, 7 
?>ABV9=>R 48D5@5=FV0FVєR B0 040?B0FVєR 4> є48=>3> FV;>3> [6, 7]. 
Alexander 22V2 ?>=SBBS "degree of order" 3 F5 D>@<0;P=0 
E0@0:B5@8AB8:0, S:C <>6=0 ?>2'S70B8 7 68BBє2VABR, AB@C:BC@=>R 
:@0A>R, 72'S7=VABR / FV;VA=VABR 01> 30@<>=VєR.  5@560 <5@56 
=0G5@:V2 (<>45;P <5=B0;P=>W AD5@8 2 @0<:0E #�'), 2:;RG=> 7 :>3-
G8A;0<8, 2V4?>2V40є FV9 E0@0:B5@8AB8FV (Living Structure, the Degree 
of Structural / Cognitive Beauty or Livingness).  

#>=SBBS 682>W @>7C<=>W AB@C:BC@8 157?>A5@54=P> AB8:0єBPAS 7V 
A?5F8DVG=8<8 ?@>1;5<0<8 A<8A;C, :@0A8, @>7C<V==S 2 @V7=8E 
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0A?5:B0E (:>=F5?FVW :@8B8G=>ABV, 70?;CB0=>ABV; «AB8A=5==S - F5 
@>7C<V==S»: <>45;P :@0I5, S:I> 2>=0 <>65 ?>SA=8B8 1V;PH5 7 
<5=H8<8 28B@0B0<8) [3, 4, 5]. ' @0<:0E #�' @>7@>1;SєBPAS 
7030;P=89 ?V4EV4 4;S 5D5:B82=>3> 28S2;5==S C $>7C<V 107>2>W 682>W 
(@>7C<=>W) AB@C:BC@8 B0 WW ?V4AB@C:BC@ 7 C@0EC20==S< ?@8=F8?V2 
5:>=><VW, E>;V7<C, 040?B82=>ABV / 682CG>ABV, 4CE>2=>ABV B0 :@0A8. 
�CE>2=VABP є 206;828< 0A?5:B>< :>3=VB82=>W :@0A8.  

�3V4=> 7 F8< >@30=V7<VG=8< A2VB>3;S4>< (Whitehead, Alexander) 
[7], A2VB є :>35@5=B=8< FV;8<, 0 =5 D@03<5=B>20=8< =0 <5E0=VG=V 
G0AB8=8, S: F5 @>7C<VєBPAS V A?@89<0єBPAS 2 40=89 G0A 2 @0<:0E 
:0@B57V0=AP:>W :0@B8=8 A2VBC (V F5 ?5@5=>A8BPAS =0 <>45;V $>7C<C). 
�>=F5?FVS «:>3=VB82=8E G8A5;» 2V4?>2V40є FV;VA=><C / 
E>;VAB8G=><C ?V4E>4C 7 >3;S4C =0 «"=B>;>3VR 4CE>2=>ABV». �>4=0 
7 =0C: ?@> A:;04=VABP 4>AV =5 709<0єBPAS ?@>1;5<>R AB2>@5==S 
"4CE>2=8E AB@C:BC@ / ACB=>AB59". �57 B0:8E ACB=>AB59 2>=8 =5 
7<>6CBP 7@>7C<VB8, 7>:@5<0, <5B0D>@C "�CH0 <VAFS / >1@07C / 
>1'є:BC / G8A;0". 

!0 A5@54=P><C 7>1@065==V @8A. 1 ?>:070=V V=4C:B>@8 01> 
52@8AB8:8, S:V B0:>6 4>7@V20RBP 2 ?@>F5AV V<?;VF8B=>3> ?V7=0==S B0 
=0:>?8G5==S 4>A2V4C V є G0AB8=>R :>3-G8A;0. #@8G><C V=4C:B>@8 є V 
4;S 2C7;V2 V 72'S7:V2 <V6 7=0G5==S<8 (AB@V;:8 @V7=8E :>;P>@V2 V 
B8?V2). �=4C:B>@=89 ?@>ABV@ 70157?5GCє 70?;CB0=VABP (A8;P=C 
72'S7=VABP) 01> FV;VA=VABP <5=B0;P=>W AD5@8. �=4C:B>@8 @50;V7CRBP 
3;81>:C V=BCWFVR (2BV;5=89 ?@>3=>7), 0C48B B0 A5<V>78A (>7=0G0є 
?@>F5A V=B5@?@5B0FVW 7=0:0 01> ?@>F5A ?>@>465==S 7=0G5==S). �@V< 
B>3>, :>3-G8A;> 15@5 CG0ABP C B8E G8 V=H8E A?>AB5@565==SE / ?>4VSE 
V, >B65, "AB@V;0E G0AC" (D>@<CRBP %C1'є:B82=89 #@>ABV@-+0A-�VW - 
%#+�: interconnected nature of remembering and imagining; memory 
and imagination as meaning-making processes; Cognitive computing 
systems; Extending dynamics with fractal like calculus; Livingness of 
Space). "AB0==V @07>< 7 V=4C:B>@0<8 B0 =0@0B820<8 @50;V7CRBP 
C7030;P=5=5 70?;CBC20==S :>3-G8A;0 (B5AB0), 0 B0:>6 D>@<CRBP 
@V7=><0=VB=89 :>=B5:AB (4>A2V4). *5 C7030;P=5==S 4>72>;Sє 
0=0;V7C20B8 48=0<V:C D@0:B0;>-?>4V1=8E A8AB5<, 2;>2;RRG8 WE 
A:;04=V B0 A0<>?>4V1=V 2;0AB82>ABV, 7>:@5<0, :@8B8G=89 AB0=. 
 C;PB8-D>@<0;V7<, S:89 70AB>A>2CєBPAS 2 :>=F5?BV «:>3-G8A;0» 
(7030;>< 2 <5@560E =0G5@:V2), 2V4:@820є =>2V <>6;82>ABV 4;S 
@>7C<V==S B0 <>45;R20==S A:;04=8E B0 FV;VA=8E D@0:B0;>-?>4V1=8E 
"@>7C<=8E" >1G8A;R20;P=8E AB@C:BC@ ("Living Numbers": 
Computing the Structural / Cognitive Beauty of "Cognitive Number") 
[5]. 
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 5=B0;P=0 45B0;V70FVS 1C4P-S:>3> 7=0G5==S   :>3-G8A;0 
ґ@C=BCєBPAS S: =0 «:>=B@>;P>20=V9 (:>=B5:AB=V9) 30;RF8=0FVW / 
Controlled Hallucination» 2 <560E <5@56V =0G5@:V2 (ÿ [Context]), B0: 
V =0 «B2>@GV9 (:>=B5:AB=V9) CS2V / Creative Imagination» (ÿÿ [Context]; 
:>=B5:AB8 D>@<CRBPAS «AB@V;0<8 G0AC»; Imagination as higher mental 
function).  =>68=0 5<>FV9=8E ?>4V9, 2 S:8 2:;RG5=V :>3-G8A;0, 
2V4=>A8BP :>3-G8A;0 4> «Ontology of spirituality» (S: V V=HV <5@56V 
=0G5@:V2). �V9A=>, :>6=5 (5:AB@5<0;P=5, =5 B8?>25) 7=0G5==S :>3-
G8A;0 28:;8:0є 7 ?0<'SBV (4>A2V4C - %#+�) <=>68=C 5<>FV9=8E 
?>4V9, 45 28=8:0;> B0:5 7=0G5==S, 0 B0:>6 <=>68=C ?>SA=5=P 
0A8AB5=BV2 (Remembering Through the Environment). � AC:C?=>ABV FV 
?>4VW D>@<CRBP «5<>FV9=C 0C@C» =02:>;> B>3> G8 V=H>3> 7=0G5==S. 

�C4P-S:5 7=0G5==S/7=0:  <>65 2V4>1@060B8 0:B82=VABP 45S:>3> 
=0@8AC >1@07C 01> @048:0;0 P, =0?@8:;04, 4VW. (>@<0;P=> F59 72'S7>: 
є :>3>< Cog(, P), B><C <>65<> 70?8A0B8: Gv() = {Cog(a, Pa) ³e  
Cog(b, Pb)}  [Context]. &0:5 ?@54AB02;5==S @>7:@820є 270є<>729S7>: 
<V6 >1@07=8< B0 7=0:>28< <8A;5==S<. %?V;P=>, 2AV 0A?5:B8 
?@54AB02;5==S :>3-G8A;0 D>@<CRBP «number sense».  8A;5==V 
>1G8A;5==S B0 >FV=:8 є 107>28<8 ?>2AS:45==8<8 =028G:0<8, S:V 
=5>1EV4=V 4;S @50;P=8E 0@8D<5B8G=8E >?5@0FV9 B0 @>7C<V==S G8A5; 
(Mental Computation and Estimation). �?@028 7 <8A;5=8< 
>1G8A;5==S<-C7030;P=5==S< A?@8SRBP @>728B:C <0B5<0B8G=8E 
:>=F5?FV9 B0 =028G>:, B0:8E S: 1V;PH 3;81>:5 ?>GCBBS G8A5; B0 
G8A;5==V :>3=VB82=V 74V1=>ABV, 2:;RG0RG8 3=CG:VABP 281>@C 
AB@0B53V9 (=0?@8:;04, @V2=V2 01AB@0:FVW B0 0=0;>3V9), I> 
28:>@8AB>2CRBPAS C @V7=8E <0B5<0B8G=8E, DV78G=8E B0 V=65=5@=8E 
>1;0ABSE. 

#>@V2=S9B5 :>=F5?FVW «:>3-G8A;0», «=5GVB:>3> G8A;0», «p-
048G=>3> G8A;0» B0 «AV@>3> G8A;0» (:>=F5?B8 «V=B5;5:BC0;P=>W 
<0B5<0B8:8»). �C4P-S:89 ?@8@>4=89 A5=A>@ D>@<Cє :>3-G8A;0, :>3-
7=0:8. !0 :>6=V9 AB04VW @>728B:C 25@AVW :>3-G8A;0 D>@<0;P=> 
@V7=SBPAS <V6 A>1>R (<0RBP @V7=C AE5<C V=B5@?@5B0FVW 01> AE5<C 
A<8A;>2>3> <>45;R20==S). � FVєW ?@8G8=8 :>3-G8A;0 x 1;87P:8E 70 
7<VAB>< B5ABV2 @V7=SBPAS 2 @V7=8E AC1'є:BV2. 

"?8ACRG8 AB0= 4>2V;P=>W 48=0<VG=>W A8AB5<8 25:B>@>< 
:>3=VB82=8E G8A5; >B@8<0є<> #�'-:>=F5?FVR 1030B><0AHB01=>3> 
D07>2>3> ?@>AB>@C. �>65= <0AHB01=89 @V25=P D>@<Cє A2V9 <0;R=>: 
?>254V=:8 48=0<VG=>W A8AB5<8 7 C@0EC20==S< A2>єW DV78:8. �AV 
<0AHB018 VA=CRBP >4=>G0A=>. 
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�>6=5 :>3-G8A;> 2 @0<:0E 7040=>3> B5ABC <0є 2;0A=C <5@56C 
=0G5@:V2-V=B5@?@5B0FV9. "1'є4=02H8 C :>65= <><5=B G0AC <5@56V 
=0G5@:V2 2AVE G8A5;-7=0G5=P B5ABC A, I> @>72820RBPAS, >B@8<0є<> 
7030;P=C <5@56C =0G5@:V2 B5ABC, S:C, C @S4V 28?04:V2, <>6=0 
?@54AB028B8 C 283;S4V <5@56V 4><5=V2 B5ABC G(A) (?@8:;04 =0 @8A. 
2; :@C38 3 F5 4><5=8, 7=87C 23>@C 945 C7030;P=5==S; 107>289/=86=V9 
4><5= G8A;>289; Temporal morphogenesis) [1]. 
 

 
$8A.2 -  #D<>?48 EF48V= EFDG>FGDABW VAH?OJVW @9D9:V A4K9D>V6 

F9EFG G(A) 
 
« 8A;5==S 3 F5 >?5@C20==S %<8A;0<8». %C:C?=VABP <5@56 

4><5=V2 B5ABV2 @07>< 7 V=4C:B>@=8< ?@>AB>@>< B0 %#+� D>@<CRBP 
A<8A;>2C A8AB5<C :>>@48=0B 1C4P S:>3> 4>A;V465==S 01> 
48=0<VG=>W A8AB5<8 [4]. �>=F5?FVS ':>3-G8A;0' A2V4G8BP ?@> B5, I> 
<0є <VAF5 A?>=B0==0 A8=B5B8G=0 4VS;P=VABP, S:0 4>72>;Sє 48B8=V 
7@>7C<VB8 01>, H284H5, ?>ABC?>2> >B@8<0B8 V=BCWFVR, I> 2 1030BP>E 
?@>F5A0E A?@89=SBBS B0 <8A;5==S 704VS=0 >4=0 9 B0 A0<0 @53C;RRG0 
:>=F5?FVS 3 'G8A;>' (Complexity of numbers: Phenomenology / Essence 
of Numbers). 

!02545<> « 0B5<0B8G=C <>45;P ?>@>465==S A<8A;C A83=0;C / 
7<V==>W / :>3-G8A5;» (sense-making) 01> « >45;P 040?B82=8E 
?@>F5AV2 B0 @568<V2 CA2V4><;5==S A5=A>@=8E A83=0;V2 C 
:>3=VB82=8E A8AB5<0E» (:><5=B0@ 2 [1]): 

 
Test [#TestX...] [{a/A}] [Context]  { 
  Dn [^Dn...] [#Dx&] { ; ; } [{On}n] [{Sg}n] [{S, R}n] [{NN}n] 

[{Ag}n] [{LAoT}n] 
  & 
  D2 [^D2...] [#Dy&] { ; ; } [{On}2}] [{Sg}2] [{S, R}2] [{NN}2] 

[{Ag}2] [{LAoT}2] 

 

             
                                                     t 
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  D1 [^D1...] { ; ; } [{On}1] [{Sg}1] [{S, R}1]  [{NN}1]  
[{Ag}1] [{LAoT}1]}, 

  { ; ; } = {z1 [^x1...] [Int1] [{g/ý}1];&; zk [^xk...] [Intk] [{g/ý}k]}, 
 
45 Dj 3 7040GV @>7@V7=5==S, 0 {LAoT}j 3 4>A2V4 («AB@V;8 G0AC» %#+�). 
*5 7030;P=0 <>45;P 1C4P S:>3> :>3=VB82=>3> A5=A>@C 2 E>;VAB8G=V9 
?0@0483<V. 

�8A=>2>:. �>=F5?FVW =5A:V=G5==>ABV V :@8B8G=>ABV 
?@54AB02;5=P / 7=0=P B0 @5AC@A=>W 3=CG:>ABV C 7040G0E @>7@V7=5==S 
4>72>;Sє >1'є:B82=> >FV=8B8 «682C (@>7C<=C) AB@C:BC@C» (<5@56V 
=0G5@:V2, :>3-G8A;0) 7 ?>3;S4C WW :@0A8 G8 68BBє2>ABV: «AB@V;8 
?V7=0==S», :@8B8G=V =0G5@:8; A8BC0B82=89 ?@>ABV@ <>6;82>AB59, 
<C;PB8-D>@<0;V7<, ?@548:0B82=VABP, :>;5:B82=VABP, 
:>=:C@5=B=VABP, 48=0<VG=VABP, @5AC@A=0 5D5:B82=VABP. 

� 10=:>< B5ABV2 {Gv()} 157?>A5@54=P> ?>2'S70=0 :>3=VB82=0 
A:;04=VABP, I> 287=0G0єBPAS @>7<V@=VABR B0 @V7=><0=VB=VABR 
A5<0=B8G=>3> ?@>AB>@C, S:8< >?5@Cє B>9 G8 V=H89 AC1'є:B/035=B. 
�R48 7 1V;PH>R :>3=VB82=>R A:;04=VABR ;53H5 ?5@5=>ASBP :@87>2V 
A8BC0FVW B0 =020=B065==S, H284H5 7=0E>4SBP 28EV4 V7 =8E, 7024S:8 
1V;PH><C @>7<0WBBR 52@8AB8: C 7040G0E @>7@V7=5==S. 
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&�"$�&��"-�$�("�� #"%&�!"��� ����+� 

("$ '��!!/ *��Ь"��) �$'# !� "%!"�� (��&"$� 
� ���!!/ 

 
�=B>= $S15=:>, �;V=0 &5@5I5=:> 

!4JVBA4?PA<= GAV69DE<F9F <З4CBDV;P>4 CB?VF9IAV>4= 
 

GRAPH-THEORETICAL STATEMENT OF THE FORMING 
TARGET GROUPS PROBLEM ON THE BASIS OF THE 

COMPETITION FACTOR  
 

Abstract. The authors conducted a study of a number of the best options for 
the formation of target groups with given parameters, taking into account the 
positive practical experience of interaction between participants. 

 
*V;P>20 3@C?0 3 F5 :>;5:B82, S:89 28:>=Cє 4VS;P=VABP A?V;P=>-

270є<>4VRG>3> B8?C 4;S 4>AS3=5==S :>=:@5B=>W <5B8. �<VAB>2=0 
?>AB0=>2:0 70240==S D>@<C20==S FV;P>2>W 3@C?8 (*�) <0є B0:5 
D>@<C;R20==S. �;S 28:>=0==S :>=:@5B=>W FV;P>2>W ?@>3@0<8 
=5>1EV4=> AD>@<C20B8 :>;5:B82 (1@8304C, 5:V?06, B2>@G89 
:>;5:B82) 7 45S:>W 265 VA=CRG>W <=>68=8 D0EV2FV2 @V7=>3> ?@>DV;R. 
�8@>1=8G0 4VS;P=VABP *� ?5@5410G0є V=D>@<0FV9=89 >1<V= B0 
270є<>4VR <V6 WW CG0A=8:0<8. "A=>2=0 28<>30 4> @>1>B8 :>;5:B82C: 
5D5:B82=5 28:>=0==S ?>AB02;5=>3> 70240==S [1-3].  

�<VAB>2=0 ?>AB0=>2:0 ?>;S30є 2 B><C, I>1 ?@>25AB8 A5@VR 
7<030=P <V6 :><0=40<8 28:>=02FV2, I>@07C 20@VRRG8 A:;04 F8E 
:><0=4. 

�V;P:VABP CG0A=8:V2 C :><0=40E <0є 1CB8 1V;PH>R, =V6 
:V;P:VABP CG0A=8:V2 C FV;P>28E 3@C?0E, S:V <8 ?;0=Cє<> AD>@<C20B8 
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2 @57C;PB0BV. #VA;S ?@>2545==S 7<030;P=>W A5@VW <8 >B@8<0є<> 
V=D>@<0FVR ?@> A:;048 :><0=4 B0 WE=V @57C;PB0B8, ґ@C=BCRG8AP =0 
S:V9 >FV=8<> ?>B5=FV9=C CA?VH=VABP 270є<>4VW :>6=>W ?0@8 
28:>=02FV2, I> <>65 1CB8 28:>@8AB0=5 ?@8 D>@<C20==V FV;P>28E 
3@C?. 

%D>@<C;Rє<> <0B5<0B8G=C ?>AB0=>2:C 7040GV D>@<C20==S 
FV;P>28E 3@C? =0 ?>2=><C =5>@Vє=B>20=><C 3@0DV ă = (ċ, ā).  

 =>68=0 25@H8= ċ = {ąÿ|ÿ = 0, Ą 2 1} 2V4?>2V40є <=>68=V 
?>B5=FV9=8E 28:>=02FV2. �>6=5 @51@> ăÿĀ ∈ ā <0є G8A5;P=C 203C āÿĀ, 

S:0 2V41820є S:VABP 270є<>4VW 42>E 28:>=02FV2 ąÿ B0 ąĀ. 

�0;V 1C45 45B0;P=> >?8A0=0 <5B>48:0 @>7@0EC=:C F8E 7=0G5=P. 
�>?CAB8<8< @>72'S7:>< 7040GV є ?V43@0D Ă = (ċ~, ā~), ċ~ ⊂ ċ, ā~ ⊂ ā , 
S:89 A:;040єBPAS 7 <0:A8<0;P=> <>6;82>W :V;P:>ABV :><?>=5=B 
729S7=>ABV, :>6=0 7 S:8E <0є ?>BC6=VABP ā. �>6=0 B0:0 :><?>=5=B0 
є ?>2=8< 3@0D><, V 2>=0 ?@54AB02;Sє 3@C?C 28:>=02FV2. /:I> Ą =5 є 
:@0B=8< ā, B> 4> Ă =5 1C4CBP 2E>48B8 Ĉ 25@H8=, 45 Ĉ - >AB0G0 2V4 
4V;5==S Ą =0 ā. 

 =>68=0 CAVE 4>?CAB8<8E @>72'S7:V2 ( �$) =0 3@0DV ă = (ċ, ā) 
?>7=0G8<> G5@57 Ĕ = Ĕ(ă) = {Ă}.  

!0  �$ 287=0G5=> 25:B>@=C FV;P>2C DC=:FVR (�*(): Ă = (Ă1, Ă2), 
I> A:;040єBPAS 7 B0:8E :@8B5@VW2: ĉ�Ĕďđĉ: Ă1 = ∑ āÿĀăÿĀ∈Ā~ → ăÿĂ,    

 ĉ�ĔĉąĊ: Ă2 = ăÿĂăÿĀ∈Ā~āÿĀ → ăÿĂ.    

#5@H89 :@8B5@V9 >FV=Rє 7030;P=C CA?VH=VABP. �@C389 :@8B5@V9 
>FV=Rє <=09A;01:VHC ;0=:C=, 4>72>;SRG8 >1@0B8 20@V0=B, ?@8 S:><C 
<0:A8<V7CRBPAS <V=V<0;P=V 2038 @515@ 2 :>6=V9 :><?>=5=BV 
729S7=>ABV. 

�*( 287=0G0є 2  �$ ?0@5BV2AP:C <=>68=C (# ) Ĕ~, I> 
A:;040єBPAS 7 CAVE ?0@5BV2AP:8E >?B8<C<V2. �C45<> @>73;S40B8 
0;3>@8B<VG=C ?@>1;5<C 7=0E>465==S ?>2=>W <=>68=8 0;PB5@=0B82 
(# �) Ĕ0, S:0 є ?V4<=>68=>R #  <V=V<0;P=>W ?>BC6=>ABV V ?@8 
FP><C 28:>=CєBPAS C<>20 Ă(Ĕ0) = Ă(Ĕ~) [4]. 

%5@VS 7<030=P 1C45 A:;040B8AS 7 >:@5<8E 7<030=P, A?;0=>20=8E 
B0:8< G8=><, I>1 :V;P:VABP ?5@5<>6FV2 1C;0 =5 <5=H5 B@5B8=8 
7030;P=>W :V;P:>ABV :><0=4. !0?@8:;04, S:I> <0є<> 12 28:>=02FV2, 
B> 4;S :><0=4 7 G>B8@P>E CG0A=8:V2 @5:><5=4CєBPAS ?@>2>48B8 
7<030==S 7 >4=VєR :><0=4>R-?5@5<>6F5<. � S:I> B@510 D>@<C20B8 
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:><0=48 7 B@P>E CG0A=8:V2, B>4V 1V;PH 4>FV;P=> >18@0B8 42>E 
?5@5<>6FV2 2 42>E ?0@0E :><0=4. *5 @>18BPAS 4;S B>3>, I>1 4>;S 
?5@5<>3 B0 ?@>3@0HV2 1C;0 ?>@V2=S=>R. 

#@8 ?;0=C20==V A5@VW 7<030=P 206;82> AB2>@8B8 A:;048 :><0=4 
B0:8< G8=><, I>1 :>6=0 <>6;820 ?0@0 28:>=02FV2 1C;0 45:V;P:0 
@07V2 2 >4=V9 :><0=4V. &>1B> ?@8 B0:><C ?;0=C20==V B@510 
2@0E>2C20B8 @5AC@A G0AC 4 A:V;P:8 A5@V9 7<030=P є <>6;82VABP 
?@>25AB8. �0 ?52=8E C<>2 <>6=0 2V4<>28B8AS 2V4 FP>3> >1<565==S. 
�0C2068<>, I> 4>A;V465==S B0:>3> ?;0=C20==S <0є >:@5<89 
=0C:>289 V=B5@5A. 

� B01;8FV 1 =02545=> @>7?>4V; 8 3@02FV2 70 42><0 :><0=40<8, 
B0:8< G8=><, I>1 :>6=0 ?0@0 3@02FV2 3@0;0 70 >4=C :><0=4C =5 
<5=H5 42>E @07V2. �@02FV ?>7=0G5=V V=45:A0<8 2V4 0 4> 7 2:;RG=>. 
%5@VS A:;040єBPAS 7 8 7<030=P. &0:>6 70C2068<> I> 2 FP><C 
?@8:;04V <0:A8<0;P=0 :V;P:VABP 2E>465=P 2 >4=C :><0=4C 4;S ?0@8 
(ą0, ą2) 4>@V2=Rє 5, 0 A5@54=є 7=0G5==S :V;P:>ABV 4>@V2=Rє 3.43. 

�;S @>7@0EC=:C @515@=>W 2038 āÿĀ 1C45<> 28:>@8AB>2C20B8 
D>@<C;C: āÿĀ = þÿĀþ̄ÿĀ, 
45 ĊÿĀ¯  - :V;P:VABP ?5@5<>3 :><0=4, 4> A:;04C S:8E 2E>48;8 28:>=02FV ąÿ B0 ąĀ, ĊÿĀ - 7030;P=0 :V;P:VABP :><0=4, 4> A:;04C S:8E 2E>48;8 28:>=02FV ąÿ B0 ąĀ. 

 
&01;8FS 1 
$>7?>4V; 3@02FV2 70 2 :><0=40<8 
№ %:;04 :><0=48 1 %:;04 :><0=48 2 #5@5<>65FP 
1 0, 2, 3, 4 1, 5, 6, 7 :><0=40 2 
2 0, 2, 3, 6 1, 4, 5, 7 :><0=40 2 
3 0, 1, 2, 3 4, 5, 6, 7 :><0=40 2 
4 0, 1, 3, 5 2, 4, 6, 7 :><0=40 2 
5 0, 2, 6, 7 1, 3, 4, 5 :><0=40 1 
6 0, 1, 4, 6 2, 3, 5, 7 :><0=40 1 
7 0, 1, 2, 5 3, 4, 6, 7 :><0=40 2 
8 0, 4, 5, 7 1, 2, 3, 6 :><0=40 2 
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!0?@8:;04 ā26 = 0.750, B><C I> ?0@0 (ą2, ą6) 1@0;0 CG0ABP 2 
G>B8@P>E 7<030==SE (70 =><5@0<8 2, 4, 5 B0 8), 7 S:8E 3 1C;8 4;S =5W 
?5@5<>6=V (4, 5 B0 8). 

/:I> =0H0 <5B0 2 FP><C ?@8:;04V ?>;S30;0 2 AB2>@5==V 42>E 
FV;P>28E 3@C? ?> B@8 28:>=02FS 7 =040=>W <=>68=8 2>AP<8 
:0=4840BV2 (B>1B> Ą = 8, ā = 3), B> 4;S D>@<C20==S  �$ =0< 
?>B@V1=> AD>@<C20B8 ?5@5;V: CAVE <>6;828E 20@V0=BV2 D>@<C20==S 
B0:>W AB@C:BC@8. &0:8E 20@V0=BV2 280, I> 287=0G0є ?>BC6=VABP  �$.  

#VA;S FP>3> B@510 28:>=0B8 @>7@0EC=:8 7=0G5=P �*( 4;S CAVE 
5;5<5=BV2  �$. �V7C0;V70FVS F8E @>7@0EC=:V2 =040=0 =0 @8A. 1.  

 0є<> 420 @>72'S7:8, S:V CB2>@RRBP #  B0 # �: Ă229 =((ą1, ą2, ą7), (ą4, ą5, ą6)), Ă260 = ((ą1, ą5, ą6), (ą2, ą4, ą7)). !0 @8A. 1 
284V;5=> <0@:5@8, I> 2V4?>2V40RBP 7=0945=><C # �. 

%D>@<>20=> <=>68=C :@0I8E 20@V0=BV2 D>@<C20==S FV;P>28E 
3@C? V7 7040=8<8 ?0@0<5B@0<8 7 C@0EC20==S< ?>78B82=>3> 
?@0:B8G=>3> 4>A2V4C 270є<>4VW <V6 CG0A=8:0<8. 

$>7@>1;5=0 <0B5<0B8G=0 <>45;P 40є 7<>3C D>@<0;V7C20B8 281V@ 
20@V0=BV2 FV;P>2>W 3@C?8 7 =091V;PH ?@>4C:B82=> ?@0FRRG8E 
CG0A=8:V2. 
 

$8A.1 3 ЗA4K9AAO �*( 8?O  �$ (Ą = 8, ā = 3) 
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ІAEF<FGF >V59DA9F<>< V@9AV �.  . �?GL>B64 !�! '>D4WA<  
 

FUZZY CLUSTER MODEL BASED ON MULTI-FUZZY SETS 
  
Abstract. The paper considers the problem of clustering under qualitative 

information. Based on the theory of fuzzy sets, the problem is analyzed and its 
fuzzy cluster model is proposed. The formal concept of a multi-fuzzy cluster is 
introduced. An approach to clustering a set of qualitative data based on fuzzy 
combinatorial configurations using a fuzzy similarity relation, a fuzzy kernel, 
and the concept of multi-fuzzy sets is proposed.  

 

!5E09 7040=> <=>68=C >1'є:BV2  
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X x ==  B0 <=>68=C 
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W wþ þ==  WE=VE S:VA=8E >7=0:, S:0 =5 <VAB8BP E0@0:B5@8AB8G=C 
>7=0:C <=>68=8 ). 

!5E09 7040=0 2V4?>2V4=VABP : X Wù ³ , I> 287=0G0є <0B@8FR 
«>1'є:B->7=0:0» ù . �2060є<>, I> :>65=  <0є =5?CAB89 >1@07 
( )ix Wù ý , 0 :>6=0 >7=0:0w Wþ þ  <0є =5?CAB89 ?@>>1@07 

( )1 w X−
þù ý . �>G5284P, I> ( )ixù  3 GVB:0 ?V4<=>68=0 <=>68=8 W

,  1,...,i nþ . 

ix Xþ
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�V4?>2V4=VABP  ?>@>46Cє 2V4=>H5==S 5:2V20;5=B=>ABV  =0 
X Xô :    

,   (1) 

B>1B> S:I> ,i jx x Xþ  <0RBP >4=C V BC 6 AC:C?=VABP >7=0:, B> 2>=8 є 
5:2V20;5=B=8<8.  

'2545<> 1V=0@=5 2V4=>H5==S T ò= ôù ù , 45 òù 3 
B@0=A?>=>20=0 <0B@8FS,  3 4>1CB>: <0B@8FP, 
( ) ( ) ( ),i j i jt x x x x= ù ù  3 ?>BC6=VABP ?5@5B8=C >1@07V2 >1'є:BV2 

,i jx x Xþ . �V4=>H5==S T 3 @5D;5:A82=5 B0 A8<5B@8G=5, 0 ( ),i it x x ó

( ),i jt x x ; ( ),i it x x  3 :V;P:VABP (=5=C;P>28E) >7=0: >1'є:BC ; 

( ) ( ) ( ), 0i j i jt x x x x= û ù ù =ö .  

#>:;045<> ( ),i jx xð = ( ) ( ) ( ),i j i jt x x x xù ù ,  , 1,...,i j nþ ; B>4V 

<0є<> Rð : 
( )( , ) , 0i j i jx x R x xðþ û ð þ

;  : 0,1X Xð ô ³ .  

�>G5284P, I> 2V4=>H5==S Rð  є 2V4=>H5==S< ?>4V1=>ABV, 0 
DC=:FVS ( )i jxý = ( ),i jx xð  є <V@>R ?>4V1=>ABV 5;5<5=BV2 

 , 1,...,jx X j nþ þ , 7 5;5<5=B>< ix Xþ .  

!5GVB:C ?V4<=>68=C ( )( )  ( )( ) 
11

, , ,
i xi

n n

x j C j j i j
jj

C x x x x
==

= ý = ý  

( )i jxý = ( ),i jx xð ,  1,...,i nþ , =0725<> =5GVB:8< 
ixC -:;0AB5@><.  

#>7=0G8<>  
1i

n

x i
C

=
=C . �040<> 2V4>1@065==S ø : , 

( )1 ,
ix iC х−ø =  ,iх Xþ .

ixC þC  !5206:> ?>:070B8, S:I> S4@0 :;0AB5@V2 

ixC , 
jxC  ?5@5B8=0RBPAS, B> 

i jx xC C= , V i jx xû , B>1B>  

i jx xû û
i jx xC C=  ,i jx x Xþ .          (2) 

�3V4=> :;0A8DV:0FVW =5GVB:8E :><1V=0B>@=8E :>=DV3C@0FV9 [1, 2] 
>B@8<Cє<> =5GVB:V :><1V=0B>@=V :>=DV3C@0FVW 4@C3>3> ?>@S4:C 
B@5BP>3> B8?C, 4;S S:8E B2V@=>R <=>68=>R є 25:B>@=>7=0G=0 
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 =>68=C C  ?>40є<> C 283;S4V <C;PB8<=>68= B0:8< G8=><. 
!5E09  

1

p
l l

K
=

=  287=0G5=0 70 (1) <=>68=0 :;0AV2 5:2V20;5=B=>ABV 
<=>68=8 . �2545<> 2V4>1@065==S ( )lKòø , B0:5, I> 

( )  
il x i l lK C x K Qòø = þ = , 45 lQ  3 >1@07 :;0AC lK , S:89 є 

<=>68=>R @V2=8E <V6 A>1>R 
ixC -:;0AB5@V2. #>7=0G8<> l lK k= , 

B>4V 7 C@0EC20==S< (2) <0є <VAF5 @V2=VABP: l lK Q= . !5E09 lu  3 

5B0;>= :;0AC 5:2V20;5=B=>ABV lK , ?>7=0G8<> S:   1
p

l l
U u ==  

<=>68=C >1@0=8E 5B0;>=V2 >B@8<0=8E :;0AV2 5:2V20;5=B=>ABV; 
l qu uù , l qù .  =>68=C U  =0725<> C=825@AC<>< <C;PB8<=>68=. 

#>7=0G8<> ( ) ( ), ,lq i l j q l qa x K x K u u= ð þ þ = ð ,  0,1lqa þ , 

 , 1,...,l q pþ . �>G5284P, S:I> l qù , B> lq qla a= ; ll lqa aþ .  0B@8FR 

( )  , , 1,...,lqa l q pþ , =0725<> =5GVB:>R <0B@8F5R ?>4V1=>ABV 
5;5<5=BV2 C=825@AC<0 .U   

!5E09 ,i lx Kþ  B>4V  

( ) ( )( )  ( ) ( ) 1 1 1
1

, , ,..., , ,
i l

p

q q lq l p p lpx K
q

C k u a k u a k u aþ
=

= =  

1 ... pk k n+ + = . 

&0:8< G8=><, :;0AB5@ ?>40=> S: =5GVB:C <C;PB8<=>68=C =0 
C=825@AC<V U .  

'2545<> B0:V >?5@0FVW:   

( ) ( )( )( ) 
1

,max ,
i l

n

x x j i j l j
j

C C x x x
=

= ý ý , ,i lx x X þ ; 
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1

, , ,
i l
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x x j i j j l j
j

C C x x x x
=

+ = ý ý , ,i lx x X þ ; 
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1

,
n

j i j
j

k x x
=

ý , ix X þ . 

#>40<> :;0AB5@ S: <C;PB8=5GVB:C <=>68=C [3, 4].  

#>:;045<> ( ) ( )( ), ,q q lq q q lqk u a u k a= , B>4V ( )i l lx KC Qþ þ  ( )i lx KC þ =  

( ) ( ) ( )  ( )( ) ( )( ) 1 1 1 1 1 1, , ..., , ,..., , , , ..., , .l q q lq p p lp l p p lpk u a k u a k u a u k a u k a= =  

#>7=0G8<> ( )1,..., pk k k= , ; 

X

( )1,..., ,...,l l lq lpa a a a=
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, 45  3 >?5@0FVS, S:0 287=0G0є 

<?>:><?>=5=B=89 4>1CB>:= 25:B>@V2:  
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�8A=>2:8. #>BC6=VABP S4@0 7040=>3> @V2=S ñ  <C;PB8=5GVB:>3> 

:;0AB5@0 >1G8A;Rє<> 70 D>@<C;>R ( )x li
C Q

ñ
þ

÷ ( )

1

ir i

i

j

q lq
q j

k a
=

=õ . 

#>BC6=VABP =>AVS =5GVB:>3> S4@0 @V2=S ñ  <C;PB8=5GVB:>3> :;0AB5@0 

( ) ( ),
i l l lx KC u k aþ = ô ô
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3 70 D>@<C;>R: ( )
( )

1

ir i

i l
i

j

qx Q q j
Ker C kñ þ =

=õ . #>40==S <>45;V =5GVB:8E 

:;0AB5@V2 =0 >A=>2V <C;PB8=5GVB:8E <=>68= 28:>@8AB>2Cє<> C 
?>40;PH8E 4>A;V465==SE 7 <5B>R 045:20B=>3> 287=0G5==S =5GVB:8E 
?>=SBP =5D>@<0;P=8E <>45;59 ?@8 D>@<0;V70FVW B0 @>72'S70==V 7040G 
:;0AB5@870FVW 7 C@0EC20==S< ?>4V1=>ABV B0 ?>BC6=>ABV :;0AV2 
5:2V20;5=B=>ABV.  

 
�VB5@0BC@0  
1. �C;S=8FP:89 �.(., $SA=0 �.�. �> D>@<0;V70FVW 7040G 

:><1V=0B>@=>W >?B8<V70FVW =0 =5GVB:8E <=>68=0E. &9BDVO 
BCF<@4?PA<I DVL9AP. �8W2: �=-B :V15@=5B8:8 V<5=V �. . �;CH:>20 
!�! ':@0W=8. 2016. C. 17 3 25. 

2. Hulianytskyi L.F., Riasna I.I. Formalization and classification of 
combinatorial optimization problems. Optimization Methods and 
Applications (eds. Butenko S., Pardalos P. M., Shylo V.). Cham: Springer 
International Publishing AG, 2017. P. 239 3 250. 

3. Sebastian S., Ramakrishnan T.V. Multi-fuzzy sets: an extension 
of fuzzy sets. Fuzzy Inf. Eng. 2011. 1. P. 35343. DOI 10.1007/s12543-
011-0064-y. 

4. Hong-Yu Wang, Jie-Sheng Wang, Guan Wang. Multi-fuzzy 
clustering validity index ensemble: A Dempster-Shafer theory-based 
parallel and series fusion. Egyptian Informatics Journal. 2023. v 24. № 
4. 100417. https://doi.org/10.1016/j.eij.2023.100417G 

 
 
 
��%&�!*��!�  ���+!� $"� �&�� � �$�(� ���� 

 0@8=0 %5<5=RB0, %5@3V9 /:8<5=:> 
*9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F 

 
DISTANCE MAGIC LABELINGS AND KELI GRAPHS 

 
Abstract. . We have found conditions for the existence of distance magic 

markings for certain types of Kelly graphs on the diedra group Ā2Ą. 

 
�A=CRBP @V7=V B8?8 <03VG=8E @>7<VB>: 3@0DV2, WE >?8A V 

@57C;PB0B8 2V4=>A=> @VH5==S 7040G VA=C20==S, ?>1C4>28 V ?5@5;V:C 
<>6=0 7=09B8 2 [1]. �;S 45S:8E @>7<VB>: 28:>@8AB>2C20;8 @V7=V 
B5@<V=8 01> =02?0:8 @V7=V @>7<VB:8 <0RBP >4=0:>2C =072C. � 40=V9 
@>1>BV @>73;S40B8<5<> @>7<VB:C, S:C 22V2 V. Vilfred C 1994 @>FV V 

https://www.sciencedirect.com/journal/egyptian-informatics-journal
file:///C:/Disk_Marina/MS/конференции,%20стажировки/семинар_кировоград/2024_комб.конф/документи/%2024.%20№%204
file:///C:/Disk_Marina/MS/конференции,%20стажировки/семинар_кировоград/2024_комб.конф/документи/%2024.%20№%204
https://doi.org/10.1016/j.eij.2023.100417
https://s100.copyright.com/AppDispatchServlet?publisherName=ELS&contentID=S1110866523000737&orderBeanReset=true
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=07202 WW -@>7<VB:>R [2], C 2003 FR @>7<VB:C =570;56=> 2V4 =P>3> 
70?@>?>=>20;8 M. Miller, C. Rodger, R. Simanjuntak, 28:>@8AB02H8 
4;S =5W B5@<V= «1-25@H8==>-<03VG=0 25@H8==0» [3], 0 C 2009 @>FV 3 
S. Arumugam, D. Froncek, N. Kamatchi 3 ?V4 =072>R «48AB0=FV9=0 
<03VG=0» [4,5]. "AB0==V9 B5@<V= =01C2 =091V;PH>W ?>?C;S@=>ABV V 
26820єBPAS 2 =0C:>2V9 ;VB5@0BC@V. 

�C45<> @>73;S40B8 728G09=V 3@0D8, B>1B> A:V=G5=V 
=5>@Vє=B>20=V 3@0D8, I> =5 <VABSBP :@0B=8E @515@ B0 ?5B5;P. !5E09 
7040=> 3@0D ă = (Ē, ā) V <=>68=0 Āý{0, 1, 2, & , Ăÿÿă(ă)}, 45 Ăÿÿă(ă) 3 4V0<5B@ 3@0D0 ă. �04><> 2V4>1@065==S Ą: Ē(ă) →{0, 1, 2, & , |Ē|}, S:5 =07820RBP @>7<VB:>R 3@0D0 ă. Ā->:>;>< 
25@H8=8 Ā =07820RBP <=>68=C Ċÿ(Ā), WW 5;5<5=B0<8 є 25@H8=8, I> 
7=0E>4SBPAS =0 2V4AB0=V Ă ∈ Ā 2V4 25@H8=8 Ā. #V4 Ā-647BN ā(Ā) (01> āĄ(Ā)) 69DL<A< Ā ?@8 @>7<VBFV Ą @>7C<Vє<> AC<C <VB>: 25@H8=  Ā->:>;C 25@H8=8 Ā, B>1B> ā(Ā) = ∑ Ą(ÿ)þ∈þ�(ÿ) , 45 Ā ∈ Ē(ă). 

�@0D ă ?>@S4:C Ą =07820RBP Ā-8<EF4AJV=A<@ @47VKA<@, S:I> 
VA=Cє 1Vє:FVS Ą: Ē(ă) → {1, 2, & , Ą} V B0:0 AB0;0 ā, I> 4;S :>6=>W 
25@H8=8 Ā ∈ Ē(ă) WW Ā-2030 4>@V2=Rє ā, B>1B> ā(Ā) = ā. +8A;> ā 
=07820RBP Ā-8<EF4AJV=ABN (01> 8<EF4AJV=ABN) @47VKABN EF4?BN 
@>7<VB:8 Ą [6]. 

#@8 Ā = {1} @>7<VB:C Ą 3@0D0 ă =07820RBP 8<EF4AJV=ABN 
@47VKABN [5]. 

"4=8< 7 =091V;PH @>7?>2AR465=8E ?@8:;04V2 70AB>AC20==S 
48AB0=FV9=>W <03VG=>W @>7<VB:8 є >@30=V70FVS =5?>2=8E :@C3>28E 
BC@=V@V2 [7]. 

� >AB0==V @>:8 B5>@VS 3@0DV2 �5;V @>72820єBPAS S: >:@5<0 
G0AB8=0 0;351@0WG=>W B5>@VW 3@0DV2. �@0D8 �5;V 7=0E>4SBP 
70AB>AC20==S 2 B5>@VW 3@C? V B5>@VW 3@0DV2 ?@8 @>729S70==V 7040G 
:;0A8DV:0FVW, V7><>@DV7<C 3@C? V 3@0DV2, @>7D0@1>2C20==S 3@0DV2, 
?5@5;V:C. �@V< B>3>, VA=Cє 1030B> FV:028E 70AB>AC20=P 3@0DV2 �5;V, 
7>:@5<0 WE 28:>@8AB0==S 2 1V>;>3VW ?@54AB02;5=> 2 @>1>BV [8], 0 2 
V=D>@<0B8FV 3 2 [9].  

 >B820FVєR 4;S 0=0;V7C 3@0DV2 �5;V AB0;8 @>1>B8 [10-12]. 
 5B>R 40=>W @>1>B8 є @>729S70==S 7040GV VA=C20==S 48AB0=FV9=>W 
<03VG=>W @>7<VB:8 4;S >:@5<8E B8?V2 3@0DV2 �5;V =0 3@C?V 4V54@0 Ā2Ą. 

$>73;S=5<> A:V=G5=C 3@C?C � 7 ?>@>46C20;P=>R <=>68=>R ďü�, 45 <=>68=0 ď =5 <VAB8BP >48=8G=89 5;5<5=B V є A8<5B@8G=>R, 
B>1B> ď = ď21, ď21 = {ĉ21|ĉ ∈ ď}. 

� 3@0DV �5;V ÷ = ÿÿă(�, ď) = (Ē, ā) 25@H8=8 2V4?>2V40RBP 
5;5<5=B0< 3@C?8, 0 @51@0 3 4>1CB:C 5;5<5=B0 3@C?8 A?@020 =0 
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5;5<5=B ď. � 40=><C 28?04C ÷ 3 728G09=89 3@0D, 2V= є |ď|-
@53C;S@=8< V 25@H8==>-B@0=78B82=8<. 

�@C?0 4V54@0 (4V54@0;P=V 3@C?0) Ā2Ą 3 F8:;VG=0 3@C?0 ?>@S4:C 2Ą, D0:B8G=> <0є<> Ā2Ą = {ÿ, Ā|ÿĄ = Ā2 = ă, ĀÿĀ = ÿ21} = = {ă, ÿ, ÿ2, & , ÿĄ21, Ā, ÿĀ, & , ÿĄ21Ā}. 
!5E09 ďüĀ2Ą $>73;S=5<> ?@8:;048 3@0DV2 �5;V ÷ = ÿÿă(Ā2Ą, ď) 

4;S |ď| = 1; 2; 3 V 4>A;V48<> WE =0 =0S2=VABP 48AB0=FV9=>W <03VG=>W 
@>7<VB:8. 

#@8:;04 1. |ď| = 1, B>4V 3@0D �5;V ÷ = ÿÿă(Ā2Ą , ď) = Ąć2 =5 є 
48AB0=FV9=8< <03VG=8<. 

#@8:;04 2. ď = {ÿ, ÿ21}, 45 ÿ b ÿ21, <0є<> ÷ = ÿÿă(Ā2Ą, ď) = = 2Ąă ÿă V ą(ÿ) = ă.  

#@8:;04 3. ď = {ÿ, Ā}, 45 ÿ2 = Ā2 = ă, <0є<> ÷ = ÿÿă(Ā2Ą, ď) = = 2Ąă ÿ2ă, V ą(ÿĀ) = ă. 

' ?@8:;040E 2 B0 3 3@0D ÷ 1C45 48AB0=FV9=8< <03VG=8<, :>;8 
:>6=0 9>3> :><?>=5=B0 є F8:;>< ÿ4 [13]. � FP>3> 28?;820є, I> Ą 
?>28==> 1CB8 ?0@=8<. 

#@8:;04 4. Ā2Ą =< ÿ, Ā | ÿĄ = Ā2 = ă, ĀÿĀ = ÿ21 >,  ď = {ÿ, ÿ21, Ā}, 45 2Ą g 6, <0є<> ÷ = ÿÿă(Ā2Ą, ď) = ć2 × ÿĄ (@8A.1). 
 

 
$>73;S=5<>, <=>68=8 AC<V6=>ABV 25@H8= ÿĄ22 V ÿĀ 3@0D0  

÷ = ć2 × ÿĄ: Ċ(ÿĄ22) = { ÿĄ21, ÿĄ23 , ÿ2Ā}, Ċ(ÿĀ) = { Ā, ÿ2Ā,ÿĄ21}. "45@68<> |Ċ(ÿĄ22) ∩ Ċ(ÿĀ)| = deg(ÿĄ22) 2 1 = deg(ÿĀ) 2 1 = 2, 
45 deg(ÿĄ22), deg(ÿĀ) 3 AB5?5=V 2V4?>2V4=8E 25@H8=. "B65, F59 
3@0D =5 є 48AB0=FV9=8< <03VG=8< [3]. 

#@8:;04 5. ď = {ÿ, ÿ21, Ā}üĀ2Ą, 45 ÿ b ÿ21, Ā2 = ă, B>4V <0є<> 
÷ = ÿÿă(Ā2Ą, ď) = Ąă (ć2 × ÿĄ). 

Ā          ÿĀ             ÿ2Ā         ÿ3Ā & & &.  ÿĄ23Ā     ÿĄ22Ā       ÿĄ21Ā         b 

ă         ÿĄ21         ÿĄ22         ÿĄ23 & & &.  ÿ3            ÿ2             a              ă 

$8A.1 3 ÿÿă(Ā2Ą, ď) = ć2 × ÿĄ 
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#@8:;04 6. ď = {ÿ, Ā, ā}üĀ2Ą, 45 Ą g 3, |ď| = 3 V ÿ2 = Ā2 = ā2 = = ă, B>4V <0є<> ÷ = ÿÿă(Ā2Ą, ď) = ć2 × ÿĄ. 
�;S 1C4P S:>3> 3@0D0 7 ?@8:;04V2 5 V 6 7=094CBPAS 42V 25@H8=8 Ă V ă, 4;S S:8E |Ċ(Ă) ∩ Ċ(ă)| = deg(Ă) 2 1 = deg(ă) 2 1 = 2, B><C 

FV 3@0D8 =5 є 48AB0=FV9=8< <03VG=8< [3]. 
&0:8< G8=><, =0<8 4>2545=> =0ABC?=5 B25@465==S. 
&25@465==O. �@0D8 ÷ = ÿÿă(Ā2Ą, ď) ?@8 
1) |ď| = 1; 
2) ď = {ÿ, ÿ21, Ā}üĀ2Ą, 45 ÿ b ÿ21, Ā2 = ă ; 
3) ď = {ÿ, Ā, ā}üĀ2Ą, 45 Ą g 3, |ď| = 3 V ÿ2 = Ā2 = ā2 = ă 

=5 є 48AB0=FV9=8<8 <03VG=8<8. 
�@0D ÷ = ÿÿă(Ā2Ą, ď), 45 ď = {ÿ, ÿ21}, ÿ b ÿ21 V ą(ÿ) = ă є 

48AB0=FV9=8< <03VG=8<8 B>4V V BV;P:8 B>4V, :>;8 ă = 4 V Ą 3 ?0@=5. 
�@0D ÷ = ÿÿă(Ā2Ą, ď), 45 ď = {ÿ, Ā}, ÿ2 = Ā2 = ă V ą(ÿĀ) = ă є 

48AB0=FV9=8< <03VG=8<8 B>4V V BV;P:8 B>4V, :>;8 ă = 2 V Ą 3 ?0@=5. 
#>40;PHV 4>A;V465==S <>6CBP 1CB8 ?>2'S70=V 7 ?>HC:>< C<>2 

VA=C20==S Ā-48AB0=FV9=8E <03VG=8E @>7<VB>: 3@0D0 �5;V =0 3@C?V 
4V54@0. 
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#$" ��$)!� � !��!� "*�!�� )$" �&�+!"�" 

+�%�� ��/ #��!�$!�) � !�#��!�$!�) �$�(�� 
1%5<5=RB0  ., 2,5@<0= �., 2!5AB5@5=:> ". 

1*9AFD4?PABG>D4WAEP><= A4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F, 
2 V:A4DB8A<= є6DBC9=EP><= GAV69DE<F9F 

 
 

DISTANCE MAGIC LABELINGS AND KELI GRAPHS 
 

Abstract. We considered the problem of estimating the chromatic number 
of a pair of graphs ă and ă1, satisfying the following conditions:: ă is not planar; ă G contains one largest clique ćĄ of order Ą g 3; after removing one edge ă in 
the clique, ćĄ the graph ă1 = ă 2 ă is transformed into a planar one. 

 
�C45<> @>73;S40B8 728G09=V 3@0D8, B>1B> A:V=G5=V 

=5>@Vє=B>20=V 3@0D8, I> =5 <VABSBP :@0B=8E @515@ B0 ?5B5;P. 
#@028;P=8< @>7D0@1C20==S< 3@0D0 ă = (Ē, ā) =07820єBPAS 
2V4>1@065==S ā: Ē → Ċ, B0:5, I> ā(Ā) b ā(ÿ), S:I> ÿ, Ā ∈ Ē V {ÿ, Ā} ∈ ā, 45 Ċ = {1, 2, 3, & } 3 <=>68=0 D0@1. )@><0B8G=5 G8A;> 
ó( ă) 3@0D0 ă 3 F5 <V=V<0;P=0 :V;P:VABP D0@1, S:C 28:>@8AB0=> 4;S 
?@028;P=>3> @>7D0@1C20==S. 
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�040G0 ?>HC:C ?@028;P=>3> @>7D0@1C20==S 3@0D0 є >4=VєR 7 
>A=>2=8E 7040G B5>@VW 3@0DV2. �A=CRBP @V7=V <5B>48 B0 0;3>@8B<8 WW 
@>729S7:C [1-4]. "4=8< 7 =0?@S<V2 4>A;V465=P є >1G8A;5==S 01> 
>FV=:0 E@><0B8G=>3> G8A;0 3@0D0 70 4>?><>3>R V=H8E, 1V;PH 
7@CG=8E E0@0:B5@8AB8: 3@0D0. 

!5E09 7040=> 729S7=89 3@0D ă = (Ē, ā), S:89 704>2>;P=Sє 
=0ABC?=8< C<>20<: ă =5 є ?;0=0@=8<; ă <VAB8BP >4=C =091V;PHC :;V:C ćĄ ?>@S4:C Ą g 3; 

?VA;S 2840;5==S >4=>3> @51@0 ă 2 :;V:V ćĄ 3@0D ă1 = ă 2 ă 
?5@5B2>@RRBPAS =0 ?;0=0@=89. 

#@8:;04 B0:>3> 3@0D0 ă =02545=> =0 @8A.1. �?52=8<>AS, I> 2V= 
=5 є ?;0=0@=8<. �;S FP>3> 28:>=0є<> ?>A;V4>2=> >?5@0FVR 
ABS3=5==S @515@ C ?V43@0DV ă′ (@8A.2) 3@0D0 ă: 

ABS3=5<> @51@> {4,13}, =>2C 25@H8=C ?>7=0G8<> 4; 
ABS3=5<> @51@> {1,11}, =>2C 25@H8=C ?>7=0G8<> 1; 
ABS3=5<> @51@> {2,10}, =>2C 25@H8=C ?>7=0G8<> 10. 
"B@8<0;8 3@0D ć5 (@8A.3). �0 :@8B5@Vє< �03=5@0 ă =5 є 

?;0=0@=8< 3@0D><. 
 

$8A.1. 3 �@0D ă = (Ē, ā) 
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$8A.2. 3 #V43@0D ă′ 3@0D0 ă 
 

$8A.4. 3 �@0D ć5 
 
#VA;S 2840;5==S 7 3@0D0 ă >4=>3> @515@0 {10,12} (01> {1,8}) 

>45@68<> 3@0D ă1 = ă 2 ă. �V= є ?;0=0@=8< B0: S: <0є ?;>A:C 
C:;04:C. 

"FV=:8 E@><0B8G=>3> G8A;0 3@0DV2 ă V ă1 =02545=> 2 B01;8FV 1. 
 

&01;8FS 1. !86=V V 25@E=V >FV=:8 E@><0B8G=>3> G8A;0 3@0DV2 ă V ă1 
�@0D ă 

!86=V >FV=:8 
E@><0B8G=>3> G8A;0 

�5@E=V >FV=:8 
E@><0B8G=>3> G8A;0 

1) �;V:>25 G8A;> (01> IV;P=VABP) 3@0D0 ă 4>@V2=Rє �(ă) = 4. &>4V 4;S 3@0D0 ă A?@0254;82>: ó( ă)ó �(ă) = 4. 

&0: S: ă 3 729S7=89 3@0D 
<0:A8<0;P=>W AB5?5=V 5, B> 70 
B5>@5<>R �@C:A0 ó(ă)f5. 

ó(ă)ó [ Ć�(�)] = 3, 

45 ÿ(ă) 3 G8A;> =570;56=>ABV 3@0D0 ă. 
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ó(ă) g Ć2Ć2 2 2ć ;   ó(ă1) g 2. 
  

�@0D ă1 
1) �;V:>25 G8A;> (01> IV;P=VABP) 3@0D0 ă1 4>@V2=Rє �(ă1) = 3. &>4V 4;S 
3@0D0 ă1 A?@0254;82>: 
ó(G1)ó �(ă1) = 3. 

ă1 3 ?;0=0@=89 3@0D, B>4V 4;S 
9>3> 25@E=P>W >FV=:8 
>45@68<> >1<565==S: 
ó(ă1)f4. 
 

2) ó(ă1)ó [ Ć�(�1)] = 3, 45 ÿ(ă1) 3 G8A;> 
=570;56=>ABV 3@0D0 G1. 

 

3)ó(ă1) g Ć2Ć222ć ;   ó(ă1) g 2.   

 
"B@8<0;8 4 f ó(ă) f 5, 3 f ó(ă1) f 4. 
/:I> � = (ÿÿĀ) 3 <0B@8FS AC<V6=>ABV 3@0D0 ?>@S4:C Ć, B> deg(Āÿ) = degÿ = ∑ ÿÿĀĆĀ=1  =07820RBP 20;5=B=VABR (AB5?5=5<) 

25@H8=8 Āÿ, 0 deg(ā)(Āÿ) = degÿ(ā) = ∑ ÿÿĀ ∙ degÿ(ā21)ĆĀ=1  3 k-

:@>:>2>R 20;5=B=VABR 25@H8=8 Āÿ. 
�;S @>7D0@1C20==S 3@0DV2 ă V ă1, 28:>@8AB0є<> <>48DV:0FVR 

0;3>@8B<C !#-C?>@S4:C20==S 25@H8= =0 >A=>2V k-:@>:>28E 
20;5=B=>AB59 (@8A. 5 V 6). !#-0;3>@8B< 2V4=>A8BPAS 4> ?0@0;5;P=8E 
;>:0;P=8E 0;3>@8B<V2, B0: S: 28:>@8AB>2CєBPAS V=D>@<0FVS 7 
;>:0;P=>W ?0<9SBV AC<V6=8E 25@H8= V >48= 9>3> :@>: A:;040єBPAS 2 
>4=>G0A=><C B0 =570;56=><C ?5@5>1G8A;5==V <VB>: =0 2AVE 
25@H8=0E 3@0D0 =0 >A=>2V 2V4><>AB59, >B@8<0=8E =0 ?>?5@54=P><C 
:@>FV . 

�8:>=0є<> C?>@S4:C20==S 25@H8= 3@0DV2 ă V ă1 70 !#-
0;3>@8B<>< 2 ?>@S4:C =57@>AB0==S WE 20;5=B=>AB59. $57C;PB0B8 
?@54AB02;5=V 2 B01;8FSE 2 B0 3. 

 
&01;8FS2. �5@H8=8 B0 WE k-:@>:>2V 20;5=B=>ABV 3@0D0 ă Ć degÿ  degÿ(2)

 Ć degÿ(3)
 

!#-
C?>@S4:C20==S 
25@H8= 

1 5 22 1 94 1 
8 5 12 10 92 10 

10 5 22 12   12 
12 5 21 8   8 
2 4 14 4   4 
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4 4 17 11   11 
9 4 15 9 62 13 

11 4 16 13 63 9 
13 4 15 2   2 
5 3 12 5 50 5 
7 3 12 7 48 7 
3 2 8 6   6 
6 2 9 3   3 

 
 
&01;8FS2. �5@H8=8 B0 WE k-:@>:>2V 20;5=B=>ABV 3@0D0 ă1 Ć deg(ÿ) deg(2)(ÿ) Ć deg(3)(ÿ) 

!#-
C?>@S4:C20==S 
25@H8= 

1 5 20 1  1 
8 5 21 8   8 
2 4 13 10   10 
4 4 17 12   12 
9 4 15 4   4 

10 4 21 11   11 
11 4 16 9   9 
12 4 20 13   13 
13 4 14 2   2 
5 3 12 5   5 
7 3 11 7   7 
3 2 8 3 28 6 
6 2 8 6 34 3 

 
"B65, <0є<> ó(ă) = ó(ă1) = 4. 

$8A.5. 3 #@028;P=5 @>7D0@1C20==S 3@0D ă 70 <>48DV:>20=8< 
0;3>@8B<>< 7 !#-C?>@S4:C20==S< 25@H8= 
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$8A.6. 3 #@028;P=5 @>7D0@1C20==S 3@0D ă1 70 <>48DV:>20=8< 

0;3>@8B<>< 7 !#-C?>@S4:C20==S< 25@H8= 
 
#>AB0є ?8B0==S G8 4;S :>6=>W ?0@8 3@0DV2 ă V ă1, I> 

704>2>;P=SRBP 28I5 =02545=8< C<>20<, 28:>=CєBPAS @V2=VABP 
ó(ă) = ó(ă1). 

 
�VB5@0BC@0 
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�%#��&� #$"�$� !"� $������*�� ��"�&�#!"� 
����+� ��&���*��-$"� �-�!!/ ��/ #"�$�-�!!/ 

 ���+!"� �"��%&��� 
";5:AV9 %5@3єє2 

!4JVBA4?PA<= F9IAVKA<= GAV69DE<F9F «�AVCDB6EP>4 
CB?VF9IAV>4 

 
ASPECTS OF THE SOFTWARE IMPLEMENTATION OF 

THE TWO-STAGE ACTIVATION-PLACEMENT TASK FOR 
IMPROVING MEDICAL LOGISTICS 

 
Abstract. The necessity of studying medical logistics in critical situations 

arises from the need to adapt to unpredictable crises such as pandemics and 
natural disasters. Improving the transportation network is a central element for 
the efficient distribution of medications and medical supplies during 
emergencies. Historical examples, such as the challenges during the COVID-19 
pandemic and the aftermath of military actions, highlight the consequences of 
logistical shortcomings in the distribution of medicines, whereas successful 
models demonstrate the effectiveness of well-structured transportation systems. 

This study analyzes the current medical logistics system in Ukraine to 
identify weaknesses and potential improvements. To implement them, a 
mathematical model of a multi-stage activation-placement problem is proposed. 
This model aims to optimize the logistics infrastructure by combining 
evolutionary approaches and the theory of optimal set partitioning. For practical 
application, the proposed approach is implemented in a software solution 
consisting of three main modules: a user interface, modules for operating a 
Genetic Algorithm (GA) and modules for center placement. 

The software integrates with existing information systems to enhance real-
time information exchange among all participants in the medical logistics chain. 
The proposed model and software implementation offer a robust tool for 
improving the efficiency of medical resource distribution during crises. 

 
�ABC?. !5>1EV4=VABP 282G5==S ?8B0==S <548G=>W ;>3VAB8:8 2 

:@8B8G=8E A8BC0FVSE ?>;S30є 2 28<>30E 040?B0FVW 4> 
=5?5@5410GC20=8E :@87, B0:8E S: ?0=45<VW B0 AB8EV9=V ;8E0. 
�4>A:>=0;5==S B@0=A?>@B=>W <5@56V є F5=B@0;P=8< 5;5<5=B>< 4;S 
5D5:B82=>3> @>7?>4V;C ;V:V2 B0 28@>1V2 <548G=>3> ?@87=0G5==S ?V4 
G0A =04728G09=8E A8BC0FV9. �AB>@8G=V ?@8:;048, B0:V S: 28:;8:8 ?V4 
G0A ?0=45<VW COVID-19 B0 =0A;V4:V2 2V9AP:>28E 4V9, ?V4:@5A;RRBP 
;>3VAB8G=V =54>;V:8 C @>7?>4V;V ;V:V2. 

%CG0A=0 A8AB5<0 <548G=>W ;>3VAB8:8 2 ':@0W=V <0є :V;P:0 
A;01:8E <VAFP, S:V ?>B@51CRBP C2038 B0 24>A:>=0;5==S. #5@H 70 2A5, 
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VA=Cє 7=0G=0 70B@8<:0 2 CE20;5==V @VH5=P G5@57 2V4ACB=VABP 
F5=B@0;V7>20=>W V=D>@<0FV9=>W A8AB5<8 4;S >?5@0B82=>3> >1<V=C 
40=8<8 <V6  V=VAB5@AB2>< >E>@>=8 74>@>29S ( "�) B0 
@53V>=0;P=8<8 45?0@B0<5=B0<8 >E>@>=8 74>@>29S (�"�). *5 
?@872>48BP 4> 1R@>:@0B8G=8E 70B@8<>: C 70B25@465==V =0:07V2 B0 
@>7?>4V;V @5AC@AV2, I> є >A>1;82> :@8B8G=8< ?V4 G0A =04728G09=8E 
A8BC0FV9. �A=Cє =54>AB0B=S :V;P:VABP AC1@53V>=0;P=8E F5=B@V2 B0 
F5=B@V2 48AB@81CFVW, 0 B0:>6 A;01:0 WE ?V43>B>2:0 4> :@87>28E 
A8BC0FV9. �V4ACB=VABP 02B><0B870FVW ?@>F5AV2 C?@02;V==S 70?0A0<8 
B0 B@0=A?>@BC20==S< 4>40B:>2> CA:;04=Rє 5D5:B82=5 
DC=:FV>=C20==S A8AB5<8. 

' AB0BBV [1] 4>A;V46CєBPAS V=B53@0FVS B5E=>;>3VW 
V=B5;5:BC0;P=>3> 28S2;5==S 2B>@3=5=P C A8AB5<C <548G=>W 
;>3VAB8:8 7 28:>@8AB0==S< ?C1;VG=>W E<0@8. ' @>1>BV [2] 
@>73;S40єBPAS <5B>4>;>3VS >?B8<V70FVW @>7<VI5==S >1'є:BV2, I> 
2@0E>2Cє ?5@52038 :>@8ABC20G0. �8:>@8AB>2CєBPAS V=B5@0:B82=89 
52>;RFV9=89 0;3>@8B<, S:89 7=0E>48BP =091V;PH ?@89=SB=V 
@VH5==S =0 #0@5B>-D@>=BV, A?8@0RG8AP =0 ?5@52038 :>@8ABC20G0. 
!5>1EV4=VABP ?>:@0I5==S A8AB5<8 <548G=>W ;>3VAB8:8 2 ':@0W=V 
>1C<>2;5=0 :V;P:><0 :;RG>28<8 D0:B>@0<8. ' A2>W9 @>1>BV <8 
@>73;S40є<> A8AB5<C <548G=>W ;>3VAB8:8 C :@87>28E A8BC0FVSE =0 
?@54<5B <>6;828E ?>:@0I5=P ?@>F5AC. #@>?>=Cє<> ?>40;PHC B0 
1V;PH 3;81>:C V=B53@0FVR 7 =0S2=8<8 V=D>@<0FV9=8<8 A8AB5<0<8 
4;S >?5@0B82=>3> >1<V=C V=D>@<0FVєR <V6 CAV<0 CG0A=8:0<8 
<548G=>W ;>3VAB8:8. &0:>6 ?@>?>=Cє<> ?@54<5B=C ?>AB0=>2:C 
7040GV B0 2V4?>2V4=C <0B5<0B8G=C <>45;P, S:0 2@0E>2Cє ?>B@518 
A8AB5<8. �;S 28@VH5==S FVєW ?@>1;5<8 ?@>?>=Cє<> ?@>3@0<=C 
@50;V70FVR B0 >?8ACє<> WW 0A?5:B8, I> A?@8SRBP ?V428I5==R 
5D5:B82=>ABV @>7?>4V;C <548G=8E @5AC@AV2 ?V4 G0A :@87>28E 
A8BC0FV9. *S @>1>B0 є ?@>4>265==S< [3], 45 02B>@0<8 1C;> 
@>73;S=CB> <0B5<0B8G=C <>45;P 1030B>5B0?=>W 7040GV @>7<VI5==S 
>19є:BV2 7 >1<565==S< =0 <0:A8<0;P=C :V;P:VABP >4=>G0A=> 
0:B82>20=8E ?V4?@8є<AB2 V 70?@>?>=>20=> ?V4EV4 4> WW 
@>729S7C20==S, S:89 107CєBPAS =0 28:>@8AB0==V 52@8AB8G=8E 
?V4E>4V2 B0 B5>@VW >?B8<0;P=>3> @>718BBS <=>68=. 

 
 0B5<0B8G=0 <>45;ь.  
#>7=0G8<>: 
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 − Ω 3 >1;0ABP, 45 @>7?>4V;SRBPAS <548G=V B>20@8 <V6 
A?>6820G0<8; 

 − Ωÿ 3 >1;0ABP >1A;C3>2C20==S F5=B@0 48AB@81CFVW, ÿ =1, Ċ̅̅ ̅̅ ̅; 
 − N 3 =5>1EV4=0 :V;P:VABP F5=B@V2 48AB@81CFVW (*�);  
 − M 3 7030;P=0 :V;P:VABP 4>ABC?=8E 4;S 0:B820FVW 

AC1@53V>=0;P=8E F5=B@V2 (%$*); 
 − K 3 2V4><0 :V;P:VABP @53V>=0;P=8E F5=B@V2 ($*);  
 − L 3 7040=89 ;V<VB =0 :V;P:VABP <>6;82> 0:B82>20=8E %$*; 
 − Āÿ� 3 ?>?8B ÿ-3> F5=B@C 48AB@81CFVW, ÿ = 1, Ċ̅̅ ̅̅ ̅; 

 − ĀĀ�� 3 ?>BC6=VABP j-3> AC1@53V>=0;P=>3> F5=B@C, Ā = 1, ĉ̅̅ ̅̅ ̅̅ ; 

 − Āā��� 3 70?0A8 k-3> @53V>=0;P=>3> F5=B@0.  
 − I – <=>68=0 2V4><8E $* ą = {�1��� , �2��� , & , �����}. 
 − Ć 3 <=>68=0 4>ABC?=8E 4;S 0:B820FVW AC1@53V>=0;P=8E 

F5=B@V2:  Ć = {�1�� , �2�� , & , �ý��}. 
 − āÿ� = ā(Ă, �ÿ�)3 20@BVABP B@0=A?>@BC20==S <548G=8E B>20@V2 

2V4 F5=B@0 48AB@81CFVW 7 :>>@48=0B0<8 �ÿ� 4> A?>6820G0 Ă ∈ Ω,  ÿ = 1, Ċ̅̅ ̅̅ ̅; 

 − āÿĀ = ā(�ÿĈ, �ĀĆ)3 20@BVABP B@0=A?>@BC20==S <548G=8E 
B>20@V2 2V4 F5=B@0 7 :>>@48=0B0<8 �ĀĈ, r-3> 5B0?C 4> F5=B@0 7 
:>>@48=0B0<8 �ÿĆ, p-3> 5B0?C, 45 Ĉ, Ć ∈ {ą, ąą, ąąą}, Ĉ b Ć;  

 − �(Ă) 3 ?>?8B =0 ;V:8 B0 � # 2 B>GFV Ă 2 >1;0ABV Ω; 
 − �Ā 3 28B@0B8 =0 0:B820FVR j-3> AC1@53V>=0;P=>3> F5=B@C, Ā = 1, ĉ̅̅ ̅̅ ̅̅ ; 
 − �ÿĈ = (�ÿ1Ĉ , �ÿ2Ĉ ) 3 :>>@48=0B8 F5=B@0 48AB@81CFVW (r=I); 

AC1@53V>=0;P=>3> F5=B@C (r=II) 01> @53V>=0;P=>3> F5=B@0 (r=III); 
 − ĀÿĀ�  3 :V;P:VABP <548G=8E B>20@V2, I> B@0=A?>@BCєBPAS 2V4 

AC1@53V>=0;P=>3> F5=B@0 j 4> F5=B@0 48AB@81CFVW i, ÿ = 1, Ċ̅̅ ̅̅ ̅, Ā =1, ĉ̅̅ ̅̅ ̅̅ .  
 − ĀāĀ��  3 :V;P:VABP <548G=8E B>20@V2, I> B@0=A?>@BCєBPAS 2V4 

@53V>=0;P=>3> F5=B@0 k 4> AC1@53V>=0;P=>3> j, ā = 1, ć̅̅ ̅̅ ̅, Ā = 1, ĉ̅̅ ̅̅ ̅̅ .  

 − �Ā = {1, я>M> %$Ц Ā а>т<в>ва=<=,0,        і=а>Lе                                , Ā = 1, ĉ̅̅ ̅̅ ̅̅ . 

&>4V <0B5<0B8G=0 <>45;P <0є 284: min�(∙)∈Г2,��∈Ωþ,ÿ∈�þý+ ∑ �Ā�ĀýĀ=1 + ∑ ∫ āÿ�(Ă, �ÿ�)�(Ă)ĂĂ�ÿþÿ=1 +∑ ∑ āÿĀĀÿĀ�ýĀ=1þÿ=1 + + ∑ ∑ āāĀĀāĀ��ýĀ=1�ā=1 ,      (1) 

70 B0:8E >1<565=P 
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 ∑ ĀÿĀ� �Ā = ∫ �(Ă)ĂĂ�ÿýĀ=1 , ÿ = 1, Ċ̅̅ ̅̅ ̅,    (2) ∑ ĀÿĀ�� f ĀĀ��þÿ=1 , Ā = 1, ĉ̅̅ ̅̅ ̅̅ ,     (3) ∑ ĀÿĀ� f ĀĀ��þÿ=1 , Ā = 1, ĉ̅̅ ̅̅ ̅̅ ,     (4) ∑ �ĀýĀ=1 f Ĉ,     (5) å Ωÿþÿ=1 = Ω,       (6) ăăĉ(�ÿ ä �Ā) = 0, ÿ b Ā, ÿ, Ā = 1, Ċ̅̅ ̅̅ ̅,      (7) ĀÿĀ� g 0, �Ā ∈ {0;  1}, ÿ = 1, Ċ̅̅ ̅̅ ̅, Ā = 1, ĉ̅̅ ̅̅ ̅̅ ,    (8) �� = (�1� , �2� & �þ� ), �� ∈ �þ .     (9) 
 
#@>F5A @>72'S70==S 7040GV 70 4>?><>3>R 35=5B8G=>3> 0;3>@8B<C 

@>7?>G8=0єBPAS 7 V=VFV0;V70FVW ?>?C;SFVW, 45 :>6=5 <>6;825 @VH5==S 
:>4CєBPAS =0 >A=>2V ?@V>@8B5BV2. �0;V >FV=RєBPAS ?@840B=VABP 
:>6=>W E@><>A><8 H;SE>< @>72'S70==S 7040GV V7 70AB>AC20==S< 
?V4E>4V2 7 B5>@VW >?B8<0;P=>3> @>718BBS <=>68= B0 2@0EC20==S< 
?;0=C ?5@52575=P =0 V=H8E 5B0?0E. � @57C;PB0BV >B@8<0є<> 
@>7B0HC20==S F5=B@V2, WE ?>BC6=>ABV B0 ?;0= ?5@52575=P. �V41V@ 
E@><>A>< 74V9A=RєBPAS 70 <5B>4>< @C;5B:8, ?VA;S G>3> FV 
E@><>A><8 ?V440RBPAS :@>A>25@C 4;S >B@8<0==S =>2>3> ?>:>;V==S. 
�5S:V E@><>A><8 <CBCRBPAS 4;S 70157?5G5==S 20@V0B82=>ABV. !>20 
?>?C;SFVS D>@<CєBPAS 7 =0I04:V2 V 45S:8E >A>18= 7 ?>B>G=>W 
?>?C;SFVW. #@>F5A ?>2B>@RєBPAS 4> 4>AS3=5==S C<>28 7C?8=:8. 
#VA;S FP>3> 0;3>@8B< 7025@HCєBPAS, 45:>4CєBPAS =095D5:B82=VH0 
E@><>A><0, V ?>25@B0єBPAS 5D5:B82=89 @>729S7>:. 

 
#@>3@0<=0 @50;V70FVO. #5@5945<> 4> >?8AC ?@>3@0<=>W 

@50;V70FVW 4;S 70?@>?>=>20=>3> ?V4E>4C. ' @>7@>1FV 70AB>A>2C20;8AP 
@V7=V B5E=>;>3VW B0 1V1;V>B5:8. �;S V=B5@D59AC :>@8ABC20G0, 
35=5B8G=>3> 0;3>@8B<C 28:>@8AB>2C20;8AP: Python3, PyQt5 (4;S 
V=B5@D59AC :>@8ABC20G0), Numpy (4;S @50;V70FVW 35=5B8G=>3> 
0;3>@8B<C), Concurrent (?0:5B 4;S ?V4B@8<:8 1030B>?>B>G=>ABV),  
Multiprocessing (?0:5B 4;S >@30=V70FVW @>1>B8 <V6 <>4C;S<8 
@50;V70FVW). �;S @>729S70==S =5?5@5@2=>W 7040GV @>7<VI5==S:  C++; 
Eigen (4;S H284:8E <0B5<0B8G=8E ?5@5B2>@5=P ?@8 @50;V70FVW 
G8A5;P=8E <5B>4V2 =548D5@5=FV9>20=>W >?B8<V70FVW), spdlog (4;S 
;>3C20==S), Qt6 (4;S 2V7C0;V70FVW :0=20AC @>7<VI5==S). 

#@8 @>7@>1FV ?@>3@0<=>W @50;V70FVW, 02B>@>< 1C;> 4>40=> 
DC=:FVR 2V7C0;V70FVW :0@B8, 28:>@8AB>2CRG8 A5@2VA OpenStreetMap. 
*S DC=:FVS 4>72>;Sє :>@8ABC20G0< ?5@53;S40B8 B0 270є<>4VSB8 7 
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35>3@0DVG=8<8 40=8<8, ?>2'S70=8<8 7 F5=B@0<8 48AB@81CFVW (*�) B0 
V=H8<8 @5AC@A0<8 =0 @50;P=V9 :0@BV. �>@8ABC20GV <>6CBP 
71V;PHC20B8 B0 ?5@5<VIC20B8 :0@BC, =040RG8 ?@>AB>@>289 :>=B5:AB 
4;S @>7?>4V;C @5AC@AV2 B0 B@0=A?>@B=8E <0@H@CBV2. �V4>1@065==S 
B0 C?@02;V==S :0@B>R 74V9A=RєBPAS G5@57 2V4?>2V4=V :><?>=5=B8 
V=B5@D59AC :>@8ABC20G0. 

�;S 2V7C0;V70FVW <>45;P=8E 7040G 28:>@8AB>2CєBPAS V=H89 
:><?>=5=B, I> =040є >1;0ABP 4;S 3@0DVG=>3> ?@54AB02;5==S 
@57C;PB0BV2 ��. �A=Cє <>6;82VABP ?@54AB02;SB8 @>718BBS, F5=B@8 B0 
?;0=8 ?5@52575=P C V=B5@0:B82=V9 D>@<V. �0=20A 48=0<VG=> 
>=>2;RєBPAS =0 >A=>2V 40=8E <>45;V, 4>72>;SRG8 :>@8ABC20G0< 
270є<>4VSB8 B0 0=0;V7C20B8 2V7C0;P=V 5;5<5=B8. &0:>6 =0S2=0 
DC=:FV>=0;P=VABP, I> 4>72>;Sє :>@8ABC20G0< 7020=B06C20B8 
70240==S <>45;V 7 2EV4=8E D09;V2, ?>;53HCRG8 =0;0HBC20==S B0 
V=VFV0;V70FVR 2EV4=8E 40=8E �� B0 =5?5@5@2=8E 7040G @>7<VI5==S . 
*5 4>72>;Sє H284:> ?>G0B8 @>1>BC 7 ?>?5@54=P> 287=0G5=8<8 
:>=DV3C@0FVS<8 01> @0=VH5 715@565=8<8 AB0=0<8. �020=B065==S B0 
715@565==S D09;V2 :5@CєBPAS G5@57 2V4?>2V4=V :>=B@>;5@8. �;S 
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Abstract. The article clarifies the positioning of the technological stack in 
the development of modern companies that simplify and accelerate the processes 
that take place in modern conditions. Processes and stages in which technologies 
play an important role are analyzed and systematized. The international 
experience of creating and developing IT technologies and their use has been 
described. The characteristics and features of using database management 
systems such as SAP Cloud and SAP On-Premise are highlighted. It was found 
that these systems facilitate access to information, contribute to the improvement 
and optimization of many business processes in companies. It has been proven 
that modern companies need technological innovations. The conclusions 
highlight the importance and global impact of the choice of technological stack 
on the competitiveness and innovation of companies, which directly affects 
competition, contributing to the blurring of market boundaries, the emergence of 
new industries and the emergence of business ecosystems. 

 
In today's business environment, companies are constantly growing 

and competing with each other, and therefore need to monitor problems 
and innovate in data processing on an ongoing basis. In particular, an 
important aspect is that the identified problems should not only be 
monitored but also resolved.  

SAP HANA is a database management system that allows you to 
create and deploy intelligent applications for processing large amounts of 
data [4].  

SAP HANA, a virtually unlimited database for any workload, 
supports document repositories, geographic data, graphics, and models 
(from vectors to time series). The model offers high-quality data 
processing, high performance, and complete security, shifting 
developers' focus from administrative tasks to creating innovations. 

Understanding and implementing SAP Cloud and SAP On-Premise 
contributes to the continuous improvement of innovation processes and 
the competitiveness of companies in the modern world [3]. These 
systems are innovative platforms that allow companies to quickly 
implement new functionality and continue to innovate.  Projects 
involving the implementation of SAP Cloud and SAP On-Premise 
typically include business process development, utilizing SAP's best 
practices, and leveraging the enterprise management layer for SAP 
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S/4HANA. These projects enable organizations to rapidly deploy 
working systems based on ready-made business processes. Implementing 
these systems requires a consistent adoption of cloud thinking to 
maximise enterprise value. This approach ensures readiness for cloud 
operations, facilitates access to test environments, and provides isolated 
software environments based on the SAP Cloud Application Library. It 
is important to emphasise the benefits of SAP Cloud and SAP On-
Premise: 

− Business Process Development. This methodology is based 
on the use of practical systems built on the basis of ready-
made business processes provided by SAP with two key 
resources provided by SAP, namely best practices 
(available to all customers) and the enterprise management 
layer for SAP S/4HANA. Both of these packages are the 
starting point for implementing SAP S/4HANA Cloud and 
SAP S/4HANA On-Premise, enabling organisations to get 
up and running quickly. This is done through a working 
system built on the basis of ready-made business processes.  
The project team employs a standards compliance approach 
to ensure adherence to standard business processes and to 
identify the delta requirements necessary to customize the 
solution for the organization's unique needs. Delta 
requirements refer to the specific changes or additional 
requirements needed to bridge the gap between the standard 
solution and the organization9s specific demands. These 
typically fall into categories such as configuration, 
scalability, analysis, integration, data security, and access. 

− Readiness for cloud operations. This principle applies not 
only to companies implementing solutions in the cloud, but 
also to project teams implementing SAP S/4HANA. In these 
cases, cloud technologies can be used to access test 
environments or to provide project teams with an isolated 
software environment based on the SAP Cloud Application 
Library. Organisations deploying solutions in the cloud can 
take advantage of cloud thinking in methodology and 
detailed information on how to request, access, activate, and 
use cloud solutions. 

These systems were developed by SAP to create new and expanded 
existing applications in a secure cloud computing environment. 
Currently, there are one On-Premise and two cloud-based systems 
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deployed on the basis of cloud technologies. On-Premises systems are 
installed locally on the client's server. All work on such systems is 
performed by the company's employees. In particular, a private cloud 
actually looks like a user's own server somewhere in an external data 
centre. The user has full access to the system and can develop and modify 
the system code within the permitted limits.  

Since 2023, only SAP Private Cloud Edition is available for new 
customers in Ukraine. SAP Cloud Public Edition is only available outside 
of Ukraine as a software model. The SAP On-Premise model (not a cloud 
solution) is not available for new customers in Ukraine and is only 
available for existing customers who are migrating from an older version 
of the SAP system to the new version of S/4 HANA. 

It is quite a complex process to predict how the business will 
develop. It is also important to implement this prediction correctly. That 
is why planning is especially important for businesses and modern 
companies. In many of them, it is important to ensure that budgets, goals, 
and long-term strategies are properly met, and ideally, that the business 
is running. To support the planning process in spreadsheets with visual 
and functional SAP Analytics Cloud is responsible for a full-fledged 
planning component and setting up the process of monitoring its 
implementation [2]. 

SAP Process Control's special problem management functions 
provide an effective way to monitor and manage problems that go beyond 
regular control assessments. With this functionality, you can identify, 
track, and manage problems at various levels: 

− organisational; 
− administrative;  
− regulatory. 
When migrating to SAP S/4HANA, several critical decisions must 

be made. These decisions encompass selecting the type of system 
environment and defining the primary SAP S/4HANA functionalities to 
be utilized. The options for deployment include using SAP S/4HANA on 
self-owned hardware, hosting the software with a cloud service provider, 
or adopting a hybrid approach where part of the business processes are 
migrated to the cloud while retaining the remainder on-premises. It is also 
important to decide whether to use the migration process to redesign 
business processes or to maintain existing business processes. 

Speaking of SAP On-Premise, this operating model involves the use 
of software purchased and its customers that runs on company-owned 
hardware. The software allows the company to have full control over its 



 168 

hardware and software. This means that customers using local systems 
can decide whether to update their software or not. The product 
availability matrix allows them to see when SAP maintenance ends. It 
also provides maximum flexibility for customised developments and 
integration with other systems (internal solutions or external). Depending 
on the product, this may also include changes for which the company 
takes full responsibility. If the company decides to make changes, it is 
responsible for maintaining the functionality and planning the necessary 
adjustments in case of updates [3].  

In addition to the cost of hardware and software, powerful and 
complex systems require additional costs for IT staff to implement, 
manage and maintain the software, which is important for companies to 
consider. 

Businesses do not have the ability to manage and control the 
software beyond the user configuration settings. In addition to SAP 
S/4HANA Cloud, this category also includes the following SAP 
solutions: SAP SuccessFactors, SAP Cloud for Customer, SAP Ariba. 
The provider is responsible for managing and controlling the underlying 
cloud infrastructure, and the company manages applications built on the 
basis of the provided development environment. An example of this 
model is the SAP Business Technology Platform. In this model, 
companies can manage the planning and maintenance of their 
applications, but not the tools and services used by the applications.  

The company manages the applications and operating systems used 
and often installs them as well. However, the provider is still responsible 
for monitoring and managing the cloud infrastructure. Examples include 
hyperscalers such as Amazon Web Services (AWS), Google Cloud 
Services (GCS), and Microsoft Azure [1]. There are three types of cloud 
deployment models:  

1. Public clouds. In a public cloud, services and applications are 
publicly available and accessible to everyone. Users usually 
share the cloud infrastructure resources provided by the 
provider. The public version of SAP S/4HANA Cloud falls into 
this category.  

2. Private cloud. In a private cloud, the cloud infrastructure is 
distributed between separate companies or only one company. 
Cloud infrastructure can be deployed internally or by an external 
provider. The same applies to private clouds. When migrating, 
you need to take into account the flexibility and scalability of the 
IT infrastructure, the way business applications are accessed via 
the Internet, and the regularity of automatic application updates. 
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The private version of SAP S/4HANA Cloud falls into this 
category.  

3. Hybrid cloud. A combination of public and private clouds is 
called a hybrid cloud. In this case, part of the IT infrastructure 
operates locally, while other services are provided by an external 
public cloud provider [3]. 

 
Conclusions. Sustainable development and competitiveness of 

companies are more important than ever. All data operations and 
processes must be transparent. In order to manage sustainability for 
reporting, climate change, circular economy and social responsibility, it 
is necessary to use modern technology stacks, namely SAP Cloud or SAP 
On-Premise. 

SAP solutions provide company-wide functionality and industry-
specific functions that can be used to embed sustainability across the 
business by integrating operations, expertise and financial insights into 
core business processes. 

Although the development vector of SAP products has been focused 
on cloud solutions for the last decade, SAP Business Suite remains the 
reliable basis of the information environment of many large and medium-
sized enterprises. The technological platform SAP Netweaver, developed 
for many years, is stable and still meets the requirements of most 
companies risk being caught up in tomorrow's technological 
development, which is unacceptable in the era of information 
technologies and the fifth information revolution. For such companies, 
SAP offers "ready-to-use" system integration solutions. As a typical 
example, a company with an SAP ERP accounting system can implement 
a new SAP C/4HANA cloud system that can be accessed from anywhere 
with Internet access, is easy for users to understand and learn, and can be 
accessed from a mobile phone or tablet. SAP offers a solution package 
that integrates these two products. Business partners, trade names, orders, 
and other data are transmitted online by a two-way inter-accounting 
system ERP and CRM system C/4HANA. By leveraging this 
comprehensive solution, integration costs can be significantly reduced 
while providing clients with a thoroughly tested and efficient system, 
along with ongoing updates from SAP. 
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NON-STANDARD START OF SIMPLIFYING BOOLEAN 
FUNCTIONS USING THE ANALYTICAL METHOD 

 
Abstract. The solved problem is the effectiveness of the method of 

simplifying Boolean functions to obtain optimal structures of logic circuits. A 
new theorem of a non-standard system of simplification of Boolean functions is 
formulated, according to which to obtain a minimal function it is enough to 
perform all non-redundant operations of simple and/or super-gluing of variables, 
which ultimately provides a minimal function in the main basis without using an 
implicant table. Thus, the problem of simplifying Boolean functions to the 
simplest normal equivalent is solved in one step. The interpretation of the result 
is that the properties of 2-(n, b)-design combinatorial systems make it possible 
to reproduce the definition of logical operations of super-gluing variables, to 
represent logical operations in a different way, and vice versa. This, in turn, 
ensures the establishment of the locations of equivalent transformations on the 
binary structure of the truth table and the implication of a systematic procedure 
for simplifying Boolean functions by an analytical method. The peculiarity of 
the obtained results is that unambiguous identification of the locations of 
equivalent transformations is possible even when different intervals of the 
Boolean space containing the 2-(n, b)-design systems have common blocks, 
intersections. 
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‒ >4=>7=0G=> 287=0G0є ?>2=C :><1V=0B>@=C A8AB5<C 7 

?>2B>@5==S< 2-(n, b)-design V =02?0:8 [4]; 
‒ A:>@>G5==S ?>2=>W ��!( DC=:FVW 702648 40є >48=8FR, 

=0?@8:;04 A:>@>G5==S 3-@>7@S4=>W ?>2=>W ��!( 1C;52>W DC=:FVW 
<0є 283;S4: 

 

1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 3

1 2 3 3 1 2 3 3 1 2 3 3 1 2 3 3

1 2 1 2 1 2 1 2 1 2 2 1 2 2 1 1 1

x x x x x x x x x x x x x x x x x x x x x x x x

x x ( x x ) x x ( x x ) x x ( x x ) x x ( x x )

x x x x x x x x x ( x x ) x ( x x ) x x ,

+ + + + + + + =

= + + + + + + + =

= + + + = + + + = + =

 

 
F5 40є ?V4AB02C ?>40B8 ;>3VG=C >?5@0FVR AC?5@-A:;5R20==S 
7<V==8E ?>2=>R :><1V=0B>@=>R A8AB5<>R 7 ?>2B>@5==S< 2-(n, b)-
design 70 B0:8< 25@10;P=8< :>=F5?B><: 

 

1 2 1 2 1 2 3

1 2 1 2 1 2

1 1 1 1 1 1 1

2

1

 n n

n n n n n n

n n n n

x x ...x x x ...x ... x x x

x x ...( x x ) x x ...( x x ) ... x x ...( x x )

x ...x ... x x x

n,b design

....( x x ) ..

)

.

(

− − − −

+ + + =

= + + + + + + =

= + + = + +

ú

=

− −
                    

 
&0:8< G8=>< A8AB5<0 2-(n, b)-design ?@54AB02;Sє ;>3VG=C 

>?5@0FVR AC?5@-A:;5R20==S 7<V==8E (n>1, b>3). 
�;S n=1, b=2 >><1V=0B>@=0 A8AB5<0 2-(n, b)-design ?>40є 

;>3VG=C >?5@0FVR ?@>AB>3> A:;5R20==S 7<V==8E: 
 

1 12 2  1 1x x .g( ), desi n− ú =− +   

 
&>4V 2V7C0;P=>-<0B@8G=0 D>@<0 4;S >?5@0FVW AC?5@-A:;5R20==S 

7<V==8E <>65 <0B8 B0:89, =0?@8:;04, 283;S4: 
3 ?5@H5 ?@028;> AC?5@-A:;5R20==S 4;S 4-@>7@S4=>W 1C;52>W 

DC=:FVW: 
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1 2 3 4

4

4

4

44

4

4

4

4

0 0 0

0 0 1

0 1 0

0 1 1

1 0 0

1 0 1

1 1 0

1 1 1

x x x x

x

x

x

x ;x

x

x

x

x

=

  (1) 

 
�VB5@0;8, I> ?>2B>@RRBPAS C =01>@0E 7<V==8E ��!( DC=:FVW 

(1) S2;SRBP A>1>R ?@>ABV V<?;V:0=B8 4;S A:>@>G5=>W D>@<8 1C;52>W 
DC=:FVW. "B65 x4 ?@>AB0 V<?;V:0=B0 C A:>@>G5=V9 D>@<V 1C;52>W 
DC=:FVW (1). 

�030;P=5 ?@028;> A:;5R20==S =0 V=B5@20;0E 1C;52>3> ?@>AB>@C, 
I> CB@8<CRBP :><1V=0B>@=V A8AB5<8 2-(n, b)-design <>6=0 
AD>@<C;R20B8 C B0:89 A?>AV1: A:;5R20==R ?V4;S30RBP =01>@8 
7<V==8E C :V;P:>ABV, I> є AB5?5=5< G8A;0 2. !>289 >B@8<0=89 
5;5<5=B0@=89 4>1CB>: (?@>AB0 V<?;V:0=B0) 287=0G0єBPAS S: 4>1CB>: 
7<V==8E, S:V =5 7<V=RRBP A2>3> 7=0G5==S =0 2AVE =01>@0E, I> 
A:;5RRBPAS. +8A;> m 7<V==8E, I> 70;8H0єBPAS 2 5;5<5=B0@=><C 
4>1CB:C, 287=0G0єBPAS 70 D>@<C;>R: 

 

2 ,m n log M= −  

 
45 n 4 G8A;> 7<V==8E DC=:FVW; M ‒ G8A;> =01>@V2, I> A:;5RєBPAS. 
"B65, 4;S DC=:FVW (1) G8A;> m AB0=>28BP 

2 24 8 1.m n log M log= − = − =   

&@V9:>289 25:B>@ 2V7C0;P=>-<0B@8G=>W D>@<8 (1), I> 
?@54AB02;Sє V=B5@20; 1C;52>3> ?@>AB>@C I (0001, 1111) <0є 283;S4: 

 
(‒ ‒ ‒ 1). 
 
�5ASB:>289 2V4?>2V4=8: 0=0;VB8G=>3> 70?8AC ?5@H>3> ?@028;0 

(1) <0є B0:89 283;S4: 
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4 ( 1)

0 0 0 1

0 0 1 1

0 1 0 1

0 1 1 1
(1,3,5,7,9,11,13,15).

1 0 0 1

1 0 1 1

1 1 0 1

1 1 1 1

x  −−− 

 

 

 
3 4@C35 ?@028;> AC?5@-A:;5R20==S 4;S 4-@>7@S4=>W 1C;52>W 

DC=:FVW: 
 

1 2 3 4

3 4

3 43 4

3 4

3 4

0 0

0 1

1 0

1 1

x x x x

x x

x x ;x x

x x

x x

=
  (2) 

 
+8A;> m 4;S DC=:FVW (2) AB0=>28BP 

2 24 4 2.m n log M log= − = − =   

&@V9:>289 25:B>@ 2V7C0;P=>-<0B@8G=>W D>@<8 (2), I> 
?@54AB02;Sє V=B5@20; 1C;52>3> ?@>AB>@C I (0011, 1111) <0є 283;S4: 

 
(‒ ‒ 11). 
 
�5ASB:>289 2V4?>2V4=8: 0=0;VB8G=>3> 70?8AC 4@C3>3> ?@028;0 

(2) <0є B0:89 283;S4: 
 

3 4 ( 11)

0 0 1 1

0 1 1 1
(3,7,11,15).

1 0 1 1

1 1 1 1

x x  −− 

 
 

 
3 B@5Bє ?@028;> AC?5@-A:;5R20==S 4;S 4-@>7@S4=>W 1C;52>W 

DC=:FVW: 
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1 2 3 4

2 3 4 2 3 4

2 3 4

0

1

x x x x

x x x x x x .

x x x

=   (3) 

 
+8A;> m 4;S DC=:FVW (3) AB0=>28BP 

2 24 2 3.m n log M log= − = − =   

&@V9:>289 25:B>@ 2V7C0;P=>-<0B@8G=>W D>@<8 (3), I> 
?@54AB02;Sє V=B5@20; 1C;52>3> ?@>AB>@C I (0111, 1111) <0є 283;S4: 

 
(‒ 111). 
 
�5ASB:>289 2V4?>2V4=8: 0=0;VB8G=>3> 70?8AC B@5BP>3> ?@028;0 

(3) <0є B0:89 283;S4: 
 

2 3 4 ( 111)

0 1 1 1
(7,15).

1 1 1 1

x x x  − 

 
 

 
#5@H5 ?@028;> AC?5@-A:;5R20==S 7<V==8E 28:>@8AB>2Cє 

A8AB5<C 2-(3, 8)-design. �@C35 ?@028;> 28:>@8AB>2Cє A8AB5<C 2-(2, 
4)-design. &@5Bє ?@028;> 28:>@8AB>2Cє A8AB5<C 2-(1, 2)-design. 
#@028;> (3) ?@>S2;Sє A515 S: ?@>AB5 A:;5R20==S 7<V==8E B0 є 
G0AB:>28< 28?04:>< ?@028; (1) V (2).  

�<V==V, I> CB2>@RRBP ?>2=C :><1V=0B>@=C A8AB5<C 7 
?>2B>@5==S< 2-(n, b)-design, <>6CBP 709<0B8 1C4P-S:V @>7@S48 
;>3VG=>W DC=:FVW. 

�5ASB:>2V 2V4?>2V4=8:8 0=0;VB8G=8E 70?8AV2 (1)‒(3) 
157?>A5@54=P> ?@54AB02;SRBP ?>B@V1=V V=B5@20;8 1C;52>3> 
?@>AB>@C 4;S ?@>2545==S @V2=>A8;P=8E ?5@5B2>@5=P ?@8 A?@>I5==V 
1C;528E DC=:FV9. 

 
&5>@5<0 =5AB0=40@B=>W A8AB5<8 A?@>I5==O 1C;528E 

DC=:FV9  
%?@>I5==S 1C;528E DC=:FV9 74V9A=RєBPAS @V2=>A8;P=8<8 

?5@5B2>@5==S<8, 7>:@5<0, 70 4>?><>3>R =0ABC?=8E ;>3VG=8E 
>?5@0FV9: 
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‒ ?@>AB5 A:;5R20==S 7<V==8E: 
 

;xy xy y+ =   

                                                        

( )( ) .x y x y y+ + =          

 
‒ AC?5@-A:;5R20==S 7<V==8E: 
 

( ) ( ) ( ) ;xyz xyz x yz x yz x x yz x x yz yz yz y y z z+ + + = + + + = + = + =      

 
( )( )( )( ) ( )( ) .x y z x y z x y z x y z y z y z z+ + + + + + + + = + + =  

  
 
&5>@5<0. (157 4>2545==S) /:I> C 4>A:>=0;V9 4879R=:B82=V9 

=>@<0;P=V9 D>@<V 1C;52>W DC=:FVW ?@>25AB8 2AV >?5@0FVW ?@>AB>3> 
B0/01> AC?5@-A:;5R20==S 7<V==8E (4), (5), B> C ?V4AC<:C 1C45 
>B@8<0=0 <V=V<0;P=0 �!( 1C;52>W DC=:FVW. 

#@8<VB:0. "?5@0FVW A:;5R20==S 7<V==8E (4), (5) <>6CBP 1CB8 
=04;8H:>28<8. *5 >7=0G0є ?@8ACB=VABP C 1V=0@=V9 AB@C:BC@V B01;8FV 
VAB8==>ABV V=H8E <V=V<0;P=8E �!( 7040=>W DC=:FVW. &><C 4;S 
>B@8<0==S <V=V<0;P=>W DC=:FVW ?>B@V1=> ?@>25AB8 2AV =5=04;8H:>2V 
>?5@0FVW ?@>AB>3> B0/01> AC?5@-A:;5R20==S 7<V==8E. *5 70157?5G8BP 
>B@8<0==S <V=V<0;P=>W DC=:FVW 2 >A=>2=><C 1078AV 157 70AB>AC20==S 
V<?;V:0=B=>W B01;8FV. 

%:>@>G5=C �!( 287=0G0RBP 70 4>?><>3>R 4879R:B82=>3> 
>19є4=0==S :>=9R=:FV9 70 C<>28, I> 2AV =01>@8 7<V==8E B01;8FV 
VAB8==>ABV 1C;52>W DC=:FVW, I> 2<VICRBP A8AB5<8 2‒(n, b)-design, 
?>2=VABR ?>:@820RBP BC WW G0AB8=C =01>@V2, =0 S:8E 1C;520 DC=:FVS 
?>25@B0є >48=8FR. #@8 FP><C 4>?CA:0єBPAS ?5@5B8= =01>@V2 
7<V==8E, I> CB@8<CRBP A8AB5<8 2‒(n, b)-design. 

#D<>?48. !5AB0=40@B=>R A8AB5<>R >B@8<0B8 <V=V<0;P=C 
1C;52C DC=:FVR G>B8@P>E 7<V==8E f(x1, x2, x3, x4), I> 7040=0 
4>A:>=0;>R 4879R=:B82=>R =>@<0;P=>R D>@<>R [5]: 
( )1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

, ,

.

f x x x x

x x x x x x x x x x x x x x x x x x x x

x x x x x x x x x x x x x x x x x x x x x x x x

=

= + + + + +

+ + + + + +
   (6) 

 

(4) 

(5) 
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$B;6’O;B>. 
( )

1

1 2 3 4

1 2 1 3 2 4 1 3 4

3

3 4

1 2 3 4

2 40 1 0 0

1 1 0

1 0

1 0

.

1

0 0 1

1

2

4

5

6

8 1 0 0 0

9 1 1

1

1

0

0 1 1

1

1 1

0

12 1

13

14

15

00 1

0 1 0 1 0 1

0 0 1

0

1 1 1

0

0 0 1 0

,

1

, ,

0

�Д�$f x x x x

x x x x x

x

№ x x x x

x

x x x x x x

x x

=

=

+ + +

= =

= +

           (7) 

 
' ?5@HV9 <0B@8FV (7), I> ?@54AB02;Sє ��!( f(x1, x2, x3, x4) 

?@>2545=> =0ABC?=V 4VW: 
‒ 4> 1;>:V2 1, 5, 9, 13; 4, 6, 12, 14; 8, 9, 12, 13; 12, 13, 14, 15, 

:>65= 7 S:8E CB2>@Rє 2V4?>2V4=89 V=B5@20; 1C;52>3> ?@>AB>@C, I> 
2<VICє ?>2=C :><1V=0B>@=C A8AB5<C 2‒(2, 4)-design, 70AB>A>20=> 
>?5@0FVR AC?5@-A:;5R20==S 7<V==8E [4]. 

‒ 4> 1;>:V2 2, 6, S:V CB2>@RRBP 2V4?>2V4=89 V=B5@20; 1C;52>3> 
?@>AB>@C, I> 2<VICє :><1V=0B>@=C A8AB5<C 2‒(1, 2)-design B0 
<VABSBP 7030;P=89 ;VB5@0; «x2» 70AB>A>20=> >?5@0FVR ?@>AB>3> 
A:;5R20==S 7<V==8E [4]. 

$57C;PB0B8 =5=04;8H:>28E ;>3VG=8E >?5@0FV9 A:;5R20==S 
7<V==8E 70?8ACRBPAS 4> 4@C3>W <0B@8FV 28@07C (7). 

�5ASB:>289 2V4?>2V4=8: 0=0;VB8G=>3> 70?8AC <V=V<0;P=>W 
DC=:FVW (7) <0є 283;S4: 

 
f(x1, x2, x3, x4)={(1,5,9,13), (4,6,12,14), (8,9,12,13), (12,13,14,15), 

(2,6)}.  
 
,>AB89 1;>: 7<V==8E «0110» C ?5@HV9 <0B@8FV 28@07C (7) є 

7030;P=8< 4;S 42>E A8AB5< ‒ Σm(4,6,12,14), Σm(2,6) B0 >4=VєW 
>?5@0FVW ?@>AB>3> A:;5R20==S 7<V==8E, ;>:0;V70FVS S:>W 
287=0G0єBPAS 2V4?>2V4=8<8 V=B5@20;0<8 1C;52>3> ?@>AB>@C, I> 
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2<VICRBP :><1V=0B>@=V A8AB5<0<8 2-(2, 4)-design B0 2-(1, 2)-design 
[3]. 

�20=04FSB89 1;>: 7<V==8E «1100» C ?5@HV9 <0B@8FV 28@07C (7) 
є 7030;P=8< 4;S B@P>E A8AB5< ‒ Σm(4,6,12,14), Σm(8,9,12,13), 
Σm(12,13,14,15) B0 >4=VєW >?5@0FVW AC?5@-A:;5R20==S 7<V==8E, 
;>:0;V70FVS S:>W 287=0G0єBPAS 2V4?>2V4=8<8 V=B5@20;0<8 1C;52>3> 
?@>AB>@C, I> 2<VICRBP :><1V=0B>@=V A8AB5<0<8 2‒(2, 4)-design [3].  

&@8=04FSB89 1;>: 7<V==8E «1101» C ?5@HV9 <0B@8FV 28@07C (7) 
є 7030;P=8< 4;S B@P>E A8AB5< ‒ Σm(1,5,9,13), Σm(8,9,12,13), 
Σm(12,13,14,15) B0 >4=VєW >?5@0FVW AC?5@-A:;5R20==S 7<V==8E, 
;>:0;V70FVS S:>W 287=0G0єBPAS 2V4?>2V4=8<8 V=B5@20;0<8 1C;52>3> 
?@>AB>@C, I> 2<VICRBP :><1V=0B>@=V A8AB5<0<8 2‒(2, 4)-design.  

+>B8@=04FSB89 1;>: 7<V==8E «1110» C ?5@HV9 <0B@8FV 28@07C 
(7) є 7030;P=8< 4;S 42>E A8AB5< ‒ Σm(4,6,12,14), Σm(12,13,14,15) B0 
>4=VєW >?5@0FVW AC?5@-A:;5R20==S 7<V==8E, ;>:0;V70FVS S:>W 
287=0G0єBPAS 2V4?>2V4=8<8 V=B5@20;0<8 1C;52>3> ?@>AB>@C, I> 
2<VICRBP :><1V=0B>@=V A8AB5<8 2-(2, 4)-design.  

' ?V4AC<:C 70 >48= :@>:, 157 70AB>AC20==S V<?;V:0=B=>W B01;8FV, 
>B@8<0=> <V=V<0;P=C DC=:FVR (7), S:0 =0 420 ;VB5@0;8 <5=H0, 
?>@V2=S=> 7V A:>@>G5=>R DC=:FVєR [5] (

2
1 3 4 3 4 2 3 2 4 1 2 1 3f x x x x x x x x x x x x x= + + + + + ).  

 
�VB5@0BC@0 
1. $V7=8:, �.�., %>;><:> M.&.  V=V<V70FVS :>=9R=:B82=8E 

=>@<0;P=8E  D>@< 1C;528E DC=:FV9 :><1V=0B>@=8< <5B>4>< // 
&5E=>;>3VG=89 0C48B B0 @575@28 28@>1=8FB20. 2018 3 № 5/2 (43). 3 
%. 42 3 55. URL: http://journals.uran.ua/tarp/article/view/146312 (40B0 
725@=5==S: 15. 12. 2024). 

2. %>;><:>,  . &., )><R:, !. �., �20IC:, /. �., !070@C:, �. �., 
$59=AP:0, �. �., �C18:, �. �., #>?>20 �.  . �?@>20465==S <5B>4C 
>1@07=8E ?5@5B2>@5=P 4;S <V=V<V70FVW DC=:FVW ,5DD5@0 // %EV4=>-
Є2@>?59AP:89 6C@=0; ?5@54>28E B5E=>;>3V9. 2020 3 № 5/4 (107). 3 
%. 19 3 34. URL: http://surl.li/sjiuh (40B0 725@=5==S: 20.04.2024) 
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Ulianovska, Nataliia Pavlova, Viacheslav Biletskyi. Implementation of 
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10.15587/1729-4061.2023.273293. URL: http://surl.li/sjgyc (40B0 
725@=5==S: 20. 04. 2024). 
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4. $V7=8:, �.�., %>;><:>,  .&. �0AB>AC20==S 0;351@8G=>W 
>?5@0FVW AC?5@-A:;5R20==S 7<V==8E 4;S <V=V<V70FVW 1C;528E DC=:FV9 
:><1V=0B>@=8 <5B>4>< // &5E=>;>3VG=89 0C48B B0 @575@28 
28@>1=8FB20. 3 �8?. 6/2 (38), 2017. %. 60 3 76. URL: http://surl.li/sjgtt 
(40B0 725@=5==S: 20. 04. 2024). 

5. �0:@52A:89, �.�., #>BB>A8=, ..�., +5@5<8A8=>20, �.�. 
�>38G5A:85 >A=>28 ?@>5:B8@>20=8S 48A:@5B=OE CAB@>9AB2 / �.�. 
�0:@52A:89, ..�. #>BB>A8=, �.�. +5@5<8A8=>20. 3  .: 
(�� �&��&, 2007. ‒ 592 A. ‒ ISBN 978-5-9221-0811-9. URL: 
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USING THE BARON SOLVER  

 FOR SOLVING THE QUADRATIC PROBLEM  
OF OPTIMAL PACKING OF UNEQUAL CIRCLES 

 
Abstract.  The paper considers a quadratic nonconvex extremal problem of 

packing a small number of unequal circles into a minimum-radius outer circle. 
The influence of additional linear constraints to speed up the BARON solver 
time for solving the packing problem is studied. Computational experiments are 
performed for six benchmark instances that are freely available on the website 
https://www.packomania.com/. The number of unequal circles is varied from 

 

 

2 $>1>B0 ?V4B@8<0=0 Volkswagen Foundation (3@0=B № 97775) 
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five to ten. The BARON solver couldn't find the global solutions for the set of 
instances for the time-limit of 7200 seconds. Two propositions, aimed at 
reducing the number of possible solutions of the quadratic problem by means of 
extending the quadratic model with two corresponding families of additional 
linear constraints, are formulated. The computational results are provided. The 
BARON solver found proved global solutions for the first four instances within 
0.37, 0.61, 26.41, 309.91 seconds, and significantly improved the lower bounds 
of the outer circle radius for the fifth and sixth instances. 

 
!5E09 7040=> AV<59AB2> m  :@C3V2 iC  7 @04VCA0<8 ir , = 1, ,i m  B0 

7>2=VH=V9 :@C3 0C  7 F5=B@>< 2 B>GFV (0,0)  B0 7<V==8< @04VCA>< R . 

�C45<> 22060B8, I> 2AV @04VCA8 :@C3V2 є @V7=8<8. "?B8<0;P=>R 
C?0:>2:>R AV<59AB20 :@C3V2 2 7>2=VH=V9 :@C3 =07820RBP B0:C WE 
C?0:>2:C, 4;S S:>W Rú  3 @04VCA 7>2=VH=P>3> :@C30 є <V=V<0;P=8< 70 
C<>2, I> :@C38 iC , = 1, ,i m  ?>2=VABR 7=0E>4SBPAS 2A5@548=V 
7>2=VH=P>3> :@C30 B0 ?>?0@=> =5 ?5@5B8=0RBPAS <V6 A>1>R.  

/:I> ?>7=0G8B8 ( , )i ix y  3 =52V4><89 F5=B@ :@C30 iC , = 1, ,i m , 

B> 7040GV >?B8<0;P=>W C?0:>2:8 AV<59AB20 :@C3V2 2V4?>2V40є 
1030B>5:AB@5<0;P=0 :204@0B8G=0 7040G0 [1], S:0 <0є B0:89 283;S4: 

, ,
= min

R x y
R Rú     (1) 

70  >1<565=P  
2 2 2( ) , = 1, , ,i i ix y R r i m+ ó −   (2) 

 
2 2 2( ) ( ) ( ) , 1 < ,i j i j i jx x y y r r i j m− + − ó + ó ó  (3) 

 

1, ,
max i

i m
R r

=
ó ,                 (4) 

45 1( ,..., )mx x x= , 1( ,..., )my y y= . 

*V;P>20 DC=:FVS (1) є ;V=V9=>R DC=:FVєR B0 ?>2'S70=0 7 
<V=V<V70FVєR @04VCA0 7>2=VH=P>3> :@C30 0C . �204@0B8G=V >1<565==S 
(2) >7=0G0RBP, I> :>6=89 :@C3 iC , = 1, ,i m , =0;568BP 
7>2=VH=P><C :@C3C 0C . �204@0B8G=V >1<565==S (3) 30@0=BCRBP, I> 
=VS:V 420 :@C38 V7 AV<59AB20 :@C3V2 iC , = 1, ,i m  =5 ?5@5B8=0RBPAS. 
�V=V9=5 >1<565==S (4) 70157?5GCє 4>40B=5 7=0G5==S R  3 @04VCA0 
7>2=VH=P>3> :@C30 =5>1EV4=5 4;S :>@5:B=>ABV :204@0B8G=8E 
>1<565=P (2). 

�040G0 (1) 3 (4) є 1030B>5:AB@5<0;P=>R 7040G5R =5;V=V9=>3> 
(:204@0B8G=>3>) ?@>3@0<C20==S V 4;S 7=0E>465==S WW @>729S7:C 
<>6=0 28:>@8AB>2C20B8 A>;25@8, S:V ?@87=0G5=V 4;S @>729S70==S 
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7040G 3;>10;P=>W >?B8<V70FVW. !0 NEOS-A5@25@V [2] ?@54AB02;5=> @S4 
B0:8E A>;25@V2, A5@54 S:8E є 2V4><89 A>;25@ BARON [3,4]. 

� B01;8FV 1 ?@54AB02;5=> @57C;PB0B8 @>729S70==S 7040GV (1) 3 (4) 
70 4>?><>3>R A>;25@0 BARON 4;S H5AB8 B5AB>28E ?@8:;04V2, S:V є 
C 2V;P=><C 4>ABC?V =0 251-A09BV https://www.packomania.com/, 45 

 5,6,7,8,9,10mþ  B0 @04VCA8 :@C3V2 iC , = 1, ,i m  є @V2=8<8 
2V4?>2V4=8< FV;8< 4>40B=8< G8A;0<, B>1B> =ir i .  �V42>482AS 
3@0=8G=89 G0A 2 7200 A5:C=4. 

 
&01;8FS 1 
BARON 3 >B@8<0=V @>729S7:8 7040GV (1) 3 (4) 4;S H5AB8 B5AB>28E 

?@8:;04V2  
m  itnN  nodesN  

nodesNú  lowR  upR  Rú  

5 6796413 1535 849 8.55369 9.00140 9.00140 

6 5819686 2502 2502 10.5063 11.0570 11.0570 

7 2842333 18880 147157 12.7890 13.4621 13.4621 

8 825944 88276 406705 13.8261 16.2217 16.2217 

9 490757 136297 312999 12.0193 19.3517 19.2332 

10 354724 103893 144784 14.3897 22.1176 22.0002 

 
� B01;8FV 28:>@8AB>2CRBPAS B0:V ?>7=0G5==S: itnN  3 :V;P:VABP 

VB5@0FV9 A>;25@0 BARON, nodesN  3 <0:A8<0;P=0 :V;P:VABP 704VS=8E 
25@H8=, nodesNú  3 =><5@ 25@H8=8, =0 S:V9 7=0945=> =09:@0I5 
7=0G5==S @04VCAC 7>2=VH=P>3> :@C30 0C , lowR 3 =86=S 3@0=8FS =0 
@04VCA, upR 3 25@E=S 3@0=8FS =0 @04VCA, Rú 3 =09<5=H89 @04VCA :@C30 

0C , 27SB89 7 A09BC https://www.packomania.com/. 

� B01;8FV 1 284=>, I> BARON =5 7=09H>2 3;>10;P=89 @>72'S7>: 
=V 4;S >4=>3> B5AB>2>3> ?@8:;04C 70 7200 A5:C=4. �;S ?5@H8E 
G>B8@P>E B5AB>28E ?@8:;04V2 2V= 7=09H>2 upR  3 25@E=R 3@0=8FR 
@04VCA0, S:0 A?V2?040є 7 <V=V<0;P=8< @04VCA>< :@C30 0C . 

!091V;PH89 @>7@82 <V6 25@E=P>R B0 =86=P>R 3@0=8FS<8 A:;040є 
15% 4;S G5B25@B>3> B5AB>2>3> ?@8:;04C, 0 =09<5=H89 3 5% 4;S 
?5@H8E B@P>E B5AB>28E ?@8:;04V2. �;S ?9SB>3> B0 H>AB>3> ?@8:;04C 
25@E=S 3@0=8FS @04VCA0 7>2=VH=P>3> :@C30 є 1V;PH>R 70 9>3> 

https://www.packomania.com/
https://www.packomania.com/
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<V=V<0;P=5 7=0G5==S Rú . $>7@82 <V6 3@0=8FS<8 A:;040є 38% 4;S 
?9SB>3> B0 35%  4;S H>AB>3> B5AB>28E ?@8:;04V2. 

�;S B5AB>28E ?@8:;04V2  6,7,8mþ  =0 @8AC=:C 1 =02545=V 
@>729S7:8, 7=0945=V A>;25@>< BARON, B0 @>729S7:8 7 A09BC  
https://www.packomania.com/. 
 

 
 

$8A. 1 3 BARON F4 Pakomania: DB;6’O;>< ;484KV (1) –(4) 8?O 
 6,7,8mþ  

 
�7 @8AC=:0 1 284=>, I> @>729S7:8 7040GV (1)-(4) 4;S ?@8:;04V2 
 6,7,8mþ , 7=0945=V A>;25@>< BARON B0 27SBV 7 A09B0 

«Packomania», A8;P=> 2V4@V7=SRBPAS @>7<VI5==S< F5=B@V2 :@C3V2 iC

, = 1, ,i m . *5 ?>SA=RєBPAS =0ABC?=8< D0:B><, S:89 AD>@<C;Rє<> 
B0:8< B25@465==S<. 

 

https://www.packomania.com/
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Т69D8:9AAя 1. !9I4= 1{ }m
i ix xú ú

== , 1{ }m
i iy yú ú

== , Rú  – DB;6`O;B> 
;484KV (1) – (4), 4 >GF ú  – F4><=, MB 0 2ú ðó ó . &>4V 1{ }m

i ix xúú úú
== , 

1{ }m
i iy yúú úú

== , R Rúú ú=  5G89 DB;6’O;>B@ ;484KV (1) – (4), O>MB J9AFD< 
>DG7V6 iC , = 1, ,i m  B5K<E?NNFPEO ;4 D>@<C;0<8 

cos sini i ix x yú úúú ú ú=  +  , sin cosi i iy x yú úúú ú ú= −  +  , 1, ,i m= ü . 

�>2545==O. #>:065<> I>, S:I> :204@0B8G=V =5@V2=>ABV (2) B0 
(3) 28:>=CRBPAS 4;S 1{ }m

i ix xú ú
== , 1{ }m

i iy yú ú
== , Rú , B> 2>=8 1C4CBP 

28:>=C20B8AS V 4;S 1{ }m
i ix xúú úú

== , 1{ }m
i iy yúú úú

== , R Rúú ú= . 

�;S =5@V2=>AB59 (2) F5 28?;820є 7 B0:>3> ;0=FR30 
A?V22V4=>H5=P:  
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( )

2 2 2 2 2

2 2 22 2 2

2 2 2 2 22 2 2 2 2

2 2

cos sin sin cos

cos 2cos sin sin sin 2cos sin

cos cos sin sin cos

cos sin

i i i i i i i

i i i i i i i

i i i i i

i

R r x y x y x y

x x y y x x y

y x y x y

x

ú ú ú ú

ú ú ú ú ú ú ú

ú ú ú ú ú

ú ú

úú úú úú ú ú ú ú

ú ú ú ú ú ú ú

ú ú ú ú ú

− ó + =  +  + −  +  =

=  +   +  +  −   +

+  =  +  +  +  =

= +  ( ) ( ) ( ) ( ) ( ) ( )2 2 2 2 22 2sin cos , = 1, , .i i i iy x y R r i mú úú ú ú ú ú+ +  = + ó −

 

�;S =5@V2=>AB59 (3) F5 28?;820є 7 B0:>3> ;0=FR30 
A?V22V4=>H5=P: 
( ) ( ) ( ) ( )
( ) ( ) ( )( )

( ) ( )( ) ( ) ( )

2 2 22

22

2 22

cos sin cos sin

sin cos sin cos cos sin

sin cos cos 2cos sin

i j i j i j i i j j

i i j j i j i j

i j i j i j i j

i

r r x x y y x y x y

x y x y x x y y

x x y y x x x x

y

ú ú ú ú

ú ú ú ú ú ú

ú ú ú ú ú

úú úú úú úú ú ú ú ú

ú ú ú ú ú ú ú ú

ú ú ú ú ú ú ú ú

ú

+ ó − + − =  +  −  −  +

+ −  +  +  −  =  − +  − +

+ −  − +  − =  − +   − ô

ô −( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

2 22 2

2 2 22 2 2 2 2

2 2 2

sin sin 2sin cos

sin cos sin sin cos

, 1 < .

j i j i j i j i j

i j i j i j

i j i j i j

y y y x x x x y y

y y x x y y

x x y y r r i j m

ú ú ú ú

ú ú ú ú ú

ú ú ú ú ú ú ú ú ú

ú ú ú ú ú ú

ú ú ú ú

+  − +  − −   −  − +

+  − = +  − + +  − =
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&25@465==S 1 4>2545=>. □ 
�;S B>3>, I>1 7<5=H8B8 :V;P:VABP @>72'S7:V2, S:V 4;S 7040GV (1)3

(4) <0RBP <VAF5 73V4=> B25@465==S 1, 4>AB0B=P> 4;S 4>2V;P=>3> V7 
:@C3V2 iC , = 1, ,i m  70DV:AC20B8 >4=C 7 :><?>=5=B 9>3> F5=B@0 B0:, 
I>1 :@C3 =5 28E>482 70 <56V 7>2=VH=P>3> :@C30 0C . �;S FP>3> 
>15@5<> =091V;PH89 :@C3 iC   7 V=45:A>< i m=  B0 70DV:ACє<> 9>3> x
->2C :><?>=5=BC @V2=>R x  70 4>?><>3>R ;V=V9=>W @V2=>ABV  
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, 89m m mx x R r x R rú ú= − + ó ó − .  (5) 

/:I> 4> 7040GV (1) 3 (4) 4>40B8 >1<565==S (5), B> 2 =>2V9 7040GV 
@>729S7:V2 AB0=5 <5=H5, I> 4>72>;8BP ?@8A:>@8B8 @>1>BC A>;25@0 
BARON. #@> F5 A2V4G0BP @57C;PB0B8 @>7@0EC=:V2 4;S B5AB>28E 
?@8:;04V2, S:V =02545=V 2 B01;8FV 2.  

 
&01;8FS 2 
BARON 3 >B@8<0=V @>729S7:8 7040GV (1) 3 (5) 4;S H5AB8 B5AB>28E 

?@8:;04V2  
m  mx  itnN  nodesN  

nodesNú  time  lowR  upR  

5 -0.01535 33 5 -1 0.78 9.00139 9.00140 

6 -0.02365 333 15 -1 2.38 11.0570 11.0570 

7 0.00055 12589 292 11223 48.87 13.4621 13.4621 

8 -0.02348 101679 2079 15446 638.57 16.2217 16.2217 

9 -0.02009 757457 53254 113331 7200 16.8822 19.2332 

10 -0.02110 440500 79418 68323 7200 14.5351 22.0002 

 
� B01;8FV 28:>@8AB>2CRBPAS 420 =>28E ?>7=0G5==S: mx  3 

7=0G5==S 70DV:A>20=8E x ->28E :>>@48=0B F5=B@V2 2V4?>2V4=8E 
=091V;PH8E :@C3V2 iC , i m= , S:V 27SBV 7 A09BC «Packomania», time  3 
G0A @>729S70==S B5AB>28E 7040G (1) 3 (5). �AV V=HV ?>7=0G5==S B0:V, S: 
2 B01;8FV 1.  

� B01;8FV 2 284=>, I> A>;25@ BARON CA?VH=> @>729S702 ?5@H8E 
G>B8@8 B5AB>28E ?@8:;04V2, 70B@0B82H8 =525;8:89 G0A 3 <5=H5 
A5:C=48 4;S ?5@H>3> ?@8:;04C,  B@>E8 1V;PH5 42>E A5:C=4 3 4;S 
4@C3>3>, 1;87P:> 49 A5:C=4 3 4;S B@5BP>3> B0 B@>E8 1V;PH5 45ASB8 
E28;8= 3 4;S G5B25@B>3> ?@8:;04C. #9SB89 B0 H>AB89 B5AB>2V 
?@8:;048 2V= =5 @>729S702, 0;5 4;S =8E ?>:@0I82 @>7@82 <V6 
25@E=P>R B0 =86=P>R 3@0=8FS<8 =0 @04VCA 7>2=VH=P>3> :@C30 0C  3 
4;S 9m =  @>7@82 AB0=>28BP 12%, 0 4;S 10m =  3 34%. �0C2068<>, 
I> 7=0G5==S 25@E=VE 3@0=8FP =0 @04VCA 7>2=VH=P>3> :@C30 0C  2 
B01;8FV 2 (:>;>=:0 upR ) A?V2?040є 7V 7=0G5==S<8 2V4?>2V4=>3> 

<V=V<0;P=>3> @04VCAC 7>2=VH=P>3> :@C30 2 B01;8FV 1 (:>;>=:0 Rú ). 
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$8A. 2 3 BARON F4 Pakomania: DB;6’O;>< ;484KV (1) –(5) 8?O 

 6,7,8mþ  

 
!0 @8AC=:C 2 =02545=V @>729S7:8 7040GV (1) 3 (5) 4;S B5AB>28E 

?@8:;04V2  6,7,8mþ , S:V 7=0945=V A>;25@>< BARON, B0 @>729S7:8 
7 A09BC https://www.packomania.com/. �7 @8AC=:0 2 284=>, I> 
@>729S7:8 B5AB>28E ?@8:;04V2 =5 B0: A8;P=> 2V4@V7=SRBPAS 70 
@>7<VI5==S< F5=B@V2 :@C3V2 iC , = 1, ,i m , S: F5 1C;> =0 @8AC=:C 1 
7 @>729S7:0<8 B5AB>28E 7040G (1) 3 (4). �;S B5AB>28E ?@8:;04V2 6m =  
B0 8m =  =091V;PHV :@C38 @>7<VI5=V C 25@E=V9 G0AB8=V 7>2=VH=P>3> 
:@C30 0C . �;S B>3> I>1 @>7<VAB8B8 WE 2 =86=V9 G0AB8=V 7>2=VH=P>3> 
:@C30 0C  <>6=0 28:>@8AB0B8 B0:5 B25@465==S. 

Т69D8:9AAя 2. !9I4= 1{ }m
i ix xú ú

== , 1{ }m
i iy yú ú

== , Rú  – DB;6`O;B> 
;484KV (1) – (4). &B8V 1{ }m

i ix xúúú úúú
== , 1{ }m

i iy yúúú úúú
== , R Rúúú ú=  – DB;6’O;B> 

;484KV (1) – (4), O>MB J9AFD< >DG7V6 iC , = 1, ,i m  B5K<E?NNFPEO ;4 

https://www.packomania.com/
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HBD@G?4@< i ix xúúú ú= , i iy yúúú ú= − , 1, ,i m= ü .  

�>2545==O. �=0;>3VG=>, S: F5 1C;> ?@8 4>2545==V B25@465==S 
1, ?>:065<> I>, S:I> =5@V2=>ABV (2) B0 (3) 28:>=CRBPAS 4;S 

1{ }m
i ix xú ú

== , 1{ }m
i iy yú ú

== , Rú , B> 2>=8 1C4CBP 28:>=C20B8AS V 4;S 

1{ }m
i ix xúúú úúú

== , 1{ }m
i iy yúúú úúú

== , R Rúúú ú= . 

�;S =5@V2=>AB59 (2) F5 28?;820є 7 B0:>3> ;0=FR30 
A?V22V4=>H5=P 

( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 2 2 2 2

2 2 2

, = 1, , .

i i i i i

i i i

R r x y x y

x y R r i m

úúú úúú úúú ú ú

ú ú ú

− ó + = + − =

= + ó −
 

0 4;S  =5@V2=>AB59 (3) 3 7 ;0=FR30 A?V22V4=>H5=P 
( ) ( ) ( ) ( ) ( )
( ) ( ) ( )

2 2 2 22

2 2 2
, 1 < .

i j i j i j i j i j

i j i j i j

r r x x y y x x y y

x x y y r r i j m

úúú úúú úúú úúú ú ú ú ú

ú ú ú ú

+ ó − + − = − + − + =

= − + − ó + ó ó
 

&25@465==S 2 4>2545=>. □ 
/:I> 4> 7040GV (1) 3 (5) 4>40B8 >1<565==S (;V=V9=0 =5@V2=VABP)  

0,my ó     (6) 

 
B> F5 4>72>;8BP ?@8A:>@8B8 @>1>BC A>;25@0 BARON. #@> F5 
A2V4G0BP @57C;PB0B8 @>7@0EC=:V2 4;S B5AB>28E ?@8:;04V2, S:V 
=02545=V 2 B01;8FV 3. 
 

&01;8FS 3  
BARON 3 >B@8<0=V @>729S7:8 7040GV (1) 3 (6) 4;S H5AB8 B5AB>28E 

?@8:;04V2 
m  mx  itnN  nodesN  

nodesNú  time  lowR  upR  

5 -0.01535 13 3 -1 0.37 9.00139 9.00140 

6 -0.02365 21 5 5 0.61 11.0570 11.0570 

7 0.00055 6000 150 159 26.41 13.4621 13.4621 

8 -0.02348 48299 903 4317 309.91 16.2217 16.2217 

9 -0.02009 319676 22524 230328 7200 17.0606 19.2332 

10 -0.02110 176855 33998 176179 7200 16.8858 22.0002 

 
� B01;8FV 3 284=>, I> BARON 7<V3 ?>:@0I8B8 @57C;PB0B ?> G0AC 

4;S ?5@H8E G>B8@P>E B5AB>28E ?@8:;04V2, 70B@0B82H8 =0 WE 
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@>729S70==S 2V4?>2V4=> 0.37, 0.61, 26.41 B0 309.91 A5:C=4. #9SB89 B0 
H>AB89 B5AB>2V ?@8:;048 2V= =5 @>729S702, 0;5 4;S =8E 7=>2C 
?>:@0I82 @>7@82 <V6 25@E=P>R B0 =86=P>R 3@0=8FS<8 =0 @04VCA 
7>2=VH=P>3> :@C30 0C . &0:, 4;S 9m =  @>7@82 2 3@0=8FSE AB0=>28BP 
11%, 0 4;S 10m =  3 23%.  

 

 
 

$8A. 3 3 BARON F4 Pakomania: DB;6’O;>< ;484K (1) –(6) 8?O 
 6,7,8mþ  

 
!0 @8AC=:C 3 =02545=V @>729S7:8 7040GV (1) 3 (6) 4;S B5AB>28E 

?@8:404V2  6,7,8mþ , S:V 7=0945=> 70 4>?><>3>R A>;25@0 BARON, 
B0 @>729S7:8, 27SBV 7 A09BC https://www.packomania.com/. �7 @8AC=:0 
284=>, I> @>729S7:8 =5 2V4@V7=SRBPAS 70 @>7<VI5==S< F5=B@V2 
1V;PH8E :@C3V2 iC , =i m .  
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 V:A4DB8A<= A4G>B6B-A46K4?PA<= J9AFD VAHBD@4JV=A<I 
F9IAB?B7V= F4 E<EF9@ !�! F4  "! '>D4WA< 

 
MODELING OF THE DYNAMICS OF HUMAN THINKING 

USING COMBINATORICS 
 

Abstract. It is shown that the process of the dynamics of human thinking 
has a combinatorial nature. The electroencephalogram, which conveys the 
processes of activation of thinking, is given by such a combinatorial 
configuration as placement with repetitions. The method of modeling the 
dynamics of human thinking using the significant information space, which 
exists in two states: convolute and deployed, is considered.  
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Abstract. According to statistical data from the Transportation Safety Board 

of Canada, the significant shares of the incidents are engine failure (13%) and 
smoke/fire on the aircraft (11%). In time, correct and concerted joint actions of 
aviation specialists to prevent the development of a situation toward catastrophe 
is the relevant task. The collaborative decision-making (CDM) models of the Air 
Navigation System9s operators in flight emergencies with and without taking 
into account objective factors9 priority with the help of a decision matrix based 
on the Wald, Laplace, and Hurwitz criteria are built. An example of the decision-
making of a pilot in a real situation in the emergency <Cargo fire during the 
climb= (route Najaf 3 Madinah) is presented. Calculations of optimal CDM in 
the case of cargo fire during the climb by taking into account objective factors9 
priorities are presented. The obtained CDM models can be used in the Intelligent 
Decision Support System to enlarge the efficiency of coordinated actions of 
aviation staff.  

 
Introduction. Today, approximately 80 percent of aircraft accidents 

occur due to human errors and 20 percent 3 due to technical failures [1]. 

http://www.fmmit.lviv.ua/index.php/fmmit/article/view/319
http://www.fmmit.lviv.ua/index.php/fmmit/article/view/319
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Most human factors-related aviation accidents are the errors of the pilots 
(about 70 percent): deviations from the standard procedures of piloting; 
fatigue, health issues; errors in adverse meteorological conditions; errors 
in conflicting instrumental clauses; flying in unfamiliar territory 
disorientation; disrupting crew interactions; insufficient qualifications 
for such aircraft. Various ground personnel are related to another 30 
percent of errors: incorrect handling, operation, repair, and maintenance 
of aircraft; air traffic controller operator (ATCO) errors, etc. These facts 
motivate to carry of scientific research on the reduction in the number of 
aircraft accidents due to human factors. 

To increase the level of flight safety, practical and scientific research 
on the problems of interaction of aviation experts is increasingly being 
carried out. Collective labor research in aviation was originally initiated 
by the National Aeronautics and Space Administration (NASA) to 
improve interactions among flight crew members. Later, this method was 
further developed and became one of the most successful tools for 
avoiding human errors [2]. Using the collaborative decision-making 
(CDM) model [3] is associated with the effectiveness of the solution, 
according to the extended requirements of ICAO. Today, as part of the 
Airport Collaborative Decision-Making (A-CDM) concept, specific 
solutions that coordinate the interests of all parties on the ground and in 
the sky involved (airports, aircraft, air traffic, ground handling, 
maintenance staff, emergency services, etc.) are being implemented. The 
A-CDM concept is based on the principles of transparency and 
information exchange; it aims at improving air traffic and controlling 
airport capacity through reduced delays, improved predictability of 
situations, and optimization of resource usage [3]. Furthermore, the 
required day-to-day operational efficiencies can be achieved through the 
mechanism of Flight and Flow Information for a Collaborative 
Environment (FF-ICE) [4]. The FF-ICE concept defines navigation 
information requirements for flight planning, air traffic, flow, and 
trajectory management; it is the basis for a performance-based Air 
Navigation System (ANS) [4]. 

When there is flight emergency (FE), a lot of ANS operators interact 
with the pilot: the ATCO (issues timely, competent, and substantiated 
recommendations, instructions, and permits); the flight dispatcher (flight 
route, alternate aerodromes choice, calculation of the fuel amount for 
definite flights, etc.); the maintenance staff (issues recommendations for 
troubleshooting on the aircraft); emergency and rescue services personnel 
(eliminates the consequences of FE); ground services specialists 
(organize service in the case of flight delay); units of the state security 
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(negotiates with terrorists, etc.). To improve the organization of CDM by 
all aviation operators, based on general information about the flight 
process and the characteristics of FE, Artificial Intelligence can be used 
as an additional participant to obtain a hybrid (Human Intelligence + 
Artificial Intelligence = Man-Machine Intelligence) optimal solution [5]. 
The synergy of a group of aviation experts can have both a positive effect 
3 counteracting the development of FE, forecasting, and prediction of 
emergency, and a negative effect 3 the flight situation developing in the 
direction of deterioration because there is a limit of time for DM but there 
are many participants/instructions/solutions, and many factors 
influencing DM. Since the joint primary goal is to complete the flight 
plan, in the CDM process operators analyze the current situation based 
on a common set of factors, albeit from different perspectives. However, 
the final decision in flight is made by the pilot of the aircraft but with 
effective support from the main specialist and invited specialists (Fig. 1). 

 

Fig. 1 3 CDM team of specialists (aviation and invited)  
 
Every ANS operator plays an important role at a different point in 

time, because flying safely does not just start with takeoff. Aviation 
specialists strictly adhere to the manuals and regulatory documents 
approved in their professional field of activity. Very often, the 
complexity, content, and characteristics of the documents regulating the 
activities of individual aviation specialists are different, which does not 
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allow the development of a common algorithm of action for all aviation 
personnel under certain conditions, especially in FE, there is uncertainty, 
lack of information and time to DM. At the same time, conflicts exist 
between the decisions and actions of participants involved in the CDM 
process. 

In [6], the synchronization of Pilot Flying and Pilot Monitoring 
operational procedures during cross-monitoring in FE is considered. In 
[739], the deterministic, stochastic, non-stochastic, and neural-network 
modeling, optimization, and intellectualization of CDM by the teams of 
ANS operators (pilot, UAV operator, ATCO, flight dispatcher, rescuer, 
engineer, etc.) in various FE are studied. 

Nevertheless, the problem of ANS operator interaction in FE and the 
low-level formalization of the CDM process under influencing objective 
and subjective factors that do not allow the application of performance-
based approaches for improvement remains unresolved. 

The purpose of this work is to build the individual and CDM models 
of ANS operators in the FE <Cargo fire during the climb= considering the 
priority of objective factors influencing the development of the 
emergency. 

 
Main part. Algorithm of nondeterministic CDM models in FE based 

on the factors’ priority: 
 
1. To obtain a team for CDM by ANS operators (pilot, UAV 

operator, ATCO, flight dispatcher, rescuer, engineer, etc.) according to 
the situation. 

2. Matrices of decision-making in uncertainty 3 each operator 
composed a matrix of decisions, where alternative solutions are 
alternative aerodromes for the route. 

3. Each operator considers the same factors in the current situation 
but with different priorities. For example, for the current situation: fuel 
reserve on board of the aircraft (always controlled); meteorological 
situation (of departure, destination, alternate aerodromes, an-route too); 
capabilities of aircraft, aerodrome, crew (crew operating minima), etc.; 
location of obstacles in approach, missed approach, and departure sectors 
too; air situation (intensity of air traffic control sector, radio frequency 
overload, etc.); commercial conditions. 

4. The optimal solution is based on the Wald (W), Laplace (L), and 
Hurwitz (H) criteria.  

5. The priorities of the factors for decision-making in a specific 
emergency are determined using the opinion of experts and the Expert 
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Judgment Method, on statistical data, and in the presence of Big Data 
using an Artificial Intelligence System. 

 
The decision-making matrix for Ă-operator ċĂ in uncertainty is 

presented in Table 1. Analogically for all specialists. 
 
Table 1  
The decision-making matrix for participants (Ă-operator ċĂ) 

 Priority of factors influencing DM in FE Solutions 
 Ą1 Ą2 & Ąj & Ąn ē Ĉ Ą, ÿ Ďj Ď1 Ď2 & Ďj & Ďn - - - āj ā1 ā2 & āj & ān - - - āj āq ā2 & āj & ān - - - 

 The DM matrix with the priority of factors    �1 ā1ÿ11′  ā2ÿ12′  & āĀÿ1Ā′  & āĄÿ1Ą′  ē1 Ĉ1 Ą1, ÿ 

& & & & & & & & & & �i ā1ÿÿ1′  ā2ÿÿ2′  & āĀÿÿĀ′  & āĄÿÿĄ′  ēÿ Ĉÿ  Ąÿ, ÿ 

& & & & & & & & & & �m ā1ÿă1′  ā2ÿă2′  & āĀÿăĀ′  & āĄÿăĄ′  ēă Ĉă  Ąă, ÿ 

 

In Table 1: ĎĀ are the ranks of the factors; āj are the intermediate 

grades; āj are the weight coefficients; ĄĀ are the factors influencing 

decision-making in FE; �ÿ are the alternative decisions based on factors9 
priority; �ÿ′  are the alternative decisions without factors9 priority; ÿÿĀ′  are 

the expected outcomes. The optimal solution is based on the Wald (ē), 
Laplace (Ĉ), and Hurwitz (Ą) criteria. The priorities of the Factors for 
DM in a specific emergency are determined using the opinion of experts 
and the Expert Judgment Method, on statistical data, and in the presence 
of Big Data using an Artificial Intelligence System.  

According to statistical data from the Transportation Safety Board of 
Canada collected for the period from 2007 to 2017 [10], the significant 
shares of the incidents are engine failure (13%) and smoke/fire on the 
aircraft (11%). In-flight fire is one of the most dangerous events for an 
aircraft crew. A fire on an aircraft can quickly lead to the catastrophic 
waste of the aircraft if the crew does not take aggressive action. Once a 
fire does break out, it is a low probability that the crew will be able to 
extinguish it. In the event of a fire on board, the pilot has an average of 
about 17 minutes to bring the aircraft to the ground. Unlimited fire can 
destroy an aircraft in as little as 20 minutes [11]. Fire can fully destroy a 
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smoky cabin in 6-10 minutes [12]. Time is of the essence when fighting 
fires in flight. Aircraft fires can happen in different places and for 
different reasons. Aircraft fires are generally divided into three types: 
engine fire, cabin fire, and concealed fire [13]. 

The crew cabin, passenger's salon, baggage, and cargo cabin fire start 
in flight for many reasons, for example, malfunction of electrical 
components, lithium-ion batteries, wiring, and circuit protection. Many 
cabin fires are caused by human error (for example, improper storage of 
lithium-ion batteries in gadgets, transportation of dangerous goods, or 
terrorism). Concealed fire is difficult to reach and extinguish (for 
example, fires behind panels on sidewalls or in upper areas). Overhead is 
the aircraft's entertainment system, numerous wiring harnesses, control 
surface cables 3 components of the air conditioning system, oxygen 
system, etc. Failure of any of these components could result in a fire in 
the upper compartment. Often, electric arcs along bundles of wires cause 
hidden fires in flight. The electric arc burns other surrounding materials.  

 
Consequences of the fire in the air [14; 15]: 
 
1. Smoke and fumes. Smoke can deteriorate visibility inside the 

aircraft. An electrical fire usually produces a lot of white thick smoke that 
can blind the crew, unable to see the flight panel or see out the glass. So, 
the crew will not be able to control the aircraft unless the smoke is 
cleared. Smoke and fumes are highly toxic and irritating to the eyes and 
lungs of crew and passengers. Thus, smoke can quickly incapacitate a 
crew if protective measures are not taken. 

2. Warmth (rise of temperature). The warmth from the fire will affect 
the aircraft's systems and ultimately affect the aircraft's structural 
integrity, resulting in the loss of control. 

 
There is presented an example of CDM in the FE <Cargo fire during 

the climb=. After departure from Najaf airport during the climb phase 
after passing flight level 300 <AFT CARGO FIRE= warning lights were 
illuminated. The crew performed the instructions from QRH <Cargo 
fire=. The decision was to divert to Baghdad airport. All emergency 
services were informed. The landing was successful. Nobody was 
injured. 

Initial data: 
 
1. Flight: FBA2219, 03.02.2023. 
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2. Aircraft: B737-900ER 
 
3. Flight-technical characteristics of B737-900ER: 
Maximum structural weights: 

− maximum takeoff mass 3 85139 kg; 
− maximum landing mass 3 71350 kg; 
− maximum zero fuel mass 3 67721 kg; 
− maximum ramp mass 3 85366 kg. 

Airplane length 3 42.11 m. 
Fuselage width 3 3.76 m. 
Actual masses: 

− crew 3 8, passengers 3 211, baggage 3 3286 kg; 
− dry operation mass (average) 3 44600 kg; 
− payload (average) 3 20100 kg; 
− fuel (average) 3 10000 kg; 
− takeoff mass 3 74700 kg. 

 
4. Route: Najaf (ORNI) (�1) 3 Madinah (OEMA) (�2). 
 
5. Flight stage: climb, passing flight level 300. 
 
6. Alternate aerodromes:  

− Baghdad (ORBI) (�3); 
− Jeddah (OEJN) (�4). 

 
7. There are three operators in the CDM process: pilot (ċ1), ATCO 

(ċ2), and specialist of ground services (ċ3). Factors influencing decision-
making for each operator: 

− {ĂĀ} 3 factors taken into account by operator ċ1 (pilot); 

− {ă} 3 factors taken into account by operator ċ2 (ATCO); 
− {ĄĀ} 3 factors taken into account by operator ċ3 (specialist 

of ground services). 
 
For rational CDM, each operator analyzed and considered the 

current flight situation. The operators composed the decision-making 
matrices, where alternative solutions are the departure aerodrome Najaf, 
destination aerodrome Madinah, and alternative aerodromes Baghdad 
and Jeddah. Each operator took into account the same factors in the 
current situation but with different advantages.  
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The general objective factors for each operator (ĂĀ, ăĀ, ĄĀ) are taken 

into account while decision-making: 
 

− Ă1, ă1, Ą1 3 fuel reserve on board; 
− Ă2, ă2, Ą2 3 remoteness of the alternate aerodrome; 
− Ă3, ă3, Ą3 3 technical characteristics of the runway; 
− Ă4, ă4, Ą4 3 meteorological conditions; 
− Ă5, ă5, Ą5 3 approach lighting system; 
− Ă6, ă6, Ą6 3 available approach system; 
− Ă7, ă7, Ą7 3 available navigation aids; 
− Ă8, ă8, Ą8 3 performance characteristics of the aircraft; 
− Ă9, ă9, Ą9 3 radio communication; 
− Ă10, ă10, Ą10 3 air traffic intensity; 
− Ă11, ă11, Ą11 3 commercial point; 
− Ă12, ă12, Ą12 3 firefighting, search, and rescue category. 

 
As the main alternative variants, the aerodromes Baghdad and Najaf 

are considered. Both airports have firefighting, search, and rescue 
categories available for this aircraft (Baghdad preferable 3 higher 
category). Aircraft mass was around 3400 kg more than the maximum 
landing mass (consider overweight landing). The landing distance 
available is higher in Baghdad than in Najaf (Baghdad is preferable): 

 
− Baghdad (ORBI) runway length = 4000 m (ILS33R 3 3666 

m), runway width is 60 m; 
− Najaf (ORNI) runway length = 3000 m (ILS28 3 2704 m), 

runway width is 45 m. 
 
Baghdad is the main base; technical equipment and qualified 

personnel are there. All other services are provided in Baghdad. Both 
airports were closed to the point of the event. Expected outcomes 
considered by the pilot (operator ċ1) in FE <Cargo fire during the climb= 
with and without considering objective factors9 priority are represented 
in Table 2. The decision-making matrices for other operators (ATCO 
(ċ2) and specialist of ground services (ċ3)) are built analogically. 
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Table 2  

The decision-making matrix for operator ċ1 (pilot) 
 Factors Solutions 
 Ă1 Ă2 Ă3 Ă4 Ă5 Ă6 Ă7 Ă8 Ă9 Ă10 Ă11 Ă12 ē Ĉ Ą, 

α=0.
5 

 1, 2, 3, 4, 5 6, 7, 8, 9, 10, 11 ,12 1, 2, 3, 4, 
5 

   Ďj 3 3 3 9 9 9 9 9 9 9 3 3 - - - āj 0.8
2 

0.8
2 

0.8
2 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.2
7 

0.8
2 

0.8
2 

- - - āj 0.1
4 

0.1
4 

0.1
4 

0.0
5 

0.0
5 

0.0
5 

0.0
5 

0.0
5 

0.0
5 

0.0
5 

0.1
4 

0.1
4 

- - - �i                �1 0.9
5 

0.9
5 

0.8
2 

0.4
1 

0.3
2 

0.3
6 

0.2
7 

0.4
1 

0.4
1 

0.4
1 

0.8
2 

0.8
2 

0.2
7 

0.5
8 

0.60 �2 0.8
2 

0.8
2 

0.8
2 

0.4
1 

0.3
2 

0.3
6 

0.3
2 

0.4
1 

0.4
1 

0.4
1 

1.2
3 

0.6
8 

0.3
2 

0.5
8 

0.80 �3 0.5
5 

0.5
5 

1.3
6 

0.4
1 

0.4
5 

0.4
5 

0.4
1 

0.4
5 

0.3
6 

0.4
1 

1.2
3 

1.3
6 

0.3
6 

0.6
7 

0.90 �4 0.8
2 

0.8
2 

0.8
2 

0.4
1 

0.3
6 

0.3
2 

0.3
2 

0.4
1 

0.3
6 

0.3
6 

0.8
2 

0.6
8 

0.3
2 

0.5
4 

0.60 �ÿ′                �1′  7 7 6 9 7 8 6 9 9 9 6 6 6.0
0 

7.4
2 

7.50 �2′  6 6 6 9 7 8 7 9 9 9 9 5 5.0
0 

7.5
0 

7.00 �3′  4 4 10 9 10 10 9 10 8 9 9 10 4.0
0 

8.5
0 

7.00 �4′  6 6 6 9 8 7 7 9 8 8 6 5 5.0
0 

7.0
8 

7.00 

 

In Table 2: ĎĀ are the ranks of the factors (1 3 very bad; 10 3 very 

good); āj are the intermediate grades; āj are the weight coefficients; �ÿ 
are the alternative decisions based on factors9 priority (�1 is Najaf, �2 is 
Madinah, �3 is Baghdad, �4 is Jeddah; �ÿ′  are the alternative decisions 
without factors9 priority (�1′  is Najaf, �2′  is Madinah, �3′  is Baghdad, �4′  
is Jeddah). Optimal solutions are based on the Wald (ē), Laplace (Ĉ), 
and Hurwitz (Ą) criteria. Factors9 priority: 1, 2, 3, 11, 12. The optimal 
landing aerodrome follows the pilot's decision with factors9 priority by 
all criteria is Baghdad (�3); without taking into account factors9 priority 
based on the Wald (ē) and Hurwitz (Ą) criteria 3 is Najaf (�1), Laplace 
criterion (Ĉ) 3 is Baghdad (�3). To determine the consistency of 
operators, the collective decision-making matrix is constructed (see 
Table 6), in which the objective factors for the operators (pilot (ċ1), 
ATCO (ċ2), specialist of ground services (ċ3)) are identical, and the 
solutions of the operators are taken from individual matrices. In the CDM 
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matrix, the operators9 opinions (subjective factors) are used. The optimal 
CDM for operators in FE <Cargo fire during the climb= based on the 
Wald (ē), Laplace (Ĉ), and Hurwitz (Ą) criteria is represented in Table 
3.  

Table 3  
The CDM matrix for all operators (pilot, ATCO, specialist of ground 

services) 
 Operators/Solutions 
 ċ1 ċ2 ċ3 ē ċ1 ċ2 ċ3 Ĉ ċ1 ċ2 ċ3 Ą, Ā =0.5 �1∗  0.27 0.27 0.27 0.27 0.58 0.63 0.56 0.49 0.61 0.68 0.61 0.65 �2∗  0.32 0.36 0.27 0.27 0.58 0.69 0.53 0.52 0.77 0.80 0.55 0.67 �3∗  0.36 0.36 0.36 0.36 0.67 0.64 0.64 0.56 0.86 0.86 0.86 0.86 �4∗  0.32 0.32 0.32 0.32 0.54 0.60 0.54 0.49 0.57 0.70 0.57 0.64 

 
The optimal CDM is determined by objective and subjective factors 

taking into account objective factors9 priority to follow the decisions of 
all operators (pilot, ATCO, specialist of ground services) by all criteria 
(Wald, Laplace, and Hurwitz) is landing at the aerodrome Baghdad (�3). 

Conclusion. The non-stochastic individual and CDM models of the 
ANS operators in a real situation in the FE <Cargo fire during the climb= 
(route Najaf 3 Madinah) with and without taking into account objective 
factors9 priority with the help of a decision matrix are built. The optimal 
CDM based on objective factors9 priority by Wald, Laplace, and Hurwitz 
criteria is determined. The obtained CDM models can be used in the 
Intelligent Decision Support System to enlarge the efficiency of 
coordinated actions of aviation staff.  

The authors took part in a new approach to the practical training for 
aviation specialists using CDM in education 3 <Collaborative Decision-
Making 3 Education= (CDM-E) for effective solutions in training on 
examples of emergencies [16; 17]. 
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Abstract. Considered some applications of graces to solving systems of 

linear algebraic equations (SLAE). Any SLAE can be representing by oriental 
grace. By transforming nodes corresponding to unknown variables into simple 
cascade nodes, one-variable first-order equations are obtained. The procedure 
for such transformation is described and examples are given. 
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DETECTION OF FALSIFIED INFORMATION USING 
NAÏVE BAYES CLASSIFIER 

 
Abstract. The current work addresses the issue of information falsification 

in the context of artificial intelligence-based generation technologies. The 
research is a continuation of a series of studies on methods of classifying such 
data in the social of social instabilities. The naive Bayes classifier has been 
chosen as the target approach, and a set of features identified during the analysis 
of fake news characteristics has been proposed. To test the speed and accuracy 
of the model, an approach utilizing linear additive convolution with weighting 
coefficients has been determined. A hybrid neural network created during 
previous research has been selected as the model for comparison. It has been 
determined that the proposed probabilistic approach is more effective. However, 
considering the specificity of the comparison, the results serve as a basis for 
further study on the feasibility of using the selected family of models. 
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Abstract. The concept of a combinatorial point configuration is introduced 

based on Berge's theory of combinatorial configurations and their mapping to 
Euclidean space. The basic properties of combinatorial point configurations are 
described. 

 
In general, the term "configuration" refers to the appearance, shape 

and relative arrangement of objects or their component parts. In 
mathematics, particularly in the research domain of projective geometry, 
configuration typically denotes a specific arrangement of a set of points 
and lines on a plane or surfaces in space. Point configurations are treated 
as collections of points within the Euclidean space. The focus is on 
studying the arrangement and properties of these points in the given 
space. 

The modern classification of such configurations was provided by 
B. Grunbaum [1], distinguishing their three main classes 3 topological, 
geometric, and combinatorial. Grunbaum9s classification framework 
provides a comprehensive understanding of different types of 
configurations in relation to their underlying mathematical structures. 

A configuration is topological if it represents an arrangement of 
pseudo lines within the projective plane, along with their corresponding 
intersection points. 

Geometric configurations are those in which the lines are considered 
in either the Euclidean or projective plane, and the points arise from the 
intersections of these lines. The primary focus of research in the theory 
of geometric configurations revolves around two main problems. The first 
is the selection and establishment of the existence of different classes of 
configurations. The second is determining the count of non-isomorphic 
configurations within the respective class. These challenges drive the 
exploration and analysis within the field of geometric configurations. The 
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primary focus of research in the theory of geometric configurations 
revolves around two main problems. The first is the selection and 
establishment of the existence of different classes of configurations. The 
second is determining the count of non-isomorphic configurations within 
the respective class. These challenges drive the exploration and analysis 
within the field of geometric configurations. A complete review of 
publications on geometric configurations can be found in [2].  

Combinatorial configurations predominantly focus on geometric 
aspects while treating points and lines as abstract sets within a 
combinatorial context. Currently, the study of combinatorial 
configurations has become a separate area in the field of discrete 
mathematics, the founder of which is considered to be C.Berge [3]. 

Combinatorial configuration, according to C. Berge, is understood 
as a mapping of an initial set of elements, which can be of arbitrary 
nature, onto a finite abstract resulting set that has a certain structure. This 
mapping is subject to constraints that govern the relationships and 
arrangement of elements. By studying these configurations, researchers 
explore the interactions between constraints, structure, and mappings in 
combinatorics. 

When studying combinatorial configurations, it was usually 
assumed that both the initial and the resulting sets are finite. In [4], the 
concept of a combinatorial configuration was further developed by 
relaxing the requirement that the result set be finite, which made it 
possible to make it countable. As a result, the definition of combinatorial 
objects and combinatorial objects of a certain order was introduced. This 
made it possible to significantly expand the range of real problems that 
can be formulated and analyzed using such a concept. 

Any combinatorial configuration can be associated with a certain 
point in Euclidean space. Then the set of combinatorial configurations 
will correspond to a finite point configuration, which we called a 
combinatorial point configuration. It is obvious that there are an infinite 
number of such mappings, and for any dimension of Euclidean space.  

We will therefore require that the combinatorial point configuration 
have a special structure. In this regard, we will use the concept of 
Euclidean combinatorial sets, first introduced by Yu.Stoyan in [5]. The 
elements of Euclidean combinatorial sets, according to Yu. Stoyan, differ 
in constituent items or their order. For such sets, a certain mapping is 
proposed, called immersion in Euclidean space. As a result, finite point 
configurations are formed that have a number of specific properties. This 
also made it possible to use the theory of combinatorial polytopes to study 
various classes of finite point configurations. 
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The goal of the presented paper research is the study of 
combinatorial point configurations [6], which are formed as a result of 
mapping a set of combinatorial configurations into Euclidean space. The 
identification of combinatorial point configurations into a special class 
became possible thanks to an integrated approach, which, on the one 
hand, is based on the properties of finite point configurations of 
Euclidean space, and on the other, on the properties of combinatorial 
configurations. Therefore, in the monograph, special attention was first 
paid to the description of these properties. 

In combinatorics, the basic combinatorial configurations are 
permutation and partial permutation. It is obvious that permutation and 
partial permutation sets are Euclidean combinatorial sets. Therefore, the 
paper focuses on the finite point configurations corresponding to these 
very sets. We identified the classes permutation point configuration, 
multipermutation point configuration, partial permutation point 
configuration, and partial multipermutation point configuration and 
studied their properties. 

We proposed a general approach to decomposing finite point 
configurations into hyperplanes and partitioning them into pairwise 
disjoint subsets. Based on the properties of convex surfaces, a typology 
of superficially located sets is proposed, including classes of spherically 
and super spherically located sets. 

In the study of convex hulls of finite point configurations, the 
methods of polyhedral combinatorics have been further developed. 
Analytical forms for specifying the corresponding combinatorial 
polyhedra, including multi-level ones, are considered. 

Approaches to the functional-analytic representation of various 
classes of finite point configurations are proposed and theoretically 
substantiated. Classes of vertex-located and polyhedral-surface sets are 
singled out and their properties are investigated. Decomposition of finite 
point configurations into vertex-located subsets are described. 
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MYRON ZARYTSKY - 
THE FOUNDER OF MATHEMATICAL SCIENCE 

ON WESTERN UKRAINIAN LANDS 
 

Abstract. The theses highlight the creative path of Myron Zarytskyi, one of 
the founders of Ukrainian mathematical science in the western Ukrainian lands. 

The main scientific works of Myron Zarytskyi included the theory of sets 
and the theory of functions of a real variable. He prepared the monograph "Set 
Theory" for publication, but it was not printed. The main topic of his work was 
the theory of Boolean algebras, where he solved several problems. 
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